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BARRIER-TOP RESONANCES FOR NON GLOBALLY ANALYTIC
POTENTIALS

JEAN-FRANCOIS BONY, SETSURO FUJITE, THIERRY RAMOND, AND MAHER ZERZERI

ABSTRACT. We give the semiclassical asymptotic of barrier-top resonances for Schrodinger
operators on R™, n > 1, whose potential is C* everywhere and analytic at infinity. In the
globally analytic setting, this has already been obtained in [6}[24]. Our proof is based on a
propagation of singularities theorem at a hyperbolic fixed point that we establish here. This
last result refines a theorem of [3], and its proof follows another approach.

1. INTRODUCTION

In this paper, we consider mainly Schrédinger operators P on L?(R"), n > 1,
(1.1) P =—h?A+V(z),

where V is a real-valued smooth function, which is supposed to be analytic outside of a
compact set and to vanish at infinity. The resonances of P near the real axis are thus well-
defined through the analytic distortion method due to Aguilar and Combes [1] and Hunziker
[17], and we denote Res(P) their set.

We are interested in resonances of P generated by a unique non-degenerate global maximum
of V. We can suppose that it is at 0 and that

(1.2) V(z)=Eo— > iji + O(z%),

with Fg > 0 and 0 < Ay < --- < \,. In fact, our precise assumption is that the trapped set
at energy Fj, that is the set of bounded classical trajectories with energy Ep, is {(0,0)}.

When V is globally analytic, this question has been solved by Sjostrand [24] in the general
case of a non-degenerate critical point, and by Briet, Combes and Duclos [6] under a virial
assumption (see also the third author [21] in dimension 1). They have proved that, in any
complex neighborhood of Ej of size h, there is a bijection by, between Reso(P) and Res(P),
with by (z) = z + o(h) and

= 1
(1.3) Reso(P) = {Eo—z‘hZAj(QJraj); aeNn}7
j=1

is what we call the set of pseudo-resonances. They obtained further a full asymptotic expan-
sion for isolated resonances. Then, under the assumption that the \;’s are Z-independent,
Kaidi and Kerdelhué have extended this result to disks of size h? for any & €]0,1]. Even-
tually, Hitrik, Sjostrand and Vu Ngoc [15] have obtained a similar result in dimension 2 for
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disks of size 1. This kind of resonances appears naturally in the context of general relativity,
in particular for the study of black holes as in Sa Barreto and Zworski [23].

In all these works, the potential was supposed to be analytic in a whole neighborhood
of R™. We obtain here the same kind of result, with the weaker assumption that V is C'*°
everywhere and analytic at infinity. Our approach also provides a polynomial estimate for the
cut-off resolvent away from the resonances, and we are able to describe the resonant states.
However, we do not control the multiplicity of the resonances. The precise statements are
given in Section[2.1l Note that, for shape resonances, Lahmar-Benbernou, Martinez and the
second author [10] have already proved that one can relax the analyticity hypothesis in the
work of Helffer and Sjostrand [14]. Concerning the study of the scattering amplitude at a
barrier-top, the analyticity of the potential is not necessary (see e.g. [2, 7]).

As a matter of fact, our result about resonances is closely related to the description of
the propagation of singularities in a neighborhood of a hyperbolic fixed point, for energies z
close to the critical energy Fy. Indeed we have proved in Section 8 of [5] that the absence of
resonances follows from the uniqueness of the solution to the microlocal Cauchy problem at
the trapped set

(1.4) { (P — z)u=v microlocally near the trapped set,

U = Ug microlocally in the region incoming from infinity.

In this paper, we show uniqueness for (1.4) when the energy z is at distance h of Resp(P). The
corresponding theorem can be found in Section[2.2. In a previous work [3], such a result was
obtained for energies z outside of some exceptional set which was not completely described.
In other words, we prove here that the propagation of singularities results of [3] hold whenever
the energy z is not close to a pseudo-resonance.

The method we use here is quite different and less technical compared with that in [3]. It is
based on commutations with annihilation operators (as for the computation of the spectrum
of the harmonic oscillator) rather than on energy estimates. For the sake of simplicity, let us

explain this approach for P = —h?A — 22 in dimension 1. If we denote the annihilation-like
operator A = —ihd, — x, a direct computation gives
(1.5) A(P —z) = (P —2ih — 2)A.

Consider now a solution u of (1.4) with v = up = 0 and z € B(0,Ch) with B(a,r) =
{z; |z —a| < r}. Applying m times , we get

(1.6) (P —2mih — 2)A™u = A" (P — z)u = O(h™),

for all m € N. Since the operator P — 2mih — z is invertible for m > C/2, we deduce A™u =
O(h) for these values of m. A standard argument of microlocal analysis implies that u is a
Lagrangian distribution associated to A, the characteristic manifold of the pseudodifferential
operator A. A similar idea was used by Hassell, Melrose and Vasy in a different
context. Using that u is a Lagrangian distribution, (1.4) becomes a transport equation on
the symbol of u. Then, if z is away from Resy(P), we can conclude that u = 0 microlocally
near (0,0). This approach may be carried out in other contexts, even if only in the case
of a general non-degenerate critical point. Each time, the notion of Lagrangian distribution
associated to Ay used above should be replaced by an appropriate class of functions.

For the reader’s convenience, we recall some notations and terminology of microlocal anal-
ysis in Appendix[Al
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2. SETTING AND RESULTS

2.1. Asymptotic of barrier-top resonances.

We state here the asymptotic of the barrier-top resonances for non-globally analytic po-
tentials. We consider the semiclassical Schrodinger operator P on L?(R") given in and
we assume that

(H1) V € C*°(R™ R) extends holomorphically in the sector
S={zeC" |Rex| > C and |Imz| < d|z|},

for some C,§ > 0. Moreover, V(z) — 0 as ¢ — oo in S.
Under this assumption, one can define the distorted operator Py of angle § > 0 small enough.
Its spectrum is discrete in & = {z € C; —26 < argz < 0}, and the resonances of P are the

eigenvalues of Py in &. They can also be defined as the poles of the meromorphic extension
of (P—2z)~t: L2 (R") — L2 (R") from the upper complex half-plane. We send back the

comp
reader to Section 2 of [5] (and the references given there) for the precise definitions and more

details on the resonances.
We denote p(z, &) = &2+ V (z) the symbol of P. The associated Hamiltonian vector field is

H,=0cp-0p — 0rp- 0 =26 -0, —VV(x) - 0.
Integral curves t — exp(tH,)(x,&) of H, are called Hamiltonian or bicharacteristic trajecto-
ries, and p is constant along such curves. We also suppose that
(H2) V has a non-degenerate maximum at x = 0 and
V(z)=Ey— ijg + O(z?),
j=1
with Eg >0and 0 < Ay < --- < A\,

We define the trapped set at energy E for P as

K(E) = {(z,€) € p”(E); t+— exp(tH,)(z, ) is bounded}.
For E > 0, K(E) is compact and stable by the Hamiltonian flow. We finally assume that
(H3) The trapped set at energy Ey is K(Ep) = {(0,0)}.

