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We study bosons in a one-dimensional hard-wall box potential. In the case of contact interaction, the system is
exactly solvable by the Bethe ansatz, as first shown by Gaudin in 1971. Although contained in the exact solution,
the boundary energy in the thermodynamic limit for this problem is only approximately calculated by Gaudin,
who found the leading order result at weak repulsion. Here we derive an exact integral equation that enables one
to calculate the boundary energy in the thermodynamic limit at an arbitrary interaction. We then solve such an
equation and find the asymptotic results for the boundary energy at weak and strong interactions. The analytical
results obtained from the Bethe ansatz are in agreement with the ones found by other complementary methods,
including quantum Monte Carlo simulations. We study the universality of the boundary energy in the regime of
a small gas parameter by making a comparison with the exact solution for the hard rod gas.

Experimental realizations of cold gases very often involve
an external confining potential to localize the atom motion in
certain directions. The harmonic well is a common choice for
the trapping potential [1]. Recently, experiments with a flat
box potential have been carried out in three [2, 3], two [4],
and one [5] dimension(s). The advantage of a similar shape
is that it permits us to create a uniform system with hard-wall
boundaries. The finite-size effects become visible, e.g., in the
lowest collective excitations [3], which are starkly different
from the behavior of the lowest frequency mode of a harmon-
ically trapped gas, which is independent [6] of the interaction.
Another physical realization is a Bose gas in the presence of a
single pinned impurity of infinite repulsion, which in one di-
mension effectively generates a similar effect to that of a hard
wall. Physically, such an impurity can be a pinned atom of a
different species or a laser creating a hole [7] in the density.

A physical system of immense theoretical and experimen-
tal interest is the one of one-dimensional bosons with con-
tact interaction, which is known as the Lieb-Liniger model
[8]. Its remarkable realizations [1, 9-11] offer a fertile ground
since many theoretical results for this model can be tested and
verified with unprecedented accuracy. This includes quantum
dynamics [12, 13], solitons [14], the crossover from the repul-
sive to attractive interaction regime [15], quantum correlations
[16-18], etc. On the theoretical side, the Lieb-Liniger model
is exactly solvable [8, 19, 20] by the Bethe ansatz [21]. Ini-
tially, the solution was found for periodic boundary conditions
[8], but later also for zero boundary conditions [22]. The lat-
ter case corresponds to bosons in an enclosed hard-wall box
imposing the nullification of the wave function at the two sys-
tems’ ends.

The case with zero boundary conditions shows some impor-
tant qualitative differences. In particular, it is characterized
by the boundary energy E5, which represents the nonexten-
sive part of the ground-state energy Ej in the thermodynamic
limit [22, 23]

Eo = Neo + E, + O(1/N). (1)

Here ¢ is the ground-state energy per particle, while N is
the total number of bosons. Note that the bulk energy ¢y is

identical for the two geometries, while the boundary energy
E; is a surface effect and it exists only in the case of zero
boundary conditions [22, 24]. The physical origin of Ej is
the increase in the system energy due to the hard-wall poten-
tial, which causes the density to be nonuniform and also in-
creases its value in the bulk region. A node in the many-body
wave function at the edge leads to its nonzero gradient, in-
creasing the kinetic energy. The typical size of the density de-
pletion near the boundary is on the order of the healing length
& and thus involves &n particles, where n is the (mean) boson
density. This enables us to estimate the boundary energy as
Ey ~ hQn/ mé&, where m denotes the mass of bosons.

The Lieb-Liniger model is characterized by two types of
elementary excitations [19]. In addition to the particlelike
type-I branch, the model supports holelike type-II excitations.
At weak interaction, they are identified with gray soliton so-
lutions of the mean-field Gross-Pitaevskii equation [25-28].
A gray soliton corresponds to a localized perturbation in the
boson density moving at a fixed velocity. In the case of a
complete local suppression of the density, the soliton is called
dark; it becomes static and its density profile is quite rem-
iniscent of the one near the boundaries in the system with
the hard-wall potential. In the weakly interacting regime,
the two density deeps, around the center of the dark soliton
and around the boundary, are described by the same Gross-
Pitaevskii equation. Since the energy functional is local in the
latter theory, the energy of the dark soliton coincides with the
total boundary energy arising from the two ends, F5. This
simple reasoning leads to the result

8
EB = geﬁ (2)

Here v < 1 is the dimensionless interaction strength defined
below, while ¢ = i*n? /2m is the natural unit of energy for
our system. We notice that at v < 1 the healing length is
§ ~ 1/n,/v and the previous estimate of £ is consistent
with Eq. (2).

