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PURELY MAGNETIC TUNNELING EFFECT
IN TWO DIMENSIONS

VIRGINIE BONNAILLIE-NOEL, FREDERIC HERAU, AND NICOLAS RAYMOND

ABSTRACT. The semiclassical magnetic Neumann Schrodinger operator on a
smooth, bounded, and simply connected domain 2 of the Euclidean plane is
considered. When 2 has a symmetry axis, the semiclassical splitting of the
first two eigenvalues is analyzed. The first explicit tunneling formula in a pure
magnetic field is established. The analysis is based on a pseudo-differential
reduction to the boundary and the proof of the first known optimal purely
magnetic Agmon estimates.

1. INTRODUCTION

1.1. A long-term investigation.

1.1.1. The magnetic Laplacian with Neumann boundary condition. Consider () a
smooth, open, and simply-connected set of the plane. This article is devoted to the
spectral analysis of the magnetic Laplacian %}, defined as the self-adjoint operator
associated with the quadratic form

D) = / (—ihV — A)gPdz.

defined for ¢ € H, () C L*(2), the set for which 2,(¢)) is finite. In this article,
the magnetic field is B = V x A = 1 and, by gauge invariance, we can choose

A = (0, —z). The domain of .%}, is

Dom(.%,) = {¢ € HA(Q) : (—ihV — A)*y € L*(Q0),
n-(—ihV —A)p=0on I =00},

where n is the outward pointing normal to the boundary. In this paper, L will
denote the half-length of the boundary.

N. R. and F. H. are deeply grateful to the Mittag-Leffler Institute where part of the ideas
of this article were discussed. N. R. also thanks Bernard Helffer, Pierig Keraval and Johannes
Sjostrand for many stimulating discussions.
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1.1.2. From superconductivity to semiclassical analysis. The original motivation
to study the spectrum of .}, is the mathematical study of superconductivity. In
particular, the asymptotic description of the third critical field (in the large mag-
netic field limit) is related to the ground energy of .%},. For an overview of this vast
subject, the reader is referred to the book [7]. Independently of superconductivity,
the subject has acquired a life of its own (see the book [24]). Let us only point out
some contributions directly related to the present framework. In [11], the ground
state energy is analyzed and the following asymptotic formula is established

AL(h) = Ogh — Ctkmaxh?® + o(h?), (1.1)

where K.y 18 the maximum of the curvature of T', and ©y € (0,1) and C; > 0
are related to the de Gennes operator (see [11, Appendix A]). This operator is
defined as follows. Consider, for all £ € R, £, the Neumann realization on R
of the operator D} + (£ —t)?. The eigenvalues of £¢ are simple and denoted by
(1 (€))n>1- It is known (see [5]) that 1 has a unique and non-degenerate minimum
at some & > 0. We will denote by wue the positive L:-normalized ground state.
Then,

ug, (0)

6

In relation with (1.1), Helffer and Morame also proved that the first eigenfunctions
are somehow localized near the boundary points of maximal curvature (see [11,
Theorem 10.6] and the numerical simulation of the ground state when 2 is an
ellipse, Figure 1). In contrast with [11] where only the ground energy is considered,
in 6], all the low lying eigenvalues are considered in the semiclassical limit when
the curvature has a unique and non-degenerate minimum. Fournais and Helffer
establish that, for all n > 1,

G0 =min/u(§), Cr=

3 1 3k 7 7
)\n<h) = @Qh — Cllimath + (2n — 1)01@3 7h4 -+ O(h4) s (12)
with ks = —K"(s¢) where k is the curvature as a function of the curvilinear coor-

dinate and sy the point of maximal curvature.

1.1.3. Magnetic WKB constructions. In relation with (1.2), we may wonder how
the corresponding eigenfunctions behave and if we can accurately describe them
in the semiclassical limit. It has been an open question for many years to know if
the eigenfunctions could be written in a WKB form. A positive and very explicit
answer has been given in [3] (see also Section 2.4.2 where we recall the result). It
turned out that the magnetic operator is deeply connected to an effective electric
operator acting on the boundary. Letting

U(S) = Cl(ﬁmax - H<5)) =0,
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FIGURE 1. Modulus of the ground state when €2 is an ellipse.

the analysis there revealed the crucial role of the following effective eikonal equation

"
o(s) — @QJ(S)Q = 0. (1.3)
1.1.4. An effective eikonal equation. The remarkable feature of the aforementionned
WKB analysis is that the eikonal equation (1.3) is the same, up to a local change

of gauge, as the one obtained when considering the following purely electric Hamil-
tonian acting on L*(R/(2LZ)),

/J,f(fo)
2

_ 20(s)
11 (o)
Let us denote by (A\T(h)),=1 the sequence of its eigenvalues.
If v has exactly two symmetric non-degenerate minima at s, € (—L,0) and
s¢ € (0, L), it is well-known that the low lying spectrum is made of exponentially

close pairs of eigenvalues. In order to describe the corresponding tunelling formula,
we consider

S=min(5,,S¢), Su.= VV(s)ds, Sq= | VV(s)ds, (1.4)

[57‘1841 [3275r

eff
et — .

(h%D§+V(s))  V(s)

where [p,q| denotes the arc joining p and ¢ in the “circle” R/(2LZ) counter-
clockwise. The indices u and d refer to the up and down parts of the “circle”
(corresponding to the up and down parts of 0€2).

The tunneling formula is

AT (h) — AT (R) = 2/w(h)| + O(hse /"™y (1.5)
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oo [ b,
Ao = p( /[] 70 d)’

B Y SO
Ao = p( /[] ) d)’

g=(V"(s:)/2)% = (V"(s)/2)" .

(1.7)

Such a one dimensional result goes back to [9]. This formula may also be found
in [4] up to a convenient rescaling. The reader might also want to consider the
Bourbaki exposé [25] based on the celebrated Helffer-Sjostrand theory developped
in [12, 14, 13, 15, 16, 18, 17| (see also the series of works by Simon [26, 27, 28, 29]).

In a periodic framework, flux effects are considered in [23] (see also [4]).

1.1.5. Numerical simulations and conjecture. More than a decade ago, the first
numerical simulations describing magnetic tunneling effects in two dimensions ap-
peared (see for instance [1| in the case of corner domains). For instance, in the
case of the ellipse (see Figure 2), it was rather a surprise to be able to estimate
an exponentially small effect and also to reveal the “oscillation” of \y(h) — Ay(h),

numerically.

With these numerical computations arose the following open question:
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FIGURE 2. A\y(h) — A1(h) as a function of 1/h in the case of the ellipse

Is there a theoretical formula to explain Figure 27
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For more numerical simulations concerning smooth domains with symmetries,
the reader may consult [3, Section 5.3.3] where “camels” (see Figure 3) and el-

lipses are considered. The case of varying (and vanishing) magnetic fields is also
investigated.

[ 2 )

|

-1.5 < -0.5 ) 0.5 1 15

FIGURE 3. Modulus and phase of the grounstate in a camel-like domain

Based on the WKB analysis in pure magnetic fields and the ideas & la Born-
Oppenheimer developped in [3]|, we end up with the conjecture [2, Conjecture
1.4] of an ezplicit formula to describe a purely magnetic tunneling when € is
an ellipse. This conjecture has been numerically checked (see Figure 4) and, to
authors’ knowledge, is the first of its kind.

