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Abstract Motivated by the analysis of the propagation of internal waves in a
stratified ocean, we consider in this article the incompressible Euler equations
with variable density in a flat strip, and we study the evolution of perturba-
tions of the hydrostatic equilibrium corresponding to a stable vertical strati-
fication of the density. We show the local well-posedness of the equations in
this configuration and provide a detailed study of their linear approximation.
Performing a modal decomposition according to a Sturm-Liouville problem
associated to the background stratification, we show that the linear approxi-
mation can be described by a series of dispersive perturbations of linear wave
equations. When the so called Brunt-Vaisila frequency is not constant, we
show that these equations are coupled, hereby exhibiting a phenomenon of
dispersive mixing. We then consider more specifically shallow water configu-
rations (when the horizontal scale is much larger than the depth); under the
Boussinesq approximation (i.e. neglecting the density variations in the mo-
mentum equation), we provide a well-posedness theorem for which we are able
to control the existence time in terms of the relevant physical scales. We can
then extend the modal decomposition to the nonlinear case and exhibit a non-
linear mixing of different nature than the dispersive mixing mentioned above.
Finally, we discuss some perspectives such as the sharp stratification limit that
is expected to converge towards two-fluids systems.
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1 Introduction
1.1 General setting

The aim of this paper is to analyze the propagation of internal waves in a
continuously stratified fluid. In oceans, this variation of density (pycnocline),
may be due to a difference of salinity (halocline) or temperature (thermocline);
note also that such waves also appear in applications to atmospheric studies
(e.g. [18,17,29]).

The modeling of such waves has a long history, starting with the pioneering
mathematical study of periodic waves by Dubreil-Jacotin [14]. We refer to [3,
8,13,37,38,43,44] for theoretical and experimental studies of solitary waves
and to [23] for a survey on oceanic internal waves.

While many classical equations such that the Benjamin-Ono equation [4,
41] (see also [13]) or the Intermediate Long Wave equation [30] have been
formally derived in this context, no rigorous derivation seems to be available.
This is in contrast with the two-layers formulation where the internal waves
propagate at the interface of two layers of (incompressible) fluids of different
densities. In this setting one can generalize the classical approach for surface
waves (see eg [33]) and derive rigorously (in the sense of consistency), in various
regimes, a plethora of asymptotic models including all the classical models of
internal waves. Roughly speaking this is achieved by expanding with respect to
suitable small parameters two non-local operators that appear when expressing
the (free boundary), two-layers system as an equation on a fixed domain.
Together with the delicate analysis of the Cauchy problem for the full two-
layers system (see [34]), which involves Kelvin-Helmholtz type instabilities
(see also [1,2,36] for the persistence of these instabilities in shallow water
asymptotic models), this leads to the complete justification of some internal
waves asymptotic systems.

The situation is quite different for a continuously stratified fluid. There is no
more free boundary and one starts from the non-homogeneous Euler system for
which the local well-posedness of the Cauchy problem is well known (see eg [12]
and the references therein) although it does not seem to have been considered
in the present setting. Another difficulty, addressed here, is to establish a time
of existence for the solutions which is relevant with respect to the different
physical scales involved.

From a more qualitative viewpoint, it is common in oceanography or at-
mospheric studies to decompose the various quantities of interest on a well
chosen basis of vertical modes related to the background stratification (e.g.
[18,20]). This approach has not been fully justified so far; we provide such a
rigorous justification here, exhibiting additional conditions that need to be sat-
isfied if one wants this decomposition to converge properly. Moreover, in most
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of the studies, the non-hydrostatic component of the pressure is neglected;
we show here how to take it into account and that, at the linear level, its
contribution is of dispersive nature. We also show that in some cases (when
the so-called Brunt-Vaiséld frequency is not constant), this dispersive term
induces some mixing between the different modes of the decomposition. In the
case of a constant Brunt-Vaiséld frequency where such mixing does not occur
at leading (linear) order, we show that such mixing occur in shallow water
at the next order due to nonlinearities, and we derive a sequence of coupled
Boussinesq-like systems.

We now make more precise the physical context of our study.

We assume that the fluid domain is infinite in the horizontal direction
X € R? (d = 1,2) delimited by a flat bottom located at z = —H and a rigid lid
at z = 0. The velocity field at time ¢ and at the point (X, z) of the fluid domain
is denoted by U(t, X, z) € R4 and its horizontal and vertical components
are respectively denoted by V (¢, X, 2) € R%, w(t, X, z) € R. We also denote by
P(t, X, z) € R the pressure field and by g = —ge, the (constant) acceleration
of gravity. The Euler equations governing the fluid motion are therefore

p(OU+U-Vx,U)=—-Vx,P+pg,
Op+U-Vx.p=0, (t>0,X eR% z € (—H,0)),
Vx. U=0

(1)

with the boundary conditions

wy, -

=w,_, =0 (2)

—H

expressing the impermeability of the rigid bottom and lid.
These equations possess equilibrium solutions (Ueq, peq, Peq) depending
only on the vertical variable z of the form

d
Ueg =0,  peq = peq(z)» @Peq = ~Peqy- (3)

Perturbation of such equilibrium solutions give rise in the oceans to the prop-
agation of waves called “internal waves”. These internal waves are therefore
exact solutions (Uez, pex, Pez) to (1)-(2) of the form

Ueq = €U,  pex = peq +6p;, FPey = Poq +€P,

where € > 0 is a parameter measuring the amplitude of the perturbation, and
with (U, p, P) solving

1
QU +eU - Vx, U)=———Vx.P— —Lge
p Peq T EP Peq T EP
6tp +eU - VX,zp + w?peq =0,

d
Vx.-U=0

z)

(4)
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with the boundary conditions

w,__; =w,_, =0. (5)

The paper is organized as follows. In Section 2 we establish the local well-
posedness for the Euler system in the configuration (4)-(5) considered here.
We then consider in Section 3 the linear approximation to the full system
of equations (4)-(5). This approximation is justified in §3.1 and the normal
mode decomposition of the solutions to this linear system is performed in
§3.2. When the so-called Brunt-Vaiséla frequency is constant, we show in §3.3
that the evolution of the coefficients of this decomposition is governed by a
sequence of uncoupled dispersive perturbations of waves equations. When the
Brunt-Vaiséla frequency is not constant, we exhibit in §3.4 the mechanism of
dispersive mixing. Particular attention is also paid to the derivation of addi-
tional conditions ensuring a proper convergence of the modal decomposition.

Finally, in Section 4 we consider the case of shallow water configurations,
when the horizontal scale of the perturbations is much larger than the depth
of the ocean. Under the additional strong Boussinesq assumption under which
the density is assumed to be constant in Euler’s equations, we are able to
derive nonlinear models. The first step is to derive in §4.2 a local existence
theorem for the non-dimensionalized system that ensures that the existence
time is relevant with respect to the different physical scales of the problem. We
then extend in §4.3 the modal representation introduced in Section 3 in order
to take into account the nonlinear effect. It is shown that they induce another
kind of mixing between the modes. Finally, some perspectives are considered
in Section 5, such as the sharp stratification limit towards two-fluids models.

1.2 Notations

- X = (x,y) € R? denotes the horizontal variables. We also denote by z the
vertical variable.

- V is the gradient with respect to the horizontal variables; Vx . is the full
three dimensional gradient operator.

- We denote by d = 1,2 the horizontal dimension. When d = 1, we often
identify functions on R as functions on R? independent of the y variable. In
particular, when d = 1, the gradient operator takes the form

O f
VX,zf = 0
o.f

- S is the flat strip R? x (—H,0) (or R? x (—1,0) when working with dimen-
sionless variables in Section 4).

- We write U the velocity field; its horizontal component is written V', and its
vertical component w.
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- We always use simple bars to denote functional norms on R? and double bars
to denote functional norms on the d + 1 dimensional domain S; for instance

[flo = fleoey,  |flas = fla@a,  [flo = fllzr(s), ete.

- For f,g € L?(S), we denote by (f, g) the standard L?(S) scalar product.
- We use the Fourier multiplier notation

fF(D)yu=F~H(& = f(&)u())

and denote by A = (1—A)Y/? = (14|D|?)'/? the fractional derivative operator.
-We define, for all s € R, k € N the space H** = H**(S) by

k k
H** = (Y HI((—H,0); H* I (RY),  with [jull o = > [|4°70ulo.
7=0

j=0
(6)
- If w is a positive scalar function, we denote by L2 the weighted L?-space on
S with associated norm

I1£1172 =/S|f(X,z)|2w(X,z)dXdz.

