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PURELY MAGNETIC TUNNELING EFFECT
IN TWO DIMENSIONS

VIRGINIE BONNAILLIE-NOEL, FREDERIC HERAU, AND NICOLAS RAYMOND

ABSTRACT. The semiclassical magnetic Neumann Schrodinger operator on a
smooth, bounded, and simply connected domain 2 of the Euclidean plane is
considered. When 2 has a symmetry axis, the semiclassical splitting of the
first two eigenvalues is analyzed. The first explicit tunneling formula in a pure
magnetic field is established. The analysis is based on a pseudo-differential
reduction to the boundary and the proof of the first known optimal purely
magnetic Agmon estimates.

1. INTRODUCTION

1.1. A long-term investigation.

1.1.1. The magnetic Laplacian with Neumann boundary condition. Consider () a
smooth, open, and simply-connected set of the plane. This article is devoted to the
spectral analysis of the magnetic Laplacian %}, defined as the self-adjoint operator
associated with the quadratic form

D) = / (—ihV — A)gPdz.

defined for ¢ € H, () C L*(2), the set for which 2,(¢)) is finite. In this article,
the magnetic field is B = V x A = 1 and, by gauge invariance, we can choose

A = (0, —z). The domain of .%}, is

Dom(.%,) = {¢ € HA(Q) : (—ihV — A)*y € L*(Q0),
n-(—ihV —A)p=0on I =00},

where n is the outward pointing normal to the boundary. In this paper, L will
denote the half-length of the boundary.

N. R. and F. H. are deeply grateful to the Mittag-Leffler Institute where part of the ideas
of this article were discussed. N. R. also thanks Bernard Helffer, Pierig Keraval and Johannes
Sjostrand for many stimulating discussions.
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1.1.2. From superconductivity to semiclassical analysis. The original motivation to
study the spectrum of %}, is the mathematical study of superconductivity. In par-
ticular, the asymptotic description of the third critical field (in the large magnetic
field limit) is related to the groundstate energy of .%,. For an overview of this vast
subject, the reader is referred to the book [7]. Independently of superconductivity,
the subject has acquired a life of its own (see the book [24]). Let us only point out
some contributions directly related to the present framework. In [11], the ground
state energy is analyzed and the following asymptotic formula is established

AL(h) = Ogh — Cykmaxh?® + o(h?), (1.1)

where K.y 18 the maximum of the curvature of T', and ©y € (0,1) and C; > 0
are related to the de Gennes operator (see [11, Appendix A]). This operator is
defined as follows. Consider, for all £ € R, £, the Neumann realization on R
of the operator D} + (£ —t)?. The eigenvalues of £¢ are simple and denoted by
(1 (€))n>1- It is known (see [5]) that 1 has a unique and non-degenerate minimum
at some & > 0. We will denote by wue the positive L:-normalized ground state.
Then,

ug, (0)
-

In relation with (1.1), Helffer and Morame also proved that the first eigenfunctions
are somehow localized near the boundary points of maximal curvature (see [11,
Theorem 10.6] and the numerical simulation of the ground state when 2 is an
ellipse, Figure 1). In contrast with [11] where only the groundstate energy is
considered, in [6], all the low lying eigenvalues are considered in the semiclassical
limit when the curvature has a unique and non-degenerate minimum. Fournais
and Helffer establish that, for all n > 1,

G0 =min/u(§), Cr= (1.2)

3k
An(h) = Ooh — Crrimach? + (20— 1)C1O1 4 /%hz + o(h

7
4

), (1.3)

with ks = —K"(s¢) where k is the curvature as a function of the curvilinear coor-
dinate and sy the point of maximal curvature.

1.1.3. Magnetic WKB constructions. In relation with (1.3), we may wonder how
the corresponding eigenfunctions behave and if we can accurately describe them
in the semiclassical limit. It has been an open question for many years to know if
the eigenfunctions could be written in a WKB form. A positive and very explicit
answer has been given in [3] (see also Section 2.4.2 where we recall the result). It
turned out that the magnetic operator is deeply connected to an effective electric
operator acting on the boundary. Letting

U(S) = Cl(ﬁmax - H<5)) =0,
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FIGURE 1. Modulus of the ground state when €2 is an ellipse.

the analysis there revealed the crucial role of the following effective eikonal equation

"
o(s) — @QJ(S)Q = 0. (1.4)
1.1.4. An effective eikonal equation. The remarkable feature of the aforementionned
WKB analysis is that the eikonal equation (1.4) is the same, up to a local change

of gauge, as the one obtained when considering the following purely electric Hamil-
tonian acting on L*(R/(2LZ)),

/J,f(fo)
2

_ 20(s)
11 (o)
Let us denote by (A\T(h)),=1 the sequence of its eigenvalues.
If v has exactly two symmetric non-degenerate minima at s, € (—L,0) and
s¢ € (0, L), it is well-known that the low lying spectrum is made of exponentially

close pairs of eigenvalues. In order to describe the corresponding tunneling formula,
we consider

S =min(S,,S4), S.= VV(s)ds, Sq= | VV(s)ds, (1.5)

[57‘1841 [3275r

eff
et — .