In particular, x = 0 is the unique global maximum for V. Moreover, there exists a pointed
neighborhood of Ey in which all the energy levels are non trapping.

The previous assumptions imply that (0,0) is a hyperbolic fixed point for H,. The sta-
ble/unstable manifold theorem ensures the existence of the incoming Lagrangian manifold
A_ and the outgoing Lagrangian manifold A4 characterized by

Ay = {(z,€) € T*R"; exp(tHp)(x,&) — (0,0) as t — Foo}.

They are stable by the Hamiltonian flow and included in p~!(Ep). Eventually, there exist two
smooth functions ¢4, defined in a vicinity of 0, satisfying

(2.1) pi(z) =+ f: %xg +0(2%),
j=1

and such that Ay = Ay, = {(2,§); { = Vy+(x)} near (0,0).
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FIGURE 1. A potential as in Theorem 2.1 and the corresponding resonances.

We recall that Res(P) is the set of resonances of P, and that Resy(P) is the set of pseudo-
resonances given in (1.3). For A, B, C subsets of C and § > 0, we say that dist(A, B) < in
C if and only if

Yaec ANC, 3be B, la —b] <0,
and Vbe BNC, Jac€ A, la —b] <.
Concerning the barrier-top resonances, our main result is the following.

Theorem 2.1 (Asymptotic of resonances). Assume (H1)+(H3) and let C' > 0. In the domain
B(Ey,Ch), we have
dist (Res(P), Reso(P)) = o(h),
as h goes to 0. Moreover, for all x € C5°(R") and € > 0, there exists M > 0 such that
(2.2 Ix(P —2) x| < ™,
uniformly for h small enough and z € B(Ey, Ch) \ (Reso(P) + B(0,€h)).

The distribution of the (pseudo-)resonances is illustrated in Figure (1l From Proposition
D.1 of [5], the inequality (2.2) is equivalent to a polynomial estimate of the distorted resolvent,
that is ||(Py — 2) Y| < = with @ = h|Inhl.

The previous theorem provides the asymptotic distribution of resonances as a set, but gives
no bijection between resonances and pseudo-resonances, as it was the case in [6, 21} 24]. In
other words, there may be more than one resonance near each pseudo-resonance (and recip-
rocally). That the multiplicity is unknown comes from our method of proof. Nevertheless,
following the proof of Proposition 4.2 of [3] (see also Section 3 of [4]), one can show that the
number of resonances counted with their multiplicity near each pseudo-resonance is uniformly
bounded. It should also be possible to prove that number of resonances is greater or equal to
the multiplicity of pseudo-resonances as in Proposition 4.6 of [5].

The results of this part are stated for Schrodinger operators (1.1) but hold true in more
general settings. What is really needed is that the resonances of the pseudodifferential oper-
ator P = Op(p) can be defined by complex distortion and that the trapped set at energy Ej
consists of a hyperbolic fixed point. Indeed, the results used in the proofs (that is Section 5 of
and Theorem (2.4 below) are valid for pseudodifferential operators. In particular, if P has a
subprincipal symbol, say p(z,&, h) = po(x, &) + hpi(x, &, h), then the set of pseudo-resonances
(1.3) should be replaced by

- 1
Reso(P) = {Eo — ihZ)\j (5 + aj> + hp1(0,0,h); a € N”}.
j=1

Note that the “black box” framework of Sjostrand and Zworski [25] allows to define the
resonances for a large class of operators.
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Theorem [2.1 provides the asymptotic of the resonances modulo o(h). Under certain cir-
cumstances, it is possible to prove that they have an asymptotic expansion in powers of h.
In this direction, we state the following result which is similar to Proposition 0.3 of Sjostrand

[24].

Proposition 2.2 (Asymptotic modulo O(h*)). In the setting of Theorem|2.1, let « € N™ be
such that the corresponding element zo(h) = Eo — ih_; Aj(a; 4+ 1/2) of Reso(P) is simple.
Then, there exist § > 0 and 2o, (h) satisfying zo(h) ~ Eq+ E1h+ Eoh?+- -+ as an asymptotic
expansion with Ey = —iy_; Aj(a; +1/2) and

dist (Res(P), {z(h)}) = O(h*),
in B(zoo(h),0h). Moreover, for all N > 0 and x € C§°(R"), there exists M > 0 such that
(P = 2)~ x| < 7,
uniformly for h small enough and z € B(200(h),0h) \ B(2e0(h), V).

Here, we say that zg(h) is simple when there is a unique a € N" such that zg(h) =
Eo—ih ) ; Aj(aj+1/2). Note that the asymptotic expansion of z(h) is only known through
an implicit relation (see (4.24)).

As a byproduct of the proof of Theorem we obtain the asymptotic of the resonant
states. Recall that, for z € & N Res(P) and u € H?(R"), we say that u is a resonant state
of P associated to the resonance z if and only if (P — z)u = 0. We send back the reader to
Section 7 of [5] and the references given there for more details.

Proposition 2.3 (Description of the resonant states). In the setting of Theorem (2.1, we fix
0 = h|Inh|. Let u = u(h) be a family of normalized resonant states associated to a resonance
z = z(h) € B(Ey, Ch). Then, there exists a € S(h~™) with M € R such that

w(z, h) = a(z, h)e'*+ @/ microlocally near (0,0).

Moreover, the symbol a satisfies near 0 the transport equation

(2.3) 2V (x) - Va(z,h) + (Ag0+(m) i Eo

)a(x, h) — ihAa(z, h) € S(h*).

One can also show that a is not O(h*) near 0. For simple pseudo-resonances, the transport
equation (2.3) can be used to prove that a has an asymptotic expansion in powers of h whose
leading term has an explicit behavior at 0. Proposition 2.3 is a consequence of Lemma 3.4/
and in the Schrodinger case (see (4.18))). For globally analytic potentials and simple
pseudo-resonances, the generalized spectral projection (and then the resonant states) has
already been described (see Theorem 4.1 of [4]).

The proof of the above results can be found in Section[4. It mainly rests on the propagation
of singularities at the hyperbolic fixed point given in the next part and on the construction
of test functions made in [4].

2.2. Propagation of singularities at barrier-top.

In this part, we give a result on the propagation of semiclassical singularities through a
hyperbolic fixed point. We generalize slightly the setting of Section 2.1 and work microlocally
near (0,0). More precisely,
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FIGURE 2. The geometric setting of Theorem [2.4.

(H4) Let P = Op(p) on L*(R") with
p(z,&,h) = po(x,§) + hpi(z, &, h),
p,po,p1 € S(1) and pg real-valued.