- We generically denote by C(-) some positive function that has a nondecreas-
ing dependence on its arguments.

2 Local well-posedness

The Cauchy problem for the non-homogeneous Euler equations has been con-
sidered in various settings: whole space or bounded and unbounded domains,
L? or LP based spaces, etc (see for instance [25,26,12]). It seems however that
the Cauchy problem for the configuration considered here (unbounded domain
with a density whose gradient is not in L?(S)) is not included in existing re-
sults. We therefore provide below a local well-posedness result. Contrary to
the above references, we do not seek in this result to be sharp in the regularity
requirements for the initial conditions; our main concern is rather to distin-
guish as much as possible the vertical and horizontal derivatives in the proof,
since they play drastically different roles in the qualitative descriptions of the
solutions addressed in this paper.

Theorem 1 Let 0 < e < 1, v > d+2, poq € W (—H,0), and p°,U° €
H"(8) be such that Vx ,-U% =0 and

3pmin > 07 infze[fH,O] peq(z) 2 Pmin and infS (peq + EPO) Z Pmin;
My >0, Vze (—H,0), MLO < —phy(2) < M.
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Then there exists T > 0 such that for all ¢ € (0,1], there is a unique so-
lution (U, p) € C([0,T]; H*(S)%*2) to (4)-(5) with initial condition (U, p°);
moreover,

1
T = sup ([Ulla + llplla) < e,
te[0,T]

)

with Cj = C(pmﬁv MOa ”peq”W”m,H, ||p0||H”a

|U0||H")7 Jj=12

Remark 1 The existence time provided by the theorem is independent of e.
Note however that without the linear terms, one would obtain an existence
time of order O(1/¢) instead of O(1). The issue of large time existence (as well
as shallow water stability) is addressed in Theorem 2 below.

Proof We just derive here a priori estimates on solutions to (4)-(5); the con-
struction of solutions from these energy estimates being obtained with classical
means. As for the standard Euler equation, the key point is to control the pres-
sure term which, owing to the fact that U is divergence free, is given by the
resolution of the following boundary value problem,

1 rg
—Vx, —Vx,P=eVx, - (U-Vx,U)+0,(——),
o Peq T EP * X ( * ) (Peq + Ep) (7)

PY
_ 5P = <7> :
Peq +€p # le=rro Peq T €P/ |2=—m0

Existence of solutions to (7) follows classically from Lax-Milgram’s theorem.
We provide below the H” estimates on V x . P that we shall need to establish
the a priori estimates on (4)-(5).

Lemma 1 Let v > d+ 2, and p,U € H”(S). If moreover Vx . -U =0 and if

Ipmin > 0, inf peq(z) > pmin  and inf(peq +€p) 2 Pmin,
z H,0) S

then the solution to (7) satisfies the estimate

IV x.-Pllire < COmlpealwos: o) (ol + €U
Proof Since we work in a domain with boundaries, we need to distinguish hor-
izontal and vertical derivatives; to this purpose, we use here the H** spaces
introduced in (6), and we repeatedly use the continuous embedding HSTY/*1
L>((—H,0); H¥(RY)) (see for instance Proposition 2.12 in [33]).

Let us consider first the following more general boundary value problem,
with £ € C([-H,0]; L*(S)*) such that fi_ , = 0, g € L*S) and h €
C([~H,0]; L*(RY)),

1
—Vx,. ———Vx,.Q=¢eVx,. f+e|D|g+0.h,

Peq T EP (8)

-9 =h .
,’Jeq+€P ZQ\Z:—H,O |z:—H,o
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Multiplying by @ and integrating by parts in both sides of the equation (note
that the boundary terms cancel each other), we get

(

from which one readily gets, with pmax = ||Peq + €0/l 0>

7VX,ZQ7VX,ZQ) = _s(favX,zQ) +5(gv |D‘Q) - (haazQ)a
peq+5p

1

IVx:Qll2 < ellfll2 + ellgll2 + [IA]l2- 9)

max

Applying this estimate with Q = P, f =U-Vx ,U,g=0and h = peqpiap7 we

get the following L?-control on the solution Vx . P to (7),

1
IVx.:Pll2 < elU - VUl + | —2—
pea + €p

l2- (10)

max

Horizontal derivatives of Vx .P can also be controlled in L? by applying
AT7HD| (0 € r < s and s > d/2 + 3/2) to (7) and using (8) with Q =
ATYDIP, £ = 1A D], ﬁ]vx,zcg, g=A""'Vx, (U-Vx.U), and

h = A™Y D] (pe(:’jigp). The estimate (9) then yields

1

Pmax

_ 1, . 1
|A™ DIV x 2 Pllz < el| =[A"HD], ———]Vx.. Pl2
€ Peq T EP

= r— PY
ATV (U VUl 147D (s (1)
eq

we now turn to control the three terms in the right-hand-side:

- Control of ||£[A"71D], peqiap]vxva”?' Remarking that ﬁiw = t -

and that [A"~1|D|, t] =0, we have

ep
peq(pPeqtep)

1

} r—1 _ r—1 14
Il g Vs Pl = [l VPl

Peq(Peq +€P
1
SC(p = lpllwre)lpll e

min

IVx 2 Pllgr-1/21,

where we used the commutator estimate (38) and the assumption that s >
d/2 + 3/2 to derive the second inequality.

- Control of ||AT’1VX’Z - (U -Vx,.U)|2. Recalling that Vx , - U = 0, we can
write classically

vX,z : (U : vX,,z(]) = Z ainajUi,

4LI=T,Y,2

and therefore, using the product estimate (34) and the assumption that s >
d/2 4 3/2 (recall also that 0 <r < s),

A"V - (U Vi 2U)ll2 < U7
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- Control of ||[A"~|D| (p pJgrgp) |l2. Without any difficulty, one gets
eq

1

min

r— Py
471D (2l < Ol e

Peq + €

Gathering these three estimates, together with (10) and (11), we finally
get

1
IVx,2Pllgro sCEC—, 1pealloos llollwr.oe)

% (ol + lU13go + €l V2 Pllgr-vas ),

for all 0 < r < s. We now prove that it is possible to obtain an estimate on
the H™!-norm instead of the H™Y norm in the left-hand-side, at the cost of
increasing slightly the regularity in z of p. Using the equation satisfied by P;
one has

1
—02P = (peq + p)0- ( )0.P + (peq + £p)V - ———VP

Peq T EP Peq T EP
P9
telpeatep) Y OO +(pe +20)0- (22— ); (12)
ij=zy,z Pea TEP

controlling the right-hand-side in H"~1:? through (34) shows that || A" 192 P|| g0
is bounded from above by

1
C— lowallwr . plwso=) (Nolsre + €U 1o + £V 2 Pllgeavea ).

and we have therefore obtained that
1
IVx,2Pllgr SC(T’ [ peallwree, [[pllw.e)

min

% (lellzzeis + U2 + €l Vo, Pllare-san);

by a simple finite induction on r, we therefore get

1
IVxaPllues < O llpeallw~, Ipllwee) (lpllrre2 +€lUlf-2). (13)

min

Using the product estimate (37), we also get from (12) that for all 0 < k < v,
19,2 Pllaros < 9.2 Pllaros + 102Pgo-sc

1
< 0(77 lpeallws, ) (lpllae +elUlFw + IV 2Pl 1)

(we used here the assumption that v > d + 2). The result then follows from
an induction on k and (13).
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Applying A¥~F9¥ (k = 0,1,2) to the equations of (4), we get

(atﬁk +eU - nyzﬁk) =+ Fs,
Opr +eU - Vx.pp = f1 + f2,
Vx. Ug,=0

where we denoted Uy, = A¥~*9¥U and p, = A*~%9¥p, and where

1
F = —A”_k8§(7VX,2P> - A”—ka’;(Lgez),
Peq T EP Peq T EP

Fy = —e(A"7%0F U) - Vx .U

and

d
o= A (0 p), o= el U] T

Multiplying the first equation by U, and the second one by px, and integrat-
ing by parts, we get (recall that Vx . - U = 0 and that w vanishes at the
boundaries),

d/1 -~ 1, . i
= (GITB + 513413) = (P + Fo, 0) + (i + 2. 5)
< (1B ll2 + 1Bl )1 Tell2 + (L allz + [ £ l12) 1wl

We easily get from the product estimate (37) and Lemma 1 (for Fy and f;)
and the commutator estimate (40) (for F; and f3) that

min

1
[E3ll2 + 12 ll2 + [ fill2 + (1 f2ll2 < C(p = llpeallwe, llpllee, 1U )

and therefore

d (~ . 1
gt T3+ 19413) < O~ oeallw e

min

U1+ ) (10kll2 + l15l2)

Hm,

1
< C(T’ llpeallwese llpllee, [1U] ).