(h%D§+V(s))  V(s)

where [p,q| denotes the arc joining p and ¢ in the “circle” R/(2LZ) counter-
clockwise. The indices u and d refer to the up and down parts of the “circle”
(corresponding to the up and down parts of 0€2).

The tunneling formula is

AT (h) — AT (R) = 2/w(h)| + O(hse /"™y (1.6)
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oo [ b,
Ao = p( /[] 70 d)’

B Y SO
Ao = p( /[] ) d)’

g=(V"(s:)/2)% = (V"(s)/2)" .

(1.8)

Such a one dimensional result goes back to [9]. This formula may also be found
in [4] up to a convenient rescaling. The reader might also want to consider the
Bourbaki exposé [25] based on the celebrated Helffer-Sjostrand theory developped
in [12, 14, 13, 15, 16, 18, 17| (see also the series of works by Simon [26, 27, 28, 29]).

In a periodic framework, flux effects are considered in [23] (see also [4]).

1.1.5. Numerical simulations and conjecture. More than a decade ago, the first
numerical simulations describing magnetic tunneling effects in two dimensions ap-
peared (see for instance [1| in the case of corner domains). For instance, in the
case of the ellipse (see Figure 2), it was rather a surprise to be able to estimate
an exponentially small effect and also to reveal the “oscillation” of \y(h) — A1 (h),

numerically.

With these numerical computations arose the following open question:
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FIGURE 2. A\y(h) — A1(h) as a function of 1/h in the case of the ellipse

Is there a theoretical formula to explain Figure 27
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For more numerical simulations concerning smooth domains with symmetries,
the reader may consult [3, Section 5.3.3] where “camels” (see Figure 3) and el-
lipses are considered. The case of varying (and vanishing) magnetic fields is also
investigated.

s 2] :

L |

05 0 05

FIGURE 3. Modulus and phase of the groundstate in a camel-like domain

Based on the WKB analysis in pure magnetic fields and the ideas a la Born-
Oppenheimer developped in [3], we end up with the conjecture |2, Conjecture 1.4]
of an explicit formula to describe a purely magnetic tunneling when €2 is an ellipse.
This conjecture has been numerically checked (see Figure 4) and, to the authors’
knowledge, is the first of its kind.

Let us recall this conjecture.

Conjecture 1.1. Assume that 2 is an ellipse. Then, there exists ag € R such
that

€ _ 19| w (L
PR - e (2
Yo |F| 927, ) 2 K 9
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FIGURE 4. A2(h) — A1(h) as a function of 1/h; numerical simulation

(blue) vs our conjecture (dashed)
Here, s denotes the curvilinear coordinate. The points s = —% and s = % cor-
respond to the right point of maximal curvature and to the left point of maximal

curvature, respectively.

The present article proves Conjecture 1.1 and, consequently, establishes the first
explicit formula describing a purely magnetic tunneling effect.

1.2. Statement of the general result. Let us describe the geometric context
of this article.

a2 a1

FIGURE 5. A domain §2 with two symmetric curvature wells
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Assumption 1.2. Q is a smooth, open, bounded, connected, and simply-connected
set of the plane. Moreover, it is assumed that €2 is symmetric and that the curvature
has two non-degenerate mazxima:

i) Q is symmetric with respect to the y-azis.

i) The curvature k on the boundary I attains its mazimum at exactly two points
ay and ay which are not on the symmetry axis and belong to the same connected
component of the boundary. We write

ap = (a11,a12) €T and  ay = (ag1,a22) €T,

such that a;; >0 and as; < 0.
iii) The second derivative of the curvature (w.r.t. arc-length) at a; and ay is
negative.

We can now state the main theorem of this article, which gives, to the authors’
knowledge, the first optimal purely magnetic tunneling estimate.

Theorem 1.3. Under Assumption 1.2, we have the tunneling formula

No(h) = Ai(h) = 2[i(h)| + o(h¥ S/,

where
() = i (€o)h ¥ m i g (An/V(0)e S/ 0 g Ag V(L) So/m i)

_ QCl(Hmax_"i(s))
where V(s) = iy and
i. f(h) =0/h — &/hY* — ay,
ii. ag is a constant involving the de Gennes operator and the geometry (see
(2.15)),
iii. Ay, Ag and g are defined in (1.8).