In Lieb’s classification [19], the dark soliton corresponds to
the type-II excitation with zero velocity, i.e., the (Fermi) mo-
mentum 7hn. In the limit of strong interaction, v — 00, its



energy can be easily found by using the dual model of free
fermions [29, 30]. The type-II excitation corresponds in the
fermionic picture to the excitation where a fermion is pro-
moted from the bottom to the top of the Fermi sea. Its en-
ergy is therefore identical to the Fermi energy, 7%¢. On the
other hand, the ground-state energy of N free fermions in a
hard-wall box of the size L is Ey = 2”:1—7222 ;V:l j2. Using
Eq. (S1) one then finds the boundary energy

Ey = e, 3)

which is twice as small as the energy of the type-II excitation.
The above simple arguments show that the dark soliton (i.e,
the type-II excitation of the momentum 7hAn) and the bound-
ary energy are different, contrary to the indication that might
have appeared when studying the v < 1 case.

In Ref. [22], Gaudin derived the expression for the bound-
ary energy of the Lieb-Liniger model in terms of an integral
equation (see further below) that should be presumably valid
at any interaction y. However, he only solved it at weak inter-
action, finding the expression (2).

In this Letter, we show that Gaudin’s expression for the
boundary energy actually coincides with the energy of the
type-1I excitation of the momentum 7#An at any . Moreover,
it differs from the exact boundary energy already at the sub-
leading order O(+y) in Eq. (2). Furthermore, at strong interac-
tion, Gaudin’s expression overestimates the boundary energy
two times. Instead, here we derive an exact expression for F';
and evaluate it analytically at strong and weak interactions. In
addition, we use the Monte Carlo method as an independent
check of our findings. Finally, by making a comparison with
the exact solution for the gas of hard rods, we demonstrate
that the behavior of the boundary energy of various systems
in the regime of small densities is universal in terms of the gas
parameter.

We consider bosons in one dimension described by the
Lieb-Liniger Hamiltonian [8, 20]
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The local repulsion is described by the coupling constant ¢
in Eq. (4), while the thermodynamic properties of the sys-
tem are governed by the dimensionless parameter v = ¢/n,
where n = N/L is the linear density. Here N is the number
of bosons and L is the system size. We study the cases with
periodic and zero boundary conditions corresponding, respec-
tively, to the bosons on a ring and in a box trap.

The Hamiltonian (4) can be diagonalized by the Bethe
ansatz. The resulting equations for the ground state of a sys-
tem with periodic boundary conditions of length 2L with 2N
particles have the form [8, 20]

2N

2k;L = 2m (z _ VA 1) - Ze(ki —kj), (5
j=1
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where 0(k) = 2arctan(k/c) and i = 1,2,...,2N. The sys-
tem of equations (5) has a unique solution with distinct quasi-
momenta k;, where one-half of them are negative (k; < 0 for
1 < ¢ < N), while the remaining ones are positive (k; > 0
for N +1 < i < 2N). Moreover, the quasimomenta are po-
sitioned symmetrically around zero, i.e., k; = —koni+1—4. It
will be convenient to shift the indices in Eq. (5): ¢« =+ i—N—1
forl<i< Nandi?—1t— Nfor N +1<17<2N,so that
one has the property k; = —k_;. This enables us to eventually
write

N
- ( _ ;) - %Z 100k — k;) + 0(K; + k)], (6)

Jj=1

where ¢ = 1,2,...,N. The ground state of the Hamilto-
nian (4) is thus characterized by the set of IV positive quasimo-
menta obtained by solving the system (6), while the negative
ones are automatically obtained from them. The ground-state
energy is then given as E®)(2N) = ':L—j Zfil k2, where the
superscript denotes periodic boundary conditions.