Summing over all 0 < k < v, this yields

1

lpeallwes llpllee 1U] ),

3
min

d 2 2
gt (101 + ol ) < O

which is the desired a priori estimate.
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3 A linear approximation

We consider here the linear approximation to the full system of equations (4)-
(5), formally obtained by setting ¢ = 0 in the equations. We show in §3.1
that this approximation is as expected of precision O(e) and then turn to
analyze its behavior. As often in oceanography (e.g. [20]), it is convenient
to describe the vertical dependence of the functions involved in the problem
by decomposing them on a Sturm-Liouville basis. General facts on Sturm-
Liouville decompositions are recalled in §3.2. We then show in §3.3 that, when
the so-called Brunt-Vaiséla frequency IV is independent of z, the coefficients of
these decompositions are found by solving uncoupled dispersive perturbations
of wave systems (whose speed are related to the eigenvalues of the Sturm-
Liouville problem satisfied by the vertical velocity). We then turn to study
in §3.4 the general case where N is not constant. We show that for such a
configuration, the dispersive terms induce a coupling between the different
modes of the decomposition. In both cases (constant and non constant N),
we give sufficient conditions to improve the speed of convergence of the modal
decomposition.

3.1 Error estimate for the linear approximation

We consider here the linearized system obtained by taking € = 0 in (4)-(5).
Decomposing the equation on the velocity into its horizontal and vertical com-
ponents, this yields

1
oV + VP =0
pisq
p

ow+ —0, P+ =0,

’ e pqu (14)
0 —Peq = 0,

tp + wdzp q
Vx. - U=0

with the boundary conditions
wlz:—H - w‘z:(] = 0 (15)

As shown in the following proposition, the solutions of this linear model provide
an O(g) approximation to the exact solution of the full nonlinear problem (4)-
().

Proposition 1 Let the assumptions of Theorem 1 be satisfied and denote by
T > 0 the existence time of the solution (U, p) of the nonlinear problem (4)-
(5) provided by this theorem. There exists also a unique solution (U™, plin) €
C([0,T); H*(S8)™*2) to the linear problem (14)-(15) with same initial data, and
the following error estimate holds

1(p = P, U = U™)|| s 0, 7)5 ro-1) < €36
with C3 = C(T : 5M07 ||peqHW"’°°7H7 ||p0||H”7 ”UOHH”)

’ Pmin
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Proof 1t is obvious that the solution to the linear system is defined on the same
time interval as the solution to the nonlinear system provided by Theorem 1.
We need to prove the error estimate. Let us decompose the pressure P in the
nonlinear problem under the form P = PY + ¢ PNV with

1
~Vx. VPl =0.(2),
1 Peq Peq
L Py
- 8ZP)|2:—H,O = ( ) ?
Peq Peq”/ lz=—m,0
and
1
~Vx,.  ———Vx.P""=Vx. F
Peq T €
N PNt —F
Peq T EP la=—sr.0 v
where

P P L
F=U -Vx,U - gey — Vx, . P,
Peq(Peq + €P) Peq(Peq + €P)

and F}, and F, denote its horizontal and vertical components. The difference
U=U-U", p=p—p™ and P = P* — P'" satisfies therefore

1 _~ 1
VP=—-———VP"L LRy
Peq _Peq tEp

_ 1 ~ 1
ow + —0,P + Lg =—e—— 9,PNV L cF,,
Pe peq peq + 5[)

Orp + {D@peq =ef,

oV +

with f = —eU - Vx ,p. Proceeding as for Lemma 1, one gets
IVx-Pllavs S Illae— and  [|Vx, . PY|[ o < C(I(U, p)arv)

while F and f are also bounded from above in H*~1(S) by C(||(U, p)||uv). It
follows as in the proof of Theorem 1 that

d (, ~ -~ ~ ~ -~
(101 #1731 ) < CUB s +2C NV ) ) (1T i+ Bl )

and the estimate provided in the proposition classically follows using a Gronwall-
type argument.
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3.2 Modal decomposition

Simple manipulations of the linear equations (14)-(15) show that the vertical
velocity w must satisfy

1
8152 {(A + 782 (peqaz ’ ))w:| + N?Aw = 0, (16)
eq
where N = N(z) is the Briint-Vaisild frequency,
P

Peq

N? =

In order to solve (16), it is therefore quite natural to decompose w on the
orthonormal basis (f,)nen of L2([—1,0], peqN?dz) formed by the eigenfunc-
tions of the following Sturm-Liouville problem,

d d PeqIN?
- —f, 4 f, = 0,
dz (Pea dz )+ c2 (17)
fn(*H) = fn(o) =0,
. . . 1 o
with corresponding eigenvalues (C—2)neN satisfying ¢; > ca > -+ > ¢, > ...

n
and ¢; > 0 for all j € N*; we also have the asymptotic behavior ¢, = O(1/n)
as n — 0o.

Ezxample 1 We show in Figure 1 a typical stratification for an ocean of depth
H = 3500m (see [10]) and the corresponding Brunt-Vaiséla frequency. The

0
1,023,92 1,023.94 1,023.96 1,023.98 1024 2 4 6 8 10 12
-500
-1000
-1000
2000 -1500
-2000
3000
-2500
(a) Density (kg.m~3) (b) N (cycles/hour)

Fig. 1: Example of the vertical dependence of the density and Brunt-Vaiséla
frequency in an ocean
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006 . . ! ° ° ° ! hid © o ° ° ° o o
1 2 3 4 5 6 7 8 s 10 1 2 3 4 5 6 7 8 s 10

mode number mode number

(a) For the ocean stratification of Fig. 1a (b) For the sharp stratification (32)

Fig. 2: The speeds associated to the first modes

speeds associated to the first modes in the Sturm-Liouville problem (17) are
represented in Figure 2a.

Finally, the first six eigenfunctions of the Sturm-Liouville basis (f,,) asso-
ciated to (17) are represented in Figure 3.

We therefore look for w under the form
o0
w(t, X, z) = an(t,X)fn(z). (18)
n=1

Since the coefficients of the system (14) depend on z, the velocity, pressure
and density fields must be decomposed on other orthonormal basis that are
introduced in the following lemma.

Lemma 2 Let peq € W™ (—H,0) and o = ( ’ Pfl)il/z

_ i Peq assume that

7

inf  pe d inf N :
ze(lle,o)p q(2)>0 an zE(lElH,O) (2) >0

and let (£,)n>1 be the orthonormal basis of L*((—H,0), peqN?dz) formed by
the eigenfunctions of (17). Then

i. The sequence (peqN*£,)n>1 forms an orthonormal basis of the weighted space
L2((—H,0), (peqN?)~d2).

ii. The sequence (8n)n>0 with gy = apy, (with o as above), and g, = c,f),
for n>1 forms an orthonormal basis of L?((—H,0), peqdz).

iii. The sequence (peq@n)n>0 forms an orthonormal basis of L*((—H, 0), p,' dz).

