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SPECTRAL PROPERTIES OF 2D PAULI OPERATORS WITH ALMOST
PERIODIC ELECTROMAGNETIC FIELDS

JEAN-FRANCOIS BONY, NICOLAS ESPINOZA, AND GEORGI RAIKOV

ABSTRACT. We consider a 2D Pauli operator with almost periodic field b and electric poten-
tial V. First, we study the ergodic properties of H and show, in particular, that its discrete
spectrum is empty if there exists a magnetic potential which generates the magnetic field
b — bo, bo being the mean value of b. Next, we assume that V' = 0, and investigate the zero
modes of H. As expected, if by # 0, then generically dim Ker H = oo. If by = 0, then for
each m € NU {co}, we construct almost periodic b such that dim Ker H = m. This construc-
tion depends strongly on results concerning the asymptotic behavior of Dirichlet series, also
obtained in the present article.

Keywords: Pauli operators, almost periodic functions, ergodic operator families, zero
modes, asymptotics of Dirichlet series.

2010 AMS Mathematics Subject Classification: 35P05, 81Q05, 47N50, 58G10,
11F66.

1. INTRODUCTION

In the present article we study the spectral properties of the 2D Pauli operator H with
scalar magnetic field b and electric potential V.

First, we assume that b and V' are almost periodic and there exists an almost periodic
magnetic potential A which generates b := b—bg, by being the mean value of b, and construct an
ergodic family of operators {H,, },cp2 such that Ho = H. Here B? is the Bohr compactification
of R?, equipped with the normalized Haar measure P. Using the general properties of ergodic
families of operators, and the uniform continuity of the resolvent (H,, — 2)7', 2 € C\ R,
with respect to w € B2, we show that for every w € B? the spectrum o(H,,) of H,, is the
same and the discrete spectrum ogisc(H,,) is empty, while the absolutely continuous spectrum
Tac(H.), the singular continuous spectrum oy (H., ), and the closure oy, (H,,) of the set of the
eigenvalues of H,,, are almost surely constant. Moreover, we prove that almost surely any
fixed E' € R is not an eigenvalue of H,, of finite multiplicity. Next, we assume only that b
and V' are almost periodic without supposing the existence of an almost periodic A which
generates b, and extend to this case the above results which now all hold almost surely.

Further, we investigate the kernel of the operator H with V' = 0. We concentrate on the
problem of determining dim Ker H for a given magnetic field b. If Ker H is not trivial, we
also address the issue of whether the zero is an isolated point of o(H). To start with, we
recall the classical results concerning rapidly decaying or periodic b, and then we pass to
almost periodic fields. First, we consider a class of such fields which was studied already in
[20], and, in a certain sense, is close to the class of periodic b. We recall that for this class
we have dimKer H = oo if by # 0, the zero is an isolated point of o(H), and an effective
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2 J.-F. BONY, N. ESPINOZA, AND G. RAIKOV

bound of the size of the spectral gap adjoining the origin is available, while if by = 0, then
Ker H = {0}. Further, we consider almost periodic magnetic fields which are distant from the
periodic ones. In this case again dim Ker H = oo if by # 0. However, if by = 0 the situation
changes drastically in comparison with the previous class. Namely, for each m € N U {oco}
we construct explicitly magnetic fields for which dimKer H = m. If m € N, then, due to
the ergodic properties of H, the zero is not an isolated point of o(H). Our construction
strongly relies on some new results concerning the asymptotic behavior of certain Dirichlet
series containing on a large parameter, which are also obtained in the present article; these
results could be of independent interest, say, in the analytic number theory.

The article is organized as follows. In Section 2 we introduce the 2D Pauli operator H and
describe some of its general properties such as its supersymmetric form in the case V = 0,
as well as its gauge invariance. In Section 3, we discuss the ergodic properties of H. Finally,
in Section 4 we assume V = 0, and investigate the zero modes of H. Finally, the Appendix
contains the proofs of our results on the asymptotics of Dirichlet series.

2. TWO-DIMENSIONAL PAULI OPERATORS: GENERAL SETTING

Let b: R?2 — R be a bounded continuous function which has the physical interpretation of

a scalar magnetic field, and let A = (A1, A2) € C*(R?%;R?) be a vector field such that

0A 0A

b=curlA = —2 — =L,

a$1 a$2
Then, A is interpreted as a magnetic potential which generates the magnetic field b. Let
M, be the set of Hermitian 2 x 2 matrices, and let V : R? — M, be a bounded continuous
function, interpreted as a matrix-valued electric potential. Then the 2D Pauli operator H
with magnetic potential A and electric potential V', acting in the Hilbert space L?(R?;C?),
can be defined as

0 HT

where H* := h+band h = h(A) := (—iV — A)? is the 2D Schrédinger operator with magnetic
potential A. Let us recall that for A € L2 (R?*R?), the operator h can be defined as the

loc
self-adjoint operator generated by the closure of the quadratic form

H—H(A,V)—(H_ 0 >+V,

/ liVu + Au|?dz, u € C°(R?).
R2

If
(2.1) Ac Li (R:R?),  divAe L. (R?),

then h is essentially self-adjoint on C§°(R?) (see [17]). Note that A = (A;, As) € C1(R?;R?)
implies (2.1). Thus, the block operators H* with common domain Dom H* = Dom h are
self-adjoint in L2(R?) and the matrix operator H(A, V) is self-adjoint in L?(R?;C?). Let us
introduce the magnetic creation operator

a* =a(A)" = —22'882 — Ay +1iAs,  z =11 +iT9,

and the magnetic annihilation operator

(2.2) a=a(A):= —2@'88 — Ay —iAs, Z=2x —ixo.
z
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The operators a and a* with common domain Dom h!/? are closed and mutually adjoint in
L?(R?). Then the operator H(A,0) can be written in the supersymmetric form

2
0 a* a*a 0
(23) H(A7O)_<a 0 ) _< 0 CLCL*)’
so that H~ = a*a and H' = aa*. Let now ¢ € C%(R%R) be a solution of the Poisson
equation

(2.4) Ap(z) = b(z), =R

Then A := ( — g—;’;, (%01) generates the magnetic field b, and moreover div A = 0. In this case
we have

(2.5) a* = —21'69"(;16”, a= —21’6508826“”.

Next, assume that the magnetic potentials AU) ¢ CH(R%,R?), j = 1,2, generate the same
magnetic field, i.e. curl AV = curl A®). Then there exists a function ® € C?(R?;R) such
that AV = A®) 4 V®. Therefore, h(AM)) = e'®h(A?)e~® and, hence,

H(AW V) = ®H(AP v)e ™,

i.e. the operators H (A(l)) and H (A(Q)) are unitarily equivalent under the gauge transforma-
tion u — e~*®u. In particular, H(A™M) and H(A®)) have identical spectral properties. The
definition of the Pauli operator in arbitrary dimension d > 2, and the description of some of
its basic spectral properties can be found, for example, in [24].

3. ERGODIC PROPERTIES OF H

In this section we consider the ergodic properties of the operator H with almost periodic
magnetic field b. We start with a brief summary of the definition of almost periodic func-
tions and their basic properties following mainly [26]. Since this part is independent of the
dimension d, we let d > 1.