As first shown by Gaudin [22], the Hamiltonian (4) can also
be diagonalized for a system in a box with zero boundary con-
ditions imposed on the wave function. The Bethe ansatz equa-
tions for the ground state in this case, for a system of length L
with IV particles, are given by [22]

N
kEL=m+ ; (arctan W i Ej + arctan 3 j_ k‘j> , (D
i

where i = 1,2,..., N. Equation (7) allows only for k; > 0.
Using the identity arctan z +arctan(1/x) = 7wsgn(z)/2 one
can reexpress Eq. (7) as

1 N

kL = mi— 52 0(k; — kj) + 0(i + k)] +

Jj=1

0(2k;)
5
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The ground-state energy for this setup is given by E®(N) =

K2 N 79 .
2 2ui=1 k7. Here the superscript denotes zero boundary
conditions.

The boundary energy is the difference in the ground-state
energy of the system with zero and periodic boundary condi-
tions,

Eu(N) = E¥/(N) — E)(N). ©)

For the latter case, one can show that, at the same den-
sity, the energy of the systems with N and 2N parti-
cles are simply related as E®(N) = E®(2N)/2 +
O(1/N) [22]. In the thermodynamic limit this yields E, =
limy o0 [EP(N) — EP(2N) /2], ie.,

Ry
Ep= lim —— Y (k7 —k}), (10)

N—oo 2m 4
i=1



where the corresponding quasimomenta are the solutions of
Egs. (8) and (6).

For the evaluation of the boundary energy (10) we subtract
Eq. (6) from Eq. (8). Since in a long system the difference

ki — k; = Ak; = O(1/L) is small, we obtain
w02k 1.,
AkiL =5 + =5 = 5;[9 (ki — kj)(Ak; — Ak;)
0 (ks + ky)(Dki + Aky)) + O(L/N). (1)

In a system of length 2L with periodic boundary conditions
we define the density of quasimomenta as p(k;) = [2L(k; 11—
k;)]~!. In the thermodynamic limit it satisfies the Lieb inte-
gral equation [8, 20]

c (¢ dkp(k) 1
<k>‘/ch<k/_k)z—% (12

Here the Fermi rapidity () is fixed by the normalization

condition n = QQ p(k)dk. Using the formal expression

p(k) = SN [6(k — k) + 6(k + k;)]/2L and the property

(2

-1
p(k) = p(—k), we then obtain

N
1

+ 57 SN0 (k= k) +0'(k+ k)] = 2mp(k).  (13)

Jj=1

The latter equation enables us to simplify Eq. (11). Introduc-

ing an odd function g(k;) = Lp(k;)Ak;, we obtain that it

satisfies an integral equation

Q / /
c dk'g(k")
A ASHIVN—_Y( > 14
o)~ [ SE s =,
B sgn(k)  arctan %
r(k) = 1 + o (14b)
The boundary energy can then be expressed as
R [
B, - 7/ kg (k)dk. (15)
mJ-q

Equation (14) is our main results. Together with Eq. (15) they
establish the exact result for the boundary energy of the Lieb-
Liniger model at an arbitrary interaction strength ¢ > 0.

To analyze the boundary energy, let us introduce Green’s
function for the Lieb integral equation as [31]

Q " AN/
k. k) c/ dk"G(K', K")

I i S(k—k). (16)

One can show by the method of iterations that Green’s func-
tion is symmetric, G(k, k') = G(k’, k). Multiplying Eq. (16)
by (k") [see Eq. (14b)] and performing the integration over
k', one obtains the integral equation (14a) provided g(k) =

_Q dk'G(k,k")r(k"). The boundary energy (15) then ac-
Q

quires the form
Q
B, = / dko (k)r(k), (17)
-Q

3

where we have defined o(k) = (h*/m) ff?Q dk'k'G(k, K').
From Egq. (16) one finds that o (k) satisfies

c (9 dk’a(k’) rﬂ

We have therefore reformulated the problem of finding the
boundary energy to be the equivalent, but more convenient,
problem of solving Eq. (18) and then evaluating E; of
Eq. (17).

