N
N

N

HAL

open science

Anisotropic multivariate deconvolution using projection
on the Laguerre basis

Florian Dussap

» To cite this version:

Florian Dussap. Anisotropic multivariate deconvolution using projection on the Laguerre basis. Jour-

nal of Statistical Planning and Inference, 2021, 215, pp.23-46. 10.1016/j.jspi.2021.02.005 .

02400684v3

HAL Id: hal-02400684
https://hal.science/hal-02400684v3
Submitted on 10 Jul 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02400684v3
https://hal.archives-ouvertes.fr

Anisotropic multivariate deconvolution using projection on the
Laguerre basis

Florian Dussap

Université de Paris, CNRS, MAP5 UMR 8145, F-75006 Paris, France

Abstract

We investigate adaptive density estimation in the additive model Z = X + Y, where X and
Y are independent d-dimensional random vectors with non-negative coordinates. Our goal is
to recover the density of X from independent observations of Z, assuming the density of Y
is known. In the d = 1 case, an estimation procedure using projection on the Laguerre basis
have already been studied. We generalize this procedure in the multivariate case: we establish
non-asymptotic upper bounds on the mean integrated squared error of the estimator and we
derive convergence rates on anisotropic functional spaces. Moreover, we provide data-driven
strategies for selecting the right projection space (for d = 1, we improve the previous projection
procedure). We illustrate these procedures on simulated data, and in dimension d = 1 we
compare our procedure with the previous adaptive projection procedure.

Keywords: anisotropic multivariate projection estimator, laguerre basis, model selection,
nonparametric density estimation

2010 MSC: 62G07, 62H12

1. Statistical model and motivations

In this article, we study the problem of recovering the distribution of a random vector X
when we only observe its sum with a noise vector Y with known distribution. This is a classical
problem in nonparametric statistics (see references below), but we focus on the particular case
where both X and Y have non-negative coordinates.

This assumption is quite unusual in deconvolution problems but is relevant for instance in
reliability fields: we observe the failure times of several components in a system, each failure
time being the sum of the lifetimes of two sub-components. In survival analysis, for d = 1, X
would be the time of infection of a disease and Y the incubation time. The multivariate case
can then be used to study the time of infection for multiple diseases.

More precisely, we consider the following statistical model:

Z7.:XZ+Y:M Zil,,’ﬂ,, (1)

where the X;’s, the Y;’s and Z;’s are random vectors in R? with non-negative coordinates. We
assume that the X;’s are i.i.d. with unknown density f on Rff_, and that the Y;’s are i.i.d. with
known density g on Ri. Moreover, we assume that the X;’s and the Y;’s are independent.
Our goal is to provide an adaptive procedure to estimate the density f from the observations
AT/
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In the univariate case, there are a lot of papers about recovering the density of a random
variable when it is observed with an additive known noise. Many authors use a kernel estimator
introduced by |Stefanski and Carroll (1990). first introduced the notion of ordinary
smooth and supersmooth noise (rate of decay of the characteristic function) to study optimal
rates of convergence on Holder spaces. When f is supersmooth and the noise is ordinary
smooth, showed that the kernel estimator achieves a good rate of convergence
and that this rate is optimal. When both f and the noise are supersmooth, the problem is more
complicated and have been studied by Butucea and Tsybakov] (2008aljb)) from lower bound point
of view.

To provide an adaptive estimator, different procedures were proposed. When f belongs to a
Sobolev space, [Pensky and Vidakovic| (1999)) proposed a wavelet strategy that is adaptive and
achieves optimal rates of convergence. For kernel estimators, Delaigle and Gijbels| (2004) esti-
mated the optimal bandwidth with a bootstrap procedure and showed its consistency.
land Turlach| (2009} 2010) proposed a weighted kernel estimator with a data-driven way to choose
the weights. Moreover, their weighted kernel estimator can be used in a multivariate setting.
For projection with penalization strategies, [Comte et al.| (2006]) used a Shannon type basis to
construct an adaptive estimator that is minimax in most cases. More recently, non-compact
supported bases were used by (Laguerre basis), by |Comte and Genon-Catalot]
(2018)) (Laguerre basis and Hermite basis), and by (Hermite basis) to construct
adaptive estimators on suitable functional spaces.

The Laguerre basis was also used in a regression setting to study the problem of Laplace
deconvolution, see |Comte et al.| (2017) and [Vareschi (2015), or more recently Benhaddou et al.|
(2019)

The multivariate deconvolution literature is more sparse. generalizes the kernel
estimator for stationary random processes, with a dependence structure between the variables.
The noise is assumed to have i.i.d. coordinates (isotropic noise) and no adaptive strategy is
proposed, the author focuses on the problem of dependency between the variables.
propose a cross-validation strategy to estimate the optimal bandwidth of the
kernel estimator in the multivariate setting, and show it is asymptotically optimal under the
assumption that the noise is isotropic and ordinary smooth. [Comte and Lacour| (2013) use
a bandwidth selection procedure inspired by |Goldenshluger and Lepski| (2011). Their proce-
dure allows anisotropic noises, with both ordinary smooth and supersmooth components, and
they derive rates of convergence for the pointwise risk and the L2 risk, when f belongs to
anisotropic Holder, Nikol’skii or Sobolev classes. For ordinary smooth noise and when f belongs
to anisotropic Nikol’skii classes, |Rebelles| (2016)) provides an adaptive kernel estimator which is
minimax for the LP-loss. Recently, |[Lepski and Willer| (2019)) studied a more general model (with
direct and indirect observations of X) and provided an adaptive kernel estimator on anisotropic
Nikol’skii classes, under the LP-loss.

Concerning our specific case of deconvolution with non-negative noise, the case d = 1 has
already been studied by using a projection strategy on the Laguerre basis. We
also use a projection strategy in the multivariate case. The main tool we use to construct our
estimator is the theory of hypermatrices. Using the contraction product of hypermatrices, we
show that it is possible to recover the coeflicients of f from the observations. We recall the
definitions of these objects in Section [2]

We provide rates of convergence for the MISE of our estimator on anisotropic functional
spaces: Sobolev-Laguerre spaces and smooth Laguerre spaces. We propose a model selection
procedure to produce an adaptive estimator, under mild assumptions on the noise density g.
This procedure is inspired by the work of |Goldenshluger and Lepski (2011) concerning band-
width selection. It was introduced for model selection by [Chagny 12013b: for estimation of




conditional density, in a two-dimensional setting. We show this procedure can be applied to
our deconvolution problem, in a d-dimensional setting, and we establish an asymptotic oracle
inequality for this procedure. Moreover, the proof is written to provide general steps that can
be applied to other contexts.

Outline of the paper. In Section [2] we provide the notations and the key facts about hyper-
matrices we will use in the rest of the paper. In Section [3| we construct the estimator. In
sectiond] we provide non asymptotic MISE bounds and we derive convergence rates on Sobolev—
Laguerre balls and smooth Laguerre balls. In Section [5} we give model selection procedures to
construct an adaptive estimator and we establish oracle inequalities. In Section [6] we illustrate
the procedures on simulated data. All the proofs are gathered in Section

2. Preliminary on hypermatrices

Let a, 3 € N? be multi-indices and 2 € C%. We will use the following notations:

a+ = (a1+b1,...,aq+ Ba), ax f=(a1f1,...,aib4),
a. a1 Qq a . (03] Qg
— ===, % =25,
B (61’ m) P
la] = a1+ + ag, B<a <= Yge{l,....d}, By < ay,
mAm = (my Amj,...,mg A m}) where m; A m := min(m;, m}).

We denote 0 := (0,...,0) and 1 := (1,...,1). If k € N? and ¢ € NP are two multi-indices, we
denote (k, ¢) € N¥*P their concatenation.

Proposition 2.1 (Multibinomial theorem). If a € N is a multi-index and if z,y € R? are
vectors, then (v +y)* =>4, (g)xﬁya*ﬁ where () = (1) x -+ x (39)-

We recall some facts about hypermatrices; see [Hogben| (2013) for more details. A hyper-
matrix is a multi-dimensional array of numbers. The order of a hypermatrix is its number of
dimensions : an order-1 hypermatrix is a vector, an order-2 hypermatrix is matrix, and so on.
If m = (my,...,mg) € (N*)? is multi-index, we denote by R™ = R(™1:ma) the set of order-d
hypermatrices with m; components according to the j-th dimension. Moreover, if m € (N*)d
and r € (N*)? are two multi-indices, since (m,r) denotes the concatenation of m and r, we
denote R™7) = R(m1:smar1,57p) - We choose to index the hypermatrix components starting
from 0. So if T € R™ is a hypermatrix, its components are T}, for k € N¢ such that k < m — 1.