As in|(H2), we assume that

(H5) Up to a symplectic change of variables, we have
noy\2

22
po(2,€) =& =) —Laf+0((,6)°),
j=1

in a neighborhood of (0,0), with 0 < A\ <--- < Ay,
In that case, the exceptional set T'g(h) is defined by

(2.4) To(h) = { —ihixj(;Jraj) + hpr (0,0, h); aeNn},
j=1

Theorem 2.4 (Propagation of singularities). Assume |(H4) and (H5), Let Q C T*R™ be a
neighborhood of (0,0) and S = {(x,&) € A_; |z| = ¢} C Q, with € > 0 sufficiently small.
Let also C,0 > 0 and U be a neighborhood of S¢. There exists a neighborhood V of (0,0)
such that, for all u € L?(R"™) satisfying ||u| ;2 < 1 and

{ (P —z)u=0 microlocally near 2,

2.
(2.5) uw=0 microlocally near U,

with z € B(0,Ch) and dist(z,I'g(h)) > 0h, then v = 0 microlocally near V.

In the previous result, v = u(h) and z = z(h) do not need to be defined for all positive
h small enough, but only on a sequence of positive h’s converging to 0. The different sets
appearing in Theorem are illustrated in Figure[2.

We have already obtained a similar result in a previous paper. More precisely, Theorem
2.1 of shows the uniqueness of the microlocal Cauchy problem (2.5) when the spectral
parameter z € B(0,Ch) satisfies dist(z,T'(h)) > A" for any N > 0. The discrete set I'(h)
was not explicitly given but verifies some properties. Thus, the present Theorem 2.4 says
that, roughly speaking, I'(h) = I'g(h) modulo o(h). In particular, I'(h) can be replaced by
Top(h) in all the statements of [5]. We assume here that z is at distance 0k from I'g(h) and
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FIGURE 3. The geometric setting and the different functions of Section (3.

not A"V since I'g(h) is an approximation modulo o(h) of the true exceptional set. One could
probably replace 6k by '™ with 0 < v < 1 (and A" for any N > 0 in a framework similar
to Proposition [2.2).

A self-contained demonstration of Theorem/[2.4] summarized at the end of the introduction,
is given in Section[3. Using annihilation operators, it does not follow the one of Theorem 2.1
of [3]. We could also have proved this result from Theorem [2.1.

3. PROOF OF THE PROPAGATION OF SINGULARITIES

The beginning of the proof is similar to [3, Section 3|. Let © be a neighborhood of (0, 0).
For € > 0 small enough and U a neighborhood of S, one can find Q; C Q¢ C 2 close to
(0,0) as in Figure [3/ with

Qo\Ql = UpUd,,

satisfying the following properties. First g, o7_, o), o/} are open sets and €; is a closed set.
Then, &/ C U and & is geometrically controlled by 7. It means that any point p € o can
be written as exp(tHp,)(p—) for some p_ € &/ and some ¢t > 0 with exp(sH,,)(p—) € Qo for
all s € [0,t]. Eventually, <7 is close to A;. Note that the <7 are not disjoint. The existence
of such a framework is guaranteed by the Hartman-Grobman theorem (see [20, Page 120]).

Let 11,19 € C§°(R?™;[0,1]) be supported near Qo and satisfy Lo, < 11 < 19. Here, f < g
means that ¢ = 1 near the support of f. As explained in [13, Lemma 2.1] or [5, (12.104)—
(12.105)], there exists a local symplectic diffeomorphism (z,&) — (y,7n) such that, in these
new variables, the principal symbol pg can be written

po(y,m) = B(y,my -,

near (0,0). Here, # is an n x n smooth matrix-valued function with #(0,0) = diag(};). In
particular, the outgoing manifold writes Ay = {(y,0); y € R"}. We can suppose that .27}
is sufficiently close to Ay, so that the set m (<) = {y; (y,n) € 4 for some n} avoids a
neighborhood of 0. We then consider x2 € C§°(R; [0,1]) such that ya = 0 near 0, ya(y?) =1
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for all y € m, (<) and x5(y?) > 0 for all y € my(supp2). We define

(3.1) 9(2,€) = y*x2(y*)2(x, €) € CG°(R*™).

Roughly speaking, g is an escape function in the outgoing region (see (3.3)). Compared to
the proofs trying to make the operator elliptic (see e.g. [3, Section 4]), this function plays a
slightly different role here (see (3.24)). In particular, we do not need an escape function in
the incoming region, nor near 0. This explains why we can take g = 0 in these regions.

By construction, there exists a constant ¢ > 0 such that

(3.2) Vpedy,  glp) >c
Moreover, a direct computation gives
{po, 9} = {By - n,v*x2(y*)}
= (By+ (0,2)y 1) - yx2(y®) + 2yy°X5(y?))
= x2(4*) 2By - y + O(y?)) + v*X5(y*) (2By - y + O(ny?)),

on the support of 1;. Recall that x4(y?) > 0 for (y,n) on this set. Thus, if the previous
objects have been constructed with support sufficiently close to (0,0), we have

(3.3) {po, g} >0,

on the support of ;.
For all t > 0 fixed, there exists C' > 0 such that e*"l9 ¢ S(h=C). From the semiclassical
pseudodifferential calculus, we get

Op(e~ 1™ A9y Op(efmhla) = Op (1 + %t2| Inh|*{~g,g} + S(h?| lnh\A‘))
=1+ U(h?|Inh|*).
Using a similar equation for Op(e!!™"19) Op(e~"""19) and the Beals lemma (sce [8, Section
8]), we deduce that Op(e~*I""19) is invertible for i small enough and
(3.4) Op(e_t““h'g)_1 = Op(et‘ lnh|g)(1 + \I/(h3/2)).
We define the operator
(3.5) Q= Op(e_t“nhlg)P Op(e_” lnh|g)_1 —ivh Op(1 —1y).

From the previous discussion, it is well-defined and bounded for A small enough. As in [3,
(4.12)—(4.17)], the symbolic calculus in S(1) gives

Op(e 1™ M9) P Op(e!™M9) = P — ith| In h| Op({po, g}) + T(h*?).
Then, (3.4) implies

(3.6) Q = P —ith|Inh| Op({po, g}) — ivVh Op(1 — ¢b) + T (h/?).
For j =1,...,n, we define the annihilation operator
(3.7) Aj = Op(aj) = Op ((& — Oz, 04 (2))3(,€)),

where 13 € C5°(R?™; [0,1]) satisfies 1o, < %3 < 1.
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Lemma 3.1. For any finite sequence o = (a1, ...,y|) of elements in {1,...,n} and of
length ||, we have

AQ = (Q — iha(A\)A® + > hRagA? + hM + Y w(hl=hHmp|) A7,
18=lal [7<lal

where A% = Aq, -+ Aq, and a(A) = Ao, + -+ + Aay,. Eventually, Ro g (resp. M) is an
operator in V(1) whose symbol vanishes at (0,0) (resp. is supported inside the support of
V¢3 (l‘, 5))

Proof. From (2.1), the change of variables

(2,8) — (y =& — Vo_(2),n =€ — Vi (2)),

is a local diffeomorphism near (0,0) (not necessarily symplectic). Since py vanishes on Ay,
we have pg(y,0) = po(0,7) = 0 for all y,n in this new system of coordinates. In particular,
Oypo(y,0) = Oypo(0,n7) = 0. Then, applying two times the Taylor formula yields po(y,n) =

B(y,n)y - n for some n x n smooth matrix-valued function B. Coming back to the original
variables, we have

(3.8) po(z, &) = B(2,8)(§ — V- (2)) - (€ = Vi (2)).