Proof The first point is straightforward.
For the second point, remark first that integrating by parts and using (17),
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500 ~ 500 - 500 - 500 - 500 - 00 ~
-1000— ~ -1000— ~ -1000- ~ -t0001- ~ -1000— — -1000— -
1500 1500 1500 1500 1500 1500

2000 2000 2000 -2000 2000 2000

2500 - ~ 2500 2500~ | -2500|- - 2500 | 2500/

-3000 - ~ 3000~ ~ 3000~ | -a000|- - -3000 - ~ -3000 - 8
800 N0 s e —— e —

Fig. 3: The first 6 vertical modes of the Sturm-Liouville decomposition (17)
(from left to right)

one gets
Vm,n > 1, (gma gn)L;",eq = Can(Pequln, fr/L)
= _Cmcn((pcqfrln)/a £.)
)
= (o fu)ee
= 6mna
which proves that (g;,),>1 is an orthonormal family for L?((—H, 0), peqdz). We
therefore need to prove that it forms an orthonormal basis if we complement
it with ggo. The scalar « is chosen so that gg is a unit vector. In order to check

that it is orthogonal to g, for n > 1, just remark that
0

(g07gn)L§eq = Oécn/

f/
—H "
=0

since f,, vanishes at the boundaries. The family (g, )n>0 is therefore orthonor-
mal and we just have to prove that its orthogonal reduces to {0}. Let therefore
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[ € L*((—H,0), peqdz) be such that

Vn € N, (f, gn)L2 =0

Peq

and let us prove that f = 0. From the case n = 0, one deduces that f_OH f=0.
Denoting F'(z) = ffH f, one also deduces that for all n > 1 one has

0= Cn(f, f,r/L)L2

Peq

= —cn(F, (peafy)’)
= C,;l(F, fn)L2
Pe

qN? ’
where we used the fact that F' vanishes at the boundaries (owing to the fact
that f has zero mean) to derive the second equality. Since (f,),>1 is an or-
thonormal basis of L2((—H, 0), peq N?dz), we deduce that F' = 0 and therefore
that f = 0.

The third point is then directly deduced from the second one.

Owing to the lemma, we can look for V, P and p under the following
expansions

M8

V(t7X72) = Vn(ta X)gn(z)7
n=0

P(t,X,2) = S Pult, X)pea(2)gn(2), (19)
n=0

0 X,2) = 3 <pult X)pal(IN I ).

1

3
Il

Remark 2 Note in particular that
o0 o0 o0
VIZs =D Vals Il =3 lwal3, lgolliz | = loali;
4 n=0 pealNl n=0 peqN? n=0
more generally, one has for all s € R,

oo oo o0
VIZz0 =D Walter lwlfeo =D lwnlhe, lgplfeo =D loalhe.
a n=0 pea N2 n=0 ! n=0

peqN

3.3 The case of constant N: no dispersive mixing

The following proposition restates the system of equations (14) as a set of
equations on the coefficients of these decompositions. We first assume that the
Briint-Vaisala frequency NV is constant.
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Proposition 2 Let poq € WH°(—H,0) be such that N* = ,Zﬂ is constant

ea . .
and strictly positive on (—H,0). Let also s > 0 and T > 0 and (U, pli™) €
C([0,T); H*) solve the linear equations (14)-(15) and assume that the vertical
component of the vorticity is zero, that is, V* - Vlifo =0.

The coefficients (Vi W, pn, Pn) provided by the decompositions (18) and (19)
are found by solving, for all n > 1, the equations

2
Cn
(1 - N2 A)atvn + cnvpn =0,
O¢pn + V-V, =0,

with initial data given by the coefficients of the decomposition of and V° and

p°, and w, and P, are given by

Cn

Wy = —¢, V- Vi, and P, = cppn + ﬁatwna

while for n =0, one must have Py =0 and Vy = 0. Moreover,
(oo}
> lonle + Valfre + lwal.] < oo.
n=1

Remark 8 The assumption that V= - Vﬁfo = 0 is not restrictive. Indeed, one

deduces from the first equation of (14) that V+ - V" is constant in time. We
can therefore always decompose V'™ as V™(¢, X, z) = Vi(X, z) + Vu(t, X, 2)
with V- V4 = V+ . V1 = 0 and apply the proposition to Vii(t, X, z).

Remark 4 The system solved by the (V,,, p,) is a linear Boussinesq-type sys-
tem similar to those arising in the study of shallow water waves (e.g. [33]). It
is striking that for water waves, the dispersive perturbation appears as an ap-
proximation of a nonlocal operator (related to a Dirichlet-Neumann operator)
which is valid only in shallow water. Here, the simple, differential, form of the
dispersive term is valid outside the shallow water regime (see Section 4 for an
investigation of this latter).

Proof The proof consists in decomposing the equations of (14) on several basis
related to the Sturm-Liouville basis (f,)1<,. We have therefore to decompose
time and space derivatives of V', w, p and P on such basis. This is straightfor-
ward for time and horizontal derivatives; for instance,

oV = Z(atvn)gna VP = Z(Vpn)pcclgn’
n=0

n=0
but this is less obvious for vertical derivatives, which are considered in the

following lemma.

Lemma 3 Let s € R.

i. The following two assertions are equivalent,
1. One has w € H>Y(S) and w|,__,, , = 0.
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2. One has w =" wuf, and Y07 1 |wn|Fe + Dopeq cp 2 |wnl3.—1 < oo

n=1"n
Moreover, one has
o0

1
dw = Z awngn.
n=1
ii. The following two assertions are equivalent,
1. One has VP € H*9 and 8,P € H*T1.0,
2. One has P =3 Popeq@n and Y~ 1 ¢ 2| Pyl3.11 < 0.
Moreover, one has

=1
@P:—ZbJMMW&

n=1 "

Proof (Proof of the lemma) i. Let us first prove the direct implication. By
assumption, d,w € L?H*"'(R%) and can therefore be decomposed on the
basis (gn)o<n, which, we recall, is orthonormal for the Lieq scalar product.

oo

0w = Z(azwy gn)L%qun-

n=0

Since w vanishes at the boundaries, we have,

0 d,  d
(azwvgn)L/%Cq = - u wcn@(peq%fn)

1
= —Wn,

n
using the definition of f,, and g, (when n = 0 the last expression should be
replaced by 0). The result follows therefore from Parseval identity.
For the reverse inequality, Parseval identity directly yields w € H*(S), but
it remains to show that the trace vanishes at the boundary. This is the case
because w is an infinite sum of functions that vanish at the boundary and that,
under our assumptions, and recalling that the eigenfunctions are uniformly
bounded [19], this sum is absolutely convergent.
ii. Since 9,P € H**10 and VP € H*°, there are functions ¢, € H*t!(R?)
and Q,, € H*(R%)? such that

0.P = Z qnpeqN2f" and VP = Z Qnpeagn-
n=1 n=0

Since VO, P € H*°, we can decompose it on the basis (pequfn) which is
orthonormal for the L?((—H,0), (peqN?)~'d2) scalar product, and we have

1 1
0.V P, peq N*f =—(VP,— =_——
( z Peq n)L?peqNQ)—l ( cn gn)L2 Cn Qn
(note that contrary to the first point, it is not required that P vanishes at
the boundary, because the eigenfunctions f,, satisfy such a cancellation). This
yields that @,, = —c¢, Vg, and the result follows by setting P, = —c¢,qn.
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Using Lemmas 2 and 3, the system of equations (14) is equivalent to the rela-
tions obtained by taking the L?((—H,0), dz) scalar product of these equations
with peqgn (1 > 0), peqfn (n > 1), f, (n > 1) and peq8n (n > 0) respectively.
These relations are

{atvo +VF =0, (20)

V-V =0

and
0V, +VP, =0,

1 P,
v ) matwn + pn — 7" = 07 91
n>1, n
- aifpn —wy, =0, ( )
—Wp = -V an
Cn
where the assumption that N is independent of z has been used to derive
the second equation in (21). The equations on the coefficients given in the
proposition follow easily. Finally, the convergence of the summation given in
the last point of the proposition is a consequence of Remark 2.

Remark 5 The second equation in (21) is actually

P

Z — Pn = (atwafn)L%eqa

and mixes all the modes if N? is not constant. Since we assumed that N2 is
constant in the statement of the proposition, we have (d;w, fn)Lg = ﬁ@twn.
eq

The general case is considered in Proposition 4 below.

Remark 6 One directly deduces from (21) that

d 2 d 1
%(“/n‘% + ﬁ|v : Vn|§ + ‘png) = %Ovnlg + ﬁ|wn|§ + |pn|§) =0.
Owing to Remark 2, we get after summing over n € N,

d
dt Jpa

1 1 g°
e U2 + = p? ):0,
(2p ol UF +5p N2pes

which is the energy identity satisfied by the solution to the linear equations
(14)-(15).