Let us recall this conjecture.

Conjecture 1.1. Assume that 2 is an ellipse. Then, there exists ag € R such
that
2:C
13
Aa(h) = Au(h) ~ hs A NG (K2t (§0))

Ny
=

1
(’imax - /{min) 2

cos (L (%—%—ao)) e
,/ 201 / V Emax — £(s) ds,

Os\/ Fomax — K(s) — 1/ %2
A = exp —/ \/:ds
[0

5] Kmax — K(5)

—S/ht

Y

X

where

L_lol_p
O] 2L
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FIGURE 4. Ay(h) — A;(h) as a function of 1/h; numerical simulation

(blue) vs our conjecture (dashed)

Here, s denotes the curvilinear coordinate. The points s = 0 and s = L corresponds
to the right point of maximal curvature and to left point of mazximal curvature,
respectively.

The present article proves Conjecture 1.1 and, incidently, establishes the first
explicit formula describing a purely magnetic tunneling effect.

1.2. Statement of the general result. Let us describe the geometric context
of this article.

[25) a1

FIGURE 5. A domain §2 with two symmetric curvature wells
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Assumption 1.2. ) is a smooth, open, bounded and simply-connected set of the
plane. Moreover, it is assumed to have the following symmetry.

i) Q is symmetric with respect to the y-azis.

i) The curvature k on the boundary I' attains its mazimum at exactly two points
a1 and as which are not on the symmetry axis and belong to the same connected
component of the boundary. We write

a; = (a11,a12) €T and  as = (az1,a92) €T,

such that a;; >0 and az; < 0.
iii) The second derivative of the curvature (w.r.t. arc-length) at a; and ay is
negative.

We can now state the main theorem of this article, which gives, to the authors’
knowledge, the first optimal purely magnetic tunneling estimate.

Theorem 1.3. Under Assumption 1.2, we have the tunneling formula
1 1
Aa(h) = M (R) = 2|@(h)| + o(h ¥ e S/,
where

w(h) = Nq(fo)h%ﬂ_%g <Au\/V(O)e‘s“/hl/4eiLf(h) + Ad\/V(L)e‘sd/h1/46_iLf(h)> :

where f(h) = ~o/h — &/RY? — oy and where oy is a constant involving the de
Gennes operator and the geometry (see (2.10)).

NI

Remark 1.4. Let us make some remarks about Theorem 1.3. The proof actually
allows to consider slightly more general situations.

i) Theorem 1.3 implies Conjecture 1.1.

ii) The assumption that  is bounded is not necessary to establish a tunneling
result. For instance, if 2 is camel-like domain (see Figure 3), the “down” part
in the tunelling formula has to be removed, and, therefore, no oscillation of
Aa(h) — A1(h) occurs.

iii) The assumption that €2 is simply-connected is not necessary. The possible
holes only contribute to change the value of ~,.

iv) The fact that we consider the first two eigenvalues, or only a domain with
only one symmetry, is just for the simplicity of the presentation. The same
strategy provides us with tunneling estimates in multiple well situations since
our method reduces the analysis to one dimension electric tunneling (up to
phase shifts).

v) In [29], Simon described the “flea on the elephant effect”. This effect occurs
when the electric potential is slightly perturbed and/or when the symmetry
is broken. In this case, the first two eigenfunctions end up living in separate
wells. In our case, such a phenomenon could be described as well (if we
perturbe the geometry of the boundary) and it could be called “the flea on
the magnetic camel” (see Figure 3). In the special case of the ellipse, if we
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slightly perturbe the boundary (by keeping the symmetry) in such a way that
Su # Sq, then the beautiful oscillating effect disappears.

Remark 1.5. The investigation will reveal the microlocal nature of the tunelling
estimate given in Theorem 1.3. It contrasts with the electric tunneling a la Helffer-
Sjostrand, and even with recent contributions about purely geometric tunneling
[10] and [19] where microlocal analysis is absent.

1.3. Organization and strategy. In Section 2, we explain how the spectral anal-
ysis of %}, can be reduced to the one of an operator %}, 5 on a tubular neighborhood
of the boundary, see Proposition 2.2. Then, %} 5 is written in the classical tubu-
lar coordinates (s,t) € R/(2LZ) x (0,9) and rescaled in the transverse variable
t = hr, with h = hz. The spectral analysis is then reduced to the one of .4}, see
Proposition 2.6.

In Section 3, we consider a “one well problem” by removing the left maximum
and gluing an infinite strip. Then, the resulting operator .47, can be interpreted
as a pseudo-differential operator with operator valued symbol the principal sym-
bol of which being the de Gennes operator. Such operators and their spectrum
have been extensively studied by Martinez via Grushin reductions. A synthetic
presentation can be found in [22]. More details and extensions may also be found
in the Ph. D. thesis of Keraval [20]. To some extent, our presentation will remind
[21] where tunneling estimates are provided in the case of partially semiclassical
electric operators. In order to construct a parametrix of A%,', one will need a
convenient symbol class (the analogous of the S(1) class of bounded symbols). For
that purpose, we will use a microlocal cutoff function and construct a parametrix
for the “microlocalized” operator Op‘,{v pr (near &), see Theorem 3.4.

In Section 4, we use the parametrix to show that tangential elliptic estimates
for Jlgf, may be deduced from the one of an effective pseudo-differential operator
acting on the boundary, see Theorem 4.2.

In Section 5, we establish Theorem 5.1. It is devoted to remove the frequency
cutoff function introduced in Section 3.1 up to using the transverse Agmon esti-
mates, and the behavior at infinity of the de Gennes function ;.

In Section 6, we explain how to deduce optimal tangential Agmon estimates
from Theorem 5.1 (see Corollary 6.1). We also establish slightly rougher tangen-
tial estimates for the “double well operator” .4; from the one well estimates, see
Proposition 6.2.

Section 7 is devoted to the proof of Theorem 1.3. We construct an approximate
basis from the WKB Ansétze attached to each curvature well and compute the
spectrum of the interaction matrix thanks to the accurate WKB approximation
of the ground state in each simple well.

1 1
land actually of the conjugated operator L/Vhf’r = e¥/h? e/i%}re—w/m , where ¢ is an appropriate
subsolution of the effective eikonal equation.
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2. A REDUCTION TO A TUBULAR NEIGHBORHOOD OF THE BOUNDARY

2.1. Normal Agmon estimates and spectral consequence. The following
proposition is well-known (see |6, Theorem 4.1]). It comes from the fact that
the magnetic Laplacian on €2 with Dirichlet boundary condition is bounded from
below by h since

Vi € 6,°(Q2 /| —ihV — A)y|*dz > /|1/}|da7

Proposition 2.1. Let M > 0. There exist C, hg,a > 0 such that, for all h €
(0, ho), and all eigenpair (A, ) of %, with A < ©ph + Mh2,

/ egadist(m,F)/hj [y|2dz < C|v|)?,
Q

and

/QGQadist(a:,F)/hQ |(—=ihV — A)p|Pdx < Chljy]|?.