3.1. Almost periodic functions. Let C,(R?) be the non separable Banach space of
bounded functions f € C(R?) with norm
[flley ey = sup [ f(2)].
zERY
Set '
ex(z) = e NeRY zeRY
Thus, {e)},cgd is the set of the continuous characters of the Abelian group R?. Put

N
Trig(R?) := {u = cheAj | ¢;€C, \jeR forj=1,...,N < oo}.
j=1
Then the Banach space of continuous almost periodic functions CAP(R?) is the closure of
Trig(RY) in C,(RY). Tt is well known that if f € C,(RY), then f € CAP(R?) if and only if
the set {f(- + 5)}sepa is precompact in C,(RY).
Let f € CAP(R?). Denote by

M(f) = lim T~ / () ds €C,
(=T/2,T/2)?

T—o0
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the mean value of f. For A € R? denote by f\ the Fourier coefficient

f)\ ::M(fe—)\)a
so that fo = M(f), and put

J(f) = {XeR?| f, #0}, Jo(f) == J(f) \ {0}.

It is well known that for any given f € CAP(RY), the set .J(f) is countable, and f is uniquely
determined by the set {f} cga. Let us note here the elementary fact that f € CAP(RY) is
real valued if and only if f_\ = fy, A € R%.

We will need also the Wiener class of almost periodic functions

WAP(R?) := {f € CAP(RY)| Z A < oo}
NeJ(f
If f € WAP(R?), then f coincides with the sum of its Fourier series Y, g e A(z), which

is absolutely convergent, uniformly with respect to z € R%. Note also that if f € WAP(R?)
and the set J(f) is bounded, then

f € CAP>®(RY) := {u e C®(R?Y) | D*u e CAPR?) for o € Z%}.

Let B? be the Bohr compactification of R? (see e.g. [26, Section 1]). We recall that B is
a compact Abelian group which is not metrizable and hence not first countable (see e.g. [6,
Remark 1.7 (b) and Theorem 1.3 (a)]). Further, there exists a continuous homomorphism
¢ : R — B such that L(Rd) is dense in B?. As in R%, we denote by “4” the group operation
in BY. Note that ¢ induces an isomorphism between CAP(R%) and C(B?). In particular, for
each f € CAP(R?) there exists a unique ¢ € C(B?) such that

f(@) = ¢(ux), =eR%:

we call ¢ the canonic extension of f. Let P be the Haar measure on B? normalized to one,
and F be the o-algebra of the P-measurable subsets of BY. Then (B, F,P) is a probability
space. If f € CAP(R?) and ¢ € C(B) is its canonic extension, then

M) = [ o) dBle) = E(6).

Denote by €, the canonic extension of ey, A € RY. Thus, {ex}\cpa is the set of continuous
characters of the group B? which forms an orthonormal basis of L?(B?, dP).

3.2. Operators with linear plus almost periodic magnetic potential. Assume now
that b € CAP(R?;R) and V € CAP(R?; Ms). Recalling that by is the mean value of b, set

so that curl Ay = by. Further, put bi=b— by, and assume that there exists Ac CAP(R?;R?)
such that curl A = b. This is for example the case if

(3.1) x) = by + Z b)\e)\ ), xERZ,
AEJo(b)
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where by = b_ for all A € J(b) and
(3.2) > b1+ AT < 0.
AEJp(b)
Then A can be chosen in the form
(3.3) < > b,\| 2 e Z bA 2 ) x e R%
AEJo(b) Al XEJo( A

Thus, A € WAP(R?;R?) and curl A = b. Eventually, we have curl A = b for A := Ag + K.N
Let a € C(B%;R?), 3 € C(B*R), and T € C(B?; My) be the canonic extensions of A, b
and V respectively. Set

Ay () = a(w + (z)), B, (x) == B(w + (z)), V() = T(w+ (),
for x € R? and w € B2. On Dom h(Ap) define the operators
(3.4) HE = (—iV — Ag — A,)? £ B.,
self-adjoint in L?(R?), and on Dom h(Ag) @ Dom h(Ag) define the operator

0 HY

self-adjoint in L2(R?; C?). Evidently, Ho = H(A, V). Note that the operator family {H,, },cp2
is continuous in the norm resolvent sense.
For ¢ € R? introduce the unitary operators U : L?(R?) — L*(R?) by

(3.5) Hw=<H5 0 >+Vw, w e B,

Uef)(w) = B O @), e fe LR,
We have
(3.6) Ue(—iV — Ao)ug = —iV — Ay, UngLIg = Bﬁw, UngUg = VTgw

and

(3.7) U AU = ATz,

where

(3.8) Tew=w—1(§), weB? ¢eR%.
Hence,

(3.9) UHUE =My, weB?, R

We recall that a group of measure preserving automorphisms of B2, homomorphic to R?, is
called R?-ergodic if any set S C JF invariant under the action of this group, satisfies either

P(S) =0 or P(S) =
Lemma 3.1. The group {7¢}¢cpa defined in (3.8) is R*-ergodic.

Proof. Due to the invariance of the Haar measure P under the action of B, {Te}eere is a
group of measure preserving automorphisms. Assume that S € F is invariant under this
group, i.e. T¢S = S for all § € R?. Define the measure

us(C) :=P(SNC), CeF.
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We will show that this measure is invariant under the action of B2. Since P is a Haar measure
on B? and S is invariant, we have

ps(C+ (&) =P(SN(C+ (&) =P((S—(&)NC)=P(SNC) = ps(C),

for ¢ € R?. From the continuity of the function B? 3 w + P(S N (C + w)) € [0,1] and the
density of t(R?) in B2, this yields

ps(C+w) = pus(C), CCF, webB?

i.e. the measure ug is invariant under B?. By the uniqueness property of the Haar measure,
there exists a constant a = a(S) > 0 such that

us(C) =alP(C), CeF.
If a =0, then P(S) = pg(S) =0. If a > 0 then

_ ps(S) _ ps(B?)

P(S) =P(B?) = 1.

Hence, {7¢}¢er2 is an R2-ergodic group of automorphisms. O

Remark. Various versions of Lemma 3.1 are available in the literature (see e.g. [7, Section
10.1] for a somewhat different but closely related situation). We include its proof just for the
sake of completeness of the exposition.

Using standard properties of ergodic operator families (see e.g. [15, 14, 19]), we obtain the
following

Theorem 3.2. Let b € CAP(R%;R) and V € CAP(R?; My) be such that there exists A €
CAP(R% R?) with curl(Ag + A) = b. Then,
(i) There exist closed subsets ¥, Yac, Xgc and Xy, of R such that P-almost surely
o(Hu) =%, Oac(Ho) = Zae,  Osc(Ho) = e, 0pp(Huw) = Zpp.
(ii) Moreover, P-almost surely
odisc(Hw) = 0.
(iii) Any E € R is P-almost surely not an eigenvalue of H,, of finite multiplicity.

Remark. In the case V' = 0, the operator family {#, },cp2 was introduced in the proof of
[20, Lemma 3.2]. There are many works considering the non-magnetic Schrodinger operator
—A 4V acting in L?>(R?), d > 1, with almost periodic scalar potential V. However, usually
the corresponding ergodic family —A + V), is defined for w on the hull of V' (see e.g [19, 2]).
Our choice to define the ergodic family #,, for w € B? is motivated by the fact that there are
several scalar almost periodic functions involved in H(A, V) and, on the other hand, the hull
of any scalar function f € CAP(R?) is a subgroup of B.