Remark 7 In the physical literature, the dynamics of the small amplitude ad-
justments is generally described in terms of the vertical velocity w through
(16), or equivalently, after decomposing on the basis (f,),>1, by

2
* Cn —
This equation can of course be easily deduced from (21). This configuration

will be considered in Section 4 below where the more complex nonlinear case
is considered.
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The representation of the solution to the linear equations (14)-(15) based
on the modal decomposition (18) and (19) brings some interesting qualitative
insight on the behavior of the waves. It should be used with caution however;
indeed, these decompositions involve infinite sums that without further as-
sumptions converge slowly, and in general no better than in the L2-sense. For
instance, the modal decomposition for the density is

olt, X, 2) Z n(t X)pea(2) N8 (2);

all the terms in the summation vanish at the boundary so that, when p does
not vanish at the boundary, this summation cannot converge uniformly in, say,
L>([-H,0]; H*(R%)). Representing numerically the solution by a finite sum of
modes with coefficients computed as in Proposition 2 is therefore inaccurate.
This is due to the lack of regularity with respect to z of the solution considered
in Proposition 2. Indeed, as it appears in the Sturm-Liouville problem (17),
differentiation with respect to z is roughly equivalent to the multiplication of
the coefficients of the modal expansion by a factor of size O(1/¢,) = O(n). If
we consider a function f € H™(—H,0), represented under the form

F= i F,f,,
n=1

it is therefore expected that > n?™|F,|* < co. As seen above, this is however
false without additional assumptions on the behavior of F' at the boundaries
because, one cannot identify 97 F with > 7 | F, dd;n f,.

The following proposition provides such addltlonal conditions on the initial
data under which the modal decomposition is more strongly (and in particular
uniformly) convergent. To state these conditions, we need to define the second

order differential operators T, T5 as
1 1
T1 - az (7/83 (peq . )) and T2 = az (peqaz(il . )>,
7peq 7peq

in the statement below, the condition on V° must be removed in the case
I = 0 and we denote with a star the adjoint operator with the standard
L?((—H,0),dz) scalar product.

Proposition 3 Under the assumptions of Proposition 2, assume moreover
that for some k € N* and v = 2k or 2k + 1, one has pq € W"™ and that
the solution (U, pli") to the linear equation belongs to C([0,T], H*"(S)), and
also that its initial data (U, p°) satisfy the additional conditions
0.(T) VO =0, (1) =0, (1)p° =0,

for all 0 <1 < k. Then the following convergence holds

1 1
Z 2V|pn|H s—v T+ 2V|V ‘HS v+ 2V|w"|H5 "] < 0.

n=1
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Proof The following key lemma shows the importance of the differential oper-
ators 77 and 715 introduced above.

Lemma 4 Assume that N? = g%:“ does not depend on z and that (U, p) be

a smooth enough solution of the linear system

&V+ﬁVP
8tw + i(azP + pg) = 0
Op + peqw =0,
V-V+0o,w =0.

(22)

Defining V*, wt, p* and P* through
Vi=TyV, w = T w, pF = Tup, PY=TrP,

one has
oVt + iVPri =0
Opwt + -(0.P% + pfg) =0
atpﬁ + péqwﬁ =0,
V- V4 9,0t =0.

Proof (Proof of the lemma) The first, third and fourth equations follow from
simple computations by applying 77 to the first equation of (22), Ty to the
third one and 73 to the fourth one. Let us now define

7, = —— (pead- (L) )

Peq eq
applying T5 to the second equation in (22), one gets

1
T3at’LU +

(0-P* + pfg) =0

eq
and the result follows from the observation that if N? does not depend on z,
then T3 = TQ*

It is then quite easy to check that the conditions made in the statement of the
proposition on the initial data are propagated by the equations. And since the
system satisfied by (U*, p*, P*) has exactly the same structure as the original
one, it is enough to prove that result for v = 1 and v = 2. The case v = 1
follows from Lemma 3 for w and P. For V', the results is obtained as for P;
finally, the assumption that p vanishes at the boundaries is propagated from
the initial condition, and the result for p can be obtained as for w.

We now prove the case v = 2. Since under the assumptions of the proposition
one has Tyw € L?([—H,0]; H*~2(R%)), we can represent it on the basis f,, with
coefficients

1 1
(T;w’ fn)Lif?peq = _a (azwa gn)L%eq = _%wna
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the last equality stemming from Lemma 3. Since moreover w, = —c¢,V -V,
(and that V+ -V, = 0), we then deduce that Y o, &%\VMH.@_%H < 0.

Since p is now assumed to vanish at the boundary, there is a representation
formula for J,p similar to the one provided for w in Lemma 3 and one can
conclude as above. For V, there is a representation formula similar to the
one given for P in Lemma 3 and the fact that 0,V vanishes at the boundary
provides a representation formula for 77V that provides the result through
Parseval identity.

3.4 The case of variable N and dispersive mixing

We have already noted in Remark 5 that it is necessary that N? be constant
in the derivation of the equations given in Proposition 2 for the coeflicients of
the modal decomposition. The key point was that when N2 is constant then
one can write

1
(fm7 fn)Lgeq = m(fmv fn)L2

2’

peqN
1
where 8,,, = 1 if m = n and 0 otherwise. In the general case where N2

depends on z, this is no longer the case and we are therefore led to define the
interaction coefficients oy, as

Omn = (way fn)L%cqv (23)
and the second equation in (21) becomes
P
87: — Pn = (atwy fn)le)eqa
o0
= Z O O Wiy
m=1
o0
= - Z CmQmnV 6th7
m=1

we therefore have the following generalization of Proposition 2.

Proposition 4 Let poq € WH*°(—H,0) be such that N* = —Zf: is a strictly
positive function on (—H,0). Let also s > 0 and T > 0 and (U"", plin) €
C([0,T); H*) solve the linear equations (14)-(15) and assume that the vertical
component of the vorticity is zero, that is, V+ - Vlin = (.

The coefficients (Vi Wn, pn, Pn) provided by the decompositions (18) and (19)
are found by solving, for all n > 1, the equations

O Vi — Z CmCnQmn A0V + Cnan =0,
m=1

8tpn+chVn =0
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Table 1: Mixing coefficients ,, for 1 <m,n <6 (in hour_Q)

0.26 | -0.22 | -0.02 | 0.07 | -0.05 | -0.01
* 0.57 | -0.13 | 0.01 | -0.05 | 0.02
* * 0.45 | -0.20 | -0.03 | 0.08
* * * 0.47 0.14 0.06
* * * * 0.45 0.17

with initial data given by the coefficients of the decomposition of and V° and
p°, and w, and P, are given by

L)
Wy = —C,V - Vn7 and P, = CnPn t+ Cn Z amnatwm7

m=1

while for n =0, one must have Py =0 and Vy = 0.

Remark 8 As in Proposition 2, one gets that the sequences (|V,|pgs), and
(|pnlas)n are in [?(N), but it is not possible to improve this convergence as
in Proposition 3. Indeed, the proof of this proposition relied on Lemma 4
which requires that N2 is constant. The best one can get is to extend to non
constant IV the case v = 1 of Proposition 3; this ensures that if (U““, pin) €
C([0,T]; H*'), then one has convergence of (¢, |Vy|ge—1)n and (¢, | pn|ge—1)n
in [?(N). This is fortunately enough to get uniform convergence of the modal
decomposition.

Remark 9 Though mode mixing due to topography [21] or nonlinear terms
[39] is known to occur, such a dispersive mixing does not seem to have been
noticed before; the reason is that in the physical literature (e.g; [18,20]), only
the hydrostatic component of the pressure is taken into account (i.e. the term
Oyw is neglected in the second equation of (14)).

Ezxample 2 We represent in Table 1 the mixing coefficients a,,, for 1 < m,n <
6 for the example of stratified ocean considered in Example 1 (the table being
symmetric, we just represent the upper half). For this example, the mixing
coefficients between two neighboring coefficients (n and n £ 1) are smaller
but of same order as the corresponding diagonal terms, while the other in-
teractions are at least one order smaller. It follows that for perturbations for
which dispersion is significant (i.e. perturbations that do not have a too large
wavelength), it can trigger neighboring modes.