Remark 1.4. Let us make some remarks about Theorem 1.3. The proof actually
allows to consider slightly more general situations.

i) Theorem 1.3 implies Conjecture 1.1. In the case of the ellipse, we have s, =
—s¢ = —% and k(0) = K(L) = K. Moreover, due the additionnal symmetry
with respect to the horizontal axis, we have A, = A4 (see (1.8)) and S, = Sq
(see (1.5)). This additionnal symmetry is thus responsible for the presence of
the cosine in Conjecture 1.1.

ii) The assumption that  is bounded is not necessary to establish a tunneling
result. Our strategy also applies to deal with camel-like domains (see Figure
3). In this simpler case, the “down” part in the tunneling formula has to be
removed. Then, there is only one interaction term and no global flux effects.
In particular, no oscillation of Ay(h) — A;(h) occurs.

iii) The assumption that €2 is simply-connected is not necessary. The possible
holes only contribute to change the value of 7.
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iv) The fact that we consider the first two eigenvalues, or only a domain with
only one symmetry, is just for the simplicity of the presentation. The same
strategy provides us with tunneling estimates in multiple well situations since
our method reduces the analysis to one dimension electric tunneling (up to
phase shifts).

v) In [29], Simon described the “flea on the elephant effect”. This effect occurs
when the electric potential is slightly perturbed and/or when the symmetry
is broken. In this case, the first two eigenfunctions end up living in separate
wells. In our case, such a phenomenon could be described as well (if we
perturb the geometry of the boundary). In the special case of the ellipse, the
oscillating effect is due to the existence of two minimal geodesics connecting
the two curvature wells: If we slightly perturb the boundary (by keeping the
symmetry) in such a way that S, # Sgq, this kills one of the minimal geodesics
and the beautiful oscillating effect disappears.

Remark 1.5. The investigation will reveal the microlocal nature of the tunelling
estimate given in Theorem 1.3. It contrasts with the electric tunneling a la Helffer-
Sjostrand, and even with recent contributions about purely geometric tunneling
[10] and [19] where microlocal analysis is absent.

1.3. Organization and strategy. In Section 2, we explain how the spectral anal-
ysis of &}, can be reduced to the one of an operator %, 5 on a tubular neighborhood
of the boundary, see Proposition 2.2. Then, .%}, 5 is written in the classical tubu-
lar coordinates (s,t) € R/(2LZ) x (0,9) and rescaled in the transverse variable
t = hr, with h = hz. The spectral analysis is then reduced to the one of .4}, see
Proposition 2.7.

In Section 3, we consider a “one well problem” by removing the left maximum
and gluing an infinite strip. Then, the resulting operator .4, can be interpreted as
a pseudo-differential operator with operator valued symbol the principal symbol of
which being the de Gennes operator. Such operators and their spectrum have been
extensively studied by Martinez via Grushin reductions. A concise presentation
can be found in [22|. More details and extensions may also be found in the Ph.
D. thesis of Keraval [20]. To some extent, our presentation will be similar to [21]
where tunneling estimates are provided in the case of partially semiclassical electric
operators. In order to construct a parametrix of .44 ,.", one will need a convenient
symbol class, see Notation 3.2. For that purpose, we will use a microlocal cutoff
function and construct a parametrix for the “microlocalized” operator Op}’ p; (near
&o), see Theorem 3.5.

In Section 4, we use the parametrix to show that tangential elliptic estimates
for %f, may be deduced from the one of an effective pseudo-differential operator
acting on the boundary, see Theorem 4.2.

1 1
land actually of the conjugated operator L/Vhf’r = e¥/h? e/i%}re—w/m , where ¢ is an appropriate
subsolution of the effective eikonal equation.
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In Section 5, we establish Theorem 5.1. It is devoted to remove the frequency
cutoff function introduced in Section 3.1 up to using the transverse Agmon esti-
mates, and the behavior at infinity of the de Gennes function p;.

In Section 6, we explain how to deduce optimal tangential Agmon estimates
from Theorem 5.1 (see Corollary 6.1). We also establish slightly rougher tangen-
tial estimates for the “double well operator” .4; from the one well estimates, see
Proposition 6.2.

Section 7 is devoted to the proof of Theorem 1.3. We construct an approximate
basis from the WKB Ansétze attached to each curvature well and compute the
spectrum of the interaction matrix thanks to the accurate WKB approximation
of the ground state in each simple well.