This proposition tells us that the first eigenfunctions of %}, are exponentially lo-
calized in a neighbrohood of size hz of T'. This invites us to define the new operator
2, 5. Consider the (possibly h-dependant) d-neighborhood of the boundary

Qs ={z € Q:dist(z,T") < 0}

(The dependance of § w.r.t. h will be precised later.) Then, consider .4, s the
self-adjoint realization of (—ihV — A)? with the following boundary conditions

n-(—ihV—-A) =0, onl,

and

=0, on {z € Q:dist(z,I') =6},
where § < dy with dp small enough to ensure the smoothness of the boundary of
(25. The quadratic form 2 s associated with %}, 5 is defined for all ¢ € Vs,

Dns(¥) = |( ihV — A)pl*de,
with

={y € H'(Qs) : ¢(z) =0, on {x € Q:dist(x, ') = 6}}.

The operator %}, 5 has still a compact resolvent and we can consider the sequence
of its eigenvalues (A, (h, d))p>1-

Proposition 2.2. Letn > 1. There exist C, hg,« > 0 such that, for all h € (0, hy)
and 6 € (0, ),

)\n(hf) < )\n(h,(S) < )\n(h) + Cefaé/hf .
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Proof. The first inequality follows from the fact that Qs C €, the Dirichlet con-
dition and the min-max principle. The second inequality follows from the Agmon
estimates. Indeed, consider an orthonomal family of eigenfunctions (¢;)1<;j<n as-
sociated with (X;(h))1<j<n and let

&n(h, ) = span xs1; .

1<i<n

Here y;s is defined by xs(z) = x <M) where x(z) = 1 for z € [0,1/2) and
x(z) = 0 for z > 1. Thus, &,(h,d) C V;. Consider ¢ € &,(h,d) and write

b= xst = X5 Y Byt -
j=1
We have
Phs(xs¥) = / [Xs(—ihV — A) — ihV s *de
Q
< (=AY — A)Y[* + 20| (=ihV — A)Y[| 2050 IV X0 + 22| Vx50 -
Then, since the (1;)1<j<, are orthogonal eigenfunctions, we get
[(=ihV — A)|I> < Aa(B)[[0]1*.
From Proposition 2.1, we have
||VX61/}|| < 05—16—a5/2h7 Hwn 7 ||(—th o A)@Z)HLQ(Q\Q(;/Q) < C’h%e—aé/th ”¢|| .
It follows that
1
Dns(xst) < (Aalh) + (A3 + n2072)em %) |2,
and then
Dns(xst) < (Anlh) + Clh+ A3 + 12672 ) fysus|2.
]

2.2. Tubular coordinates and truncated operator. We will use the canoni-
cal tubular coordinates (s,t) where s is the arc-length and ¢ the distance to the
boundary. We recall some elementary properties of these coordinates. Let

(—L,L]>s+— M(s)eD (2.1)
be a parametrization of I'. The unit tangent vector of I' at the point M (s) of the
boundary is given by

T(s):= M'(s).
We define the curvature x(s) by the following identity
T'(s) = k(s)n(s),
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where n(s) is the unit vector, normal to the boundary, pointing outward at the
point M (s). We choose the orientation of the parametrization M to be counter-
clockwise, so

det(T'(s),n(s)) =1, Vs e (=L, L.
We introduce the change of coordinates

O :R/((2L)Z) x (0,6) > (s,t) — x = M(s) —tn(s) € Qs. (2.2)
The determinant of the Jacobian of ® is given by
m(s,t) =1 —tr(s). (2.3)

Thanks to this change of coordinates, .7} s is unitarily equivalent to .#}, s the
self-adjoint realization on L*(T' x (0,4), mdsdt), of the differential operator

—h*mtoymo, + m™! (—ih@s +v%—t+ gt2> m~t <—ih85 + v —t+ gt2> ,

where
1 _
m($>t) =1 t"{(s)a Yo = ’F| )
with the boundary conditions
Op(s,0) =0, (s,9)=0.
This fact can be found in [7, Appendix F| (see also [3, Section |). The first
eigenfunctions of .}, 5 also satisfy Agmon estimates (with respect to t).

Proposition 2.3. Let M > 0. There exist C, hg, > 0 such that, for all h €
(0, hy), and all eigenpair (A1) of M, s with X < Ogh + Mh3,

1
/ p20t/h? |¢|2dsdt < CW”Q’
Q

and
) 2
/ p20t/h? (}(—ihas + 90—t — gtz)qb’ + ]hatw]2> dsdt < Chl|v.
Q

These estimates invite us to consider an operator on the space domain I' X
(0, 4+00) instead of I" x (0,6). For this we insert cutoff functions in the preceding
operator. Let ¢ be a smooth real function equal to 1 on [0,1] and 0 for ¢ > 2.
Then, we let

m(s,t) =1 —tc(6~)k(s).
Instead of .}, 5, we consider ., ; the self-adjoint realization on the Hilbert space

L*(T x (0,+00),mdsdt), of the differential operator with associated eigenvalues
A, (h,0).

- h2m_ ! Oymo;

+m! (—ih@s Foyo—t+ c(é’lt)gtz)m4 <—z’h85 Fo—t+ c(é*%f)%ﬂ) ,
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with Neumann boundary condition on ¢ = 0. Note here that the additional trun-
cation in front of x is introduced in order to make this term bounded (and later a
lower order term) when ¢ is large.

Using the same truncation trick as in the proof of Proposition 2.2, similar Agmon
type estimates for .#, 5, and the min-max principle, we get the following.

Proposition 2.4. Letn > 1. There exist C, hg,« > 0 such that, for all h € (0, hy)
and 6 € (0, ),

(B, 8) < An(h, 8) < A, (h,6) + Ce@M

Remark 2.5. Actually, at this stage, we have not proved that the low-lying spec-
trum of 4, s is discrete. This will be a consequence of the forthcoming analysis.

From now on we fix
§=hi""> hi,
for some fixed 0 < 7 < 1/4. Note that this assumption is sufficient to ensure that
remainder terms appearing in the latter proposition are indeed controlled by the

1
main term which is of order e=5/** for some constant S (see the main statement
in Theorem 1.3).

2.3. The rescaled operator. The exponential localization at the scale hz near
t = 0 suggests to consider the partial rescaling

(S7t) - (0-7 hT) 5 with h = h% X
We also let
anlo,7) = 1= hr(@)eu(r), - eu(r) = elur)  for i€ (0,1372),

where we recall that 7 is positive and small, and c is the cutoff function introduced
in the preceding section. The parameter p will be convenient when expanding the
operator in powers of h. We will fix later the value p = h!/?*27 but through this
first step of the proof, we prefer to let the parameter p be free and the coming
estimates be uniform w.r.t. it. Note that thanks to the localization induced by ¢,
we have
ap =1+ O(hz=2")

and in particular it is bounded from below uniformly in /. Upon dividing .#, 5 by
h, we get the new operator .44 acting on L*(T' x (0, +00), azdsdt), as the differential
operator

N = —aglﬁTahﬁT
+ agl (—z’h@a + A =T+ hcug7'2> agl (—z’h@a + Ay — T+ hcug7'2>

with Neumann condition on 7 = 0. We denote by (v,,(h)),>1 its eigenvalues. Using
then Propositions 2.2 and 2.4, we get
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Proposition 2.6. Let n > 1. There exist K > S, C,hg > 0 such that, for all
h e (0, ho) and pu € (0, hzt27),

4 1
Aa(h) — Ce 5N < W2, (R) < Au(h) + Ce MM

This means that, in order to estimate the waited splitting between eigenvalues
Ao(h) — A1(h) of the original operator, we can consider the corresponding splitting
for the reduced and rescaled operator .4; . The rest of the article is devoted to
this problem.