Applying a suitable continuity argument, we show in Corollary 3.3 below that the results
of Theorem 3.2 concerning o(H,,) and ogisc(Hew) hold for every w € B2,

Corollary 3.3. Under the hypotheses of Theorem 3.2, we have
(3.10) o(Hy,) =%,

(3.11) odisc(Ho) =0,

for any w € B2. In particular, ogis.(H) = oqisc(Ho) = 0.
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Proof. Since P(U) > 0 for any open non-empty U C B2, every S € F with P(S) = 1 is dense
in B2 Set

Sy :={w e B?|0(Hy) =2 and ogisc(Ho) = 0}
By Theorem 3.2, we have P(Sp) = 1, and then Sy is dense in B?. Let w € B?. Pick a net
{wa }aez C Sp which converges to w. Then we have

(3.12) (Hew,, — z)fl — (Hy — z)*l, ze€C\ {— s;é)z \V(a:)|,00>,

in norm. The rest of the proof is based on standard perturbation arguments. We include
some details just because we’re dealing with operator nets instead of operator sequences.
From the spectral theorem, the resolvent of a self-adjoint operator 1" satisfies

-
dist(z,0(T))’

Using (3.12), (3.13) and (M., ) = X for all a € Z, we deduce
dist(z,0(Hy)) = dist(z,%), ze€ C\R.

(3.13) (T —2)7Y = ze€C\R.

Since ¥ and o(H,, ) are closed subsets of R, this easily implies (3.10).

Now assume that there exists E € 0gisc(Hy). Then, (3.10) shows that E is an isolated
eigenvalue of infinite multiplicity of H,,, for any o € Z. Now pick € > 0 such that (F —¢, E+
e)No(H,) = {E}. Passing to resolvents and applying [4, Chapter 9, Section 4, Lemma 3],
we find that there exists 8 € Z such that a > § implies

(3.14) Trlp cpie)(Ho) 2 TrLm cjomie/2)(Ho,)-

Here 15(T") denotes the spectral projection of the self-adjoint operator 7' corresponding to
the Borel set S C R. Since the Lh.s. of (3.14) is finite and its r.h.s. is infinite, we obtain a
contradiction which gives (3.11). O

Remark. An analogue of Corollary 3.3 for the case of —A + V in L?(R%), d > 1, with almost
periodic V, is contained in [2, Theorems A.2.1, A.2.2]. As already mentioned, in [2], the
operator family —A + V), is defined on the hull of V.

3.3. Operators with general almost periodic magnetic fields. Our next goal is to
investigate the ergodic properties of the operator H (A, V') assuming only that b € C’AP(]R2 R)

and V € CAP(R?; My) but not that there exists A € CAP(R2;R?) which generates b = b— b.
In fact, we will suppose a bit more about b, namely that b € WAP(R?;R). Then we have

z) = by + Z bhaea(w)er(z), weB?, zeR>
AEJo (b

For w € B2 and z € R2 set

Az€x( Arex(
( 2 b 2|§|2 -2 h 1|§|2 “’”‘”)'

AeJo(b) AE€Jo(b)

Since we do not assume any more that (3.2) is true, generically <7, ¢ CAP(R?;R?). However,
the series above converge absolutely, uniformly with respect to w € B?, and locally uniformly
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with respect to x € R2. It is easy to see that .27, € C'(R?;R?) and curl <7, = B, — by for each
w € B2. Moreover, |ex(z) — 1| < |A||z| gives

(3.15) @I <VE( Y )il weB, cer

AEJo(b)
and, using in addition that |ey(z) — 1| < 2, we get
(3.16) lim |z|te,(z) =

|z|—o0

Similarly to (3.4)—(3.5), set

HE = (—iV — Ay — ,)? £ B,, %:<%g; %+>+vw, w e B2

Again, 5% = H(Ao + %, V).
Proposition 3.4. Let z € C\ R and f € L*(R?;C?). Then the function
B2 5w+ (M, — 2)" f € L*(R%C?),
is continuous.
Proof. Pick w € B? and a net {wa} C B? such that w, — w. We will show that
(3.17) H( wa —2) — (A — z)_l)fHLQ(RZ;(CZ) — 0.
Since
(s =27 = (= )l sy < gy Moy
and C§°(R?;C?) is dense in L?*(R?;C?), we can assume without loss of generality that f €
Cs°(R?; C?). Further,
(Hoy —2)7 = (A = 2)7) f

318 == (707 S ) VeV a7

It is easy to check that
Ve = Vel

(3.19) [ =27 0 = Vi) e =27 <

— 0,

as w, — w. Next, write

N G IE
3
/

= Cou(2)* D(w, wa) (@) (A = 2) 7 f + (Mo — 2) 7 D (w,wa) (@) C(2)
= G (2)* D (w,wa) (A — 2) @) [ + G (2) D (w,wa) [(2), (5, — 2) 7] f
(3.20) + (Hoy — 2) 7 D(w,w0)Co(2) () [+ (Hoy — 2) 7 D(w,wa) [(2), €u(2)] ],
where
wo = (7 o)
with

a, = a(Ag + ), veB,
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the operator a(A) being defined in (2.2),

_( (al—ai ){x)™! 0
QWW’< 0 (0 = aw,) (@)™ )
which is a multiplication operator, and (z) := (1 4 |=|>)"/2. Similarly to (3.15),
(3.21) 12(w,wa)ll S V2 Y [baller(w) — exlwa)l-
AEJo(b)

Since > \ezm) [0Al < 00, [ea(w) — ex(wa)| < 2 for all A € R? and |e)(w) — ex(wa)] — 0 as
we — w for any fixed A € R?, we find that (3.21) implies

(3:22) 12(w, wa)|| — 0,
as wy — w. Further, we have
1%, (2)1° = |6.(2)" G (2)|| = || (o = 2) " (o, = Vo) (A — 2)7 |
< || =2+ (4 =) =z = Vo) (ol — ) 7|

1 |z| + supyepz2 |V (2)]
3.23 < -
(3:23) | Imz| | Im 2|2

9

for v € B2. Since the gradient of (x) is bounded and
[<JZ‘>7 (% - 2)71]

— —2)" CL;[CLV, <CL‘>] + [a;;a <x>]au 0 — )
=7 0 ol 6] o ;) 6~
we find that
(3.24) 1), (A = 2)7]|| < 2[|(o4 — 2)7 | ll[av. @I (6] + €@ < C,
and, analogously,
(3.25) |[(z), €. (2)]|| <C, veB?

with a constant C' > 0 which may depend on z but is independent of v. Since supp f is
compact, putting together (3.22)—(3.25), we find that (3.20) implies

[ A — - 0 »
(%le(w e y%—@f
H 0 %+ - %Jg L2(R2;C2)

as wy — w, which combined with (3.18) and (3.19), yields (3.17). O

— 0,

Corollary 3.5. For A € R, the operator family {1(_., x)(7,)},ep2 is weakly measurable,
i.e. the functions

(3.26) B? > wr— (L_oon) () f,9) €C, [f.g € L*(R*C?),

are P-measurable, (-,-) being the scalar product in L?(R?;C?).

Proof. Let z € C\ R. It follows from Proposition 3.4, that the functions
B? 5 w+— <(% — z)*lf,g> eC, f,g¢€ LQ(Rz;CQ),

are continuous, and hence P-measurable. By [15, Proposition 3], this is equivalent to the
measurability of the functions defined in (3.26). O
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Note that (3.6) remains unchanged but (3.7) should be replaced by
Us AU = 70 + Vo,
where
P e(r) =a- o, (—€), TeR) ¢(eR?® weR%.
Hence, (3.9) should be replaced by
(3.27) U HUE = e Pow A e’ Pee . weB? £ eR?