Eventually, (H5) and (2.1) imply B(0,0) = Id.
Combining (3.6), (3.7) and 3 < 11, we deduce

A;Q =QA; +[4;,Q)
= QA; + [A;, P] —ith|In h|[A;, Op({po, g})] + T(h*/?)
= QA; + [Op (& = Oz,0+)¥3), Op(po)] + ¥ (h*| In h)
(3.9) = QA;+ihOp ({po, (& = 02, 04)¥3}) + W (A*| ).
Moreover, and a direct computation show that
{Po, (& = Ouyp+ )03} = {B(E = Vo) - (€ = Vpi), (§ — Ouy 01 )93}
={B(—Vp-)- (6= Vei),& — ;o4 13
+{B(E Vo) - (€ = Vi), 3} (& — Ouy04)
= > ABE—=V9)& = 00,04}, (6 — D01 )03 +m
k

= Bro{& — 00—, & — 0ny 04 bar
k,l
+ Z {Bk,e)fj - 81‘]'904‘}(6@ - a:tggp—)a’k +m
k,l

= —)\jaj+2rak+m,
k

since {fk - 8$k()0+7§j - al'jgo-"} = 8%]_7sz0+ - 8gk,xj(p+ = 0’ Bkyg = 5’“75 +r and
{5@ - 8$[80—7€j - 8£Uj(p+} - _A]d?»é + T,

from (2.1). In the previous equations and in the following, r(z,&) (resp. m(z,€)) denotes
a symbol in S(1) with r(z,£) = O(z,&) (resp. supported inside the support of Vis(zx,§))
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changing from occurrence to occurrence. Then, (3.9) becomes

(3.10) A;Q = (Q — iAjh)Aj + ) " hRA, + hM + U (h*|In b)),
k

where R = Op(r) and M = Op(m). Applying two times this formula, we get
A Ay Q = Ay (Q = iXj,h) Ajy + Y hAj RA, + hA;, M + Aj, U (h*|Inh)
k
= (Q —i(Nj, + Njp)h) A Ajy + > hRARAj, + hMA;j, + W (h?|Inh|) Ay,
k

+ Y hRAj A+ W(h?) Ay + hM + W (h*|Inh|) A;, + ¥ (h®| In b))
k k

= (Q - i()‘h + )‘jz)h)AﬁAjz + Z hRAg, Ak,

k1,k2
+hM + Y U(h?|Inh|) Ay, + U (h*|Inh|).
k1
Iterating this process, we obtain the lemma. O

For d € N*, let Q% be the n? x n? matrix of operators whose coefficient (o, 3), with a, 3 of
length d, given by

(3.11) Qa5 = (Q = iha(N)dap + hRap.
In particular, Q¢ € ¥(1). For d large enough, it verifies the following resolvent estimate.

Proposition 3.2. Let C > 0 and d > (C + 3 + Imp;(0,0))/\1. For h small enough and
z € B(0,Ch), the operator Q* — z is invertible and

@ =2~ <h "
Proof. Let
(3.12) 9(@,8) = - &a(z,§),
with s € C5°(R2; [0, 1]) with ¢, < tb4. Then, we have
{po, g} = {po, z - {}va(x,&) + {po, Ya(z, &)}z - €

= (26 + )" Fo?+ 0((2.8)") )va(@, ) + pa(a, ),
j=1

with ¢4 € CSO(RQ") supported inside supp Vi)4. In particular,

(3.13) {po, g} = (& + 2*)a + ¢u,

for some p > 0 if supp )4 is sufficiently close to (0, 0).
For z € B(0,Ch) and s > 0, we define

(3.14) Q = (Op(e™) ® Id) o (Q% — 2) o (Op(e*) ® Id).



BARRIER-TOP RESONANCES FOR NON GLOBALLY ANALYTIC POTENTIALS 11

From (3.6), (3.11) and e®™9 € S(1), the pseudodifferential calculus gives
Qap = 0p(e™*9) ((Q — iha(N) — 2)da,5 + hRa5) Op(e)
= (Q — iha(X) = 2)6a,8 + hRa,s + Op(e™*?) [Op(po), Op(e*?)] da,g + T (h*?)
~ (Q = #ha(X) = )33+ hRas — ih Op(e™9) Ob ({po,7}) 83 + W(H2)
— (Q = iha(A) = 2)0as + hRays — ish Op({po, H)das + U(H2).

since
_ _ h L
(3.15) Op(e™*) Op(e™) = 1+ - Op ({e7%9,e%9}) + W(h?) = 1+ U(h?).
Taking the imaginary part of the previous equation, (3.6) yields
CmO = — Q +‘Q
27

— diag (— h Op(Im p;) + th|In k| Op({po, g}) + Vh Op(1 — ¢1)
+shOp({po, 3}) + ha(\) +Im 2) + hR + ¥ (h%/?)
> diag (— hTmp;(0,0) + th|In h| Op({po, g}) + Vh Op(1 — 1)
(3.16) +shOp({po, §}) + hAid +Im 2) + hR + W(h3/?).

Note that — Im@ € U(hY/?). From (3.3), (3.13), w4 < 1 — 1)y, that the symbol of R vanishes
at (0,0) and the assumptions of Proposition[3.2] its symbol satisfies

Vh = Oy(h|Inh)) for = ¢ supp 1,
—Imq(x,&) > suv*h — O(h) — Os(h3/2) for x € supp ¢y \ B(0,v),
3h — O(vh) — O4(h*/?) for z € B(0,v),
as an n¢ x n¢ matrix, uniformly for v > 0 sufficiently small. In the previous equation, O4(1)

denotes a function which is bounded by a constant which may depend on the parameter s.
Taking v > 0 small enough and then s large enough, we obtain in the sense of n? x n? matrices

(3.17) —Imq(x,§) > 2h,
for all (x,¢) € R?™ and h small enough. Therefore, Garding’s inequality implies
—ImQ > 2h — O(h*/?).

In other words,

|Qul[llull > —Tm (Qu,u) > (2h — OE))[[ul® = hl|u]]?,
for all u € L?(R™) and h small enough. Thus, HQVUH > h||lu||. Since the adjoint of Q satisfies
a similar estimate, @ is invertible and
(3.18) Q7| <n .

Finally, using gisg € S(1) and (3.15), Calderén—Vaillancourt’s theorem shows that the
operators Op(e®*9) are invertible with uniformly bounded inverse for A small enough. Com-
bining with (3.14) and (3.18), the proposition follows. ]
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Let u be a function in L?(R") satisfying the assumptions of Theorem [2.4. We define
(3.19) v = Op(e”"1""9) Op (s )u,

with 15 € C§°(R?";[0,1]) such that Lo, < ¥5 < Lg,. In particular, the derivatives of 15 are
supported inside Qg \ €;. The function v € S(R") satisfies the following estimates.