2.4. One well operators.

2.4.1. Definitions. Let us consider the “one well operator” (attached to the right
well). It is geometrically defined by surgery by removing a small neighborhood of
the left curvature maximum, and gluing an infinite strip, see Figure 6. In tubular
coordinates, this means that we consider the following differential operator

— a, 10, a50;
+a;! (—ih@a + A =T+ hcﬂ%#) a,’ (—iﬁag F Ry — T+ hCu%Tz) ,
(2.4)

acting on L*(R x R, , apdodr) where k, is an appropriate extension of x defined
as follows:

Kp =k, on I.,:=(sq—2L+mn,s —n),
and K, = 0 on (—o0,s; — 2L) U (s; + 00). This extension may be chosen so that
Kk, has a unique and non-degenerate maximum at s,..

\ N\ S = 0

FIGURE 6. One well domain attached to the right well

This operator is denoted by .A44,.,. Since the space domain is now simply
connected, .47, ,, is unitarily equivalent to the flux-free operator A4, = A4 ,0.



14 V. BONNAILLIE-NOEL, F. HERAU, AND N. RAYMOND

Considering the symmetry operator

Uf<0> T) = f(_07 T) )
we define the left operator as A%, = U ' A5,.,,U. Let us consider
bnr(0,7) = eﬁoa/ﬁuhmga, ) if —L<o<s —n/2
e eole=2D)/Wy, (0 —2L,7) ifs;+n/2<0o<L

Here uy, is a ground state of the flux-free operator .47,¢. The function ¢y,
satisfies locally (on the right side) the eigenvalue equation of .4;. Considering
One = Udp, and, letting up, = Uup,, we have

¢h€<0' 7_) _ { 6i70(0+2L)/h2url,£<0' + 2L,T> if — L g o < Sy — 7)/2

€0/ o(0, T) if s, +n/2<oc<L
In the following, we will focus on the right well and find a WKB approximation of
Up,y-

(2.5)

(2.6)

2.4.2. WKB construction. The following fundamental theorem has been estab-
lished in |3, Theorem 5.6 & Section 5.3.2].

Theorem 2.7. Let us consider the following Agmon distance to the right well s,.:

20, ]
B(o) =\ | s /[] o = ()&

There exist formal series (an(h))nso0 and (8,(h))ns0 such that

an(h) ~ 3 an i, 6u(h) ~ .03,

j=0 j=0
and 1
(M — 00 (R) Uy = O(RF)e™ M2
with )
\I]h,r,n ~ an(h)e—é(a)/hf e—iofo/h‘ (27)
h—0
Moreover,
1 [3ks
571,0 = 607 6n,l = 0, 571,,2 = _Ol'%maxv 571,3 = (2’[1, - 1)6(1@6l 7 )
and

no(0,7) = fno(0)ug, (7),

where fno solves the effective transport equation

" 1 /3K
fso) (250) (®'0y + 0, %) fup + F(0) fon = (20 = DC1OG\ | " fao,  (28)

and where F' is a smooth function such that F(s,) =0 and Re F' = 0.
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Remark 2.8. Let us consider (2.8). Since F' is imaginary, we may find a function
ap such that f,o(0) = eieo(0) fno(o) where f, solves the real classical transport
equation

" _ 1 3k ~
“1(2&)) (D'Dy + 0,P) fr0 = (20 — 1)C1 08 72 Fno (2.9)
This equation is the same as the one we obtain when performing a WKB construc-
tion for the semiclasssical electric Hamiltonian

11 (§o)
2

RD2 +v(0), ©=C)(Kmax — Fr)-

We let
o 05170(—[/) — 04170(0)

3. A GRUSHIN PROBLEM

In this section, we focus on the one well operator. Let us consider a smooth
non-negative function o +— (o) and consider the conjugate operator

1 1
%ﬁ — p¥/h? %Jew/h? )
Explicitly,
%ﬁ, = —a;, '0,a,0;
tap" (—ihd, — 7+ ihd + hc,%#) apt (—ihd, — 7+ ind + th%72> .

In order to lighten the notation, we write £ and .4;” instead of s, and A4;7. In

all what follows we shall use the following notation in order to compare operators
and deal with remainders:

Notation 3.1. For formal operators A, B, C, ... in L?(R) we say that A = 0(B, C)
if there is a constant ¢ > 0 such that for all u in S(R)

[Aull < c(|| Bull + [[Cull +..).

This definition naturally extends to L?(R x RT) and similar pivot spaces when
taking test function satisfying in addition the good boundary conditions.

3.1. A pseudo-differential operator with operator-valued symbol. We no-
tice that .4,” can be written as an fi-pseudo-differential operator with an operator-

valued symbol n;(c,€) having an expansion in powers of ha:
N8 = Opy ny,

with
ny = Ng + h%nl + hng + h%ng + h2fh,
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where after precise computation and use of the usual symbolic rules, we get
ng=—07+(£—1)°,
ny = 2i( — )¢,
ny = =% + key0r + cuk(§ — )77 + 267, (E — ) + KT, (T) (3.1)
Reng =0,
Fr=O(T* (€ — 7)*%, (€ — 7)1, 720,) .

In the last expression, the notation & is defined in Notation 3.1. It will be explained
later how to deal with the remainder 7. It involves in particular powers of 7 which
can be controlled via the normal localization estimates, and thus are not really
problematic. Note the in (3.1), p is considered as a parameter although it may
depend on h.

Now the frequency variable £ is a priori unbounded, and in the next step of the
analysis, we therefore truncate our operator in £ to get a “bounded” symbol w.r.t.
to s: let us consider a smooth cutoff function y; equal to 1 near & and so that
¢ — p1(€x1(€)) has still a unique and non-degenerate minimum at ;. We will
consider

Opy pn,  with  pa(s,&) = nal(s, Exa(€)). (32)

For a recent panorama of pseudo-differential operators with operator symbols, we
refer to [20, Chapitre 2| (see also [8, Appendix B]). The introduction of the cutoff
function y; is inspired by [20, Section 6.3].

3.2. The Grushin problem for the principal operator symbol. Let us first
consider the principal symbol py (whose domain is indepedent of ). Let z € C
such that Rez € (©g —€,0( + ¢) and consider the matrix operator:

200 = (015 ) € S Z(Dompm x € IR, x O).
acting on Dom (pg) X C and valued in L*(R;) x C. Here ve = ugy, ). We also

denote by Il¢, or simply II the orthogonal projection on Cvg. The notation P €
S(R?* Z(Dompy x C,L*(R,) x C)) means that

— P = P(z,¢) is a family of closed operators whose domain does not depend on
(x,&), and whose graph norms are equivalent uniformly in (z,¢),

— for all & € N?, there exists Co, > 0 such that |05, P - || < C,l| - || p, uniformly
with respect to (z,€), and where || - || p is the graph norm of P.