Thus the operator family {7}, cp2 is not any more ergodic in the classical sense (see (3.9)),
but is ergodic up to an w-dependent gauge transformation. However, relation (3.27) defines a
reasonable generalization of the R2-ergodicity, allowing us to prove Theorem 3.6 below, thus
extending Theorem 3.2 to the case where we just assume almost periodicity of b and V.

Theorem 3.6. Assume that b € WAP(R?%;R) and V € CAP(R?; Ms). Then,
(i) There exist closed subsets ¥, Yac, X, and Xy, of R such that P-almost surely
J(%) =13, O—ac(%) = Yac, O—SC(%) = Y, Upp(%) = pr.
(ii) Moreover, P-almost surely,
Udisc(c%ﬂw) = @
(iii) Any E € R is P-almost surely not an eigenvalue of ¢, of finite multiplicity.

In the proof of the theorem we will need Lemma 3.7 below whose first (resp. second) part is
very close to Proposition 5 (resp. Proposition 6) of [14, Chapter 4].

Lemma 3.7. Let {P,} cg2 be a weakly measurable family of orthogonal projections acting
in L*(R?;C?), which satisfies

(3.28) UP U = e % Pr,ei®e, weB?, ¢eR2
Then,

(i) The function

(3.29) B?5w+— TrP, € Z, U{oo},

is almost surely constant.
(ii) Either Tr B, = 0 almost surely or Tr P,, = co almost surely.

Proof. (i) By the weak measurability of P, the function defined in (3.29) is P-measurable.
By (3.28), we have
Tr P, =Tr Pr,, (€R’, weB,
i.e. Tr P, is invariant under the action of the ergodic group {7¢}¢cr2. By [7, Proposition 9.1],
Tr P, is almost surely constant.
(ii) By Part (i), there exists n € Zy U {oo} such that almost surely

(3.30) Tr P, =E(Tr B,) = n.

Hence, we must just exclude the possibility that n € N in (3.30). Assume that (3.30) holds
true with n € N. Since n > 0, we find that for any total set X C L?(R?;C?) there exists an
element ¢ € X such that

(3.31) E((Pyp,¢)) > 0.

Define
Xo:={¢ € L*(R*C?)| supp¢ C (—1/2,1/2)> + x for some z € R?},
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where (-,-) is the scalar product in L?(R?;C?). Evidently, Xy is total in L?(R%;C2). Pick

¢ € Xo with (¢, ¢) = 1 such that (3.31) holds true. Note that the system {L{E‘e_i‘bfv%ﬁ}gezz

is orthonormal in L?(R?;C?). Therefore,

(3.32)  TrP,=E(TrP,) > > E(Plfie g, Uie e ¢)) = Y E((Pru¢, 8)).
£ez? £ez2

Since the transformations 7¢ are measure preserving, we have

(3.33) E((Prwé. ) = E(Pu.9)), €€R”
By (3.31) and (3.33), we find that the rightmost term in (3.32) is infinite which contradicts
our assumption that n in (3.30) is finite. O

Proof of Theorem 3.6. Fix A € R. Then (3.27) implies that equality (3.28) holds true for the
family P, = 1_n) (), w € B2, which is weakly measurable by Corollary 3.5. Thus we
find that Tr L _ y) (A,) is almost surely constant, which implies that o(.7,), 0ess(#,) and
odisc () are almost surely constant.

Let s22¢, 7#5¢ and " be the absolute continuous, the singular continuous and pure
point part of JZ, respectively. By (3.27), equality (3.28) holds true for P, = 1(_ ) (%ﬁh
with § = ac,sc,pp. By [15, Section 3], Corollary 3.5 implies that the family of operators
P, = ]1(_00,/\)(%’1?) is weakly measurable, and, hence, by Lemma 3.7 Tr]l(_oovA)(,%’if), is
almost surely constant, which implies, as above, that o4(,), f = ac, sc, pp, is almost surely
constant. This concludes the proof of Theorem 3.6 (i).

The remaining two parts of Theorem 3.6 now follow from Lemma 3.7 just as Theorem 3
and Corollary 1 in [14, Section 4] follow from Propositions 5 and 6 there. O

Remark. (i) A result closely related to Theorem 3.6 is contained in [28, Theorem 2.1]. It is
possible that our theorem could be deduced from that result which however is fairly abstract,
so we preferred to provide a relatively simple and self-contained independent proof.

(ii) Theorem 3.2, Corollary 3.3 and Theorem 3.6 admit straightforward but quite technical
generalizations to the case d > 3. We omit them since we don’t believe that they would add
a new and deeper insight to the problems considered.

(iii) For the moment, we do not know whether an analogue of Corollary 3.3 holds true
under the hypotheses of Theorem 3.6.

4. ZERO MODES OF H

In this section we assume V = 0 and write H instead of H(A,0). We are interested in the
zero modes of the positive operator H, i.e. in the closed subspace Ker H of the Hilbert space
L?(R?;C?). From (2.3), we have

(4.1) Ker H = {u = (u1,u2)| w1 € Kera, uy € Kera*},
and, hence,
(4.2) dim Ker H = dim Ker a 4+ dim Kera*.
Moreover, (2.5) yields
0
(4.3) Kera = {u € L2(R?) | u = fe™®, 6—{ - 0},
Z

(4.4) Kera* = {u € L*(R?) | u = fe?, % = O}.
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4.1. Classical results. Let us mention two classes of magnetic fields b for which Ker H is
well described.
4.1.1. Rapidly decaying magnetic fields. Assume that b € C*°(R?;R) satisfies

b(z)| < C(z)™*7%, = eR?
with C,e > 0. Then the function

o) =5 [ nle =) ds. € R,
is well defined and is a solution of (2.4). Moreover, we have
o(x) =PIn|z|+0o(1), |z|— oo,

where @ := % J2 b(y) dy is the fluzx of the magnetic field. As a result,
(4.5) dimKer H = ||®|],

where |t] is the greatest integer less than ¢t > 0, and |0] = 0 (see the original work [1] or [7,
Theorem 6.5]). Moreover, since o(H) is purely essential and coincides with [0,00) (see e.g.
[7, Theorem 6.1]), the zero eigenvalue of H is the endpoint of its essential spectrum.

Remark. Relation (4.5), known as the Aharonov-Casher theorem, has been generalized in
various directions during the last two decades [10, 12, 23, 9].

