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Fluctuation-induced potential for an impurity in a semi-infinite one-dimensional Bose gas

Benjamin Reichert, Aleksandra Petkovié, and Zoran Ristivojevic
Laboratoire de Physique Théorique, Université de Toulouse, CNRS, UPS, 31062 Toulouse, France
(Dated: December 3, 2019)

We consider an impurity in a semi-infinite one-dimensional system of weakly-interacting bosons.
We calculate the interaction potential for the impurity due to the end of the system, i.e., the wall.
For local repulsive (attractive) interaction between the impurity and the Bose gas, the interaction
potential is attractive (repulsive). At short distances from the wall it decays exponentially crossing
over into a universal 1/7? behavior at separations r above the healing length. Our results can also
be interpreted as a Casimir-like interaction between two impurities, where one of them is infinitely
strongly coupled to the Bose gas. We discuss various scenarios for the induced interaction between
the impurities using the scattering approach. We finally address the phenomenon of localization of
the impurity near the wall. In the paper we mainly study the case of a static impurity, however the
universal 1/ interaction also holds for a slowly moving impurity.

I. INTRODUCTION

In classical electrodynamics, a charged particle expe-
riences a force when placed in an electric field of an-
other charge as described by Coulomb’s law. Similarly,
a charged particle is attracted by a metallic wall, which
can be explained as the interaction with the image charge
of the opposite sign [1]. For a ground-state atom in front
of a conducting wall, Coulomb’s law is not directly appli-
cable since it is neutral. However, the atom possesses a
fluctuating dipole and it is attracted toward the wall due
to the interaction with the induced image charge distri-
bution. At short distances r from the wall, the interac-
tion potential behaves as 1/r3 [2]. Due to the retardation
effects the potential crosses over into a 1/r* law at long
distances, as first shown by Casimir and Polder [3]. Their
result has been experimentally confirmed during recent
years [4-10].

The latter example belongs to a wider class of
fluctuation-induced phenomena where external bodies
modify the fluctuations of the surrounding medium
[11, 12]. As a result, such perturbing objects experience
an induced interaction, which could lead to qualitatively
new effects. A well known example is the formation of
Cooper pairs of electrons in the lattice of ions [13]. An-
other one is the formation of bipolarons, which represent
bound states of two quasiparticle polarons, and occurs,
e.g., in ionic crystals [14] or Bose-Einstein condensates
[15].

The effect of quantum fluctuations, while being impor-
tant for the above-mentioned cases, becomes particularly
enhanced in low-dimensional systems. One therefore ex-
pects the most pronounced effects of the induced inter-
action to take place in such environments. In the follow-
ing we consider a one-dimensional quantum liquid as a
host medium, where the density fluctuations provide the
leading mechanism that induces the interaction between
external bodies (impurities). Additionally, various ex-
perimental realizations of these systems [16-20] compel
us to understand the problem on theoretical grounds.

The induced interaction between impurities in one-
dimensional quantum liquids is studied in several works

[21-30]. In repulsively interacting fermion media, the
smooth component of the induced, Casimir-like, inter-
action between heavy impurities scales as 1/r at large
separations r [21-23]. In contrast to that, the long-
range interaction was not found for attractively inter-
acting fermionic media, or equivalently, for repulsively
interacting bosons in Refs. [21-23, 26]. However, a recent
study of Schecter and Kamenev [28] reports on a long-
range induced interaction in both, bosonic and fermionic
media, which scales as 1/r3. In Refs. [29, 30] was calcu-
lated the induced interaction between heavy impurities in
a weakly-repulsive Bose gas at arbitrary distances, which
at large r is in full agreement with Ref. [28]. We finally
notice that the authors of Ref. [28] advocate a broad uni-
versality of their result, where the only exception is the
case of infinite mass impurities in repulsive fermionic en-
vironments.

In this work we study the induced interaction between
an impurity and a semi-infinite one-dimensional system
of weakly interacting bosons. This realistic setup resem-
bles the Casimir-Polder one consisting of a single atom
and a wall. Our problem can also be interpreted as an in-
terimpurity interaction, where one impurity is infinitely
strongly coupled to the Bose gas and thus plays the role
of the system end (wall). The theories [28-30] do not
apply to the latter case. We find that the induced in-
teraction at large r scales as 1/r2, where r denotes the
distance of the impurity from the wall. The latter interac-
tion shows qualitative differences and decays slower than
1/r3 of Ref. [28], which immediately guarantees that the
present setup will provide a stronger induced interaction
effect. Our result is a genuine quantum effect, since the
depletion of the classical, mean-field density of the Bose
gas near its end (or near the strongly coupled impurity)
quickly disappears beyond the healing length and thus it
cannot lead to the long-range interaction. Interestingly,
the impurity that repels the bosons can become localized
near the wall. This occurs because the two deeps in the
density of bosons, one caused by the wall and the other
by the impurity, tend to overlap in order to minimize
the energy. The potential energy of this attraction can
overwhelm the kinetic energy of the localized impurity,



leading to a bound state, as we discuss below.