Additional analytical results can be obtained in the Gross-
Pitaevskii and Tonks-Girardeau regimes of weak (v < 1) and
strong (v > 1) interactions, respectively. In the former case,
the integral equation for the density (12) is solved to first two
orders in Refs. [32, 33], enabling us to express () in terms of .
However, for the boundary energy we have to solve Eq. (18)
within the same accuracy [34]. Using Eq. (17) we then find

8 3
B — 56\/'7 |:1 - T6\ﬁ+ O("/):| ) (19)

which agrees at the leading order with the result (2). In the op-
posite regime of strong interaction, the integral equations (12)
and (18) can be perturbatively solved by iterations to an arbi-
trary order in 1/ [35]. It yields [34]

72 4 4 4(120 4 772)
= 1 2T oY
[ 3y 392 * 1573 007 ]

(20)

In Fig. 1 we show the two asymptotic expressions and the ex-
act data obtained by numerically evaluating Eq. (15) or, equiv-
alently, Eq. (17).

In Ref. [22], Gaudin found the integral equation of the
form (14a) but with a different right-hand side, which instead
was given by 74 (k) = sgn(k)/2. Such expression is approxi-
mately the correct right-hand side of Eq. (14a) only at ¢ — 0,
as one can see by considering Eq. (14b) in this limit. Thus,
Gaudin was able only to find the leading order expression (2)
for the boundary energy at weak interaction. We notice that
Gaudin’s result for r4(k) leads to a significant overestima-
tion of the boundary energy, see Fig. 1. Interestingly, using
Eq. (17) Gaudin’s formula for the boundary energy becomes
Eyo= fOQ dko (k). Such expression formally coincides with
the energy of Lieb’s type-II excitation in the (periodic) Lieb-
Liniger model with the momentum 7hn [20, 36, 37]. The
asymptotic form of E';  in the two regimes is given by [34]

B {sf[l—o f+0§ﬂ7
P 14+ B4 28 oy
2n

At weak interaction, F; o of Eq. (21) and E5 of Eq. (19)
differ at the subleading O(+y) order. In other words, already in
the first beyond mean-field correction to the energy, there is a
difference between the dark soliton and the boundary energy.
Atlarge v, Ey ¢ is twice E (see Fig. 1).
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Figure 1. The boundary energy Es in units of € as a function of
the interaction strength . The lower (black) dots represent the exact
numerically obtained results, while the two asymptotic behaviors at
small and large v are given by formulas (19) and (20). The upper
(brown) dots represent the result of Gaudin [22] and coincides with
the energy of Lieb’s type-II excitation with zero velocity (momentum
whn) in the model with periodic boundary conditions. The (green)
rectangles represent the boundary energy obtained from the Monte
Carlo method for N = 41 particles, which approach the exact curve
with increasing V.

Additional physical insights for the boundary energy can
be obtained by using more elementary approaches than the
Bethe ansatz. The weakly interacting case v < 1 can be stud-
ied using the Gross-Pitaevskii equation and the quantum cor-
rections to it. Such procedure indeed recovers the boundary
energy (19) [38]. In the opposite regime of strong interaction
between bosons v > 1, one can study the model (4) using
the perturbation theory on the related dual Cheon-Shigehara
model of fermions of the same mass m, which interact via the
attractive potential Vy.(z) = —(2h%/me)d” () [30, 39-41].
In the noninteracting limit of fermions [29] in a box one ob-
tains the boundary energy 72¢/2, while the linear correction
in V5 reproduces the first correction o 1/ of Eq. (20) [34].

We also calculated the boundary energy using the dif-
fusion Monte Carlo method. In this approach one ap-
proximates the many- bo wave function by the product
Y1, 22,5, TN) = anmhm ;). The
one-body term is chosen as f1( ) = sin®(wz/L) and it im-
poses the zero boundary conditions. The remaining two-body
Jastrow terms are constructed [42—46] at short distances from
the two-body scattering solution, fo(z) = Cycos(k(|z| —
C3)),|z| < Cs, which satisfies the Bethe-Peierls boundary
condition and from the phononic tail at larger distances [47],
fo(x) = sin/ K (n|z| /L), |x| > Cs, where K is the Luttinger
liquid parameter. The free parameter « is fixed by minimiz-
ing the variational energy, K is taken from the Bethe ansatz
solution [8], while the constants C7, Cs, and Cj are fixed by
the boundary and the continuity conditions.