Lemma 3.3. Let dg = [(C' +3+Imp1(0,0))/Ai]+1 €N and t > 0. We have
(3.20) | A%|| 2 (ny = O (R1*1=90] In p[lel=do)
for all finite sequences « satistying 0 < |a| < ct + dy — 1.

Proof. For the first values of ||, we use A, € W(1), ||[u]| < 1 and e~"""9 ¢ §(h=1/2) since
g >0 (see (3.1)). Combining with (3.19), it implies

(3.21) A% = A% Op(e~11"M9) Op(¢h5)u = O(h=1/%) = O(hlo= 0| In plel=do),

for all finite sequence v with |a| < dp.
The proof for the larger values of |a| rests on the propagation equation on u. Using that
the supports of 1 — 11 and 5 are disjoint, (3.5) gives

(Q — 2)v = Op(e "™M9) (P — 2) Op (5 )u + O(h™)
= Op(e_t‘ lnh|g) Op(¢5)(P — z)u + Op(e_t| lnh|g) [P, Op(d)g,)]u + O(h™)
(3.22) = Op(e 1™ M) (Op(v ) + Op(Yusy) + Op(thr, ) )u + O(R™),

since (P — z)u = 0 microlocally near supps. In the previous expression, 1, € S(h) is
supported inside «7,. By assumption, v = 0 microlocally near &/ . Since & is geometrically
controlled by &7, the standard propagation of singularities implies that v = 0 microlocally
near . In particular,

(3.23) Op(ter Ju = O(h™) and Op(¢ap )u = O(h™).
For the remainder term of (3.22), we write
Op(e "1™"9) Op(tz, ) = Op(e ™M, ) Op(r, ) + O(R™),

where o, € C5°(47;[0,1]) is any function such that 1), < @, . On the other hand, (3.2)
shows that eft“nhlg(ﬁmr € S(h“*=1) and then

(3.24) Op(e~1™"19) Op(¢hr, Ju = O(A™).
Thus, (3.22)) together with and (3.24) gives
(3.25) (Q — 2)v = O(h™).

Moreover, since 15 = 0 near the support of the symbol m of M, we have Mv = O(h*>).
Then, Lemma (3.1, (3.11), (3.25) and A, € V(1) lead to

Q"= 2)(A0)jajma = Y U(A P Inh|) A%0 + O(AT),
[vl<d
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for all d € N where (A%)|4—q is an n? vector of L?(R™). From Proposition (3.2, we get
A% = Y O(hl Ml p)) A7 + O
IyI<lal
(3.26) = Y Ol hlmp|lel=hl) A7 + O(R),
lyl<lad
for all a with || > dy. We now prove the required result by induction over |a|. Assume that
(3.20) holds true for all sequences v with || < d and dy < d < ¢t + dy — 1. Then, (3.26) and
the induction hypothesis imply
A% = Z @(hlal—\v\’1nh’|a|—\v\)o(h\v\—do’ lnhU’Y'_dO) + O(h )
Iyl<led
= O(hlol=o|In p|lel=d0) + O (R =) = O(RloI=% | 1n p|lol=b),
for all a of length d. For the last equality, we have used ¢t — 1 > d — dy > 0. Thus, (3.20)

holds true for all sequences a with |a| < d, and the lemma follows by induction. O

Let ¢ € C5°(R?*;[0,1]) be a cut-off function with L0 < Y6 < 95 and g = 0 near
the support of g. We also consider a base space cut-off function yg € C§°(R";0,1]) with
Lo < x6 < Ly, (A, nsuppus)- We then define

(3.27) w = x6 Op(v6)u.

It is important to note that w is independent of ¢, contrarily to v. The localization properties
of g and (3.19) give

w = x6 Op(¥s) Op(¥5)u + O(h™)
= x6 Op(¥s) Op(e~1""19) Op(y5)u + O(h*)
= X6 Op(¥6)v + O(h™).
Commuting the Aq’s appearing in A* with x¢ Op(1s), we get
A%w = A%x6 Op(v6)v + O(h™)
(3.28) = x6 Op(s) A%v + > ORI APy + O(h*).
BI<lal

Thus, Lemma[3.3] gives A%w = O(hl*l=d0|In h[l*l=d0) for all 0 < |a| < ¢t + dy — 1. Since w is
independent of ¢, this parameter can be taken as large as we want. Then, we have

(3.29) A%y = O(plel=do=1y,

for all finite sequence «. It implies

Lemma 3.4. There exists a(x, h) € S(h=%~1) supported inside supp x¢ such that
w(z, h) = a(x, h)e¥+@/",

This result follows from the standard characterization of the Lagrangian distributions in
terms of pseudodifferential operators with symbol vanishing on the corresponding Lagrangian
manifold (see e.g. Hormander [16, Proposition 25.1.5]). For the sake of completeness, we give
the details in the present semiclassical setting.
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Proof. We define a = e~ “+/My. From (3.27), this C*° function is supported inside supp xg.

For a finite sequence a = (a1, ..., q)q|) of elements in {1,...,n}, we set D* = Dy, --- Taa,

and we have

Daa — onq .

_ ;f|z>z|(;l'sé=+/’l(hDgca1 — Oro p4) - (thaM B 8xa|a\¢+)w

Since g < Y3, yields
Do = hlelem /A, Ay w+ O(h) = b lele™ /M A%y + O(h).

) Dxa| ‘e—im/hw

Thus, (3.29) implies ||D%al|p2(gny = O(h~%=1). In other words, we have

(3.30) lallss ey = O™,
for all s € R. The usual Sobolev embeddings give ||a|| o gn) = O(h=%=1) for all k € N. Then,
a € S(h=%~1) and the lemma follows. O

We now prove that a(x, h) = O(h*°) near 0. The first step is to demonstrate that the germ
of a at 0 is small. For that, we define on R"™ the vector field

Hy = Oepo(x, Vipy () - Oy

It corresponds to the restriction of the Hamiltonian vector field to A;. Then, (z(t),£(t)) is a
Hamiltonian trajectory if and only if z(t) is an integral curve of H,f and &(t) = Vi (x(t)).
We also define

(3.31) at(t,z) = exp(tH,) ) (),

the associated flow of HI;'[). In particular, there exists ¢y > 0 such that

(3.32) 2t (t, )| < el |z,

for all t < 0 and x small enough. Let Wi, Wa, ... and W be open subsets of R such that
0eWypeE---€WyeW @supi)xg,

and such that € Wj, t <0 imply 27 (¢,2) € Wj. The construction of such sets follows from
the Hartman—Grobman theorem.