II. MODEL

We study a one-dimensional Hamiltonian
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The first line of Eq. (1) describes a semi-infinite Bose gas
with the contact repulsion of the strength g. By m is de-
noted the mass of bosons. The remaining term accounts
for the static impurity at the position r that is locally
coupled to the density of the system with the coupling
constant G. The bosonic single particle field operators
of Eq. (1) satisfy the standard equal time commutation
relation [W(z,t), Ut (', t)] = §(x — 2/). The Hamiltonian
(1) should be supplemented by an additional boundary
condition

Uz =0,t) = 0. (2)
Equation (2) is compatible with the complete depletion of
the boson density Ut at & = 0. This occurs either as a
natural condition at the end of the semi-infinite system or
due to an impurity at the origin that is infinitely strongly
coupled to the Bose gas. Our goal in the following is to
obtain analytically the dependence of the ground-state
energy of the Hamiltonian (1) on 7 and hence find the
induced interaction felt by the impurity.

III. EQUATION OF MOTION AND ITS
SOLUTION AT WEAK INTERACTION

For the sake of simplicity of the presentation, we in-
troduce the dimensionless quantities, where the length
is measured in units of §, = h/\/mu while the time
in units of %/u. Here pu denotes the chemical poten-
tial. In these units, the field operator becomes \i'(x, t) =
Vir/g (X, T)e™ T where X and T are dimensionless co-
ordinate and time, respectively. The equation of motion
for the field, ihd, ¥ = [V, H], becomes

2 ~ ~
i) = [— %—1+¢T¢+05(X—R)}¢. (3)

Here R = r/¢, is the dimensionless distance of the im-
purity from the system end, while G = hy/pu/m G.

It is unknown how to solve Eq. (3) exactly. However,
we can study it using the perturbation theory at weak
interaction between bosons. In this case we introduce a
small dimensionless parameter v = mg/h?n < 1, where
n is the boson density. We then assume the field operator
in the form [31, 32]

O(X,T) = ho(X) + ar (X, T) + (X, T) + ... ”
4

where a = (ygn/p)'/* < 1. Note that we are study-
ing the problem in the grand canonical ensemble where
w is fixed, as will be discussed later. The function g (X)
represents the time independent wave function in the ab-
sence of fluctuations, whereas 1[}1(2) is the first (second)
quantum correction. The expansion (4) is justified at
In(L/&,) < 1/\/7, where L is the system size [32, 33].
For a weakly-interacting Bose gas (y < 1) this is not
a severe restriction since the system size can be huge.
Note that 1/L plays the role of an infrared cutoff for the
momenta in the theory and that the final result for the
induced interaction (see below) does not depend on it.
Therefore, the obtained interaction is also valid in the
thermodynamic limit.

Substituting the expansion (4) into Eq. (3) we obtain
the hierarchy of equations controlled by different powers
of «, which should be supplemented by the boundary

condition (2). The lowest order one,
d? 5 ~
~ogxz TIY(X)F" =14+ Go(X — R)| 4o(X) =0,

()
is known as the Gross-Pitaevskii equation [34, 35]. In the
absence of the impurity (i.e., at G = 0), the latter mean-
field equation has a simple real solution 1o (X) = tanh X
that satisfies the boundary condition ¢y(0) = 0 and has
a vanishing gradient at infinity. At G # 0 the mean-field
boson density 12(X) becomes locally perturbed in the
vicinity of the impurity. The solution of Eq. (5) in that
case acquires the form

X
1_2“sn( ;12a>, 0< X <R,
1po()() — 1—a /71_a =
tanh(X + b), X > R.