4 The shallow water regime
We consider here some configurations of interest in oceanography, when the

horizontal scale is much larger than the depth (shallow water). Under the
additional strong Boussinesq assumption under which the density is assumed



Internal waves in stratified fluids 23

to be constant in Euler’s equations, we are able to derive nonlinear models. We
first derive in §4.1 the dimensionless equations, that involve two parameters: €
(nonlinearity) and p (shallowness). The local well posedness of these equations
is granted by a straightforward adaptation of Theorem 1, but the resulting
time of existence cannot be controlled as u gets smaller, which is by definition
the case in the shallow water regime. This problem is addressed in §4.2. We
then propose in §4.3 a nonlinear extension of the modal representation of the
solutions used above in the linear case.

4.1 Dimensionless equations under the strong Boussinesq assumption

We are interested here in describing the behavior of the solutions to (4)-(5) for
configurations arising in oceanography with the propagation of internal waves.
For such applications, the equilibrium density is of the form

Peq(2) = po + Peq(2)

with po a constant and peq < po . Therefore, the so called strong Boussinesq
assumption is generally made; it consists in neglecting the variation of the
density everywhere except in the density equation and in buoyancy forces, so
that the equations under considerations are

1
QU +eU -V U) = ——Vx.P— L ge,,
Po Po

d 24
3tp+EU-Vx,zp+w£peq:0, (24)

Vx.-U=0

with the boundary conditions
wlz:—H = w‘z:O = 0 (25)

In most cases, the configurations under consideration are typically of “shal-
low water” type, meaning that horizontal scales are much larger than vertical
ones. (see for instance [20,10,21]). This particular setting has strong conse-
quences on the behavior of the solutions that are more easily captured by
working with a dimensionless version of the equations for which the scales are
adapted to the physical phenomenon under consideration.

We therefore define the following dimensionless variables and unknown
(denoted with a tilde),

L ~

X=LX, z=H? t=——-t,
vVgH

V=\gHV, w=u/gH@, p=pop, P =pogHP,

where L is a typical horizontal scale, H is the total depth, pg the average vo-
lumic mass of sea-water, while \/gH correspond to the speed of the barotropic



24 Benoit Desjardins et al.

(surface) mode neglected here under our rigid lid assumption, and p > 0 is
the so called “shallowness parameter”,

H2
n=Te
We also introduce the quantities p and N 2 defined as
Peq(2H) 2 2 d
p(z) = P =), () =-=p,

where it is implicitly assumed that peq is a non-increasing function of z (which
is an obvious and classical condition for the linear stability of the equilibrium);
the (depth depending) quantity N is the nondimensionalized Brunt- Vdisdld —
or buoyancy — frequency.

With these new variables and unknowns, the equations (4)-(5) become after
dropping the tildes and separating the equations for the horizontal and vertical
velocities, and in the nondimensionalized fluid domain X € R?, z € (—1,0),

(0V +eU-Vx.V)=-VP,

w(Opw + el - Vx ,w) = —(0,P + p),
Op+eU - -Vx,.p— N%w =0,

Vx,. U=0,

(26)

where V stands for the gradient operator taken with respect to the horizontal
variables alone. These equations are complemented by the boundary conditions

wlzzfl = u)|z=0 = O (27)

4.2 Uniform well-posedness

One can without difficulty adapt the proof of Theorem 1 to get an existence
result for the nondimensionalized system (26)-(27); however, such a proof does
not provide an existence time that is uniform with respect to p in the shallow
water limit, that is, when g — 0. The following theorem provides an existence
time of order O(e/,/i) and which is therefore uniformly of size O(1) when
the perturbation are of medium amplitude (¢ = O(,/p) and uniformly of size
O(1/+/¢) in the weakly nonlinear regime € = O(p).

Theorem 2 Assume that the Brint-Vaisdld frequency N > 0 is independent
of z and let kg € N, v = 2kg > d + 2. Then for all p°,U° € H"(S) such that
Vx,.- U% =0 and
VO<k<ko—1, 0%p0=092+1ly0 =9
ok 0 at z=—1,0,

V0 <k < ko, 0z"w” =0

there exists T > 0 such that for all 0 < e, < 1, there is a unique solution

(U, p) € C(0, #};H”(S)(HZ) to (26)-(27) with initial condition (U°, p°).
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Proof A key step in the proof is that w and its vertical derivatives of even
order vanish at the boundary. We will use the following lemma.

Lemma 5 If (U, p) is a smooth solution to (26)-(27) on a time interval [0, T)
such that for some ko € N the initial data satisfy

V0 < j < ko, 0% = 9% p0 = 9% V0 =0 at 2= —1,0.

These cancellations are propagated by the equations on the time interval [0, T].
Moreover, if 02kt | _ | =0 then 92k 2w _ =0 on [0,T].

Proof (Proof of the lemma) Let us prove first the following identities for 0 <
j é kO?

(0%w)_, , =0,  (0¥p)_, , =0 (9¥*'P)=0, ¥V =0,

[2=0,—1

at z = —1,0. Proceeding by induction, we assume that these identities hold
for 0 < j <k < ky—1 and want to prove that they hold for j = k + 1. We
recall that

_(85 + MA)P = azp =+ 6,UVX,Z : (U : VX,zlj)

so that, after differentiating 2k + 1 times with respect to z,
—0?MF2(9,P 4 p) = epd? T2(U - Vx w) + epd? TV - (U - Vx V). (28)
Applying 02%%2 to the equation on w one also gets
0,025 2w + epd?* (U - Vx sw) = —02512(0, P + p)
which, together with (28), yields

p0: 02 2y = epd?* 1V - (U - Vx V)
d
= epd2?" TV V(Y- V) +wdo(V-V)+ Y VYV 9V + Vw - 0.V].
=1

Recalling that V-V = —0,w, taking the trace of the above identity at z = —1,0
and using the induction assumption, one deduces

1w(0 +eV -V +e(2k +1)(0,w)) 02 Pw=0 at z=—1,0.

Therefore, if 0?*72w =0 at t = 0 on z = —1,0, it remains equal to 0 for all
times, which proves the first relation of the induction assumption for j = k+1.
We can now apply 022 to the equation on p and take the trace at the
boundaries to obtain

(O +eV-V)aZFt2p =0

where we used the fact that 92**2(N2w) = 0 at 2 = —1,0 for N2 chosen
as in the statement of the lemma and the fact that 02w = 0 at z = —1,0
for 0 < j < k + 1. This shows that the condition 8§k+2p =0at z=-1,0
propagates from the initial data and establishes the second relation of the
induction assumption for j = k + 1. Taking the trace of (28) at z = —1,0
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and using the results just proved yields the third relation. For the fourth one,
we apply 92873 to the equation on V and take the trace at the boundaries to
obtain

Oy + eV -V 4+ e(2k + 3)(0,w))0** 3V =0 at z=—1,0,

showing that the desired relation is propagated from the initial condition.

To conclude the induction, we need to show that the assumption is true for
j = 0. The condition on w is obvious, and the fact that p, 9, P and 9,V also
vanish at the boundaries can be deduced proceeding as above. The last point
of the lemma is established by running the first step of the induction proof for
k=ky+ 1.

Applying A¥=2k92% (0 < k < kg) to the equations of (26), we get
(8tf/k +eU - vX,sz) = —Vpk + eFy,

(1(Oyiiog + €U - Vx 2tg) = —(0: P + pi) + epk,
Opr +eU - Vx .pp — N2y, = ef,
VX,Z . ﬁk = 07
where we denoted Uy = AY~*92*U and py, = AY~*9%*p, and where
B, =—[A""2%02 U] - V.V,  F,=-[A"2*92 U] . Vx_ w,
f=—[A4""2k2 U] - Vx .p.
By the lemma, we also have the boundary conditions

W |,o , = Wk|._, = 0.