Definition 2.2. Let m € (N*)? we make R™ a Euclidean vector space, defining the addition
and the scalar multiplication by [T + Uly = T) + Uy, and [AT] := AT}, and defining the scalar
product and the associated norm by (T,U)grm = Y, 1 Tk Up and [T|gm = > pcpn_1 Ti-
For vectors (d = 1), we get the usual ¢2 norm and for matrices (d = 2), we get the Frobenius
norm.

Definition 2.3 (Contraction product). Let m, p and r be multi-indices (with possibly different
lengths) and denote d the length of p. Let T' € R(™P) and U € R®7") be two hypermatrices,
their d-contraction product is the hypermatrice T x4 U € R("7") defined by:

[T %a Ul g0y = Z Tyj Uje- (2)
Jj<p—1

The contraction product generalizes the matrix product: if T', respectively U, are matrices m X p,
respectiely p x r, their 1-contraction product is their matrix product.



Definition 2.4 (Frobenius norm and spectral norm). Let m € (N*)¢ be a multi-index. If
T € R™™) is a hypermatrix, then 7" induces a linear map (still denoted by T'):

T: R™ — R™
r +— Txgx’

We denote T* € R(™™) the hypermatrix defined by [T*]ke = Tor,. The linear map induced by
T* is the adjoint linear map of the one induced by T

Ve, y € R™,  (y, Tx)gm = Ty, )rm.

We define the Frobenius norm and the spectral norm of 7" in the same way we define them for
any endomorphism: ||TH% = Tr(T*T) and p*(T) = Amax(T*T).

It is easy to check that:

2 HTI'”RWL
1|7 = Z T3, p(T)= sup .
ke l<m—1 serm\{0} ||T[rm

Lastly, we recall the classical inequalities between the Frobenius and the spectral norm:

1
— = IT|% < 22T < ||T%. 3
IR < 21 <IITIE 3)

Finally, we introduce the following definition that generalizes the concept of triangular ma-
trices.

Definition 2.5. A hypermatrix T € R(™™) is said to be lower triangular if apart from multi-
indices £, k < m — 1 such that k& < £, we have Ty, = 0.

An infinite hypermatrix 7' € RN XN g gaid to be lower triangular if apart from multi-indices
¢,k € N% such that k < ¢, we have Ty, = 0.

3. The estimation procedure

In the model , the Z;’s are i.i.d. random vectors on R‘i, and they admit a density we
denote by h. This density function is given by the convolution product of f and g:

(o)) = [ Se-udum ]/ - [/ S@)ste =

We assume that f, g and h belong to LQ(Ri) and we expand them in the multivariate Laguerre
basis. We recall that the one-dimensional Laguerre functions (¢f)ren are defined by:

k

Vo € Ry, @n(x) == V2 Ly(2x) e *, where Ly () == Z <k) (7x)j7

i
= \i) J

and that they form an orthonormal basis of L?(R, ). In the multivariate case, we tensorize the
Laguerre basis. For k = (kq,...,kq) € N¢ a multi-index, we define the multivariate Laguerre
function ¢ on Ri as the tensor product of one-dimensional Laguerre functions:

QDk(iUl,...7l'd) = (@kl @ ®<pkd)(x11"'7xd) = on1<x1) XX Sokd(md)' (4)



The multivariate Laguerre functions (¢g)pene form a basis of L?(R%), and we expand the
functions f, g and h in this basis:

F=" arer 9= b¢; h="Y o (5)

keNd jENC LeNd

The use of the Laguerre basis is relevant in this context, as the one-dimensional Laguerre
functions verify the relation:

Vk,jEN, 0 =272 (prt) — Grrji1)s (6)

see (Abramowitz and Stegun| (1972, formula 22.13.14). Using this relation and h = f x g, by
expanding the functions f, g and h on the Laguerre basis, we get a relation between their
coefficients.

Proposition 3.1. If a, b and c are the coefficients defined in , then the following relation
holds:
VEeN?, ¢ =27 3" (=1)N(axb),_.,
e€{0,1}4

where a * b is the discrete convolution product of a and b defined by (a * b)y = ngk a;by—; if
ke N and (a*b)y =0 if k ¢ N7

This relation can be written as a discrete convolution product ¢ = % a with 8 € N defined
by:

Br=2"42 3" (—1)Flby_, (7)

ee{0,1}4

where by convention b; = 0 if j ¢ N?. Thus, we have a linear relation between the coefficients ¢
and a:

VeeN?, ¢ = Z:Gg;€ ar, where Gy =
k<t

{Bek if k < ¢, (8)

0 else.

If we consider G as an infinite hypermatrix [Gx] gene € RNXN" then it is lower triangular
according to Definition
In the next proposition, we show that the linear relation between a and c is invertible.

Proposition 3.2. Let G be the infinite hypermatriz defined in . For every k € N?, there
exists [Hyloe<k such that for every a,c € N? statisfying the relation , we have:

ag = Z Hyyp cr.. (9)
o<k

We denote Hyp, = (G™1) ..

We can write the linear relations between a and ¢ using hypermatrices and contraction
products. For m € (N*)¢, we denote by a,, (resp. c,,) the hypermatrix [ax]r<m—1 € R™
(resp. [celecm—1 € R™), and we denote by G,, and G,! the hypermatrices [Gkle r<m—1 and
(G™Yer]ekgm—1 in R(™™)  Then, we have:

—1
Cm = Gm Xd am, am = Gm Xd Cms (10)

where “x 4" stands for the contraction product defined by .



Estimation procedure. For m € (N*)?, let S,, be the vector space spanned by the functions ¢y,
for k <m —1, and let D,, := my ---mgy be its dimension. We estimate f by estimating f,, the
projection of f on Sp,. This projection is given by f,, = >, ., 1 ar¥k, so the problem reduces
to the estimation of a,,. Because a,, is related to c,, by (10) and since ¢, = E[pe(Z1)], we
estimate f by:

; X . A L1
fm = E ay @1, where &, == Gt x4 &, and ¢ = — E wi(Z;).
n
k<m—1 i=1

4. Non-asymptotic error bounds

We quantify the quality of the estimator f,, by its MISE (Mean Integrated Squared Error):
E| f — fml/fz. In the next proposition, we decompose the MISE in a bias term and a variance
term and give a bound on the MISE of fm‘

Proposition 4.1. If f and g are LQ(Ri) functions, then we have the inequality:

29Dy, p*(G;) N [7]lool| G 13
n n ’

vm e N E|f = full?e < = fmll?2 +

Remark 4.2. Using the Cauchy—Schwarz inequality, it holds ||A||cc < || f]lL2|lg|l2 which is finite
by assumption. Moreover, if g is bounded, we also have ||h||c < [|9]loo-
Remark 4.3. The norm equivalence implies that |G ,!||% < Dy p*(G,!), so the order of
magnitude of the variance term is given by ||G;;}[|%. The minimum is important only for the
small values of m (because of the constants).

Under an additional assumption, |[Comte and Genon-Catalot| (2018]) improved the variance
bound in the one-dimensional case. We generalize their result to the multivariate case.

Proposition 4.4. We denote Yl(j) the j-th coordinate of Y1. We assume that for any nonempty
subset J of {1,...,d}, we have:

M;(g) =E|]] < +o00. (11)

1
i Y9

c(9)vV'Dm p*(G,;}) A [lloo |G 15
n n ’

Then we have the following inequality:

vme (N E|f = fullfe <|If = fullfe +

where c(g) is a positive constant depending on My(g) for J C {1,...,d}.

To study the bias term, we assume that f belongs to a Sobolev-Laguerre space. In dimension
d =1, these functional spaces have been introduced by [Bongioanni and Torrea, (2009)) to study
the Laguerre operator. The connection with Laguerre coefficients was established later by |Comte
and Genon-Catalot| (2015)). Following the same idea, we define Sobolev-Laguerre balls on Ri.

Definition 4.5 (Sobolev-Laguerre ball). Let L > 0 and s € (0, +00)%, we define the Sobolev-—
Laguerre ball of order s and radius L by:

WHRY, L) = feLARY) | > ap(f)k* < Loy,
keNd

with ag(f) == (f, )12 the Laguerre coefficients of f.