This class can be thought as the analogous of the classical class S(1) (note anyway
that contrary to the scalar case, this is not an algebra). More details can be found
in [20, Section 6.3].
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Lemma 3.2. % .(€) is bijective and
— z)7HI*+ v
D, (€)= PTLE) = (po — 2) ¢ > ’
@ =250 = (" U0 L)
and
9. € S(RZ,, Z(L*(R;) x C,Domp, x C)).

Here TI+ denotes the orthogonal projection on ve™.
Proof. Let (v,B3) € L*(Ry) x C and look for (u,a) € Dom (py) x C such that
P..(&)(u, )" = (v, 8)T. In other words,

(po — 2)u = v — avg, (u,ve) = 3,
or

(po — Z)UL = v —avg — B(po — 2)ve = v — ave — B (x1(€)E) — 2)ve,

with (u,ve) = f.

The operator py — z stabilizes ((Cvg)L and induces an operator. On this space,

(o — Rez)u,u) > (p2(€x1(€)) — Rez)|[ull* > cllull?,

by choice of z. Thus, the operator is injective with closed range and, by considering
the adjoint, it is bijective. It follows

I(po — =)l < (1a(€xa(€)) — Rez) ™.
In order to solve the equation, the r.h.s. must belong to (Cvg)*. This implies
a = (v,v¢) = B(pa(Exa(8)) — 2).
By bijectivity on the orthogonal,
ut = (po = 2) (v — ave = B (Exa(€)) — 2)ve) = (po — 2) Mo
Therefore, u = fvg + (pg — 2) "I Hw.
OJ

3.3. Pseudo-differential dimensional reduction and subprincipal terms.
Let us now consider the full symbol

P, (s,€) = (]Zh’;j g£> € S(RZ,,.Z(Dompy x C, L*(R;) x C)),

and notice that we can write

P, = Py, + hi Py + WPy + he P +0° Ry,

2

a5l G

where
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and from (3.1) and using the fact that £ is now bounded, we can write

po = =07+ (Exa(§) — 7)?,
P =2i(Exa (&) — 1),
P2 = =9 + keudr + cur(Exa(§) — 1)77 + 267¢u(Exa (€) — 7)° + K7, (7))
Reps =0,
= O(14,7%0,).
(3.3)

Remark 3.3. Note that in the last expansion at order 3 w.r.t. h%, we do not need
the exact expression of ps3 and will use later that it is purely imaginary. The
structure of the last Taylor expansion is rather subtle. Indeed we do not care
about the cutoff in variable 7 induced by ¢, but we have to keep in mind that up
to loosing powers of &, the involved operators are indeed in S(1). This property
allows to do all the computations with test functions in Dom(py) x C and gives a
meaning to the composition of operators done in the next theorem. In particular,
this expansion is uniform in the parameter u. Mention that the loss of powers of
7 and 0, will be compensated later by the normal decay.

The following theorem gives then an approximated parametrix of operator Op;’ Z,.

Theorem 3.4. Consider the operator symbol
9 = 9 4 12D+ D, + 17 Ds,
where 2y, is given in Lemma 3.2 and
Ql,z - _0@0,24@130@’
Dy, =—20.P22y.— 2172, (3.4)
33,2 = _3072‘@330,2’ - o@1,25@20@0,2: - 92,2@1090,2 - %27
with
216, = ({20, 21} + {21, P02 }) Loy-
Then, we have
Opy (28)0p; (2.) = 1d+ 1?6 ((7)°).

Moreover, we have the following explicit description. Letting
+
: ¢

1 3
¢ =q. +hiqi, + hay, + h2gs,

we write
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with
G =z — m(€xa(€)),
qi, = —ig' () (-xa () (€) (3.5)
Cszfz = k(0)C1(& 1) + Ca(€, 2)¢"”,

where

Cr(&, 1) = ((cudr + cu(éxa (&) — T)7° + 27, (Exa(€) — 7)?) ve, ve) — (7¢,,(T)Drve, ve)
Co(&,2) =1 = 4{(po — 2) T (Exa(€) — T)ve, (Exa(€) — T)ve) -
and when z s real we have
Re qgi’z =0.
Moreover, q7, qF, and q= are uniformly (with respect to ji) bounded symbols.
Remark 3.5. From [6, Prop. A.2|, we have
C1(&,0) = Ch,

and, from the exponential decay of v¢ and its derivative (in the 7 variable) and
the confinement in 7 induced by the truncation c,, we have, uniformly in &,

Cl(fo, ,u) = 01 + ﬁ(hoo) 5 <TCL(T)87-’U§, U§> = ﬁ(hoo) .

From [6, Prop. A.3|, we have

)

02(50760) = 9

Remark 3.6. Let us recall here that the bijectivity of Op}” (ps) — z is related to
the one of Op}” (¢F). In this case, we have, modulo some remainders,

(Opy” (pn) — 2)~" ~ Op;’ ¢. — Op;” ¢; [Opy =] 'Opy ¢ .
Proof. Let us consider the product
Op; (28)op;! (7).

We shall now study the expansion in half-powers of A of this product.

Terms of order h°. The terms of order 1 give
QO,Z'QZO,z - Id .

Now, one wants to cancel the other terms.
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Terms of order hs. Cancelling the terms of order h%, we find

2.2+ 2. =0, (3.6)
or, equivalently,

21.=-20:21.20.:
Explicitly,

9, = — 40,2P190,2 qofplqg '
” G P190,= 9o P10

Note that
sz = —<p1U57 Ug) y P11 = 2@’(5)(1(5) —-7).
By the Feynman-Hellmann theorem,
Qi = =2 ((€x1(€) — T)ve, ve) = —ig (s)p (X1 () (€)
Terms of order h'. Let us cancel the terms of order h:

1
2,9 + Z{o@o,z; Lot + 20, P+ D2, P, =0.

Since the principal symbol does not depend on s, the Poisson bracket is zero, and
thus

P14+ 20. P+ 25, P, =0.
It follows that

2= —21.9120, — 20,.522, -
We have

2.9, = (C]o,zP2CIO,z QO,zp2qar) ’
Qo P2Qo,=  (D2Ve, V)

and from the expression of 2, , above

J’_
. P9, = — GoP190P190 qul%plqur .
4o P190P190 4o P19oP19y

In particular, we have
qu,z = qapl%quar - <p2U§, U5> = (p1(po — 2)71HLP105> U£> - <pzvg7vg> .
With (3.1) and (3.2), we have

(p1(po — 2) ' prve, ve) = =49 ((po — 2) T T (Exa(€) — T)ve, (Exa(§) — T)ve)
(Davg, ve) = —”? + kCi (&, ).
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Terms of order h3. In the same way, we determine 25, by solving

1
20:Ps+ 21, P+ 2y, P+ P53, P + % {2z 21} +{21., P.}) =0.
which gives
D3, =—-20. P32, +21.9:2. + 2. P12y, —C. (3.7)

which is the last equality in (3.4).