By assumption, we have (P — z)u = 0 microlocally near Q2. Moreover, (3.27) implies that
w = u microlocally near each point of the interior of (yg16) 1(1). Then, the rules of calculus
for a pseudodifferential operator applied to a Lagrangian distribution give

8€p0(l‘,v<p+(l‘)) ’ va(x’ h)
(3.33) + (5 diva (@epole, Vo (2))) + s, Vips (2) — i ), h) € S(),

for x € Wi. We refer to Theorem 25.2.4 and (25.2.11) of Hérmander [16] in the classical
case, the semiclassical one being a straightforward generalization. From |(H5) and (2.1), this
equation can be written

(3.34)  (La+ Z(2?) - Va(x, h) + (Z—]+1p1 0,0) h F(x ))a(m,h)eS(h’dO),
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where L = diag()\;) and .% (2™) denotes a smooth function, which is O(z™) near 0, changing
from occurrence to occurrence. After derivation, this equation becomes

(La + F(22)) - VO2a( (ZA( +a3)+1p1(0 0)—zh)80‘ (, h)
+ Y 7 a(z,h)+ Y F(1)dla(z,h) € S(h™P).
1l=lal 18<|al-1

Taking z = 0 leads to
(3.35) (ZA ( +ag) +ipi(0,0) i )0a(0,n) = Y O(0%al(0,h)) + O(h~®).
J ’ h T ’ T )
|BI<|e -1
Since z is at distance at least 0h from I'g(h) by assumption, a recurrence over |a| gives
Lemma 3.5. For all multi-index o € N, we have 0%a(0, h) = O(h~%).

We now show that a is small in W; seeing (3.33) as a propagation equation. Combining
(3.31) and (3.33), we get

Oa(z™(t,x),h) = G(at(t,z), h)a(z™ (t,z),h) + (’)(h_do),

where . .
G(x,h) = ) divy (Oepo(z, Vi (2))) —ip1(z, Vi () + ZE
It implies
( — [t Gt (s,),h) ds alz +(t,x),h)) — O(h~d)e —Jo Gt (s.2).h) ds.
and then
(3.36) a(z, h) = e~ Jo Gt (sa)hydsg gty o) / O(h~%)e~ Ji Gt (wa)h) dugy

for all z € Wy and ¢t < 0. Note that o € W; and ¢t < 0 ensure that 2 (¢,2) € W;. Moreover,
there exists C' > 0 such that |G(z,h)| < C for all x € W; and h €]0,1]. Thus, the previous
equation yields
(3.37) la(a, )| < eMla(a®(t,2), h)| + O(h~ %)M,
for all x € Wy and ¢t < 0. On the other hand, the Taylor formula, a € S(h~%~!) and Lemma
3.5 give

a(y, h) = Oxc(h™%) + Ore (B~ [yl "),
for all K € N and y € Wj. Recall that Og (1) designs a function which is bounded by a
constant which may depend on the parameter K. Combining with (3.32) and (3.37), we
deduce
(3.38) la(z, h)| < O (R0~ teClt ekt 4 p=do Ol
for all £ < 0 and K € N. Taking

K> ad 1=20
[&)) 2C

we obtain |a(x, h)| < h~%~1/2 for all z € W;. Eventually, the Landau-Kolmogorov inequal-

ities (see e.g. Ditzian [9]) imply a € S(h~%~1*+1/4) in W,. In other words, starting from
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a € S(h=%=1) in Wy, we have just proved that a € S(h~%~1+1/4) in W,. By iteration, we
deduce a € S(h~%=1+m/4) in W, 1. Then,

Lemma 3.6. We have a € S(h™) in Wx.

Let V' be a closed neighborhood of (0,0) such that 7, (V) C Wy and x¢(z)ve(x, &) = 1
near V. From (3.27) and Lemma (3.4, we have u = ae’+/" microlocally near V. Eventually,
Lemma 3.6/ shows that u = 0 microlocally near V. This ends the proof of Theorem [2.4]

4. PROOF OF THE ASYMPTOTIC OF RESONANCES

In order to prove Theorem 2.1} we follow the general strategy to get the spectral asymptotic
explained in Section 1.2 of [5]. First, we show that P has no resonance away from the pseudo-
resonances. Then, we prove that P has a resonance close to each pseudo-resonance.

Lemma 4.1. Let C,e > 0. For h small enough, P has no resonance in B(FEy, Ch)\ (Reso(P)-+
B(0,eh)). Moreover, there exists N > 0 such that
1Py —2) | < 0™,
uniformly for h small enough and z € B(Ey,Ch) \ (Reso(P) + B(0,eh)).
Proof. From Section 8 of [5], it is enough to show that any polynomially bounded solution u
of the equation
(P —z)u =0 microlocally near K(FEj),

{ u=20 microlocally in the incoming region,

vanishes microlocally near K (Fy). Thus, this lemma is a direct consequence of the propagation

of singularities of Theorem [2.4. O

We now show that there exists at least one resonance near each pseudo-resonance. This
is the aim of the following lemma which, combined with Lemma implies Theorem [2.1.
Let (pr)ken be the strictly increasing sequence of linear combinations over N of the A;’s. In
particular, pug =0, g1 = Ay and pp — +00 as k — +oo.

Lemma 4.2. Let v € {p; k € N} and € > 0. For h small enough, P has at least one
resonance in B(z,,ech) with z, = Ey — ihv —ih)_ \;/2 € Reso(P).

When v is simple (i.e. can be written in a unique way as v = > «a;J;), this result is a
direct consequence of the proof of Theorem 4.1 of [4] (see more precisely (4.23) and (4.24) of
this paper). In the general case, we follow the same strategy: we construct a “test function”

v and prove that
7{ (Py— 2) tudz # 0,
OB(zv,eh)

showing that the resolvent (Py — z)~! can not be analytic near z,. As explained in the
introduction of [5], this approach can be systematized in spectral theory.

Proof. We decompose the proof of Lemma[4.2]into 5 steps. We use some intermediate results
of Section 6 of [2] and of Section 4 and Appendix A of [4].
1st step: construction of a “test curve”. Let

“+oo
Q={(ap)iz1 €NV 0 p=v}  with o p=> aum.
k=1
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The set @ is finite and not empty. Thus, we define
(4.1) qo = max la|  and  Quax ={a € Q; |a| = q} # 0,

where |a| = ay, + ay, +---. Note that, if oy, # 0 for some o € Quax, then py, is one of the

\j’s and can not be decomposed. (i.e. u = 3\ implies |3| = 1). We now fix a® € Qmax such

that agl # 0 if it is possible (that is if the set Qmax contains an element o with o, # 0).
Let F), be the linearization at (0,0) of the Hamiltonian vector field H,, given by

Jon ( 0 21d >
p tdiag(A},...,A2) 0 /-
It is diagonalizable and has eigenvalues —\,,, ..., —A1, A1, ..., A,. We denote by II, the spec-
tral projection on the eigenspace of F), associated to —A. From Section 3 of Helffer and
Sjostrand [13], any Hamiltonian trajectory +(¢) in A_ verifies
My,

“+00
(4.2) V) = v e with oy () =D et
k=1 m=0

as t — +oo in the sense of expandible functions. See [13] for the precise definition of ex-
pandible, which roughly speaking means that one can derivate term by term these asymptotic
expansions. Furthermore, Lemma A.1 of [4] shows that, if A\; can not be decomposed, we have
My, =0and vy € Ker(F, + A;). For all A;, we choose %Tj,o € Ker(F, + \;) with

(43) o {#0 if af # 0 or \j = Ay,

0 =0 otherwise.