Assuming f to belong to W*(R%, L), the bias term decreases to 0 with polynomial rate.
Indeed, for m € (N*)¢, we have:

d d
2 2 2 - _
If = fmllfe = D0 aR(A) <D0 D ak(H)kgrhy™ <L) my™. (12)
ken® =1 gen? q=1
Jq, kq}"”q kq2mq
The case where the Laguerre coefficients of f decrease with exponential rate is also interest-
ing. We define new functional spaces, “smooth Laguerre spaces”, in the following way.

Definition 4.6 (Smooth Laguerre ball). Let L > 0 and r € (O;l—oo)d, we define the smooth
Laguerre ball of order r and radius L as:

S'(RY,L) =14 feL2®RY)| D ad(fet <L
keNd

By the same argument as previously, if f belongs to 8" (]Ri, L), the bias term decreases to
0 with exponential rate:

d
Vme (N )4 |If = fmlfz S LD e7mama, (13)

q=1

Now, we need to control the variance term in Proposition In the one-dimensional
case, this control can be provided under assumptions on the Laplace transform G of g and
under assumptions on the derivatives of g, see lemma 3.6 in (Comte et al., |2017). In the next
proposition, we extend this result to the multivariate case. Moreover, we make assumptions
only on the behavior of the Laplace transform of g, we do not need to study its differentials.

We recall that the Laplace transform of g is the function G defined on the domain P_(i by:

G(s) = / e "%g(x)dx,
R4
4
where P, stands for the set of complex numbers with non-negative real part. In addition, we
extend the set C of complex numbers by adding a point at infinity denoted by co. The control
of the Frobenius norm of G,,! relies on the behavior of G when some of its arguments take the
oo value.

Proposition 4.7. We assume that 3 € (*(N?), with B defined in , We assume that G is
non-zero on ’Pﬁ and that there exists a € (N*)¢ such that the function:

Ko (s) = (1+5)*G(s), sePY,

can be extended as a mon-zero function on (Py U {oo})? such that the restriction of K, on
(iR U {oo})? is continuous. Then for m € N? satisfying m > 4, there exists a constant C > 0
depending on B such that ||G,[|% < Cm2e.

Remark 4.8. If g € W(R%,L) with L > 0 and s € (1,+oo)d, the Laguerre coefficients of g
belong to ¢!(N?). Indeed, using Cauchy-Schwarz inequality,

2

Skl =Y bkl BTETE < D 0RE S ET| <Aoo,

keNd keNd keNd keNd

(N

because for every ¢ € {1,...,d}, sq > 1.



Remark 4.9. We notice that in dimension d = 1, these assumptions simply become:

1. The Laplace transform G does not vanish on P;..
2. The Fourier transform of g admits an asymptotic expansion g*(w) = w™® (K, + 0o(1))
when |w| goes to +oo, for some o € N* and some non-zero constant K.

It is easy to see that this second assumption is a consequence of the assumptions on the deriva-
tives of g made in (Comte et al.l [2017, subsection 2.5).

Remark 4.10. If the distribution of Y is a product of gamma distributions ®Zl:1 T(ay, Ag) with
a € (N*) then G and K, are given by:

d —a d o
— Sq ! _ 1454\
_H<1—|—)\q) and Ka(s)—)\aH<)\q+Sq) ,
q=1

so the assumptions of Proposition [£.7] are fulfilled.
Gathering or with Proposition we obtain convergence rates for our estimator.

Theorem 4.11. Let 5,7 € (0,4+00) and L > 0. Assume that g satisfies the assumptions of
Proposition with o € (N*)<.
d 2a
1. For mepe € (N*)4 given by Mopt,j X nl/(sj+sj 2 7), there exists a constant C > 0
depending on s, L and g such that:

f 14
sup  E|lf — fropllfz < C RVACED DN )
FEWs(RL,L)

2. For mepe € (N*)? given by Mopt,j X —105_”, there exists a constant C' > 0 depending on r,
J
L and g such that:

d

A logn i 20
sup  E|f — fonopi 72 < C¥~
fesT(RE,L) n

Remark 4.12. Our convergence rates on Sobolev—Laguerre balls are similar to convergence rates
found by |Comte and Lacour| (2013]) on anisotropic Sobolev balls, in the context of deconvolution
using a kernel estimator with an ordinary smooth noise.

Remark 4.13. We could have considered mixed regularities for f. For instance, if the coefficients
of f satisfy:

Z ak kél o ];o exp(rjo+1kjo+l +oet rdkd) <L
keNd

for some 1 < jp < d, then we can give the following upper-bound on the bias term:

If = fullf> <L }:m'”+ §:<f”W

Jj=jo+1

By choosing m; o lofjn for j > jo, the MISE of f,, is then:

Jo
N hoo « —J
Ellf = fmll7e SL> m; '” || 2J+7°),

Jj=1



with N,, = I o . We can now choose the jo-first components of m like in the

= 3o Gog(m) /7)™

case 1 of Theorem but with a sample size NN,,, and we get:
J 2aj
. )”<1+2f1 )
205 :
I1;;, (og(n)/r;)™

It is the rate we would find on a Sobolev-Laguerre ball in dimension jj, up to a logarithmic
factor.

E|lf — fnoplI72 < C <

5. Adaptive estimation and oracle inequalities

In practice, we do not know the underlying regularity of f, so we can not compute the model
Mopt of Theorem @ We want a data-driven procedure that automatically provides the bias-
variance compromise, without assumptions on f. More precisely, we want to select 1 from the
data such that the MISE of fy, is close to the oracle MISE: inf,, E||f — f,||?..

Let m* € (N*) fixed such that D,,~ < n. We only look at sub-models of m* that are not
“too big”. More precisely, we consider the models that belong to the following model collection:

M, = {m <m* ‘ Do p?(GZ1) < —2 } (14)

~logn
We assume that the Y;’s distribution satisfies the following assumptions.
(A1) The noise density g is bounded.
(A2) For every nonempty J C {1,...,d}, M;(g) defined by is finite.

(A3) Forevery b > 0, we have )
not depending on n.

mem, P2(G) e VP < K (b), with K (b) a positive constant

Under assumptions (A1) and (A2), we can apply Proposition to control the variance
term El| f,, — fm||i2 by:

c(9)V/ Do p? (G} 9llee V1)||G % logn
Vim) = (9) - (Gm) , gl )||n i3 _

(15)
Moreover under assumption (A3), we can control the right deviation of || f,, — fml|3> when m
belongs to M,,.

Lemma 5.1. Under assumptions (A1) to (A3), there exists a numerical constant ag(d) > 0
depending on the dimension d such that for every a > ag(d):

5 B[ (= pulfa = avim) | < £,

meM,,

with C' a positive constant depending on g and a.



The one-dimensional case. When d = 1, we consider two procedures, indexed by i € {1,2},
the first procedure being the one studied by Mabon| (2017). In both procedures, the projection
space is chosen by minimizing the penalized criterion:

m; = argmin[—”fm”iz + K peni(m)}, 1€ {1,2} (16)

meM,,

where M,, is defined by , k; is a numerical constant to be adjusted and pen; is the penalty
term. [Mabon| (2017)) proposes the following penalty term:

_2mp%(Gyl) - (llglle V DIIG, |7 log n
n n

pen, (m) : , (17)
and provides an oracle inequality for the estimator f,, under assumptions (A1) and (A3),
see Theorem 4.1 in Mabon’s article. This choice is based on the bound of the variance term of
Proposition However if g is bounded, assumption (A2) holds automatically in dimension
d =1, so we can apply Proposition to get a better bound on the variance term. Thus, we
propose the penalty term:

) = clg)vmp*(Gr!) | (9l V DGy |7 log n

peny(m) == V(m p

(18)

We show that our estimator f,;u also satisfies an oracle inequality.

Theorem 5.2. We assume d = 1. Under assumtions (A1) to (A3), there exists a numerical
constant kg > 0 such that for every choice of k > kg, we have the following oracle inequality:

f C
B[17 = fuallia] <4 int (17 = Sl + wpengm)) + =,

with C' a positive constant depending on k and g.

The multivariate case. We use the procedure similar to |Goldenshluger and Lepskil (2011) for
model selection introduced by (Chagny| (2013b)) for the estimation of a conditional density func-
tion. We apply this procedure to our multivariate deconvolution problem, and we establish an
oracle inequality.

We choose 7 in the model collection M,, defined in (14]), minimizing:

1 = argmin[A(m) + K2V (m)], (19)
meMoy,

where V(m) is defined by and A(m) is a term which has the order of the bias term (see
the proof):

2 2 2

A(m) = max( ;- / —ﬁVm’),
( ) e M, Hfm fm/\m L2 1 ( ) i
and where K1, ko are two numerical constants to be adjusted.