We show now that when z is real, Re (qgc) is purely imaginary. For this we notice
that the first term in parenthesis in (3.7) gives rise to a purely imaginary term
in the right bottom of its matrix expression. Then, we show that %, is actually
skew-self-adjoint. First, since &, does not depend on s,

2z(€z = a§<>@0,zas<@1‘>~OZO,Z - 85&@1,28&@0@@@0,2 .

Then, recalling that &, 2, = Id and (3.6) and taking the derivatives of these
formulas with respect to £ and s, respectively, we get

206, = 0: 20,012, + 0:21 ., .0: 2 .
= —0:2.20.05s21 . + 0521 .Y .0: 2
= (L0,.0:20,.) (0521 ,)" + 0521 ,P,.0: 2
= (0521,,2,.0:20..)" + 0521 .%,.0: 2.,

where we used that & ,, 2, . are self-adjoint and &;, 2, , are skew-self-adjoint.

Remainders and order h?. Therefore, with the definition of QE’}, and composi-
tion of pseudo-differential operators, the operator symbol of Op;” (QE’])Ong (3%3])
coincides with Id modulo terms of orders at least ¢'(h?). By the Calderon-
Vaillancourt theorem, this remainder is a bounded operator, but the bound de-
pends on the parameter p. To avoid this problem, we observe that, by Taylor
expansion, the remainder is of order h? in the worse topology of L?({r)%drds).
This power 6 comes from the product of the terms of order A%. In the same way,
we see that

Op; (22) (Op;! (2:) — Opy (2L7))
is again of order A? for the topology L?({7)%d7ds). In the same way using that
R (po — 2) L, 720, = R2O((1)?), (3.8)

we can get rid of the derivatives in the remainder term of type 720;.
The fact that ¢, ¢, and ¢ are bounded comes from their explicit expressions
and the fact that v, is exponentially decaying uniformly in § with respect to 7.
O
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4. TANGENTIAL COERCIVITY ESTIMATES

We will use Theorem 3.4 for z € C such that
z = @() — Cllimaxh + ﬁ(hQ) N

and assume that ¢ is an appropriate sub-solution of the eikonal equation in the
following sense.
Assumption 4.1. Let o > 0 be a Lipschitzian function such that, for all M > 0
there exist C', R > 0 such that

(i) for alloc € R, v(o) — @@’(0)2 >0,

(i) for all o such that |o — s,| = Rh2, v(0) — Mg@’(d)2 > Mh.

2
1

Note that Assumption 4.1 implies that, for all o such that |o — s,| < Rhz,
v(o) — 8/ ()2 < Ch.

Theorem 4.2. Let K > 0. Under Assumption 4.1, there exist hgy,c, Ry > 0 such
that, for all R > Ry, there exists Cr > 0 such that the following holds. For all
h € (0,hy) and all z € C such that |z — Og + Crkmaxh| < KRh?,and for all 1,
1
R (Y[l < [1(Opy” pr — 2)¢l + Crb?|Ixo(h™2R™H (o — s,))¢|| + F2[|7%]|
where xo € 65°(R) is 1 in a neighborhood of 0.

4.1. From the effective operator...

Proposition 4.3. Let K > 0. There exist hg, C > 0 such that, for all z € C such
that |z — O¢ + Cikmaxh| < Kh?,

b [ (v0) = 50200) ) o - ol < ~Re (OB 0. 0).
In particqﬂjlar, for some ¢ > 0 and all R > 0, there exists Cr > 0 such that
R < Op1! ) + Crlillxo (™2 R (o = s50))0 ]
Proof. Using the assumption on z and (3.5), we have
~Re g = pu(€x(€)) = Qo+ h (=(0)C1(& ) + Crbimax — C2(€, ©0)¢”) + O(1?),

and also

—Re ¢ = 1 (€x(§))—Oo+h (_H(U)Cl(§= 0) + C1(£0, 0) Kmax — Ca(&, @0)90,2)+ﬁ(h2) .
We write
—ReqE > h (U(U) — Cy(&o, @0)¢’2(a)) + 1, (4.1)
where
rn = p1(§xa(§)) — Oo + hsy,
with
|sn| < C'min(1, € — &) -
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Since
1(€x1(€)) — O = cmin ((€ — &), 1) ,

we get, from the Young inequality,

—CH?. (4.2)

Using (4.1), (4.2), and the standard Fefferman-Phong inequality, the result follows.
0

4.2. ... to the bidimensional operator We can now establish Theorem 4.2.

Let us recall the relation between Oph pr and Oph q=. We have by Theorem 3.4

Opy ¢ Opy ¢\ (Opy pr—2 B 2
<OP7§V @ Op%v ¢ h B 0/~ Id + Or2mxr (r)6dodr)— L2 (RxRs) (A7)

where B = Op}” ((-,v¢)) . In particular,
Opy” ¢:(Opy pn — 2) + Opy) ¢f B =1d + Or2mxr, (rysdodr) 2@, ) (7°)
Op;” ¢; (Opy pr— 2) +Op} ¢: B = ﬁLQ(RXR+,(T)GdodT)—>L2(R><R+)(h2> .
Thus,

(4.3)

1]l < ClIOpy” pr — 2)¢|l + By || + CR?|[ ()%,
and
10, & (BY)|| < C(Opy pi — 2)¢ |l + CR|[{) 0]
From Proposition 4.3, we deduce
cR?I?||BY|| < Cl[(Opy pr— 2)¢l + Crb?|Ixo(h™2 R (0 — 5,)) By,
and then, choosing R large enough,
ER*I||¢]| < Cl(OpY pr— )00l + Cal’llxo(h™2 R (o = 5,)) B|| + CB ||~y .

Moreover, by rescaling and using the fact that the symbol of B only depends on
¢, we have [B, xo(h 2R (0 — s,))] = O(hz), we get

cR2R2| 0] < C|[(Op}Y pr—2)||+12|| Bxo(h~2 R (o—s,))0||+Ch3 ||| +CR2 || 75|,

and the conclusion follows.

5. REMOVING THE FREQUENCY CUTOFF

Let us now replace in Theorem 4.2 the “truncated” operator Op}’ p;, (defined in
Section 3.1) by the operator without frequency cutoff .4;”. This can be done up
to convenient additional remainders.
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Theorem 5.1. Under Assumption 4.1, there exist ¢,hy > 0 such that for all
hoe (0,ho) and all ¢ € Dom (A7),

B[] < IHmAE = 20l + B lIxo (B2 R (o = s0))ull,

and
|2 D2 || < (DA — 2)0 ]| + 12| xo(R 2R (0 — 5,))0]|

5.1. Preliminary lemmas. Let us consider a smooth function x, = x2(¢) equal
to 1 away from a compact and whose support avoids &.

Lemma 5.2. There exist C hg > 0 such that for all h € (0,hy) and all ¢ €
Dom (7).

10p;” x2¥[| + | (RDy — 7)Opg” x2¢ | + 1 D00 X200l < ClI(A? — 2)Opy xo]-
Proof. We write

Re <(=/‘§f - Z)OP};V X290, OPZV X2)

> (1+o(1){(D2 + (hD, — 7)%) Op} x2v, Op}y x29) — Re z[|Op) xot0[|*. (5.1)
Thus, by using the support of x2 and the properties of 1,
Re ((A4;7=2)O0py x21, Opy x2¢) = ((1+ o(1))e; — Rez) |Op; x20|I*, 1> Oy

Using again (5.1) and the Cauchy-Schwarz inequality, the conclusion follows.
O

Actually, we have also an “ H2-control” with respect to the “magnetic derivatives”.