(6)
Here sn denotes the Jacobi elliptic function, while @ and b
are the parameters to be determined from the conditions
of the continuity (i) ¥o(R—0) = tg(R+0) and the jump
in the derivative (i) 1) (R + 0) — ¢4(R — 0) = 2G40 (R).
Rather than solving the equations (i) and (ii) in full gen-
erality, let us consider the case G < 1 in the following,
where we can achieve a significant analytical progress.
The latter inequality is equivalent to G < g/,/7, which
also allows for G that is much larger than g. Notice
that at a = b = 0, Eq. (6) becomes the solution of
Eq. (5) at G = 0. We then solve the equations (i)
and (ii) at the leading order in small G. One needs to
expand the Jacobi sn function to the second order in
small a to obtain the correction to tanh X. This yields
a? = 4G sinh R/ cosh® R, b = —Gf(R), where

sinh R

/) 16 cosh® R
The latter expression gives

G [f(X), 0<X<R,
cosh® X | f(R),

(122 + 8sinh 2z 4 sinh 4z). (7)

Yo(X) = tanh X —



Equation (8) is valid for both, positive and negative G.
It shows that the width of the Bose gas depletion due to
the impurity is controlled by the healing length £, which
at weak interaction is { = £, = 1/n,/7.

Let us now consider the effects of quantum fluctuations
in the field operator (4), which is represented by the field
operator 1/31. Its equation of motion is obtained from
Eq. (3) at order o and is given by

2

Oy = (—aQX -1+ 2%) by + Y3U] + GS(X — R)ir.
9)
We seek the solution of Eq. (9) in the form [36]
h(X,T) =Y Ny [uk(X)Bke*ifkT — v (X)bfeteT]
k (10

Here N}, is a normalization factor, while the bosonic oper-
ators by, and EL obey the standard commutation relation
[, b;[[] = Op,q-

We first solve Eq. (9) in the absence of the 6 po-
tential to linear order in 67 which enters through g
of Eq. (8). Substituting the ansatz (10) into Eq. (9)
yields the Bogoliubov-de Gennes equations for uy(X) and
vi(X), which in terms of S(k, X) = ug(X) + vg(X) and
D(k, X) = ug(X) — v (X) become

2

xSk, X) = {—62)( + 32 (X) — 1] D(k,X), (11)

2

exD(k, X) = {—6)( +P2(X) — 1} S(k, X). (12)

2

With the help of Eq. (12), Eq. (11) becomes a fourth-
order differential equation for S(k,X). At G =0, it
has four independent solutions [37] S, (k,X) = (ik, —
2tanh X)e*»X n € {1,2,3,4}, while the energy dis-
persion is €, = +/k?+ k*/4. The four roots of the
energy dispersion that enter S, (k,X) are k1o = =Lk,

k34 = £iv4+k? in terms of k = ﬁq/\/ei+l— 1.
The solutions for D, (k,X) are obtained directly from
Sn(k, X) using Eq. (12).

At finite é, we solve the fourth-order differential equa-
tion using the Bargmann method [38], where one is seek-
ing the solution in the form S, (k, X) = P(k,, X)e"*nX,
where P(k,,X) is the polynomial in k, of degree 5 in
our case, with X-dependent coefficients. After dividing
the obtained expression by (2+k2)(4+ k2) we eventually
find

& inh N
Sn(k, X) = |ikn — 2tanh X + Gsmgf*i( 3
2cosh” R \ cosh” X
4k2X  4ik,cosh2X = 4 — k2
Tovk 4 " sinh 2X
24 k2 4+ k2 +4+k’%8m
14 + 3k2 — 8ikn, X

2+ k2

tanh X) ] e X (13)

for 0 < X < R and
2G f(R)

cosh?

Sy (k, X) = |ik, — 2tanh X + thn X

(14)

for X > R, where f(R) is given by Eq. (7). The expres-
sions (13) and (14) provide the solution of Eq. (9) with-
out the & potential and at linear order in G using the
ansatz (10), Eq. (12) and the relations u = (S + D)/2,
v=(S—D)/2.

We can now account for the § potential in the scatter-
ing problem (9). The solution for S can be obtained as

a linear combination of four independent solutions (13)
and (14):

S taSu(k, X), 0< X <R,
S raSa(k, X), X >R,

with r9 = 1. Equation (15) describes an incoming wave
from large X that is partially reflected from the impurity
at X = R and that is fully reflected at the boundary X =
0. In Eq. (15) we omitted from the linear combination the
unphysical exponentially growing Sy(k, X) in the region
X > R. Notice that there is a similar to Eq. (15) set
of equations for D(k,z) where S, is replaced by D,,, as
follows from Eq. (12).