Theorem 5.3 (Oracle inequality). Under assumptions (A1) to (A3), there exists a numerical
constant ko(d) > 0 depending on the dimension d such that for every choice of k1, ks satisfying
ko(d) < K1 < Ka, we have the following oracle inequality:

B[ — fallfa] <€ int, (17 = s + Vi) + <

with C a positive constant depending on k1 and k2, and C' a positive constants depending on g,
d and k1.

10



Remark 5.4. It is important to notice that the proof of Theorem [5.3] only depends on the
deconvolution structure through Lemma [5.1] to obtain a concentration bound on the variance
term. The rest of the proof does not use the deconvolution structure again. Thus, the procedure
can be applied to more general model selection problems.

6. Numerical illustrations

6.1. Estimators comparison in one-dimensional case

We want to compare the two estimators fy, and f5, defined in Section [5, with different
distributions for X and Y, and with different sample size n. We compare their MISE:

RZ:Rz(fvgvn) = EHf—frm izv 16{172}

We also compute the oracle risk:

Ro=Ro(f,g,n) = min EHf — fm ’iw

1<m<m*

where m* is the maximal element of M,,. We compute an approximation of ||-||Z, with Simpson’s
rule on a bounded interval I of Ry with 1000 points. We compute the expectations with an
empirical mean over 500 samples (we use the same samples for Ry, Ro and R,).

Remark 6.1. Since f is non-negative, f,, is replaced by ( fm)+ = max( Fons 0) in the following.

Distributions for X. We consider several distributions for X. In each case, we normalize the
distribution for the variance to be 1. We use the same examples as Mabon| (2017)).

e Exponential £(1), I = [0,5].
e Gamma I'(20,+/20), I = [0, 10].

Rayleigh, f(z) = % exp(—%) with o% = 72, I =0, 6].

T o

Weibull, f(z) = & (£)* e~ @/ with k = 2 and A = 1/\/r(1 +3H-T1+2)2 1=

[0, 5).
e Beta B(4,5) with normalisation %, I1=10,8].
e Gamma mixture 0.4T°(2,2) + 0.6 '(16, 4) with normalisation \/ﬁ, I=10,5].

Distributions for Y. We choose gamma distributions for Y. We recall the density of the gamma
distribution with parameters o > 1 and A > 0:

AO(
g(z) = e >0,

with T' the gamma function. These distributions satisfy assumptions (A1) to (A3), so we can
use the procedure described in Section[5] We can compute the Laguerre coefficients of g exactly:

wen (2 SOC ) ()

Jj=0

11



where (af;ﬂ) — (a=l4j)x(a=

T 2H)X X8 Denoting by, the vectors [be)r<m—1, we can compute:

A «
b,, = \/5 ()\_'_1> P,vm,

where P, is the m x m matrix with components P;; := () for 0 <i,j < m —1, and vy, is the

vector of size m: ‘J
a—14+j -2\’
J 1+

Therefore, we can compute easily and efficiently the matrix G,, and its inverse.
We choose two distributions for Y : the I'(2,1/20) distribution which has variance 15 and the

I'(2,/8) distribution which has variance 1.

Vo =

0<j<m—1

The constant c(g). This constant in the penalty pen, is not known, so we have to evaluate it
numerically. Following the proof of the Proposition [4.4] we see this constant appears in the
upper bound:

)

2(x—1) M1 2(q-1
=) Elen(20)] < -
k=0
which is true for every density of X; and for every m. Therefore,

m—1
1
c(g) = sup sup —— > E[pp(X1 +¥1)%].

Xi~fmeN* /T k=0 [ ]

For every distribution of X we considered earlier and for every m from 1 to 50, we computed:

—

m—

1
(=

using an empirical mean over 1000 realizations of (X7,Y7) to compute the expectation, then
we took the maximum. For the two distributions we considered for Y7, the worst constant was
about 0.4 and was reached for X; ~ £(1). For the other distributions of X7, we found constants
between 0.2 and 0.3. To be safe, we chose a bigger constant ¢(g) = 0.5 for both I'(2,/20) and
I'(2,/38) distributions.

Elow (X1 + Y1),

The constants k. We use the same constant x; = 0.03 as Mabon| (2017). Concerning the
constant k9, we made several simulations to calibrate it and we chose k3 = 0.04. During the
calibration of ko, we realized that the collection M, did not have enough models. The selected
dimensions were too small and lead to bad performances. Therefore, we considered the following
collection:

M;l::{lgmgm*

mp?(G1) <10 o }

= logn

Procedure. We take the maximal dimension to be m* = 20. We use two sample sizes: n = 200
and n = 2000. Given a distribution for X, a distribution for Y, a sample size n, and a subdivision
X(I) of I, do:

1. Compute the matrix Goy and its inverse.

2. Compute the collection M.

3. Compute f(z) for z € X(I).

12



2 _ 2 __

Distribution of X MISE S (2?)/0_ 111/;02000 " 2%36 _;/:4 5000
R 139 8.57 113 9.95
E(1) R 204 30.4 203 37.2
Ro 10.6 0.93 14.7 1.50
Ri 127 32.1 407 109
I'(20,/20) R 80.4 16.4 350 58.0
Ro 26.8 3.84 34.7 5.24
R1 68.1 7.13 88.7 8.23
Rayleigh Ro 42.1 6.44 50.3 9.13
Ro 29.8 4.76 35.0 7.33
R1 55.2 4.89 79.0 6.80
Weibull Ro 64.3 8.56 70.3 10.5
Ro 30.8 4.84 42.0 6.59
R 122 16.8 184 29.8
B(4,5) Ro 39.6 6.50 53.0 16.5
Ro 30.9 4.52 35.5 5.59
R 286 63.8 717 82.9
I' mixture Ro 162 47.1 595 71.2
Ro 151 34.0 228 49.4

Table 1: MISE computation over 500 samples. MISE are multiplied by 104. The column “J%, = 1/10” corresponds
to the case Y; ~ I'(2,1/20) and the column “c2 = 1/4” to the case Y; ~ I'(2,v/8).

4. Repeat 500 times:
(a) Generate a sample Z; = X; +Y;,i=1,...,n.
(b) Compute the Laguerre coefficients vector €39 and compute a9 = Ggol Cop.
(¢) Compute My and 7he minimizing:

m—1
Mm; = arg min ( Z a2+ ky peni(m)> , 1€ {l1,2},

’
meM;, k=0

and compute (f,m (ac))+ and (fm2 (x))+ for z € X(I).
(d) Compute J; = ||f — (fa) 1|25 and J, = If = (fita)+|1> using Simpson’s rule.
(e) For m from 1 to 20, compute (fm(x))+ for x € ¥(I); then compute J(m) = ||f —
(fm)+]|?> using Simpson’s rule.
5. Compute Ry (resp. R2) as the mean of J; (resp. Jo) over the 500 samples.

6. For each m, compute the mean of J(m) over the 500 samples, then compute R, as the
minimum of these quantities.

Results. We show our results in Table We note that in the cases X ~ £(1) and X ~
I'(20,v/20), both estimators performed badly compared to the oracle. We see that our estima-
tor fm2 is better when X has gamma, Rayleigh, beta and mixture gamma distribution. The
estimator fml is better when X has Weibull and exponential distribution.

For illustration, Figure [T shows several estimations when the distribution of X is a mixture
gamma. It’s a bimodal distribution, so it’s interesting to see if the estimators are able to
recover the two “peaks” and the “hollow” of the true density. For small samples (n = 200), the

13
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Figure 1: Density estimation when X is a mixture of gamma distributions and when Y ~ I'(2,+/20). The thick
blue curve represents the true density and each thin red curve represents the estimation obtained with one sample
(total: 200 samples). First line: n = 200, second line: n = 2000. Left: fy,,, right: fy,,.

estimator fml seems to fail more often than the estimator fmz- For large samples (n = 2000),
both estimators locate well the two pikes (by overestimating the first one and underestimating
the second one), but the estimator fy,, locates less well the hollow and underestimates more the
second pike.

6.2. Model selection in two-dimensional case

In this subsection, our goal is to illustrate the procedure similar to|Goldenshluger and Lepskil
(2011)) on two examples, in the case d = 2.