4.1.2. Periodic magnetic fields. Suppose now that
b(z) = Z bre®® e R?
kez?

with {by}rezz € £1(Z?) and by = b_y, for k € Z2. In particular, b € C(T?;R). We can choose
the solution ¢ in (2.4) as ¢ = o + @ where

bol[? ~ bk ika 2
po(z) = 1 P(z) == — Z We , x€R%
0#£keZ?
Then ¢ is real, bounded and we have
b 2
(4.6) o(x) := 0'5' +0(1), zeR%
Hence, (4.3)—(4.4) easily imply
dim K oo if bg > 0, dim K . oo if by < 0,
lm em_{o if by < 0, e _{0 if by > 0.
By (4.2), we deduce
] oo if bg # 0,
(4.7) dim Ker H = {0 £ by — 0,

If bp = 0, it is shown in [5] that o(H) is purely absolutely continuous. If by # 0, then the zero
eigenvalue is an isolated point of o(H). This fact was noticed in [8] without proof, and later
was proved in [3, Example 6]. An explicit bound for the spectral gap adjoining the origin is
contained in Proposition 4.1 below which concerns a considerably more general situation.
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4.2. Almost periodic magnetic fields.
4.2.1. Almost periodic fields close to the periodic ones. Assume that b € WAP(R?;R) and
(4.8) > IballA T < oo

AEJo(b)

This class of magnetic fields contains the periodic ones and satisfies the assumptions of The-
orem 3.2. Similarly to the periodic case, we can choose the solution ¢ of (2.4) as ¢ = ¢+ ¢
where
_ bolz 2 (N -2 2
o)==, @) =- D> baAea(z), zeR?
AEJo(b)
Again, ¢ is bounded and (4.6) and, hence, (4.7) hold true. As a matter of fact, this class of
almost periodic b is contained in a larger class of magnetic fields, considered in the following

Proposition 4.1 ([20, Proposition 1.2]). Let b = b +b where by € R and b is such that there
exists a solution § € CZ(R?;R) of the Poisson equation
(4.9) A@(z) = b(z), = eR>

Then, (4.7) holds true. If moreover by # 0, the zero eigenvalue is isolated in the spectrum of
H. More precisely,

(4.10) dist (0,(H) \ {0}) > 2[bg|e 2%,
where

oscp := sup p(z) — inf o(x).
z€R? zER?

4.2.2. Almost periodic fields distant from the periodic ones. We suppose now that b €
WAP(R%,R) but possibly (4.8) does not hold true. This corresponds to the assumptions
of Section 3.3. In this case, we can chose the solution ¢ of (2.4) as ¢ = o + ¢ with

bo|z|? - A-x)? [t
a0 =" F= ¥ i - sen@ds aer
AETo(b) 0

(see [21]). Then, @ is well defined and belongs to the class C?(R?; R), but generally it is not
bounded. However, similarly to (3.16), it satisfies

P(x) = o(jzl), |z = oo.
Hence, if by # 0, we have
bo x 2
(411) ola) = 2
Now, (4.3)—(4.4) and (4.11) easily imply the following
Proposition 4.2. Let b € WAP(R?R) with by # 0. Then dim Ker H = oo.

(I1+o0(1)), |z]— occ.

Remark. The result of Proposition 4.2 follows also from [23, Theorem 3.11]. If, under the
hypotheses of this proposition, there exists no bounded solution of (4.9), then estimate (4.10)
is not applicable. However, [23, Theorem 3.11] implies that in this case still there is a gap in
o(H) adjoining the origin.
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We are going to show now that if b € WAP(R?;R) and by = 0, but (4.8) doesn’t hold true,
then the situation is quite different with respect to the periodic case. More precisely, for any
given m € NU {oo}, we will construct almost periodic magnetic fields with vanishing mean
value such that dim Ker H = m. Let

C>0, KeN, vy eSS k=1,...,K,
with v, # ¢ if k # £. Further, let
s>1, t>0, s—2t<1.

We will consider magnetic fields of the form

K oo
(4.12) b(x) = CZ Z n~cos(n "y - x), x <€ R
k=1n=1

Then, b € WAP(R?;R) but it doesn’t satisfy (4.8). Moreover, a simple calculation yields

K
(4.13) p(z) = 3(x) =20 gorllm - 2//2), x€R?,
k=1
where
o
(4.14) gst(r) == Zn_5+2t Sin2(n_t'r), r > 0.
n=1

Evidently, g satisfies the estimate
0 < gsue(r) < ()%, r >0,

where ¢ is the Riemann zeta function, and gs;(r) = 0 if and only if » = 0. If ¢ > 0 and
s = 1+2t, we will write g; instead of g142¢. Let us discuss the asymptotic behavior of g, +(r)
as r — oo.

Proposition 4.3. If s > 1 and s — 2t < 1, then

—s+2t+1

gst(r) =Csr— t  (1+0(1)), r— oo,
where Cy; := %fgoo W sin?(u) du.
Remark. Under the hypotheses of Proposition 4.3 we have 0 < %%H < 2.

We prove Proposition 4.3 in Section A.1 of the Appendix. Before we turn to the asymptotics
as r — 0o of g¢(r) in the border-line case t > 0 and s = 1 + 2¢, we state an elementary global
estimate of g; in this case:

Proposition 4.4. If s > 1 and s — 2t = 1, then
gi(r) <In (1 + rl/t) +Cy, >0,
where Cy == (1 + 2t) + sup,en(>jey k71 — Inn).
The simple proof of Proposition 4.4 can be found in Section A.2 of the Appendix.
Proposition 4.5. If s > 1 and s — 2t = 1, then

gi(r) = %tlnr(l +o(1)), r— oc.
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The proof of Proposition 4.5 which is considerably more complicated than that of Proposition
4.3, is contained in Section A.3 of the Appendix.

Remark. Note that g, ; is represented by a Dirichlet series, and extends to an entire function
on the complex plane. More precisely, we have

” 2nt
Gt (2 —2222 ij_—f n)z%, z e C.

The asymptotic behavior at infinity of entire functions whose coefficients involve values of the
Riemann zeta function are of a considerable interest in analytic number theory (see e.g. [27,
Section 14.32], [13], [18]). Since we didn’t find in the literature the results of Propositions 4.3
and 4.5 which we needed, we include their detailed proofs with the hope that they could be
useful to number theorists.

Theorem 4.6. Suppose that b has the form (4.12) with

s>1, s=2t<1, C=1, K=2, v =(1,0), 7 =/(0,1).
Then,
(4.15) dim Ker H = oo.

€+2

Proof. By Proposition 4.3, we have p(x) < |z| " for large |x|. Therefore, z2me~%? € L?(R?)
for any m € Z,.. By (4.3), we conclude that dim Ker a = oo which combined with (4.2) implies
(4.15). O

Remark. The operator H considered in Theorem 4.6 falls under Section 3.3 but, in general, not
under Section 3.2. We don’t know yet in general whether under the hypotheses of Theorem
4.6 the zero eigenvalue of H is isolated in o(H ). Nevertheless, the following proposition shows
that there is no spectral gap if s — ¢ > 1.

Proposition 4.7. Assume that (2.4) has a solution ¢ € C?(R?;R) such that p(x) > 0 for
large |x| and p(z) = o(|z|) as |x| — oo. Then, 0 is a limit point of o(H™).

Proof. For ¢ > 0, set u(z) = e?® =2 2 ¢ R2. We have u € Dom a* and
() = ol =4 [ 9]0.e 0 ds = 462 [ |o.00) Plu(e) P < Cul?,

with C' = 4[|0,(z) |2« < co. Hence, inf o(H ) < Ce? for any ¢ > 0. By H' > 0, this implies
inf o(HT) = 0. Since p(z) > 0 for large |x|, the kernel of H* is trivial by (4.4), and 0 has to

be a limit point in o(H ™). O
Theorem 4.8. Assume that b has the form (4.12) with t > 0, s = 1 + 2t,
1 2k

(4.16) C:E’ Vi = (cos O, sin ), Ok:%, k=1,....K.
Moreover, suppose that t~! ¢ N, K > 3 is odd, and

K-1 K+1
4.17 t < T+ 1
(417 < Bt < B+

Then,
(4.18) dimKer H = [t71].
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Remark. (i) Assume the hypotheses of Theorem 4.8. In particular, (3.2) holds true and the set
J(b) is bounded. Suppose moreover that ¢ < 1. Then, (4.18) implies that the zero eigenvalue
of H is of finite multiplicity. This result doesn’t contradict Theorem 3.2 (iii) which holds true
almost surely. On the other hand, by Corollary 3.3, H cannot have isolated eigenvalues of
finite multiplicity which, in this particular case, follows also from [25, Theorem 10.1]. Hence,
we have 0 € oe5(H). Of course, this last fact is also implied by Proposition 4.7.