Multiplying the first equation by Uy, and the second one by pi, and integrating
by parts, we therefore get (recall that Vx . - Uy = 0),

d - - _ _
— By < e|[Full2o[Vallz + ev/ull Fyllav/plldll2 + €l fll2llox 2

dt
=1/2
< e(IFulla + vAIE]2 + 11£12) B
where
B S EA DR,
Be= LIV + gl + 1713
With v > 2tg + 2, the commutator estimates of Appendix A imply that

1 2
IFallz + VElElz + 1fll2 S —=(IVIar + Vallwlae +llpllae) s
NG
we note that the singular factor ~1/2 comes from the components —[A”, w]d,V

of F, and —[AY,w]0,p of f in the case k = 0.
Summing over 0 < k < kg and using the above estimates, it follows that

ko

ko
d - 9 . \1/2
=3 B S — (Vi + Valwlae + llplla)* (3 B )
k=0 k=0

3

£
m



Internal waves in stratified fluids 27

It is therefore possible to conclude by a nonlinear Gronwall type argument if
we are able to show that

ko
2 ~
(Ve + vallwllzae + o)™ S Ex,
k=0

which is a direct consequence of the following lemma.

Lemma 6 i. There is a constant C such that for all smooth functions V, w
and p such that

63k+1‘/| = agkwh:—l,o = agkplz:—l,() + 0 fOT k= 0’ Tt ]{)0 o 1’

z=—1,0

one has, with u ="V, w or p,

ko

1 _

clulla < D A0kl < Clful| v
k=0

Proof (Proof of the lemma) We need to show that it is possible to control
AV=2R=192k 41y (1 < | < ko) in LA(S) by S50, |4V 2802k V|5, This is a
consequence of Lemma 5 which under the assumption made on the vanishing
of the vertical derivatives of V' of odd order, allows one to write

—2k—12k+17712 _ —2k—12k+1 —2k—142k+1
[|A¥ 2F V|13 —//1” oz TV LAY 9"V,
s

_ _/ AV_2k82kV-AV_2k_262k+2V
S

IN

422 | 422022
The result for w and p is proved similarly.
The proof of the theorem is therefore complete.

Remark 10 For surface waves (water waves), the existence time one obtains in
the weakly nonlinear regime in shallow water —and for the asymptotic mod-
els derived under these assumptions (Boussinesq systems or the KAV and
BBM equations, etc.)— the existence time is O(1/¢), uniformly with respect
to u € (0,1) (see for instance [35] and references therein). This is also true
for interfacial waves between two layers of fluids of different densities [34] and
corresponding asymptotic models (see for instance [5,11] and the review [42]
and references therein). The reason why the existence time is only O(e/\/1) is
partly due to the fact that irrotationality cannot be used. Indeed, if the ver-
tical vorticity were O(y/p), i.e if we had 0.V = uVw + O(y/it) then the term
[A¥, w]0,V would not be singular with respect to p anymore. This is consistent
with [9] where it is shown that in the presence of vorticity, the water waves
equations are well posed on a time scale O(e/,/p) under the assumption that
the vertical vorticity is O(,/).
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4.3 Modal decomposition and nonlinear mixing

Proceeding as for the derivation of (16), one can derive from the linear version
of (26)-(27) the following equation for w,

o2 {(HA + aj)w} + N2 Aw =0, (29)

where N is the Briint-Vaisala frequency that is now assumed to be indepen-
dent of z. Instead of (17), the relevant Sturm-Liouville problem for a modal
decomposition is now

d? N?

P — &+ z — £, =0,

£a(—1) = £,(0) = 0;

(30)

for this Sturm-Liouville problem, the eigenvalues and the orthonormal (for the
L?(N?dz) scalar product)- basis of eigenfunctions are explicit, as well as the
functions g,, defined in Lemma 2 (which are now orthonormal for the L? scalar
product),

N 2
e =", f, = % sin(nmz), g, = V2cos(nmz).

The modal decompositions (18) and (19) are consequently replaced by

n;O 02:0 (31)
wt, X, 2) =Y wn(t, X)E(2), p(t, X,2) = pu(t, X)N?£,(2).
n=0 n=1

Proposition 5 The smooth solutions of (26)-(27) admit a modal decompo-
sition of the form (31) that satisfy the following coupled system of evolution
equations up to terms of size O(ep),

1
(1= 15 A) Vi + — V= - f > [ WVt VY,
(p£q)?=n?

1 q
dipn + V Vi, —ENQ\[H;); 2 [Vp-qu+§v.vppq].
pxq)°=n

Remark 11 The nonlinear terms induce a mixing of the different modes of a
different nature than the dispersive mixing exhibited in the linear case when N
is not constant. It can be expected that after some time, the coupling becomes
less and less efficient. Indeed, at first order, V, and V, (p # q) travel at a
different speed, and if they are localized enough, the product V, - VV, (as
well as the other coupling terms) becomes very small for large times. Such an
asymptotic has been used for instance in diffractive optics [31].
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Proof Decomposing V, w, p and P as in (31) and taking the L?(—1,0) scalar
product of the first equation of (26) with g, gives

oo oo V
OV + VP ==Y [BognVp - VVq + Ypgnwp—]
p=1qg=1 Cq
with
ﬁpqn = (gpgqagn)a TYpgn = _N2(fpfqagn)

Taking the L?(—1,0) scalar product of the second equation of (26) f,, gives
similarly

1 1
7o n n — 7Pn =
e 1Oywy + p o O(ep)

For the equation on p, we take the scalar product with f,, to obtain

1 &> P
Oppn — wn = ‘N2 Z Z [YpanVp - Vg + %nquciq}
p=1qg=1 q

while the divergence free condition yields
Wy, = —c,V - V.

Up to terms of order O(eu), we therefore obtain the following system on
(Va, pn),

2 oo oo

(1- “%A)atvn +enVpn = *EZ Z [Bpan Vo + VVg + 'qun(%)v VoVal,
p=1q=1
1 oo oo
Oppn +cnV - Vi = ‘N2 Z [Ypan Vi - Viog + %nq%V “Vopy)
p=1qg=1

In order to get the result of the proposition, we just need to compute the
coefficients Bpqn and 7ypen using the explicit expression of the eigenfunctions
derived above. One readily checks that ﬂgpgqgn is equal to

coS ((p+q+n)7rz) +cos ((p+q—n)7rz) +cos ((p—q+n)7rz) +cos ((p—q—n)ﬂz)

2 1

Therefore one has B4, = 0 except if (p £ ¢)? = n? in which case Bygn = 7
Similarly, vpqn, = 0 unless (p £ q)> = n?, in which case Ypgn = :t%. The

proposition follows.
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5 Perspectives

Let us briefly mention here some interesting perspective for further works.
An obvious one would be to take into account Coriolis effects as they become
relevant at large oceanic scales. In particular, the dispersive effects due to the
Earth rotation are known to be important (see for instance [10]) and it would
be interesting to see how they compare to the dispersive effects investigated
in this paper. In the same vein, taking into account thermal effect, salinity,
etc. are important for many physical applications. For atmospheric studies, it
may also be relevant to relax the incompressibility assumption; the analysis
of the Sturm-Liouville decomposition is then complicated by the interaction
with acoustic modes [6].

Another interesting generalization is to consider a non zero background
current, i.e. to take a non zero Uy in (3). In this context, and in the shallow
water limit, Maslowe and Redekopp [40] showed that it is possible to construct
approximate solutions concentrated on the first eigenmode and that the cor-
responding coefficient satisfies a nonlinear KdV equation. This is in sharp
contrast with the nonlinear Boussinesq type system derived in Proposition 5.
Indeed, in this latter, a mode n can only interact nonlinearly with modes p
and ¢ such that (p & ¢q)? = n?. In particular, self quadratic interaction of the
coefficient of the n-th mode cannot occur. This does not contradict [40] since
one can check in that reference that the coefficient in front of the nonlinear
term in the KdV equation vanishes when the background current is taken
equal to 0. This suggests however that including background currents leads to
additional interesting mathematical and physical phenomenons.