The six coefficients that enter Eq. (15) are determined
by the boundary conditions for the wave function. The
condition (2) implies S(k,0) = D(k,0) = 0. This yields
to = t1 and t4 = t3. The continuity of the wave func-
tion at the impurity position requires S(k,R — 0) =
S(k, R+ 0), while the jump in the derivative translates
into §'(k,R+0) — S'(k,R — 0) = 2GS(k, R). Here the
derivative is with respect to the second argument. There
are two analogous equations for D(k, X) function. Four
conditions suffice to find the remaining four coefficients:

~ ]{;[k COS(kR) -2 sin(kR)]2

S(k, X) = { (15)

7"1:1+4ZG (2+I€2)(4+k2) ) (16)
B ~k(k + 2i)[kcos(kR) — 2sin(kR)] ,.r
t1—1+2ZG (2+k2)(4+k2) e y (17)
Y (2 — V44 k2) [kcos(kR) — 2sin(kR)| g
= k(2 + k2)(4 + k2) ¢ ’
(18)
/ 2

t3: 2+ 4+k 6_2 /4+/€2R. (19)

By ik
They are expressed here in a simplified form where the
limit R > 1 has been taken, while we also calculated
them at any R [39]. However, in order to find the induced
interaction on the impurity at separations longer than the
healing length, it is sufficient to consider the large dis-
tance limit in the reflection and transmission amplitudes
entering Eq. (15). The normalization of the solutions is
obtained by requiring [31, 40] Ny N, [ dX (upu} —vpv)) =
Ok.q> leading to Ny = (£, /4Lex)/2. One can then verify
that the bosonic commutation relation between the field
operators are satisfied.



IV. GROUND-STATE ENERGY

We are now in position to find the ground-state en-
ergy of the system. Since we work at constant chemical
potential, we first consider the grand canonical energy
Ecc = (H) — p [ dz(¥TV) in the two leading orders at
weak interaction. It can be expressed using the field de-
composition (4) as

B = 2“2 dxyt — k1 /dX [<(¢8Tﬂ)z&1> + h.c.} .

(20)

The second term in the right hand side can be further
simplified into —p [ dX Y, N?|vg|?ex using the normal
mode expansion (10). Equation (20) is derived with the
help of the equations of motion (5) and (9). We notice
that 15 term of Eq. (4) does not participate in the sub-
leading term of Eq. (20) as one can show using Eq. (5).

The evaluation of the expression (20) is tedious. After
performing the Legendre transformation to eliminate the
chemical potential in favor of the density, we obtain the
ground-state energy

L _473/2 +h2n2 49 v
“Tom U7 T3n om \ 3 4

1
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Here U(R) = 1/167R? at large R [39], while { = 1/n,/5
is the healing length at weak interaction. The first term
in Eq. (21) is extensive and denotes the ground-state en-
ergy of the Bose gas with contact repulsion at two lead-
ing orders for v < 1, which is in agreement with Bethe
ansatz calculations [41, 42]. The second term in Eq. (21)
is the boundary energy of the system, which represents
the excess of energy due to the condition of vanishing
density at the origin [cf. Eq. (2)]. At the leading order
in weak interaction, this expression agrees with the per-
turbative Bethe ansatz result found in Ref. [43]. Here we
have found the first correction o ~.

The position-dependent part of the ground-state en-
ergy denotes the interaction potential energy between the
impurity and the interacting Bose gas,

+ Gn [1

U(r)=—-Gn + Y Ur/E)] . (22)

cosh2< /€)

Equation (22) is our main result. As a consequence of
broken translational invariance, U(r) should be under-
stood as the interaction between the impurity at position
r and the wall, representing the system boundary at the
origin. The first term of Eq. (22) denotes the classical
mean-field interaction that follows from the solution (8)
of the Gross-Pitaevskii equation. It decays exponentially
beyond the healing length £&. One would then naively ex-
pect that the quantum correction U(r/€) controlled by
the small parameter /7 can be neglected since it only

introduces a small correction to the classical exponential
result. The actual calculation reveals that U(r/§) in-
deed contains additional exponential corrections that we
neglected. However, U(r/€) also contains an important
term that decays as a power law, leading to

2

Gn (5) (23)
16K

at long distances r > ¢. Here we introduced K =
7/y/7 > 1, which denotes the Luttinger liquid param-
eter at weak interaction. The expression (23) is the
long-range interaction between the impurity and the wall
that scales with the inverse square of the distance. Re-
markably, the quantum-fluctuation correction term that
is controlled by the small parameter 1/K, becomes the
dominant one at large distances, since it decays alge-
braically and thus overwhelms the exponential mean-field
contribution. The crossover scale where the two terms in
Eq. (22) are equal,

U(r) =

re ~ £ In(SVK), (24)

is of the order of ¢ and only weakly, i.e., logarithmi-
cally, depends on the interaction strength. At distances
shorter than r. the interaction is exponential, U(r) =
—Gn/ cosh?(r/€), while at large distances it crosses into
a power law decay (23). For a positive coupling constant
G, the impurity is attracted toward the wall and vice
versa.