2. A REDUCTION TO A TUBULAR NEIGHBORHOOD OF THE BOUNDARY

2.1. Normal Agmon estimates and spectral consequence. The following
proposition is well-known (see |6, Theorem 4.1]). It comes from the fact that
the magnetic Laplacian on €2 with Dirichlet boundary condition is bounded from
below by h since

Vi € 65°(12 /| (—ihV — A)Y2dz > /|¢| dzx .

Proposition 2.1. Let M > 0. There exist C hy,ac > 0 such that, for all h €
(0, ho), and all eigenpairs (X, ) of £, with A < ©gh + Mh3,

/ 2o/ 1200 < |2
Q

and

/2ad1st(xr)/h2|(_mv A)pPdr < Ch||y|)?.
Q

This proposition tells us that the first eigenfunctions of %}, are exponentially lo-
calized in a neighbrohood of size hz of T'. This invites us to define the new operator
2 5. Consider the (possibly h-dependent) d-neighborhood of the boundary

Qs = {x € Q:dist(z,I") < 6}.

(The dependence of § w.r.t. h will be precised later.) Then, consider .4, s the
self-adjoint realization of (—ihV — A)? with the following boundary conditions

n-(—thV—-A) =0, onl,
and
=0, on {z € Q:dist(z,I') =6},
where § < dy with dp small enough to ensure the smoothness of the boundary of
(25. The quadratic form 2 s associated with &}, 5 is defined for all ¢ € Vs,

Dns(Y) = \( ihV — A)y|*dz,
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with
Vs ={v € H(Qs) : ¢(z) =0, on {x € Q : dist(z,T) =}}.

The operator %}, s still has a compact resolvent and we can consider the non-
decreasing sequence of its eigenvalues (\,(h,d)),>1 repeated according to their
multiplicity.

Proposition 2.2. Let n > 1. There exist C, hg,« > 0 such that, for all h € (0, ho)
and 6 € (0, ),

An(h) < An(h, 8) < Ap(h) + Cem/h®

Proof. The first inequality follows from the fact that 5 C €2, the Dirichlet con-
dition and the min-max principle. The second inequality follows from the Agmon
estimates. Indeed, consider an orthonomal family of eigenfunctions (¢;)1<;j<n as-
sociated with (X\;(h))1<j<n and let

&n(h, ) = span xs1; .

1<i<n

Here s is defined by xs(z) = x (%) where x is a smooth function such that

x(z) = 1 for x € [0,1/2) and x(z) = 0 for x > 1. Thus, &,(h,5) C Vs. Consider
Y € &,(h,d) and write

U= xot = Xs Y _ Bity -
j=1
We have
Pns(Xs?) = / IXs(—ihV — A)ip — ihpVxs|*dx
Q
< (=ihV = A)p|* + 2] (—ihV — A) | 2@y [0V XS] + R [0V X6

Then, since the (1;)1<j<, are orthogonal eigenfunctions, we get

I(=ihV = A)p[I* < Au(B) [0
From Proposition 2.1, we have

1 1 1

WVMH < 05—1€—a6/2h§ HwH 7 H(—ihV _ A)wl\mm\%/g) < C’hie*a(s/?h? HwH '
It follows that
Dus(xs) < (Ma(h) + CRET 4 B2572)e70% ) 2,
and then
1
2is(xs¥) < (An(h) +C(h+h257" + h25—2)e—aé/h2) sl
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2.2. Tubular coordinates and truncated operator. We will use the canoni-
cal tubular coordinates (s,t) where s is the arc-length and ¢ the distance to the
boundary. We recall some elementary properties of these coordinates. Let

(—=L,L]>s+— M(s)eD (2.1)
be a parametrization of I'. The unit tangent vector of I' at the point M (s) of the
boundary is given by

T(s):= M'(s).
We define the curvature k(s) by the following identity
T'(s) = —r(s)n(s),

where n(s) is the unit vector, normal to the boundary, pointing outward at the
point M (s). We choose the orientation of the parametrization M to be counter-
clockwise, so

det(T'(s),n(s)) = 1, Vs e (=L, L.

We introduce the change of coordinates

O :R/((2L)Z) x (0,6) > (s,t) =z = M(s) — tn(s) € Qs. (2.2)
The determinant of the Jacobian of ® is given by
m(s,t) =1 —tr(s). (2.3)

Thanks to this change of coordinates, .}, s is unitarily equivalent to .4, the
self-adjoint realization on L*(T' x (0,d), mdsdt), of the differential operator

—h*mtoymo, + m™! <—ihas +y—t+ gﬁ) m~t (—z‘has +y—t+ gﬁ) ,
where
2]

m(s,t) =1—1tr(s), = = ik

with the boundary conditions

0(s,0) =0, (s,8) =0.