Lemma 5.3. There exist C,hyg > 0 such that for all h € (0,hy) and all ¢ €
Dom (A7),

[(hDy — 7)*0p;” x20|| + | DZ0p;) x2¢|| < Cl[(AF — 2)Op;) x2¢] -

Proof. This is obtained through standard elliptic estimates by controlling first the
magnetic tangential derivative. 0

Lemma 5.4. Let N € N. There exist C,hy > 0 such that for all h € (0,hy) and
all ¢ € Dom (A7),
10p;" X200 || + |1 D-0p;” xo¥|| + |(RDy — 7) Oy x20[| + || DZ0py; xa¢!|
+[[(hDs = 7)?0py” x29[| < ClI(AF = 2)¢ + G|y ]].
Proof. From Lemmas 5.2 and 5.3, we have
10p;” X290l + [[(ADy — 7)Opy” X2 || + | D-Opz” x2¢!|
+[[(hDy — 7)*0py X2 || + [ID0p;” x2v|l < C (A7 — 2)0py x2¢l| . (5.2)
Let us deal with the r.h.s. and notice that
1(A37 = 2)0py” x2v || < (A7 = 2)¢]l + 147, Opy” xal¥l. (5.3)
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Let us consider the commutator. One of the terms is
I[a;, " DranDy, Opy x2J|| = [l[ay ' 0-an, Opy x2] D]
< O(h)|| D]l + Bl|Opy” x2 D],

where o has a support slightly larger than the one of x,, and where we used
classical results of composition of pseudo-differential operators. The other term is

llay* (RDy — 7 + his7? /2)ay ™ (RDs — 7 + chit® /2), Oy xa]¥|

O (1=)([(hDy — 7)0ll + [¥1) + Ch ([|Op” x2(hDg — 7)0|| + HOP%V@wH() .
5.

Using (5.2), (5.3), (5.4), and (5.5), an induction argument (on the size of the
support of x3) provides us with
10Dy X2#ll + 11D-Op;” x2¢|| + [[(hDs — 7)Opy x2¢|| + | D7 Op;” x2¢/|
+H(ADy=7)?0py” X200 || < C(AF =)0 I+ E (W) ([l + | (RDo =) ||+ ]| D))
Noticing that
[(hDs — 7)Y || + | D[l < CllATYN + Clll| < CllAT = 2)9ll + Cllell

the conclusion follows. O

(5.4)

Remark 5.5. The estimates in Lemmas 5.2, 5.3, and 5.4 are also true for 1 satis-
fying the Dirichlet condition (instead of the Neumann condition).

We would like to get a control hD, instead of hD, — 7. In particular, one should
control 7 with the normal Agmon estimates.

Proposition 5.6. Let N € N. There exist C,hy > 0 such that for all h € (0, hy)
and all ¢ € Dom (A;7),
10D} x2¥l|+]1D-Opy” X2 ||[+1DsOpy” X2t |+ D 0py” X200 ||+ (RD5)*Opy” x2¢||
+HThD,0p; X290l < CN(A? =)l HIT (A =) |+ |72 (A =)0 |+ (R[] -
Proof. Let us apply Lemma 5.4 to 71 (recall Remark 5.5). We get
170p;” x2¥ll < Ol (A7 = 2) 7| + O(RY) |79l -
Commuting .47 with 7 and using Lemma 5.4, we get

170Dy x2¥ || < Clir (A7 = 2)¢ll + OR8] + [Irol])-
With Lemma 5.4, we get

I(hDs)Opy X200 || < Cl(AE = )l + CllT(AF = 2)0l| + OBV ) ([ ]| + ) -
In the same spirit, we get
I(hDs)*Opy X200l < Cl(AE = 2)0ll + CllT (A7 = 2)9l| + ClI (A7 = 2)

+ ORI +7+79),
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|7hD,Op;” x20|| < C(A7 = 2)0|| + Clir (A7 = 2)|| + ClIT* (A4 — 2)0||
+ 0N+ 7+ 7))
Due to the Dirichlet condition, we have, for k >
75yl < CI(AMF — 2)7 ’%/;|| (5.6)

Computing commutators and controlling them by ||.4;7%||, the result follows upon
noticing that

A7 < (A = 2)9l + |2l 19]] -

O
5.2. Proof of Theorem 5.1. With the triangle inequality,
I AF = 200l = (P = 209l = (A7 = Z)d]l- (5.7)
From Proposition 5.6, we use the control of (hD,)? and htD, to get
17 = 2l < CIAT = 2Pl + Cllir (A7 = )¢l + ClIr* (A7 = 2)d]

+ o). (5.8)
Combining (5.7) and (5.8) with Theorem 4.2, provides us with
CR2B (||| < ()2 (M7 =2)00 | +-Crlllxo(h™2 B~ (o= s,) || +R2 (|76 [ +-CBY [0

(5.9)
By using again (5.6), we get

7% < Cll (A7 = )7 < O = 2)0| + Cll[A7, 7010
Computing explicitly the commutator, we get, by induction,
1% < CIUT (A = 20yl + Cll A |
< CUNUAE = 209l + Ol (A7 = 2)l + Clel ¥

With (5.9) and choosing R large enough (to absorb the C|z| term), we deduce the
first estimate in Theorem 5.1. Combining this estimate with Proposition 5.6, the
conclusion follows.

6. OPTIMAL TANGENTIAL AGMON ESTIMATES

6.1. Agmon estimates. Let us discuss here some important consequences of our
elliptic estimates. An immediate corollary of Theorem 5.1 is the following.

Corollary 6.1. Under Assumption 4.1 and notation introduced in Section 2.4.1,
there exist C, hg > 0 such that for all h € (0, hg) and all X eigenvalue of N, such
that IX — (09 — C1kmaxh)| < Kh? and all associated eigenfunction ¥ € Dom (A,.),

1
/ 2/ W 2dsdr < C|| .
R}
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Proof. We apply Theorem 5.1 with z = A and ¢ = e¥/"* . O

Let us now explain how to get tangential Agmon estimates for the two wells
operator 45 from the estimates on the one well operator.