V. DISCUSSIONS

How can our result (23) be reconciled with the reported
1/r3 decay [28] of the induced interaction between two
impurities in Bose liquids? Let us consider the setup that
consists of an impurity of infinite strength in the middle
of the bosonic system at z = 0. Such impurity creates
an impenetrable potential for quasiparticles. Thus the
fluctuations in the two parts of the system, at x < 0 and
x > 0 become uncorrelated, which results with 1/r2 in-
teraction. This should be contrasted with 1/r3 law in the
penetrable case when the impurity at = 0 is character-
ized by a finite strength. Viewed differently, an impurity
characterized by any finite strength is an irrelevant per-
turbation in the renormalization group sense in quantum
liquids that have the Luttinger liquid parameter K > 1
[44]. However, our impurity of infinite strength cannot
become irrelevant under the renormalization, since the
effective tunneling term across such impurity is forbid-
den due to the impenetrability. Therefore, the impurity
(or equivalently the wall in another setup) causes slower
decay of the induced interaction, which is revealed by our
calculation.

Equation (23) does not apply for an infinitely large
G. In this case one obtains the Bose gas in a segment
of finite length r for which the asymptotic form of the



induced interaction at large r has a universal form
(25)

where v = whn/mK is the sound velocity. This result
is quite general and applies to a massless scalar one-
dimensional field, including bosons and fermions, with
two infinitely strong d-function potentials [21, 45, 46).

The interaction (23) is obtained at zero temperature.
However, it also applies at low temperature T, as long
as the distance from the wall is smaller than the thermal
length hiw/27T. Although in this work we studied a static
impurity, we point out that our main result (23) will
also hold for a slow mobile impurity. The corrections
to Eq. (23) due to the impurity dynamics will occur at
higher order in the coupling strength G.

The scattering approach [47] enables us to quantita-
tively understand the different forms of the Casimir-like
interaction. In the latter theory, the interaction is ex-
pressed in terms of the reflection amplitudes rp (k) and
ro(k) of the two impurities when they are considered in-
dividually, at the origin of the system. The induced in-
teraction at large distances is given by

Ur) = Z—:;Im /Ooo dkln [1— 11 (k)ra(k)e* ] . (26)

The latter expression can be further simplified in the
case of small total reflection, |ri(k)ra(k)] < 1. The
reflection amplitude of a weakly coupled impurity to
the Bose gas [cf. Eq. (1)] is r1(k) = —iGk/2mv? at
k < 1/£ [29]. In the case of two such impurities we have
r1(k) = ra(k) and therefore the expression (26) gives
U(r) = —G*mé&3/32nh?r3, which exactly matches the
1/73 interaction previously obtained in Refs. [28-30]. In
the case of a semi-infinite medium we must use ro = 1
and Eq. (26) leads to our formula (23). If, however, the
impurity at the origin is coupled to the Bose gas by a
finite coupling G > hv, there is a crossover from 1/r2
to 1/r® law that occurs at the distance ~ £Ga/hv [48].
Finally, in the case of infinitely coupled impurities to the
Bose gas, i.e., at r1 = ro = 1, Eq. (26) leads to Eq. (25).
We can conclude that the different scaling of the induced
interaction is a consequence of the behavior of the reflec-
tion amplitudes of the isolated impurities.

The density-fluctuation induced interaction (23)
should be compared with the electrostatic one. For
the impurity that is a neutral atom placed in a neu-
tral background gas we thus need to estimate the van
der Waals interaction. For two atoms, it scales with the
sixth power of their inverse distance. For large sepa-
rations of our impurity from the wall, r > £, we can
estimate the electrostatic interaction on it by performing
a pairwise summation with the background atoms that
are in the region [2r, co], since the contribution from the
atoms that are in the region (0,2r) approximately can-
cels. This leads to the nonretarded van der Waals inter-
action Uyqw(r) oc 1/7°, that scales to zero much faster

than our interaction (23). In our other setup with a long
system and an impurity at the origin that is very strongly
coupled to it, the van der Waals contribution would be
zero due to symmetry reasons if we had no depletion of
the Bose gas density around the origin. Therefore, the
latter contribution arises from the local density depletion,
which occurs in the region of the characteristic width &.
It leads to Uyaw (7) o< 1/r%, which is again negligible with
respect to the interaction (23).