From Proposition A.3 of [4], there exists a Hamiltonian trajectory v(t) = (z(t),£(t)) € A—
such that

YAj, Iy, (7);70) = ?}ijo'

2nd step: construction of a “test function”. We apply the WKB construction made in

Section 4.1 of [4]. No change has to be made in the present situation. Then, there exists a
function

u(x, z,h) = bz, z, h)ew(‘”)/h,
satisfying the following properties. First, the smooth phase function 1 solves the eikonal
equation |V¢|> + V(z) = Ejp and the manifold Ay, = {(z, Vi)(x))} intersects transversally
A_ along . The symbol b € S(1) is supported near the z-space projection of v and has an
asymptotic expansion

b(xz,z,h) =~ Z b;(x, 2)h,
=0

uniformly for z € B(z,,2¢h). Furthermore, b and the b;’s are holomorphic for z € B(z,,2¢ch).
For some T > 0 large enough, the principal symbol of b at z(7") is independent of z and
non-zero (i.e. bo(x(7T), z) = bo(z(T")) # 0). Eventually, u satisfies

(4.4) (P —2z)u=0O(h™),

near x ([T, +o00).
Our test function is defined as

(4.5) v =[P, x]u,
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where x € C§°(R"™; [0, 1]) with x = 1 near 0 and supp x sufficiently close to 0. In particular,
v is holomorphic in B(z,,2eh). We set
(4.6) w= (P — z)"to,
for z € R = B(zy,2¢h) \ B(zy,eh/2). From Lemma [4.1, this function is well-defined and
holomorphic in R. Moreover, it satisfies ||w| < A~ uniformly for z € R.
3rd step: representation of w. We first describe w in the incoming region. For p € A_ \
{(0,0)} sufficiently close to (0,0), we have
u  microlocally near p if p € 7,
v { 0  microlocally near p if p & ~.
This follows from Remark 4.4 and Lemma 4.5 of our previous work [4].

We now give a representation formula for w near (0,0). For that, we follow Section 4.3 of
[4] which rests on Section 5 of [3]|. Let

Z — E() — EO
h h
be the rescaled spectral parameters. Then, Theorem 5.1 of [3 ﬂ shows that

and o, =

o =

1. A
4.7 W= —— i+ (@) /h i (0)/h 4 z,0,h
(4.7) s ( T

microlocally near (0,0). The symbol Ay is a holomorphlc functlon of o € B(oy,,2¢) which
decays exponentially in ¢ uniformly with respect to x, o, h. The constant ¢(0) is defined by

0(0) = lim_(a(®)) € R

The symbol A_(z,0,h) € S(h~C) is constructed as follows. First, there is an expandible
symbol a(t,x,0,h) € S(1) of the form

P2 AL (8, 2,0, h) dt,

a(t,xz,o,h) Za]txa

where the a;’s satisfy

—(S+pr)t
j(t,z,0) g ajp,(t,z,0)e and ajp,(t,z,0) = a]mm z,0)t

In this expression, S is defined by

7j=1
The symbols aj, a; ,, , aj ., ¢ are holomorphic for o € B(o,,2¢). Finally, ago does not depend
on t,o and

3 - i ee) . _ s
(4.8) a0,0(0) = |gy [A\fe " Te I T AU A=A dsp (),

with g;j = 7Tx(’7;j70). On the other hand, there exists an expandible function

x) ~ nguk (t,x)e Fk! and Ou, (t, ) Z Opp e
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With the notations of [3], it is defined by ¢, (t,z) = ¢(t,x) — (¢+(z) + 1(0)). We consider
the expandible symbol

. +oo
~ a (ipi\d - ;
(49) a = E a<7> =~ ‘ E (Ij(t,ﬂj‘,a')h]7
J=1-C1
for some @)1 € N fixed large enough,

Jﬂk
E —(S+p)t
j(t,z,0) ajp,(t,z,0)e and jp(t,x,0) = a]Mw z,0)t

Then, A_(z,0,h) is a symbol of class S(h'~91), holomorphic with respect to o € B(a,,2¢) \
B(oy,£/2), such that

Jﬂk

(4.10) A_(z,0,h) Z hJZ Z S+,u g+1aﬂuk7€($ o),

j=1-Q1 k=0 £=0

for some K € N large enough.

In the sequel, we will use some additional informations on the ¢,,’s. Assume that \; can
not be decomposed (see below (4.1)). Working as in Section 4.3 of [4] and Section 6.1 of [2],
one can show that P does not depend on t (i.e. N)\j = 0) and that

(4.11) o (T) = —Ajgy, T+ O(z?).

If g;j = 0 in addition, then ¢y, = 0.
4th step: integration with respect to z. We now compute the function

(4.12) f(z) = j(I{ w(z,z)dz = h% w(x, o) do,
OB(zv,eh) OB(ov,e)

microlocally near (0,0). Since A (o) is holomorphic in B(o,, 2¢), the last term in (4.7) gives
no contribution to f. Thus, this function can be written

(4.13) F(@) = 1 L ies@)/h i ©)/n y{ A_(z,0,h) do,

27 9B(0y.¢)
microlocally near (0,0). The same way, the terms with p; # v in (4.10) are holomorphic in
B(o,,2¢) and do not contribute in f(x).

So, f is given by the terms with p; = v in (4.10). Among these terms, those with the higher
possible power of h~! come from contributions with ¢ = go in (4.9) and ao(t, z,0) = ago().
Thus, we consider o € Qmax, that is a multi-index such that o - p = v and |a] = qo. If
ay, # 0, then gy is one of the A;’s and can not be decomposed. Thus, (4.11) implies that
¢y, is independent of t. Therefore, the contribution of o in @ (see (4.9)) is given by

a €T i\ o
(4.14) 00U (YU TT (g )
k>1

If a # o, at least one of the ©u, 1s null thanks to (4.3) and the line below (4.11). Then,
(4.14]) vanishes identically in that case.
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Summing up, (4.10) can be written

+oo
(4.15) A (z,00h) =Y a; (w,0)h " + H(x, 0, h),

j=0
where the a;’s are holomorphic with respect to o € B(0y,2¢) \ B(oy,e/2) and C* with
respect to x. Moreover, the function H is holomorphic in ¢ € B(o,,2¢). Eventually,

— iqurl ap,o (l‘) oV
a (2,0) = ol o —o0, H (quk(l‘)) e
k>1

Thus, (4.13) and (4.15) yield

. I 1 .
(4.16) f(x) ~ e+ @)/h Z fi(z)h2 0

j=0
microlocally near (0,0) with
19271, a0
(4.17) folz) = —We w(o)/hao,o(x) H ((p#k (x)) Bk
' k>1

5th step: conclusion. The previous paragraph shows that, microlocally near (0,0), f(x) is
a Lagrangian distribution carried out by A4 and of order —gp + 1/2. Moreover, its principal
symbol fo does not vanishes identically near 0 thanks to (4.17) together with (4.3)), (4.8) and
(4.11). Therefore, f is not the zero function.