Distributions for X. To generate a random vector X = (X(l),X(z))7 we do the following: we
generate a random variable W) with some distribution and we generate W () independently
with some other distribution, and we compute:

XM 1 0.1] [w®
X@| " o2 1] |lw®|
such that the coordinates of X are not independent. We consider the following distributions for
W and W
e Gamma I'(3,1)

. o . i
e Beta B(4,5) with normalisation 7

o Rayleigh, f(z) = % exp(— ) with 0? = ;2

o Weibull, f(z) = & (2)* 1 e=@/N" with k= 2 and A = 1/\/r(1 +3)-I(1+2)2

Distribution for Y. We chose distributions of the form I'(a1, A1) ®T (a2, A2). These distributions
satisfy the assumptions (A1) to (A3) of the Section [} Moreover, the Laguerre coefficients can
be computed easily: if v; is the density of the distribution I'(c;, A;), then we have g = v ® 72,
so:

VE e N2, b = (1, 08,)12 X (Y2, ks )12

14



W distribution Gamma Beta Rayleigh | Weibull
" = 500 7.78 12.99 11.73 20.30

Gamma (4.6,4.8) | (3.6,7.0) | (4.7,5.9) | (5.1,6.4)
n — 5000 1.36 3.40 1.96 6.30

(4.5,5.6) | (3.8,8.9) | (4.9,6.5) | (4.6,8.5)
" = 500 11.75 22.04 18.73 28.15

Beta (6.5,3.9) | (6.2,6.3) | (6.9,5.0) | (6.7,5.4)
n — 5000 2.78 6.66 3.89 12.19

(8.3,4.6) | (7.1,7.8) | (8.9,5.8) | (7.6,7.0)
n = 500 11.82 20.17 18.08 32.78

Rayleigh (5.8,4.7) | (4.6,6.9) | (5.7,5.8) | (6.2,6.8)
n — 5000 1.86 4.21 3.07 8.39

(6.3,5.2) | (5.5,8.5) | (6.6,6.3) | (6.5,7.7)
" — 500 17.91 24.01 40.37 64.66

Weibull (6.6,5.2) | (5.4,6.8) | (7.1,6.3) | (8.0,7.4)
= 5000 4.29 8.54 5.89 11.06

(7.9,4.7) | (6.8,7.7) | (7.7,6.5) | (7.2,8.0)

Table 2: MISE computation over 100 samples of size n, for n = 500 and n = 5000. In rows: distribution of W (1),
In columns: distribution of W(2). In each cell, we show the MISE (multiplied by 10*) and the mean selected
model.

Refer to Subsection for the computation of (;, ¢, )12. We chose the distribution I'(2, v/20)®
I'(2,+/20) for Y.

The k constants. After several simulations, we chose k1 = ko = 107°. However, this calibration
is rough. Like in the one-dimensional case, the model collection M, defined by was too
small, so we considered the following collection:

M, = {mgm*

D,, 2(G-1) <10t .

Results. We took the maximal model to be m* = (12,12). In each case, we simulated a sample
of size n = 500 and n = 5000, then we computed the model 7 defined by . We computed

E|lf — fm %2 by approximating the double integral by a Riemann sum:
R 9 N1—1Ny—1 . )
// (f(xay) - fm(ﬂ%y)) dedy~ > Y (f({Ei,yj) - fm(a?ul/j)) Az; Ayj
RY i=0 ;=0

on a grid with step size 0.01, and by computing the expectation with an empirical mean over
100 samples.

We show our results in Table 2] In each case, we compute the MISE and the mean selected
model. We emphasize that in the majority of the samples, the selected model is anisotropic:
the components of 7 are not equal. It is a property we expected from a procedure similar to
Goldenshluger and Lepski (2011). The estimator adapts to the regularity of f.

For illustration, Figure shows the result of the estimation when W) has a Gamma dis-
tribution and W® has a Weibull distribution, for a sample of size 5000. We show both the
adaptive estimator fm and the estimator with no selection procedure f(12712), where we simply
choose the maximum model. We see that the procedure selected the model i = (5,8), which
has a smaller dimension than the maximum model.
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Figure 2: Density estimation when W) has a Gamma distribution and W has a Weibull distribution, for a
sample of size n = 5000. First column: true density, second column: adaptive estimator frn, third column: max
model estimator f(12,12). The selected model is 1 = (5, 8).

7. Proofs

7.1. Proofs of Sections[3 and [}
Proof of Proposition[3.1 Using the relation (), we have:

d
[xg= Z Z arbj (pr * @;) = Z Z arb; ®271/2(90kq+jq — Phytigt1)-
1

keN? jeNd keN? jeNd q=

By setting £, = kq + jq, we get:

d d
Frg=2""3" " arbr 1k Qpr, — pe,41) =27 (axb)e Q) (er, — Pr,41)-
1

£eN peN? q= Lend 9=1
k<L

Using the tensor product multi-linearity:

1

d 1 1 d
®(<Peq — Q1) = ® (=1)% @4, = Z aE Z ®(—1)€q Plyteq

q=1 q=1¢e4=0 e1=0 eq4=0 g=1
\

Thus, we get:

Frg=>> (axb) |27 3 (—DElgp | =D 12792 > (=)l (@xb)c | 0.

LeNd e€{0,1}4 LeND e€{0,1}4

Since h = f*g, by uniqueness of the Laguerre coefficients of h, we obtain the desired relation. [
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Proof of Proposition[3.3 First, we notice that V¢, Gy = ]E[e_(yl(l)+"'+yl(d))] > 0. We proceed
by induction on |k|.

o If ‘]{1| = 0, then £ =0 and ag = (G()’())il Co-

e Let r € N, we suppose (9) is true for every k € N% such that |k| < r. Let k € N with

|k| =7+ 1. From (§),

cp = E Grrar + G ag.
o<k
2k

If ¢ < k with ¢ # k then |€| < |k|, so we can use the induction assumption:

ar = (Gue) ' | e — Y G d Hyjg
<k <t
7k

Thus, by setting Hyy = (Ggx) ™' and Hy; == (Ggg) ™! ngzgk,z;&k Gy Hy; for every
j <k, j#k, we've just proved (9) for all k such that |k| =7+ 1. O

Proof of Proposition[{.1 By Pythagoras theorem, | f — me%? =1f = fll?2 + | frn — fm”iz
We decompose the second term on the Laguerre basis:

1o = Pl = > (ak — @)% = [[am — A 3.

k<m-—1
We now give an upper bound on the last quantity in two different ways.
1. The first way is a bound using the spectral norm.

E|lfm = fmlf2 = EIG (¢ — &m)l[m
<P(GL) Ellem — &mllEn

. 2
= (G, HE Z (:LZQOk(Zi)_]E[(Pk(Zl)])

k<m—1

9 _1 2 -1
_(Cn) > Var(@k(Zl))gw > Elen(20)7]:

n n
k<m—1 k<m—1

Yet for every z € RY, ¢p(z)? <24 and card{k € N* |k <m — 1} = ngl My, SO:

2¢ (HZ:l mq) P*(G;h)

n

2 -1
r8n) S o)) <

: P
E|l fm = fmllf2 < (20)
k<m—1
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2. For the second way, we develop the square.

2

E|G. (cm —&n)lfn =E| D > (G e (er — éx)

<m—1 \k<m—1

=E Z Z Z (G, en(ck — ) (G ew (crr — Enr)

<m—1k<m—-1k'<m—1

= Z Z Z [G;ll]Ek[G;nl][k/ COV(ék,ék/)

<m—1k<m—-1k'<m—1

=2 2 X [G’l]ek[Gﬂ]gk/COV(%(ZO,W(ZI))

n
<m—1k<m—1k'<m—1

:% Z Cov Z (G, ew ok (Z1), Z (G ew o (Z1)

<m—1 k<m—1 k'<m-—1
1 —1
= Y Var| > (G on(Z)
<m—1 k<m—1

We control the variance by the expectation of the square:

2

Var| Y [Glawer(Z1) | SE[| Y (Gl ox(Z1)

k<m—1 k<m—1
2
:/ Z [Gr_nl]gk g@k(z) h(Z) dz
Ri k<m—1
2

<Ihllso|| Y (G eken|  =llhlloe Y (G-
k<m—1 L2 k<m-—1
In the end, we obtain:
; 172/ oo - [Allos [ G I
Bllf = Full?e < B0 3T Y0 (G = e e 0

<m—1k<m—-1

To prove Proposition [4.4] we will use the following lemma about the order of magnitude of
the functions ¢y, for k € N.