For G > 0, the attractive potential from the wall can
produce bound states of the impurity. We estimate the
kinetic energy of the impurity at separations of the order
¢ from the wall to be h?/M¢E2, while its potential energy
is Gn, where we neglect the numerical factors of the order
one. By M is denoted the impurity mass. The potential
energy is greater from the kinetic one at

m
G> —
>M9’

(27)
when the first bound state appears. A careful calcula-
tion [48] shows that the simple estimate (27) is actu-
ally good. The quantum correction (23) in the poten-
tial produces energy shifts of the bound state levels that
are small due to the smallness of the coupling constant
G/K. The bound state denotes the impurity localization
near the end of the system. The latter phenomenon is
reminiscent of self-localization of impurities in extended
Bose-Einstein condensates [49, 50].

VI. CONCLUSIONS

In conclusion, we have studied the induced interaction
acting on the impurity in a semi-infinite one-dimensional
interacting Bose gas. We found the induced long-range
interaction (23) of quantum origin. It scales quadrati-
cally with the inverse distance from the wall and thus
dominates the classical mean-field exponential interac-
tion at distances above the healing length. Our result
(23) scales much slower than the long-range van der
Waals interaction and thus represents the dominant in-
teraction on the impurity at long distances. A simi-
lar interaction mechanism should also exist in higher-
dimensional systems. We also discussed the condition
for the localization of the impurity near the wall. We
finally notice that the dynamics of a particle moving in
a 1/r? potential is a potentially interesting problem to
study, as it is predicted to exhibit fractal structure in the
time domain [51].

Note added. The first correction o v to the boundary
energy in Eq. (21) is in agreement with the exact result
recently found in Ref. [52].
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d’Avenir”.
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S1. REFLECTION AND TRANSMISSION AMPLITUDES
Here we give the expressions that we obtained for the reflection and transmission amplitudes at arbitrary R:

iG .
tl = t2 - 1 + (2—}—]{,‘2)(44-]62){ [2(2 + k'2)2 — 8(1 + kQ)GQlkR}
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r =
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r3 =

To obtain the leading term of amplitudes presented in the main text at R > 1 simply amounts to replace tanh R — 1.
In the main text, some other simplifications have also been done. In order to calculate the subleading term of the
grand canonical energy at order G which is o«c G J dX [ dkRe{v{v}}, where we use the notation vj, = U2+év,§+0(é2),
we dismiss the terms which after integration over X would produce the exponential contributions in exp(—v/4 + k2 R).
For X > R, for example, the product r3Ss contains terms o exp[—v4 + k2(R + X)] which after integration over X
produces a term o exp(—2v4 + k?R). Therefore the term o< exp(—+v/4 + k2 R) can be safely set to 0 in 3. The same is
done for 0 < X < R where t3 is < exp(—v/4 + k?R) and multiplied by S5 which produces a term o exp(—v4 + k2X).
After integration over X, the latter produces terms o< exp(—+v/4 + k?R) and o exp(—2+v/4 + k?R) and therefore we
can set t3 = 0 (but we must keep the nonzero form for t4, despite the exact relation t4 = t3).
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S2. SOME DETAILS ABOUT U(R)

The function U(R) defined by Eq. (21) of the main text, at large R has the form

1 [ 4 — 52 5| sin(2Rx)
Ur) = E/O du [(4+x2)R — 2 } @+ 2237

= — % + (4R — 1) [Iy(4R) — Lo(4R)] — <4R - ;) [[1(4R) — L_1(4R)], (S5)

where we neglected exponentially decaying contributions. In Eq. (S5), I, (R) denotes the modified Bessel function of
the first kind, while L, (R) is the modified Struve function. We notice the expansion

1 1 15 1
UR) = T {1+R+16R2 +o<R$)]. (S6)



	Fluctuation-induced potential for an impurity in a semi-infinite one-dimensional Bose gas
	Abstract
	Introduction
	Model
	Equation of motion and its solution at weak interaction
	Ground-state energy
	Discussions
	Conclusions
	References
	Reflection and transmission amplitudes
	Some details about U(R)