(ii) Theorem 4.8 is valid under much more general hypotheses concerning the family
{v £, C S!, In particular, if v are defined as in (4.16), we can assume that K > 4 is
even; in this case the numbers K £ 1 in (4.17) have to be replaced by K =+ 2. Since, anyway,
Theorem 4.8 should be regarded rather as a pioneering example of 2D Pauli operators with
almost periodic fields which admit eigenvalues of finite multiplicity than an exhaustive de-
scription of such operators, we decided not to treat more general families {74}, but to make
our construction as explicit and simple as possible.

Proof of Theorem 4.8. First, we will prove that
(4.19) dimKera = [t7!].

By (4.3), u € Kera implies that v = e~ ?f with entire f. Let us show that under our
hypotheses, f is a holomorphic polynomial. Since Re f and Im f are harmonic, it follows
from [11, Section 2.2, Theorem 7]) that for any m € Z, there exists a constant ¢, such that
for any z € C and R € (0, 00) we have

C
()] < / (@1 + i) da,
R+ Br(z)

where Bgr(z) = {w € C| |z — w| < R}. Combining this estimate with the Cauchy-Schwarz
inequality, we get

1/2
C

(4.20) e < 2 ([ an) e
R Br(z) )

By Proposition 4.4, we have

R+|z| B -
(4.21) / e*Pdx < / e*Pdx < 27620,5/ (1+ (r/2)! ) rdr = O(RY'+2),
Br(?) Br2((0) 0

for large R. Letting R — oo, we find that (4.20) and (4.21) imply that f0™(z) = 0 if
2 +m > 2t~! 4+ 1. Since z is arbitrary, f is a polynomial.

Let us now calculate the maximal possible degree of f. To this end, we will need a suitable
partition of the unit circle S'. Since K > 3 is odd, it is easy to see that there exist disjoint
open arcs ay C S', ¢ € {1,...,2K}, such that S! = U?flng and for each ¢ =1,...,2K there
exists a unique ky € {1,..., K} such that

4.22 in inf |y - v| > 0.
(4.22) min Vlgaelw V|

Next, pick € € (0,1) such that

K+1
Kt

(4.23) Tt P E P

< [t7' 41
I [t +1,
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which is possible thanks to (4.17). By Proposition 4.5 and (4.22), there exists C = C. s x > 0
such that

(1+¢)
2t

In(x) +C, k # ke, f—’ € ay,

x
forall ¢ =1,...,2K. Assume that t < 1i.e. [t7!] > 1, and pick m € Z, with m < [t7!] —1.
We will show that u = z™e™% € L?(R?). Using the first inequality of (4.24) to estimate the
contribution of k # k; and g;(y) > 0 for any y € R? to estimate the contribution of k = ky,
we find that the function ¢ given in (4.13) satisfies

aan) D) o< a2 <

K—1
> (1— 1 - R?
p(r) > (1—e¢) I n(x) —C, xecR?,

with an appropriate constant C'. Therefore,
(4.25) eul2 ey = / 2220y < 2C / 2P () 2095 .
R2 R2
Since m < [t71| — 1, the first inequality in (4.23) yields
K—-1
2m —2(1 —¢)

Kt
and the last integral in (4.25) is convergent. Thus we find that if ¢ < 1, then

< -2,

(4.26) dimKera > |t7!].

Ift > 1,ie [t~ =0, then (4.26) is trivially true.

Assume now t > 0 and pick m € Z, with m > [t~!]. We will show that the function
u = zme ¥ ¢ L*(R?). Using the second inequality of (4.24) to estimate the contribution of
k # ky and Proposition 4.4 to estimate the contribution of k = kg, we find that

K+1
@) <+t m@y+C, zeRr?
Kt
with an appropriate constant C'. Thus,
(4.27) lulZaee) = / 2 me W de > ¢ / [P ) >
R2 R2

Since m > [t7!], the second inequality in (4.23) gives

K+1
2m —2(1 — > 2
m—2(1+e¢) i > -2,
and the last integral in (4.27) is divergent. Then dim Kera < [¢7!| + 1 which combined with

(4.26) implies (4.19). Let us now prove that
(4.28) dim Kera™ = 0.

By (4.4), u € Kera* is equivalent to u = e?f with entire f. Under our hypotheses, e > 1
so that u € L?(R?) implies f € L?(R?). Hence, f vanishes identically which implies (4.28).
Putting together (4.19) and (4.28), and taking into account (4.2), we obtain (4.18). O
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APPENDIX A. ASYMPTOTICS OF DIRICHLET SERIES

A.1. Proof of Proposition 4.3. First, we estimate the contribution of the large n’s in
(4.14). Consider M > 1. Using |siny| < |y| and —s < —1, we deduce
Z n—sT2t gin ( ) Z n— S22, 2t
n>Mrl/t n>Mrl/t
(A1) < Cr¥(Mr/H=s = oMo

1— 9+2t

Here and in the sequel, C' will denote a positive constant which may only depend on s and ¢.
We now deal with the contribution of the small n’s. Consider ¢ > 0. Using that |siny| <1
and —s + 2t > —1, we obtain

(AQ) Z n s+2tsln ( ) Z n —s5+2t < C(&Tl/t)l s+2t CEI_S—F%T#‘

n<erl/t n<erl/t

It remains to deal with the n’s of size r'/t. Let n € [er'/t, MrY/!]. For y € [n,n + 1], we
have

(A3 R e Q)

and
y t=n"t+ (’)(n*t’l).

In particular,
(A4) ‘sin2 (L> —s1n2(r>‘ < Crn "' < Rr 't
nt

yt

where R is a constant which may depend on s,t¢,e, M. Inequalities (A.3) and (A.4) imply

1
n =5+t gin? ( r ) — /n+ y T2 sin? (T ) dy’
i i
n Y
n+1
| [ e () ()
n

n+1 r r n+1
< ns+2t/ gin? (7> _sin? <7> ’ dy +/ ‘n—s+2t _ y—s+2t‘ dy

—s+2t—1

(A.5) < Rr— ¢

Summing this estimate over n gives

Mrl/t

' 3 2t g2 (%) _/ y~++2% gin (%) dy'
erl/t<n<Myl/t " ert/t y
(A.6) <SRt (M- 4 R <Rrt

Changing the variable y = /%4~ we find that

M/t r 7"1_St+2t et s—3t—1
(A.7) / y Tt sin (7) dy = ; / wt o sin®(u) du.
erl/t ) M-t
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JK Ji Io Jo neN

FIGURE 1. The different regions considered in the proof of Proposition 4.5.

Now the integrand behaves like

near 0,

s—3t—1 _ s—2t—1
t = I+ near -+ oQ.