Lemma 7.1 (Askey and Wainger||1965)). There ezists kg € N and C > 0 such that for every
k 2 kO;

I =
I
S
|
PN
<
|
N N
> =

(3) <o

)
[
R
|
8
S—
|
Bl
. KN'; .
[
ol
VAN
8

ol

@
»
=
|
Iy
8
~
Q,;
—
+
>
f2
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where v = 4k +2, where § et A are small enough positive constants, and where n and & are fixed
positive constants.

Proof of Proposition[{.4 Following the proof of Proposition we see we need to improve the
upper bound in (20). Using Lemma we have for all k € N,

1 if0< 2z <1,
len(@)* < C{ 1/Vha it L < 20 < 6k,
R,  if 2z >0k

where R, = 0(1/\/%) does not depend on x. Since “0 < x < %” is equivalent to “1 < \/%”, we
get or(2)]? < C(\/% + Ry). Thus for k = (ki,...,kq) € N%, we get:

d d
. 1
E 72 = F (ZUHY2| <R C | ——= + Rx,
[er(2)?] | | i, (Z17) H PAG) Ak
j=1 L7=1 J _
— d 1 |
<E C +
Jl;[l ( kYY) k>

where C' depends on M for J C {1,...,d}. Therefore:
> Eler(2)’] < c(9)V/ D,
k<m—1
with ¢(g) a positive constant depending on M for J C {1,...,d}. O

Proof of Theorem[{.11} Using Proposition the bound on the bias term, and Proposition
if f belongs to VVS(IR?H L), we have:

d d
*\d o2 —8; Hh”OO 2a;
e (VY BIS s <23 omen 4 e T

i=1

By Remark[4.2] || 1| is controlled by || f]|2lg|l2. Because f € W*(R?, L), we have || f[|2. < L,
50 [|h]loo < \/ZHgHLz. Thus,

d d
; . VLl .
v N9 E|f = fmll?. < L —se g YU 20— qh (m).
m € (N*)%,  E[f — fullL2 ;m R 1 Un(m)

i=1

Let mopy minimizing 1), then the gradient of v, vanishes on mgpt, so we have:

d
Ls; _, _VIlgl
. J Sj L 2a;
V] S {17...,d}, W Opt7,j = THmOIo;tvi. (21)
J i=1
Therefore, the coordinates of mept must satisfy Qsa m;;&i = ;TJ]m;p?j for every ¢ and j in

{1,...,d}. Using these relations in , we obtain:

d 2%)

Vi€ (L.}, mope; = Cy(s, Lgyn (579 i %),
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where Cj(s, L, g) are constants depending on s, L and g. The minimum value of v, is then:

d 20y
P (mope) = C(s, L gy~ (F202 %)

where C(s, L, g) is a constant depending in s, L and g.
Now, if f belongs to ST(Ri, L), we use the bound on the bias term:

o - L e L VElglloo 17 - 20
Vme (N ), E|f = fmlfz <L e ”FTH”% = ¢ (m).
=1 =1

We minimize the function ¢, (m) as we did above, and we find the following relations:

(1 Miopt. ) it 29
Vie{l,...,d}, 75mepje Mo = Cy(r, L, g) ~L—20h :
n

where Cj(r, L, g) are constants depending on r, L and g. Taking the log, we find:

d
Tj Mopt,j + <Z 20, — 1) log(r; Mops,;) = logn —log C;(r, L, g).

i=1
Thus, when n goes to +oc, we have 1 mgpt,; ~ logn. Taking mepe € (N*)d such that mep,; o
1 .
%ﬁ_”, we find:

d
log 1) 2im1 26

¢n(mopt) < C(T’, ng) %7

where C(r, L, g) is a constant depending on r, L and g. O

7.2. Proposition [{.7

7.2.1. Preliminary results

To prove this proposition, we first need to extend the theory of Toeplitz matrices to hyper-
matrices. For more details about Toeplitz matrices, see Bottcher and Grudsky| (2005)). We say
that T is an infinite lower triangular Toeplitz hypermatrix if it is lower triangular according to
Definition and if the value of Ty depends only on the difference ¢ — k:

T = [Tgk] Tok = ao—k,

£,kEN?

with @ = [ag]geze and a = 0 if k ¢ N So there is a bijection that takes a € RN and returns
the corresponding Toeplitz hypermatrix T'(a). We can see T(a) as a linear map on RN":

xTr = [mk}keNd — E Tgkxk = E Ap—_ Tk =ax*xx.
kENd £eNd kst ¢eNd

The associativity of the convolution product gives that for every a and b, we have T'(a) x T'(b) =
T(axD).

Notation. If m € (N*)?, we denote by T}, (a) € R(™™) the sub-hypermatrix of T'(a) constructed
by taking only the coeflicients [T'(a)]¢ for £,k < m — 1. Note that as a linear map on R™, we
have T, (a) = T'(a)rm because of the triangular structure.
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Operator on (P(N4). If a € ¢1(N?) and if = is in ¢P(N?) with p € [1, +oc], then a * = belongs
to ¢P(N9) we have |la * x||¢» < ||alle1]|2]/er. In other words, T'(a) is an operator from ¢°(N%) to
¢?(N9) and its operator norm is bounded by ||al| .

The ¢? case. We will need to study T'(a) as an operator on ¢2(N%) and give a bound on its
norm with milder assumptions than a € ¢*(N¢). We define a subspace of L2(T%) that plays an
important role in this matter.

Definition 7.2 (Hardy space). We define the Hardy space as the following subset of L2(T%):
H*(T%) := {u € L*(T%) | Vk ¢ N%, cx(u) = 0},

where ¢ (u) denotes the k-th Fourier coefficient of u and T is the set of complex numbers with
unitary module.

The map that takes a function and returns its Fourier coefficient is then an isometric bijection

between H2(T9) and ¢2(N9).
F: HATY) — 22(N9)
f — [Ck(f)] keNd '

We see that if v and v are H?(T¢) functions, the identity F[u] * F[v] = F[u x v] translates for
Toeplitz hypermatrices into T'(Flu]) x T'(F[v]) = T(Flu x v]).

Under the additional assumption that F~'[a] belongs to L>°(T%), we show in the next
proposition that T'(a) defines an operator from ¢?(N%) to £2(N%).

Proposition 7.3. Let a € (*(N9) such that u := F1[a] € L>°(T?). Then T(a) defines an
operator on (2(N?) and its operator norm is bounded by || s -

Proof. Let x € £2(N%) and let v :== F~![x]. Then:
1T (@) . = [|Flul * FLol|| o = [ Flux v]|| . = llu x vlee < [lullsollvlliz = [ullsllzllez. O

_ Before we can prove Proposition [477] some facts need to be established. We denote by
C := CU {00} the Riemann sphere. We will use the following functions:

e We make the assumption that 3 belongs to ¢*(N?) so that the power series B(z) :=
> kend Brz" is normally convergent on D¢ and defines a function which is continuous on
D? and holomorphic on D?.

e We denote by G the Laplace transform of g. This function is defined on ijr, continuous
on P¢, and holomorphic on {s € C?|Vq, Re(sq) > 0}.

e If wisa L'(R%) or L?(R%) function, we denote by:

u*(w) ::/]R T y(r)dr, weRY,

d

4
its Fourier transform, where w -« = ), w;x;. The Fourier transform of the Laguerre
functions ¢y, k € N% can be computed from the case d = 1:

d

d iw kq
eifw) = [T ot o) = T -00vER20
q=1 qg=1 4
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142

We will need to understand the behaviour of the map z — {==.

Lemma 7.4. Let n: C — C be the homographic function n(s) = 2;% (with n(co) = 1 and
n(=1) = 00).
1. The function n is invertible and its inverse is n~1(z) =
2. The image of {s € C| Re(s) > 0} by n is D.
3. The image of {s € C| Re(s) =0} by n is T\ {1}.

In the next proposition that generalizes lemma C.1 from |Comte et al.| (2017, we show that
the functions G and B are linked through the transformation 7.

Proposition 7.5. If 6 € R?, we denote el == (el1,... &%), If B € (1(N?), then [Bi]pena are
the Fourier coefficients of 6 — G(}fg‘i) and we have:

i6
V0 € R, G(HZQ) 3" Bre™? = B(e),

keNd

with normal convergence of the series.
Remark 7.6. If g € W*(R?, L) with s € (1, +00)4, then J is £1(N?), see Remark

Proof of Proposition[7.5. We start from the expression of 8;, and we use the Plancherel isometry:

ﬁk‘ = 27d/2 Z(—l)‘sl bk_g == 2id/2 Z(_l)ls‘ <g7 @k—E>L2

k<1 k<1

/2 2-d/2
=27 / Z )d<g*7<pZ—E>L2 = g ) 27‘(‘ Tod Z .
k<1 L2

Let us compute the second factor in the scalar product. The reader is referred to Section [2] for
the notations governing vectors and multi-indices computation.