Let us mention a last important perspective. As said in the introduction,
when the stratification is continuous but varies very rapidly in a thin layer, two
layers models are used to describe internal waves: instead of a single continu-
ously stratified fluid, one considers two fluids of different densities separated by
an interface. The propagation of internal waves therefore reduces to the study
of the evolution of this interface. The convergence of internal waves with a
sharp continuous background stratification towards the solution of the corre-
sponding two-fluids models is therefore a natural question. It was answered
by the affirmative in [27] in the particular case of solitary waves. The general
case of non steady waves is much more complex because of the presence of
Kelvin-Helmholtz instabilities created by the discontinuity of the tangential
velocity at the interface. In particular, two-fluids Euler equations are ill posed
[16,24,28]; including surface tension effects, well-posedness is restored and a
generalized Rayleigh-Taylor criterion governing well-posedness can be derived
[34]. The interest of this last result is that it shows that a very small enough
of surface tension is enough to stabilize interfacial waves, but its drawback is
that, in the context of internal waves, there is no natural definition of sur-
face tension. It is natural to conjecture that an alternative mechanism for
the control of Kelvin-Helmholtz instabilities could come from the sharp but
continuous variation of the density at the ”interface” (indeed, as shown here,
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continuously stratified models are locally well posed). In order to understand
this mechanism, a first step is to study the behavior of the Sturm-Liouville
modal decomposition as the background stratification p.q converges to a dis-
continuous stratification.

To be more precise, let & € C°°(R) be a positive function, compactly supported
in (0,1) and such that fR «a =1, and define the smoothed jump function x as
x(z) = ffoo «. We consider here a strip with height H = 1 and a family of
continuous stratifications (peq75)0<5<1 that converges as § — 0 to a discontin-
uous stratification with jump located at z = zy € (—1,0) with density p; in
the lower layer and p_ in the upper one,

peas(2) = i exp(=62) = (ps = p)X(“52)  (ps > p)s (32)

for all z € [—1,0], and we consider the associated Sturm-Liouville problem

1 d d N2
_— — —- =0, -1 <2<0), 33
pers 4 (Peqs 7 Tns) + ci)éf”"s ( 2 <0) (33)
with the usual boundary conditions f, s(—1) = fn.6(0) = 0. The following
proposition provides the asymptotic behavior of the first eigenvalue and of the
associated eigenmode as § — 0.

Proposition 6 Let ¢ and f be defined as

&= (py — p—)g((

P+ p— \ 7!
ot ) (—zo))

with a =

atiPz  if 2 <250, Ve —p)gz0+ 1)

For all o € (0,1), let also cig be the smallest eigenvalue of the Sturm-Liouville
problem (33) and denote by f1,5 the associated unit eigenfunction such that
f{yé(—l) > 0. Then, as § — 0, the following approximations hold

f(z):{a(z—f—l) if —1<2z< 2z, 1

C%,s =+ O(6) and |fi5— flre(-1,0) = O(9).

Proof Step 1. Let us first prove that —— < g% + O(0). We recall that cié is

2 =
15

given by the Rayleigh quotient

1 - J°, Pea.s ()2

€5 JECR(=LDF(=1)=F(0)=0 [ p.y sN2[f2

where C;W([—l,O}) denotes the space of continuous and piecewise C! func-
tions on [—1,0] and Nj = —gp., 5/peq,s- An upper bound for ¢ ; is therefore
obtained by evaluating the quotient Rs(f) in the right-hand-side with f = f

given as in the statement of the proposition (the amplitude coefficient a is
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chosen so that f_ol peqﬁN&QiZ — 1 as § — 0). Using the fact that éx’(%)
is an approximation of unity converging to the Dirac distribution centered at
2 = 29, one readily checks that R(f) = ¢=2 + O(6), which proves the result.

Step 2. Let f; s be a unit eigenfunction associated to the eigenvalue 1 /Cié
of the Sturm-Liouville problem. From the definition of peq,s, fi,6 solves the
following ODE on (—1, 29 — ¢) and (2o + 4, 1),

s —0fls+90f15=0,
from which we can deduce that
f1,6(2) = as(2+1)4+0(9) on [-1,20—d] and f16(2) = bsz+0(d) on [zp+0, 1]

with as = O(1) and bs = O(1) as 6 — 0. On the segment [zg — J, zg + 0] we
can write

1
Peq,s

Fr6(2) = Frales) + (= — z0) fls(zs) + / / (s 5 (") 42"

with 2z = 29 £+ 4. Using the Sturm-Liouville equation to simplify the last
integral, one gets

z 1 Z/
f1.6(2) = fro(za) + (2 — 24) f 5(2+) +/ / gip/eq75(z”)dz”dz'.
zZ4+ Peq,s Z+ 61,6
Using the definition of peq,s and the upper bound in 1/ c1,52 derived in Step 1,
we obtain that on [z9 — d, 29 + 4] one has

f1,5(2) = as(1 + 2z0) + O(S) = bszo + O(0),
so that as = a + O(9), bs = alJZr—O’ZO + O(6) and the result follows.

The behavior predicted by the proposition can be checked on Figure 2b that
represents the speeds associated to the first modes of the modal decomposition
associated to (32) (with § = 0.0005 and zg = —1/3, in which case the formula
for the asymptotic speed gives ¢ &~ 0.209) and on Figure 4 where the first 6
modes are represented. A striking fact is that the formula for the asymptotic
speed ¢, which is valid even in non shallow water configurations, coincides
with the formula for the propagation of linear waves in two-fluid models in
shallow water [5]. Moreover, for such two layers models, the vertical velocity
has a linear dependence in z and is continuous at the interface: it is therefore
a multiple of the asymptotic eigenmode f. It is therefore natural to conjecture
that one could find the two-layers shallow water model as a double shallow
water/sharp stratification limit by focusing on the first mode of the Sturm-
Liouville decomposition and showing that the contribution of the other modes
is negligible. This is consistent with the fact that, for surface water waves,
the shallow water limit is somehow a ”low frequency” limit, and this would
also allow one to bypass the two-fluids Euler equations and the corresponding
difficulties raised by Kelvin-Helmholtz instabilities. Indeed, such instabilities
do not appear for the two-fluid shallow water equations if the discontinuity of
the tangential velocity at the interface is small enough [22,7].
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1 1 1 01

Fig. 4: The first modes associated to the stratification (32) with 6 = 0.0005
and zp = —1/3

A Product and commutator estimates

We use here the notations
A=B+ <C>S>so
to mean that A = B if s < sg, and A = B + C otherwise.

From the following classical product estimate for functions on R%,

Vio > d/2, Vs20,  |fglms SIflmelglmeo + |fpeolglus )

s>tg)

we deduce from L x L2 product estimates on the strip S and the continuous embedding
Hst1/21 ¢ [ H (s € R) that functions on the strip S satisfy the following product
estimate, for all top > d/2, and s > 0,

1FGC o0 S IFo0lCllgron/zn + (1P gor/aalGluso) o (39)

s

It is possible to deduce another product estimate from the product estimate on R?%; for
instance

1EGl 20 S 1 soCllgtos /o + (IFlgoolClgeasan) i (39)
in particular, if rg = tg if s < tp and r9 = s otherwise, then
1EGl a0 SNE N gro oGl gro+1/2.1- (36)

We also need in this paper product estimates in H%*. Remarking that

IFGllgsr S D I0F F)©@5 G)llga—noo,
K4k =k

we easily deduce from (35) that

Vto >d/2, Vs=2to+1, VO<k<s,  [[FGlgor SIFlgsrlGllgss. (37
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For commutators with horizontal derivatives, we first recall the following estimate that
combines the Kato-Ponce estimates (for large s) and Coifmann-Meyer estimates (for small
s), for functions defined over R4,

Vio > d/2, W5 >0, (A% flgly S Flguosalglmes + (I lmelolio ),

(see for instance Theorems 3 and 6 in [32]). Using the continuous embedding H*+1/2:1 ¢
L>* H?* (s € R), one readily deduces the following estimate for functions defined in the strip
S, and for all tg > d/2, and s >0

[14°, FIG||y S 1Fl eo+/2,1 1G Il gre—1.0 + <HFHH-€,0HG”HtoH/M> (38)
s>to+1

or also

1A, FIG ], S 1Fllgt-+3/2.0 Gl re=1.0 + (1Fll o172 1G | sreao ) (39)

s>to+1
(see for instance §B.2.2. in [33]).

Let us finally consider commutators with horizontal and vertical derivatives, namely,
with A5~*9% (k = 1,2), we first remark that

[A57kok |G = A57F[9F F|G 4 [A°~F, FloFG.

Using the product estimates (34)-(35) for the first term of the right-hand-side, and the
commutator estimates (38)-(39) for the second one, we get

Vn>2t0+2, VO<k<n, |[[A"*05 FIG|, SIIFlgn-1Gllgn-1.  (40)
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