Assume now that P has no resonance in B(z,,ch) (and then in B(z,,2¢ch)). Since v(z) is
holomorphic in B(z,,2eh), so would be w(z) from (4.6). Then, (4.12) would become

fla) = f w(z,z)dz =0,
OB(zy,eh)

and we get a contradiction. This proves that P has at least one resonance in B(z,,ch) and
the lemma follows. U

We end this section by giving the asymptotic modulo O(h*) of the resonances near simple
pseudo-resonances.

Proof of Proposition!2.2. From Theorem 2.1, we already know that, for 6 > 0 small enough,
all the resonances z in B(zg(h),2d0h) satisfy z = z9(h) + o(h) and that there exists at least
one such resonance. Then, to obtain the proposition, it is enough to construct z..(h) and
to show that, for all N > 0, P has no resonance and a polynomial estimate of its truncated
resolvent in B(zso(h),0h) \ B(ze0(h), k) for h small enough.

For that, it is enough to prove the uniqueness of the microlocal Cauchy problem at the
barrier-top (see the proof of Lemma [4.1). This last property is obtained following Section
3. Then, we consider a function u satisfying the assumptions of Theorem [2.4] with z €
B(zo(h),0R) \ B(2s0(h), V). Applying Lemma [3.4, we deduce that

u(x, h) = a(z, h)e#+@/h
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microlocally near (0,0) for some a € S(h™*) with 4 € R. By assumption, there exists a
unique o € N” such that

n
, 1
= Fy — th)\](i —|—Oz?>.
j=1
In the sequel, we will also use the notations
z— Ey zo(h) — Eo = 1,
o= . and aozh:—Z;Aj(2+aj).

Since P is a Schrodinger operator, the transport equation (3.33)) writes
(4.18) 2V (z) - Va(z, h) + (Apy(z) —io)a(z, h) — ihAa(z, h) € S(h™),

in the present setting. As in , this equation can be expressed

(L + Z(2?)) - Va(z,h) + (Z % —io+ ﬁ(a:))a(x, h) —ihAa(z, h) € S(h™).

J=1

Applying 09 leads to

(Lx + Z(2%)) - VOZa( (Z)\ ( —i—aj) —ia)é?g‘a(ac,h)
+ > F@olalz.n)+ > F(1)dla(x,h) —ihAda(z, h) € S(h*).
18I=lo 18/<lal -1

Taking = = 0 and using the notation a, = 95a(0, h), it becomes

(4.19) <ZA( —i-a]) )aa: o Bagth > diag+Oh™),

18I<|al-1 |Bl=la|+2

for some complex numbers cg,dg independent of h. For a # a, the factor on the left is
invertible and then

Va # P, U = Z 45(o)ag + h Z Qf(a)a[g + O(h™),
18<]e|—1 |8]=la|+2

for some functions 4. ,S%f holomorphic in B(og,v), for some v > 0, and independent of h.
Then, a recurrence over K € N and then over |«| implies that

K
(4.20) Va#a®,  aq =) PG k(0)an + ORI,

where the %, s are as before and %, ¢ = 0 for |a| < |a®| — 1. In particular, the 4, ;’s are
independent of K. Finally, inserting these relations in (4.19) with o = o gives

K
(4.21) > WG (0)age = O(WFTIH),
k=0
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where the ¥.’s are as before and
- 1
(4.22) (o) = Z /\j<§ + Oz?) —io0 =1i(og — o).
j=1

Using Borel’s lemma, one can construct a function ¢(o, h) holomorphic in o € B(0g, ) and

C* in h € [~1,1] such that ¥ (o, h) ~ 1, h*%.(o) as h — 0. Then, gives
(4.23) G (o,h)a,o = O(h™).

From (4.22) and the implicit function theorem, there exists ¢ > 0 and a (unique) oo (h)
smooth near 0 such that

(4.24) Y (0so(h),h) =0,
and 0o (h) € B(op,¢). In particular, 05(0) = 09. We now define zo(h) = Ey + hos(h).

Since h +— 0o (h) is smooth, the Taylor formula shows that zo.(h) ~ Eo + E1h + Exh? + -
and By = —i ) ; Aj(a; +1/2). Using (4.22) and (4.24), we deduce

G (0,h)| = |9 (0,h) — G (00(h),h)| 2 |0 — 0c(R)] = KN,

uniformly for z € B(ze(h),0h) \ B(2s0(h), h") and h small enough. Therefore, (4.23) gives
a0 = O(h™>), and (4.20) implies 0¢a(0, h) = O(h*>°) for all @ € N". Eventually, the proof of
Lemma 3.6 yields a(z, h) = O(h®) near 0 and Proposition [2.2] follows. O

APPENDIX A. MICROLOCAL TERMINOLOGY

The only aim of this appendix is to fix the terminology we use in the paper. Details can
be found for example in the textbooks of Dimassi and Sjostrand [8], Martinez [19], Robert
[22] and Zworski [26].

A function a(z, h) € C®(R¥x]0, hg]) is a symbol in the class S(1

Ya e N?  3C, >0, Vhe|0,h), VzeRY 0%

x

when
z,h)| < C,.

For a positive function m(h) of h only, we denote S(m(h)) = m(h)S(1). The Weyl quantiza-
tion of a(x,&,h) € S(1) is the operator defined on S'(R™) by

(Op(au)(x) = ¢ 2W1h)n / / (T ¢ nYugy) dy de.

We denote U(1) = Op(S(1)) the set of pseudodifferential operators with symbol in S(1), and
U(m(h)) = m(h)¥(1). For a € S(1), the Calderén—Vaillancourt theorem asserts that Op(a)
is bounded on L?(R™) uniformly with respect to h.

A function u(z,h) € L*(R™) is polynomially bounded if ||u] = O(h~C) for some C € R.
We say that a polynomially bounded function u vanishes microlocally near a bounded set
V C T*R"™ when there exists a plateau function a(z,&) € S(1) above V such that

H Op(a)u” = O(h*™).

The complement of the set of points where u vanishes microlocally is called the microsupport
of u, and we denote it by MS(u).

A Lagrangian manifold A of T*R" is a smooth manifold of dimension n on which the
canonical symplectic two-form o = d€ A dx vanishes. If A projects nicely on the base space
near some point, there exists a smooth function ¢ such that A can be written A = A, =
{(z,£); £ = Vp(z)} near that point. In that case, ¢ is called a generating function of A.

)
(
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A Lagrangian distribution of order m(h) associated to a Lagrangian manifold A is a poly-

nomially bounded function v with MS(u) C A such that, microlocally near each point p € A,

u

can be written up to a partial Fourier transform as

u(x) = a(a, h)e DM,

where ¢ is a generating function of A near p and a € S(m(h)).

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.
23.
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