Proposition 6.2. Set 0 € (0,1) and consider the following function seen on the

circle R/(2LZ):
=v1—60min(d,, D)),
with

2
Cl / V Emax — K(0)da ,

[sr,0]

/ 2
CI)Z (U Cl / V Fmax — dO’
[s¢,0]

Let € > 0 and assume that n is small enough. There exist C,hg > 0 such that for
all i € (0,hy) and all X eigenvalue of N such that |X — (©g — Cikmaxh)| < Kh?

and all associated eigenfunction u € Dom (A%),

1 1
/ e/ ) 2dsdr < Ce/™ ||ul|® .
RZ

Proof. The function ¢ can be modified and extended to R by considering the ex-
tension of the curvature k, and the considerations in Section 2.4.1. This extension
of  satisfies the same properties as in Assumption 4.1. Consider an eigenfunction
u as in the assumptions. Let y, be a smooth cutoff function equal to 1 near s,

. 1
and being 0 near s,. Then, we can apply Theorem 5.1 to ¢ = Xre“”()/hze%"/h2 u and
z=A. We get

Pl ull < e A xolull + e ™ (A xelull + 17267 A, X Jul
+ B2 |xo( R Yo — 5,))e?/M ]
By choosing 1 small enough (and adapting x, accordingly), we get
o, ]| < e/ (A% X Jull + Nl [ A5, xoJull + |72 (A5, xoJull) +CR2ful] -
Thanks to the normal Agmon estimates, we get
boe?/ ul] < O/ ]
By considering the left well, we get by symmetry

1 1
Ixee? " ull < Ce/™ lul],

and the conclusion follows. O
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6.2. WKB approximation in the right well. Let us now discuss a crucial
application of Theorem 5.1. Let us apply this theorem to

o = " (g, — T in,), (6.1)

where

7 wﬁ,r(g7 T) = Xn,r\llﬁﬂ'(o-a T)7

— Xu,r 1s a cut-off function supported in I, , and such that x, =1 on Iy, ,,

— Wy, is the WKB solution introduced in (2.7),

— 1II, is the orthogonal projection on the first eigenspace of the operator .47,

We choose ¢ as follows

CiD,,myNﬁ(s) = min {én]\m(s), vV1—0 inf (‘I)T(O') +

o€lay,\In,r

Wdc%)},

(6.2)

[s,0]

where

~ )
®, no(s) = ®,(s) — NVh Inmax (—N) . 6.3
Ne(s) () NG (6.3)
Here N € N, 0 < 6 < 1. In this way, Theorem 5.1 yields the following WKB

approximation (see, for instance, [10, Prop. 5.1] in the context of the Robin
Laplacian for a similar estimate).

Proposition 6.3. Let K C Iy,, be a compact set. The following estimate

e VI, — TL,,) = O(R), (6.4)
holds in €' (K; L*(Ry)).

7. INTERACTION MATRIX AND TUNELLING EFFECT

We have now all the elements in hand to prove Theorem 1.3. We will follow the
presentation developped in [10] to analyze the spectrum of the Robin Laplacian
and be inspired by the flux considerations in [19, Section 5].

Let us consider the common “single well” ground energy p3" (k) of the operators
N and A (it depends on ). It results from the Agmon estimates in Corollary
6.1 and Proposition 6.2, and the min-max principle that

P (h) = 6>V < (h) (k) < g (h) + 6>V, (1.1)
where &(e=S/V%) means @(e~5~9/VE) for all £ > 0.
7.1. WKB quasimodes and approximated basis. In this section, we recall

the main lines of the strategy to reduce the asymptotic study of the spectral gap
ve(h) — v1(h) to the study of the two by two interaction matrix.
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To construct this matrix, we will use the ground states of the one well problems
and use them to provide an approximate basis of the space

2
E = P Ker(A; — vi(h)) .
i=1
We will truncate them, project them on E and orthonormalize them.

7.1.1. Truncation. Let x,,, (respectively Xmg) be a cut-off function satisfying x,,, =
1 in {|s — s¢| > 2n} (respectively x,, = 1 in {|s — s,| > 2n}) and x,, = 0 in
{Is — s¢| < n} (respectively x, ¢ =01in {|s — 7| < n}).

We define, for a € {¢, 1},

fﬁ,a - Xn,a¢h,a 5 (72>

where ¢, , is defined in Section 2.4.1.
Thanks to the Agmon estimates, the set {f ¢, fnr} is quasi-orthonormal in the
sense that

I frall> =140V and  (fra, fas) = O(e=3VP) for a + 3.

Furthermore, the function 74, = (A5 — p*(R)) fra, o € {€, 7}, satisfies,

Irhall = (5.

7.1.2. Projection. Now, we consider the new quasimodes, for o € {¢, r},

Gha = Hfh,a y (73)

where II is the orthogonal projection on E. The following estimate holds, for
ae{lr},

I9n.a = frall + 10 (gha = fra)l = E(e>/T).
7.1.3. Orthonormalization. Starting from the basis {gns, gn,}, we obtain by the
Gram-Schmidt algorithm the orthonormal basis {gn, Gr,}. It is such that, for
ae{lr},
Gna = ghall + 110s (Gra = gna)| = 6.
Define M as the matrix of .4}, in the basis {gn¢, Gn,}. We have
Spec(M) = {v1(h), v2(h)}

and, by solving the equation det(M — Ald) = 0, we deduce that

va(R) — vi(R) = 2w, | + O V) | wep = (s fr) -



30 V. BONNAILLIE-NOEL, F. HERAU, AND N. RAYMOND

7.2. Computing the interaction. We may estimate the interaction term as fol-
lows. We have

wer = (A5 — 17" (7)) fre, frr) = ([ Ano XelPnes XrPrir) -
We recall that x,,, does not depend on 7. Thus,

Wy = <[a,§1%a,§1%, Xe)Pnes Xr D) (7.4)
where
1 K o
Dy =hD, + h ’YO—T—FhCuiT )

For shortness, we let ¢p 0 = @q.
In the following we let Sp = (—L,L) x (0,400). Writing the commutator,
integrating by parts, and using the Leibniz formula, we get

Wy = /SL (Dn(ay, Dn(xed0)) Xrdr — XeXr O Dy, Dur)) dodr
-/ o () TrlT) ~ Dbl ) dods
= [ (ition+ X Tl = Dt [Wri) + i) dod
=i [ 05X (0TH5) + D [1]) dode
= ih /S L ay, " Xoxr (6 Doy + Ducpedy) dodr

—in / 07X (6:7h6r + Tndedy) dodr
SL

where we have used x}x. = 0 and x,x, = X;. Note also that xj is supported in
(—L,0). We let ¢, = e(@7/hp, where « satisfies 9,7(0,7) =7 — 70/h — hcuné.
Using this change of function, we get

wir == [ a5 hDoxs (3:D25 + hDadidy ) dodr.

where S, = (—L,0) x R,. Then, by integration by parts,

Wy r = wﬁ,r
+OO ~ ~ ~ = ~ ~ ~ T~
si [ (61 Db, + b0 3.) (00) =0y (30 WDoy + hDadh 31 (~Li7)dr
0
(7.5)
with

Wy, = / XehDg [%{1 <€Ee hDyr + I(Dyy) E)} dodr.
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Note that

wﬁ,r = / X <_§5€(hDaa};1hDU)ggr + (hDaafglhDU)g)ﬂ &T) dng;

T

and, coming back to ¢,,
Wy, = / Xe (—@.%a,;l%gbr + Dna; ' Dy E) dodr .

Using the fact that the ¢, are eigenfunctions associated with the same eigenvalue,
we get W, , = 0. From (7.5), we deduce that

+oo
Wy, = Zh/ a;, ' (0 Dndr + Dndudy) (0,7)
0

— agl (qf)g% + @ﬁ@%) (—L, T)dT . (76)

We can now replace the ¢, by their WKB approximations (see (2.5), (2.6), (2.7),
and Proposition 6.3). Note that a, = 1+o0(1) and recall that f0+oo(§0—7)u§0 (1)dr =
0. The two terms in (7.6) can then be approximated at the main order by the
classical electric interaction terms, up to phase shifts.
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