Since s —1 > 0 and s — 2t — 1 < 0, this function is integrable on (0, 00), and (A.7) becomes

MTl/t r
/ y~+2% gin (7> dy
erl/t Yy

Tt oo 5 . 9
= ( u ¢t sin“(u) du + 0e—0(1) +0M_,+oo(1)).
0

Eventually, combining the previous estimate together with (A.1), (A.2) and (A.4), we
deduce

1—s+2t +o0
gs,t(r)—r tt / w Tt sin? du‘ < OM=s T
0
1— .5+2t —s+2t 1—s+2t
(A.8) + Celst2ty +Rr— & 471 ¢ (05_>0(1)+0M_,+oo(1)).

Then, we obtain the proposition taking € small enough and M large enough. Here, we have
used again that 1 —s <0 and 1 — s+ 2t > 0.

A.2. Proof of Proposition 4.4. Let > 0 and p := |1 +r'/*|. In particular, p > 1. Then

we can write any n € Nasn =pp+q with p € Z, and ¢ =1,...,p, and this representation
is unique. Therefore, since p > 7/t and sin?(a) < min{1, a?} for a € R, we find that

=33 a e ()
= pp+q) " sin
pp+q

p=0g=1
p 00 ,r,l/t t
:Zq lsin2(rq_t)+zz pp+q) 1sir12<< > >
q=1 p=1q¢=1 L

IN
3 Mb

(o]
Z (pp+1)"tp~2

<1np+2q ' Inp+¢(1 4 2t)

<In(1+ rl/t) +Cy,

which implies Proposition 4.4.
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A.3. Proof of Proposition 4.5. Considering a given ¢ > 0, we will show that g,(r) is at
distance at most €lnr from Inr/2t for r large enough. For that, we decompose the sum over
N into different zones which are summarized in Figure 1.

Step 1: treatment of the large values of n. We set

1 €
(A.9) i 2t +2e71 427271 44

Then 0 < § < e. Let
1 . 57/7
up(r) == , Sin (ﬁ)
be the generic term of the series which defines g;(r). Then, |siny| < |y| yields
(A.10) Z || < Z r2p =172 < P2 2t(340) _ . —2t8 <celnr,
1 1
n2r7+6 n2r7+6

for r large enough.
Step 2: decomposition of u,. We write

1 ' | P
(A.ll) un(r) = 5 _ W with vn(r) _ 5eern t.
From (A.9) and the asymptotics of the harmonic series, we deduce
1 1 1
(A.12) Z; %:glnr%ﬂs—}-(/)(l):%-f—@ with o <elnr,
n<rtt?

for r large enough. It remains to study the sum of v,, for n < rits.,

Step 3: treatment of the small values of n. Let
K=[e1 €N,

where [y] denotes the smallest integer greater or equal to y. Note that (A.9) guarantees that
§ < (t + K)~!'. Using again the asymptotics of the harmonic series, we get

1 15 Inr
A3 = S =R L 0(1) < <chr,
TLS’I’W_(S nSrW_é

for r large enough. It remains to study the contribution of

) . K-1 K

(TW—5,7”2+5) — ( U Ik) U ( U Jk),
k=0 k=0

with
(A.14) L= [rme ] and = (rEE 0 mE )

Note that by (A.9), the intervals I} and Jj are non-empty.
Step 4: contribution of the small regions Ji for £ =0,..., K. Using (A.9) and

1
Z — <Inb—1Ina+1,

n
a<n<b
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for all 1 <a < b, we deduce

Inr,

1 _
(A.15) Z lon| = Z fglnrt%kﬂs—lnrt%k 6—|—1§251nr+1§K€ 1
neJpNN neJNN T

for r large enough.

Step 5: the iterated derivatives. It remains to study the contribution of the bands Ij for
k=0,..., K — 1. Here, we can not bound directly the sum and must use some cancelations.
For that, we first define the derivatives of the phase function 2rn~! with respect to n.

For {h;}jen C N and y € [1,00), we define a(])(hl, ..., h;) by induction over j € Z by

aéo) = 2ry~t and
(A.16) o (b, hy) = alo D (b, b)) = a D (B ).

(]) (0)

Roughly speaking, ay/’ is the j* discrete derivative of ay” with respect to y. Set

= {feC(1,00) | 10;f(y)| Sy Fwly), k € Zy, y € [1,00)},
w > 0 being an appropriate weight function. We will write f; = fomod S(w) if f1 — fo € S(w).

Lemma A.1. For any j € Z,, there exist symbols P; € S(yzjt_t_j_l) and Q; € S(y2jt_1)
such that
21t—.t—j +]3](y)

Y2+ Q;(y)

Remark. The functions P;, (); may depend on hq,...,h; € N. Note that the prefactor never
vanishes since t > 0. When ¢ is an integer, P;, (); are polynomials in n.

J
af)(ha, ... h; 1) [J+t=1)h
=1

Proof of Lemma A.1. We show this property by induction over j € Z,. By definition, it is
satisfied for j = 0 with Py = Q9 = 0. We assume that it holds true for some j € Z,. Then,
using the shorthand notation

J
(A.17) 17 T+t = 1)he,
(=1

we can write
(AlS) CL(J+1) :C(y+hj+1)2]t—t—]—|—P](y+hj+1) 3 yQJt—t—]—f—PJ(y) :CA(y)

Y (4 i)t + Qi(y + hjt) TPt Qi(y) " B(y)’
with

Aly) = ((y + hj+1)2jt_t_j + Pj(y + hjt1)) (yzjt +Q;(y))

— W+ Pi(y) (v + hjs)” ' + Qj(y + hyjs1)),

and

B(y) = ((y + hjs) "+ Qi(y + b)) (v7'F + Q;(1)).

The Taylor formula implies

(y+ hjp1)® = y* (L + hjy1/y)® = y* + ahjpy®  mod S(y*?),



22 J.-F. BONY, N. ESPINOZA, AND G. RAIKOV

for all @« € R and
b 20 t—t—j—2
ﬂ<y+hj+1>=Pj<y>+/0 Ply + 5)ds = P;(y) mod S(y*1572),

Qj(y+ hyp1) = Q;(y) mod S(y*'2).
Combining the previous estimates, A(y) becomes
Aly) = (2" + (@t =t = hyay® T
+ Pj(y) mod S(y*'" %)) (v*"! + Q;(v))
— (7 PW) (57 P thyay® T 4 Qj(y) mod S(y7 )
(A.19) = — G+ Db (T Pra),

2j+1t—t—j—2)

for some Pj11 € S(y . Similarly,

B(y) = (v* mod S(y*1) (4" mod S(4* 1))

(A.20) ="+ Q).
for some Q41 € S(y¥ "'t=1). Eventually, (A.18) together with (A.19) and (A.20) imply that
the conclusions of the lemma hold true for j 4+ 1 and then for all j € Z.. O

Step 6: the iterative Van der Corput argument. We will use a standard technique to prove
the uniform distribution of sequences called the Van der Corput inequality. A version of this
result is stated in the following lemma whose proof can be found in [16, (3.2)] (see also [22,
Chapter 2]).