The diffusion Monte Carlo method is used to obtain the
boundary energy at several values of v for N = 21 and
N = 41 particles. Both sets of results are in agreement

with the boundary energy obtained by numerically solving
the discrete Bethe ansatz equations. The boundary energy for
N = 21 particles is always slightly larger than the one for
N = 41, which approaches the exact value of E5 in the ther-
modynamic limit, see Fig. 1. The results for V = 21 are not
shown because they would be hardly distinguishable from the
ones of N = 41 on the resolution of Fig. 1.

In the limit of low density, specific details of short-range
potentials become irrelevant and a single parameter, namely
the s-wave scattering length a, is sufficient to represent the
potential. In order to verify the universality of the bound-
ary energy in terms of the gas parameter na, we consider a
gas of hard rods with the diameter @ > 0. As noted by Gi-
rardeau [29], the wave function and the energy of such gas can
be obtained from the Tonks-Girardeau gas by subtracting the
excluded volume as the total accessible volume of the phase
space is reduced by Na in the case of periodic boundary con-
ditions and by (N — 1)a for zero boundary conditions. The
difference in the reduced space arises from the physical differ-
ence between particles on a ring (for example, a single particle
interacts with its own image) and zero boundary condition. In
the thermodynamic limit, we find the boundary energy of hard
rods to be

2 1+£ 2 4 4
EgRIltf 3y _71—E|:1+

3 2 3 2
2 Yo
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where ¥ = —2/na < 0. By comparison with Eq. (20) de-
rived for delta-interacting gas and v > 0, one finds that the
first two terms are universal. This provides the physical in-
terpretation of the leading terms as arising from the excluded-
volume effect. The validity of the excluded-volume correc-
tion to the Lieb-Liniger gas has been verified in Ref. [48] for
the ground state and in Ref. [49] for the thermal (Yang-Yang)
state. Another relevant consequence is that the boundary en-
ergy expressed in terms of the gas parameter is expected to be
universal in rather different physical systems, including the
gases with dipolar [50-52] and Rydberg [53] interactions as
well as for bosonic *He [54] and fermionic 3He [55] in the
regime of low densities. Alternatively, the boundary energy
in an excited super Tonks-Girardeau gas [43, 56] will follow
Eq. (22) at small densities. However, -y is negative in this case
and thus the boundary energy will be larger in comparison to
the Tonks-Girardeau limit.

Let us finally notice that the boundary energy (15) is de-
rived in the thermodynamic limit, when the system size is
much larger than the healing length, L > 5 . In a finite sys-
tem there is an additional regime where L S &, which can
occur only at very weak interaction that satisfies v < 1/N?2.
We leave this problem for a future study. We also notice that
Eq. (S1) has finite-size corrections [23] that vanish in the ther-
modynamic limit.

In conclusion, we have found the exact results for the
boundary energy of the experimentally relevant Lieb-Liniger
model. We derived the governing integral equation that we

o(?)|,

(22)



analytically solved in the regimes of weak and strong interac-
tion, while numerically we solved it everywhere. We showed
that in the initial work [22] and the book [57] of Gaudin, the
boundary energy was actually coincident with the energy of
the type-II excitation with the momentum whn. The latter ex-
citation, which at weak interaction becomes the dark soliton,
has always a greater energy than the true boundary energy at
any repulsion, see Fig. 1. Our Letter thus corrects the old
misconception, making a clear distinction between the dark
soliton and the boundary energy of the Lieb-Liniger model.
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BETHE ANSATZ EQUATIONS

If we introduce the dimensionless units and rescale all momenta by @, the set of Bethe ansatz equations for p and ¢ of the
main text, respectively, become

At o(z) 1
_Z de/ — =7 S1
o) =2 [ s - (s1)
)\ 1 ((CC/)
_Z do! — 2" 7 — o, S2
=2 [ 52
The normalization condition is then reexpressed as
1
7/ dxo(z) = A. (S3)
-1
We notice that A = ¢/Q. The boundary energy E and the energy Ep s of type Il excitation with the momentum 7hn are given
by
2
E, )\2 / das( ( ; arctan f) , (S4)
h2n2
Eps = By g _2612/0 dos(a), €= 5. (S5)

Weakly interacting limit

The solution of Eq. (S1) to the first two orders is the regime of weak interaction was found by Popov [33]:
VIi—z2 1+In(¥%%) -zl
+ ( ) +O(N). (S6)