2—d/2

dZ DFlg;_(w) = Wq

52(1_M> ()

Using the multibinomial theorem (Proposition ,

w+1\" 1 (1w Yoo\t
={: —+1 .
iw—1) (2m)¢ \1+iw 1-iw

) el ﬁ(_l)kq—&;\/i (1 + iwq)kq_eq

(1 — iwg)Fa—eat1

We derive the following expression:
3 _i/ “(w) iw—1\" dwq - - - dwy
T Rdg iw+1) 14+wd) - (1+w?)
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. i iwg—1
The change of variable e~10s = 1“4
iwg+1

1 el +1 kg
= | —— 15940 22
B <2w>d/[o,2ﬂdg (i(eﬂ—l))e (22)

1 1+ ei& —ik-0
= — G - Yde.
(2m)d /[0,27r]d (1 - ew) ©

Therefore, if k € N, the k-th Fourier coefficient of the function 6 — G( }fg,:) is Bk. On the

other hand, if k ¢ N? let us show that the Fourier coefficients vanish. Without loss of generality,
we assume that k1 < 0, and we compute the k-th Fourier coefficient:

1 1+ef\ .,
— G - w0 de
(2m)d /[0,27r]d (1 - ele) ©

1 oo (i =1\ i, — 1V dwy - dwg
—d g (W) (- H ; 2 2
e JRa iwg +1 iwg +1 (I+wp) - (1+w))

= n(iwg) gives then:

q=2
_L/ *(w)(u—wl)—l)"“ﬁ(iwq—l)’% dwy -+~ dwg
~ ol Joa? (o) +1) I\, +1) @+ed) 1 +ud)
_;1 *(_w w LU) iw—1 W dwl---dwd
T Jpu I TR 00T ) ) (LWl

where k' := (—ky,ka,...,kq). Let & be the map on R? defined by §(w) = (~wy,ws,...,waq),
then we have:

-1 . iw—1\" dw;y - - - dwy . 2-4/2 le|
F/Rdg (0()) (iw+1) 1+w?) - (1+w) _<_g 05’W;(_1) Phi—e

1
o237 (1) i (~9" 00,04 _ s

k<1

—9—d/2 Z(_l)IE\ <g 09, @k'—a>L2’

k<1

1.2

because (g o §)* = —g* o §. This last expression is always zero:

<g 04, ‘pk’*€>L2 = /d g(—x1,29,...,2q) prr—e(x)daz =0,
R

since the funqtion g is zero of x1 > 0 and ¢y _. is zero if 1 < 0. Thus, the Fourier coefficients

of 6 — G(1+e‘9) are [Bk]pend-

1—eif

The function G is continuous on (iR U {c0})?, so the function G o (p~1)®? is continuous on

T by Lemma Therefore, since the Fourier series 6 — G/( ifg:) is normally convergent, this
function is equal to its Fourier series at each point:

i0
Vo € RY, G<1+e. >— > Bee*?, O

1—el
keNd

We need a last technical lemma before we start the proof of Proposition
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Lemma 7.7. Let a € (N*)?, then (1 — 2)~% admits a power series expansion on D? given by:
_ a—14+7\
Vz € DY, (1—2)0‘22( ) >z7.
jENd J

Moreover, denoting (; the j-th coefficient in the power series above, for m = 4 we have
1T () 1% < m?* where T(C) is the Toeplitz hypermatriz contructed from the coefficients ¢;.

Proof of Lemma[7.]. We recall the following identity: for z € D and r € N*, we have (1—z)™" =
Yo (T_;“)zj. Thus, for z € D¢ and a € (N*)?, we have:

(1-2)" ﬁ1—zq :Hi(aq 1+]q)gzz<a_]1_+j)zj.

q=1 q=1j4=0 jeNd
Therefore,
N 2
G (‘”;“) #{(k, ) eNT XNk <L<m—1,0—k=j}

j<m—1

d mq_l . 2

=11 X (“‘””) (mq = o),
q=1 jq=0 Ja

and it reduces to the case d = 1 which was already solved in (Comte et al., [2017, appendix C).

So if m, > 4 for every g, then || T}, (¢)[|% < Hg 1 ma®t = m2e, O

7.2.2. Proof of Proposition[{.7]
From Proposition we get G = B on®l. We define a function w on (D \ {1})?

Vze (D\{1)%, w(z)=(1-2)"*B(2).
This function is related to K, by the identity:
vze D\ {1 w(z) =2""Ka((n H)®(2)).

Thus, the function w can be extended as a function on D?, still denoted w, and according to
our assumptions on K, and Lemma [7.4] w satisfies:

e wTa is continuous;

w is continuous on (D \ {1})%;
e w is holomorphic on D%;

—d
e w doesn’t vanish on D .

Thus, the function w~! = 1/w is well defined on D? and has the same properties. In particular,
since it is holomorphic on D?, it admits a power series expansion:

VzeD? wl(z)= Z dy 2.
keNd
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Let us have look on what is happening on T?. For r € [0, 1[, we denote w;"! the function on T¢
defined by:
vte T, wl=wl(rt) = Z dy, rlFL
keNd

On the one hand, the Fourier coefficients of w ! are dy /¥l (we set dj, = 0 if k ¢ N%). On the
other hand, we can compute the Fourier coefficients and we get:

vk € 24, dw"“'zﬁ / wl(rel?) e dp.
T

[0,27]@

Since w~! is continuous on (D \ {1})?, we have w ! — wﬁrﬁ a.e. on T?. By dominated conver-

gence, we obtain:
1 . .
Vk ez, dy, = L / w(e?) e dg.
m
[0,27]

Therefore, (di) are the Fourier coefficients of wlfﬂ,ﬁ. Thus, we have shown that wﬁri € H%(TY)

and:
w(t) =Y dyt",
keNd

with L2(T4)-convergence of the series.
By Lemma the function (1—2)~* admits a power series expansion on D? given by (1—2)~% =
> pena Cr2". Thus, the power series equality B(z) x (1 — 2)™® x w™!(z) = 1 on the domain D?

translates to their coefficients into the relation g * { * d = Jg, where dg is the element of RN
defined by:
1 ifk=0
do|, = ’
[ 0]’“ {0 else.

Taking the corresponding Toeplitz hypermatrices, we get G x T(¢) X T(d) = Iya, where Iya is
the infinite hypermatrix given by:
1 ife=k,
(Inalgp = {

0 else.

Thus, for m € N*, we get G} = T},,(¢) x T;,(d). Taking the Frobenius norm, we obtain the
following inequality:

IG5 15 < 1Tl x 2 (Tn(d).-
From Proposition [7.3] we have:

2 [T ()| e |17 (d)zZ —1 2
p*(Tm(d)) = sup 2 S 7 = || |Td||oo’
z€R™\{0} ||$||Rm z€L2(N)\{0} ||3?Hg2
and by Lemma (7.7} we have ||T},(¢)[|% < m?* if m > 4. O

7.3. Proofs of Section 5

Proof of Theorem[5.3 The proof is identical to the one in Mabon| (2017), but we use our Lemma
[.1] instead of Mabon’s proposition 7.1. O
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Proof of Lemma[5.1 We will prove that || f,, — fml|32 can be written as the supremum of an
empirical process, then we will use Talagrand’s inequality (Theorem [A.1)). Let m € (N*)9, for
every t € S, we set:

G, ()= Y [G,' Xatm], ¢r

k<m—1
where t,,, € R™ is the matrix of Laguerre coefficients of t. We define the empirical process v,
on the space Sp,» by:

=1

Note that S,,« contains every S, as a subspace for m € M, and because of the triangular

structure of G, we have for every t € S,,, G2 (t) = G;,;1(t). For m € M, we have then:

m
Hfm_meiz = Z (dk_ak)QZ Z V?z(‘ﬁk)'
k<m—1 k<m—1

The map ¢ — v, (t) being linear on Sy, and (¢ )k<m—1 being a basis of S,,, we have by Cauchy-
Schwarz inequality:

> V2(er) = sup v2(t), where By, == {t € Sy, | [[t|> = 1}.
k<me1 teB,,

Thus, we have:
N 2
Hfm — meL2 = sup v2(t).
teB

m

We apply Talagrand’s inequalityﬂ We need the constants M, H and v to apply this inequality.
e Computation of M:

sup sup |G,_n1 (t)(x)’ = sup sup Z [G;l Xd tm]kgpk(m)
t€EBm zeRE t€EBm zeRE k<m—1

< 29% sup Z |G} xdtm]k|

t€Bm p<m—1

<22/ D s |Gl bl = 292/ D p( G,

Thus, M? := 2D, p*(G;}).
e Computation of H:
2 . 2 .
| sup [0u(0l| = B[l = fulh]” <[l = Sl

< AOVDm P (Grl) | N9lloollGri 17
n n

by Proposition Thus, we take:

H2 — C(g)va p2(G7_nl) A (HQHOO \ I)HG;IlH%
n n

Lthis inequality concerns countable families of functions, but it’s not a problem here since v, is continuous
on Sp,» and B, is separable.
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e Computation of v:
sup Var (G} (t)(Z1)) < sup E[G,}(t)(Z1)?] = sup / G L(t)(z)? h(z) dz
tEBm, tEBm, tEBm, Ri

<nmu3prG;%oH;

m

_ 2 _
< IIQIImtitllgp |Gt X bl = lgllo P7 (G

Thus, v = |lgllec p*(G7)-
We consider two cases.