Lemma A.2. Let {b,}nen be a sequence of real numbers. Then, for all 1 < H < N, we have
N
-
T
n=1

Mimicking the notations of (A.16), we recognize bg)(h) = bpip, — by in the right hand side
of the last equation. Then, if we want to show that

1L,
PO
n=1

for some g9 > 0, it is enough to prove that

2 H-1 N—h

< €0,

N—h1

(1)
S eita )

n=1

’ 1

2
=0
S - —:i&1,
N —h 8

for all 1 < hy < Hy = [4eq 21. Iterating this argument, it is enough to prove that, for some

J eN,
1 N—hi——hy

Z eib;J)(hl,...,hJ)
N—hi—-—hy

n=1

<ey,

forall 1 < h; < Hj with 1 <j < J. Here, e; > 0 and H; € N only depend on ¢q (and not on
b, or N), but we assume that N > Hy; +---+ H.
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Step 7: contribution coming from the interval Ij. Let us fix k € {0,..., K —1} and consider
ng € I NN. We define

(A.21) dp =l (o hy) — al (B, ).
From (A.16), this quantity is nothing more than a%o )(hl, ..., hg,n). Our next lemma con-

tains a useful estimate of d,,:
Lemma A.3. For 0 < n < ng, we have

dn, = DMnrng=F1 (1+O0(nngt)),

with
k k
D=2(-1)"(k+t) [Je+t—1) # and  M=]]meN.
=1 =1
Proof. We follow the proof of Lemma A.1 with y = ng. Using (A.18), we can write
A(n)
A.22 dn = Cr 5
(A.22) 30

Cy being defined in (A.17),
A(n) = ((no + n)2 =tk 4 Py (g + n)) (n%kt + Qi(no))
- (n%kt‘t"“ + Pk(nO)) ((no + n)zkt + Qr(no + n))7
and

B(n) = ((no + )% + Qu(no +n)) (n2" + Qx(no)).
For a € R, the Taylor formula gives

(no +n)* = n§(1+n/ng)® = n§ + annd™* + O(n*n§?),
uniformly for 0 < n < ny/2. Analogously, we have

Pk(no+n)=Pk(no)+/0 P/(no + s)ds = Py(ng) + O(nn Qt t=k=2)

Qr(no +n) = Qx(no) + O(nnf =2,
uniformly for 0 < n < ny/2. Summing up, we deduce
A(n) = —(k + t)nn? ke Y1+ O(nngh)),
B(n) =ng (14 O(nng ).
Finally, (A.22) becomes

(A.23)

~th= 114 0(nng )
1+ O(nngt)
= —Ci(k + tynng "1 (1 + O(nngh)),

for n < ny. O

dp = —Ci(k+t)nn
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Here, it is important to note that (A.14) yields
(A.24) 0<rng'F 1< POkl

for ng € Ij.. Thus, the sequence {dy}, is slowly increasing for n < ng. Let us define

2 _
(A.25) N(ng) :== {Er 1n6+k+lw,

which is roughly speaking the primitive period of d,,/M modulo 27. In other words, N(ng)
is such that dy(,,) ~ 27 M € 27Z. From (A.14), this period satisfies

2 2
(A.26) 1« %r‘s(HkH) < N(ng) < %7’_5(”’“)710 + 1 < ng,

for r large enough. Summing e’ over a period leads to

Lemma A.4. Let hy,...,h; € N be fixed. For r large enough, we have

N(ng)—1
‘ Z eidn S N(no),r—(;(t-l-k) +1,
n=0
uniformly for ng € I}.
Proof. Lemma A.3 implies
N(ng)—1 N(ng)—1
) ) —t—k—1
Z ezdn _ Z (ezDMnrnO + O(n2rn6t_k_2))
n=0 n=0
1— iDMN (ng)rng t k1
(A.27) = € 0 + O(N(n0)3rn0—t—k—2)_

1— eiDMrnat7k71

Since DMN(no)Tnatikil is at distance less than DMrnat*k*1 from 277, (A.24) yields

'1 _ @IDMN(ng)rng "1 _ DMmatfkq

=1.
~ D.Mrnatfkf1

1 — eiDMrngt=F !
On the other hand, (A.25) and (A.26) give
N(no)3rng =F2 = N(ny) (N(no)rngt_k_l) (N(no)no_l)
§N(n0)r_5(t+k).
Now the lemma follows from (A.27) and the last two inequalities. O

Let H be a fixed integer. Combining (A.21), (A.26) and Lemma A.4, we get

N(ng)—H-1 N(ng)—1
1 Oz: eia%)+n(h1,...,hk) < N (no) 1 zO: eidn | 4 H
N(no) —H  —~ ~ N(no) = H|N(no) “= N(no) — H
N(ng)—1
1 .
< e | + N(ng)™
< 'N(no) > (n0)

pOttk) 4 —d(ttk+1)

—5(t+k)

S
ST ,
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for r large enough, where r9(+%) tends to 0 as r — co. Then, the iterative Van der Corput
argument, below Lemma A.2 with J = k implies that, for r large enough, we have

TLO+N(TLO)—1
(0)

1 .
(A28) ’ N(no) Z elan

n=no

< Vng € 1.

<t
4K’

We now estimate the sum of v, defined in (A.11). For n € [ng,no + N(ng) — 1], (A.26)
yields

(A.29)

—_— - )

_ —5(t+k)
’l_i_n n0<N(n0)<CT
n no nno nno n

for some C' > 0. Applying (A.28) and two times (A.29), we deduce

no+N(no)—1 no+N(no)—1
owl=| L e
" n
n=no n=no
7L0+N(TL0)71 1 © TL0+N(7L0)71 1
< Z 2 il |y o) Z 1
n=ng o n=ng n
+N(n0)—1
et N(ng) st 1
T 4K nyg o n;o n
ot no+N(ng)—1 no+N(ng)—1 1
_ v - Cr—é(t-‘rk’) -
4K n;() ng n;o n
ot TL0+N(TL0)71 1 n0+N(n0)71
(A.30) <— ) 2oyt N
4K = n = n
for all ng € I. Thus, we just proved
Lemma A.5. For r large enough, we have
n0+N(no)—1 - n0+N(n0)—1
> wS5p X o
n=ng n=ng

uniformly for ng € I}.
For r large enough, we decompose [ in a disjoint union of intervals
L
I, = (Uzg> UZoo,
(=1

such that Z, "N is of the form {ny,...,ng+ N(ng)} C I} for all £ = 1,..., L and Z is too
small to contain such a period. In particular, (A.26) implies

(A.31) ‘ > Un‘ SR <,

n€Eloso



26 J.-F. BONY, N. ESPINOZA, AND G. RAIKOV

for r large enough. Using Lemma A.5 to estimate the sum over Z; for £ = 1,..., L and (A.31)
to estimate the sum over Z,, we get

et 1 et 1 €
el 1
n<ri

for r large enough.
Step 8: conclusion. Combining (A.10) for the large values of n, (A.12) for the main contri-

bution, (A.13) for the small values of n, (A.15) for the contribution of J; and (A.32) for the
contribution of I, we obtain

‘gt(r)—h;—tr < Z un—lgtr‘—l-&?lnr
n<rt+?
< Z i_lnir ' Z vp| +elnr
- < 2n 2t -
n<7”?""S n<r?+5
K-1 K
< Z Up| + Zvn—l—z Zvn +2elnr
n<rt+LK_6 k=0 'nely k=0 "'neJy
K-1 c K c
<elnr+ 2 Klnr+k§K+1lnr+2elnr
< b5elnr,

for r large enough. This ends the proof of Proposition 4.5.
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