2w 4r2y/1 — 22

Equation (S6) applies for  no too close to Fermi rapidities, i.e., it is valid at 1 — 22 > A\. However for our purpose this limitation
turns out not to be important and thus we will integrate o(z) from —1 < z < 1. This leads to

o(z) =

1—In(3
A= YT 7( %) +0(73?). (S7)

2 8w
Using the approach of Ref. [33], we solved Eq. (S2) within the same accuracy. We found

V1 — 22 N z(1+In2") 4 (1-22%)In+2
2A 41 — 22

Notice that the same comment for the range of x as above for () applies for ¢(x). We eventually obtain

s(z) =

o). (S8)

By = Sy |1- 20 o)) (59)
o= 2yl =07+ 00)]. (310)

Therefore, at weak interaction the boundary energy differs from the energy of the dark soliton at the subleading O(~y) order.
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Strongly interacting limit

In the strongly interacting limit the integral equations (S1)—(S2) are systematically solved in Ref. [35], yielding

4 -5
§(.’E) = (1 + 371')\3> + O()\ ), (S11)
S A 7y 167 4
A=—4+-——-—"—S+-—"+40 ) S12
This leads to
i 4 4 4(12047x%) 40 (30 + 7?)

B.o=" |1 _= _ O(~y~5 S13
B 2 € [ 3’7 72 + 1573 974 + (’Y ) 9 ( )

4 12 4(n*-8) 40(n%-2
Eps = e [1 -—+5+ G 3 )1 1 ) + 0(7‘5)] . (S14)

v v v

The leading correction to E; is in agreement with the calculation within a dual fermionic model, as we demonstrate below.

PERTURBATION THEORY FOR STRONGLY INTERACTING BOSONS

We study the strongly interacting limit of the Lieb-Liniger model using the dual Cheon-Shigehara model. It is characterized
by the two-particle interaction

o

mc’

V(z)=X"(z), A= (S15)
The fermions have the same mass as bosons, m. Equation (S15) shows that the strong repulsion between the bosons, ¢ > n,
corresponds to the weak attraction between fermions, which is convenient as one can calculate the ground-state energy using
perturbation theory. The Hamiltonian of N weekly interacting fermions in a box of size L is H = Hy + H; where

2 L
Hoi% i dz(VT) (V) (S16)
L
1= | deins @0l @)V @ = o)) (s17)

Here 1) is the single particle operator for fermions of the mass m with the standard anti-commutation relations {1(x), ¢ (y)} =

§(x —y) and {#(z),¥(y)} = 0.

In a box of size L with the hard wall boundary conditions, the single particle operators take the form

Y(z) = \/zz:sin(k:c)ak, Vi) = \/ngin(kx)aL, (S18)

k>0 k>0

where k is quantized as k = 7j /L. Here j is a positive integer. The kinetic energy then becomes

Rk
Hy = , S19
0=> UL (S19)
while the interaction is given by

A
Hy = 4L Z a£1a£2ak3ak4 [(kQ + k3)2(5k17k2+k3+k4 + 5k4¢k1+k2+k3 - 5k1+k4,k2+k3)
k1,..,ka>0

+ (kQ - k3)2(5k3-,k1+k2+k4 - 5k1+k2,k3+k4 + 5k2,k1+k3+k4 - 5k1+k37k2+k4)}' (S20)

In the framework of perturbation theory, the ground-state energy is given by

E = (Q|Ho|Q) + (QH|Q) + -+, (S21)



where the filled Fermi sea is

N
Q) = (H aj”,/L> 0).
i=1
Here |0) denotes the vacuum. We notice the property
(Qla}aq|Q) = ok 0 (ke — k),
where kr = mN/L and 6y is the Heaviside step function. We then obtain the average kinetic energy

h? WN(1+ N)(2N +1)

QHp|Q) = —
(QUHlY = 57 6L2
w2 2 h2n2
=Ne|—+ - N2 = :
6{3+2N+O( )}’ T om
The leading interaction correction to it is
(QH[|Q) = im(m ~ 12N +1)
=62
1 dr? 272
= — —Ne|— + = +O(N?|.
gl 6{ 5 tav O )}

If we express the ground-state energy as E = Neg + E5 + O(1/N), we find

2

=" [1 -2y ow%] |
2

oo 4 9

which is in agreement with the Bethe ansatz calculation.
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