“c(9)VDm p*(G1) < (Jl9lloe V DIIG|%” case, then we have:

nH?*  c(g) /D, nH _ y/c fD vt c(9) 174

v gl M wm Z Tgaz "

)

since D,, < n. For § > 0, Talagrand’s inequality gives:

E|([|fm = fnll?2 — 201 +26) B < Moleer™(Go) o (549 /5
[ )] ( )

n Hglloo
Dm Gml \/7 \/
T Cég)gz) exp ( 2d/2 )

We control the first term using assumption (A3’):

3 IIQIIMpZ(G;f) ( K5 U@)é lglloo K (9).

P 9]l n

where K () is a constant not depending on n. To control the second term, we use that
Dy, p?(GY) < n when m € M,,:

3 Drnﬂz(Gml)eXp< (0)V20 \/elg) >§6Xp(f~((5)n1/4)0<1>7

2,2 /2
i C(6)2n 7 2d/ n

so we have our result.
2. “c(9)VDm P (G1) = (l9lloe V D|IG%” case, then we have:

nt? _|IGLE o nH (gl VDG > fD—l/z
v p2(anl) =5 M 9d/2 /Dm P(anl) 2d/2

Let us show that p(G;,!) > 1. We notice that % is an eigenvalue of G, 1: indeed, if Fo
is the elementary hypermatrix with 1 in position (0,...,0) and zeros elsewhere, then:

2d/2
G ><d E() = 7E0
bo

Since the operator norm is bigger than the spectral radius, we have:
21/2 1

G lH>"— = >1
G = % E[e—<Yf“+~~+Y1(d))}
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. V1
Thus, if m € M,, we have D,, < D,, p?>(G,,}) < %. Therefore, % > ﬁ.

We apply Talagrand’s inequality with § = alogn and a > 0 to be chosen later:

E[(Hfm — fulF. — 201+ 2alogn)H2)+] <

l9llocp®(G1) 1 D, p*(G;;1) ox _KC’(alogn)\/ﬁlogn
n nKe = C(alogn)?n? 7 2d/2

We assume thatf] n > exp(3/a), such that C(alogn) = 1. Then:

. 2 G—l
E[( o= Fn2 =201 + 2alogn)H2)+ < 7”*(’”%“(@”1 )
D K2
4 ZmB ) P exp ( QdC/Lz log n) .

We control the first term using that if m € M,, then p?(G,!) < n:

s Lol €51 _ ol _ lsl
nl+Ka = nia—1 = n ’
meM,,

if a > 2/K = 12. To control the second term, we use that if m € M,, then D,, p?>(G;;}) <

n:
Do p2(G} K\2a _xvm ]
Z %QXP 7% 9d/2 logn | <n 7% < -
meM,,
if @ > 2x7° O

2K7
Proof of Theorem[5.3 Let m € M,,

[ fn = FIZ2 < 3llfin = Pl Z2 + 31l i = FnlIEe + 31 fon = FIIE- (23)
By definition of A(m) and 1, and since k1 < Ko, we get:

1Fin = FnmlIE2 + | Fruni = Fullfe < A(m) + w1V (1) + A() + &1V (m)
< 2A(m) + (k1 + k2)V(m).

Thus, by taking the expectation in and using Proposition we obtain:
E[llfn — FIE=] < 6BIAGR)] + 3051 +52) V() +3(If = fle + V(m)).  (24)
Now, we need to control E[A(m)]. Let m' € M,,.

”fm/ - J?m/\m’H%,2 < 3||fm/ - fm/”i2 + 3||fm’ - fm/\m’”i2 + 3||fm/\m’ - fm/\m’”%ﬁ'
Thus,

+

Ay 3] e (e =l — V()

K1

FVN) + max e = Frn |2

We denote these three terms T3, To(m) and T3(m), in that order.

+ HlaMX (”fm/\m fm/\m’”%ﬁ_

m’e

2actually, we assume later that a > 12, so there is no assumptions on n after all.
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Bound on E[Ty]. We control the maximum by the sum on all terms:

T < Z (Hfm’ - fm/Hi2 - %V(m/))+

m’'eM,

By Lemma there exist rg such that for every choice of k1 > kg, E[T}] < C/n for some
constant C' depending on x; and g.

Bound on E[Ty(m)]. We decompose the maximum by looking at which indices j we have m/; <

~ /{/1 /
To(m) = max max ( ;- /2——Vm)
2(m) jopax o max fmam: = Fmnm iz = V) )
{7 Imy<m;}=J
~ /{/1 ’
<  max max ( ;- Zs — —=V(mAm ) 26
s max (I = s = GV Am)) L (26)
{7 m_’7~<m]}_]
since V' is non-decreasing in its arguments. For J C {1, ..., d} fixed, we introduce the collection:

Mu(m,J) = {m' € M, |Vj e J mj<m;andVj¢.J, m;=m;}.

Then we notice that {j[m} < m;} = J if and only if m Am’ € M,,(m,J). So becomes:

A K1
T. < ' — [ |[Be — =V (m/
sm) < max | max (e frle = VM)

<2 3 (Ifw = fwlife = GVO))

m/eM,,
Then, as we did with T}, we have for every choice of k1 > kg, E[Ty(m)] < 2¢ x C/n.

Bound on T3(m). Form’ € M, fixed, let Jo s/ = {j|m; <m/} andlet S, s be the following
closed subspace of L?(R%):

Sp.m = Span{py : k € N? and Vj € Jmm?, kj <mj — 1},

Then we notice that Sy N Sy m' = Smams and that S, € Sy, . We denote by Il the
projection on Sy, and Il,, ,,» the projection on Sy, /. Then, because 11,/ is 1-lipschitz,

Hfm’ - - HH f Hmm f HL2 X Hf_vam'inz < Hf_meim

where the last inequality comes from the definition of the projection on Sy, /. So T3(m) is
controlled by the bias term ||f — fi||?..

End of the proof. We use the bounds on E[T}], E[T5(m)] and T3(m) to control E[A(m)] in (24):

6(1+24)C

E[If = fallfe] < OIS = Fmllf +3(L+ k1 +k2) V(m) + 2
Since this bound holds for every m € M,,, we get:

6(1+249)C
—

E[1f = fanlls] < max{0,30+ k1 +r2)} inf (If = fullf +V(m) + O
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Appendix A. Talagrand’s inequality

This concentration inequality is derived from the work of [Klein and Rio| (2005). A proof can be
found in the PhD thesis of |Chagny| (2013a, chapter 2).

Theorem A.1 (Talagrand’s inequality). Let n € N* and let F be a set at most countable of
measurable functions on a polish space E. Let &1,...,&, be independent random variables with
values in E. We consider v, the centred empirical process defined by:

)= 5 37 (J6) ~ELF&)), feF.

We assume that there exists three positive constants M, H and v such that:

n

sup||f|loe < M, E
feF

1
sup’z/n(f)’ < H, sup —
feF feF iz

Var (f(&)) <.

Then for every 6 > 0, we have the following inequality:

4 (v ni? 49 M? KC(5)V33 ni
E 2 —92(1 + 20)H? < = e R M
l(;ggVn(f) (1+26) >+1 K (ne + K C(6)2 n2e Y Mo

with C(8) == (V1+d6—1) Al and K =1/6.
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