This fact can be found in |7, Appendix F|. The first eigenfunctions of .}, s also
satisfy Agmon estimates (with respect to t).

Proposition 2.3. Let M > 0. There exist C, hg,« > 0 such that, for all h €
(0, ho), and all eigenpair (X, V) of M5 with A < Ogh + Mhs3,

/ e2at/h7|¢|2dsdt < CW”Q?
Q

and

1 2
[t (|(inon o == Setvef + ol ) dsa < ulol.
Q
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These estimates invite us to consider an operator on the space domain I' X
(0,4+00) instead of I" x (0,6). For this we insert cutoff functions in the preceding
operator. Let ¢ be a smooth real function equal to 1 on [0,1] and 0 for ¢ > 2.
Then, we let

m(s,t) =1 —tc(0~t)k(s).
Instead of .}, 5, we consider .4, ; the self-adjoint realization on the Hilbert space

L*(T x (0,+00),mdsdt), of the differential operator with associated eigenvalues
A (hy0).

- h2m_18tm3t
+m! (—z’h@s o —t c(d’lt)ft2>m’1 (—ih@s -t c(&’lt)ft2>
=2 2 — 2 ?

with Neumann boundary condition on ¢ = 0. Note here that the additional trun-
cation in front of x is introduced in order to make this term bounded (and later a
lower order term) when ¢ is large.

Using the same truncation trick as in the proof of Proposition 2.2, similar Agmon
type estimates for .4}, 5, and the min-max principle, we get the following.

Proposition 2.4. Letn > 1. There exist C, hg, o > 0 such that, for all h € (0, hy)
and 0 € (0, ),

A, 8) < A, 8) < A, (h,6) + Ce/

Remark 2.5. Actually, at this stage, we have not proved that the low-lying spec-
trum of .#,, 5 is discrete. This will be a consequence of the forthcoming analysis.

From now on we fix ) .
d=nhs"">h1,
for some fixed 0 < 7 < 1/4. Note that this assumption is sufficient to ensure that
remainder terms appearing in the latter proposition are indeed controlled by the
main term which is of order e~/ n
in Theorem 1.3).

for some constant S (see the main statement

2.3. The rescaled operator. The exponential localization at the scale hz near
t = 0 suggests to consider the partial rescaling
(s,t) = (o,h7), with h=h2.
We also let
ap(o,7) =1—hre(o)c, (1), cu(r) =c(pr) for p= h%””,
where we recall that 7 is positive and small, and c is the cutoff function introduced
in the preceding section.

Remark 2.6. The notation p will be convenient later when expanding the operator
in powers of A, with coefficients depending on .
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Note that
ap =1+ O(hz=21).
Upon dividing .#}, ; by h, we get the new operator .43 acting on the space L3(T x
R, ,apdsdt) = L*(T' x R, ,dsdt), as the differential operator

Ny = —agl&af,,&
+a,* (—ih&, + Rty — T+ thgTQ> a,’ (—ih@a +h - T+ thgTQ>

with Neumann condition on 7 = 0. Note that

Dom (A3) =
{u € IAT x Ry) : —0%u € LT x R,), (— ihdy + h o — 7)°u € L*(T x Ry) |
du(-,0) = o} .

We denote by (v,(h))n>1 its eigenvalues. Using then Propositions 2.2 and 2.4, we
get

Proposition 2.7. Let n > 1. There exist K >S, C,hg > 0 such that, for all
h € (0, ho),

1 1
An(h) — Ce B <Ry () < An(h) + Ce™ B/ME

This means that, in order to estimate the expected splitting between eigenvalues
A2(h) — A1 (h) of the original operator, we can consider the corresponding splitting
for the reduced and rescaled operator .4; . The rest of the article is devoted to
this problem.

2.4. One well operators.

2.4.1. Definitions. Let us consider the “one well operator” (attached to the right
well). It is geometrically defined by surgery by removing a small neighborhood of
the left curvature maximum, and gluing an infinite strip, see Figure 6. For this we
choose first the curvilinear origin at the intersection of the upper part of I' and the
vertical axis, and we identify I' with [s, — 2L, s;]. Note that in these coordinates,
we have s, < 0 < s;. We consider then the following right well differential operator

‘/%,T,’Y() = —a,?@TahOT
+ agl (—ihag + A Yy =T+ hcu%7'2> agl (—ih&, +h e — T+ hcu%72> 7
(2.4)

acting on L*(R x R, aydod7) where k, is an appropriate extension of x defined
as follows:

Kp =4k, on I.,:=(sq—2L+mn,s —n),
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N\ ‘\\ S = O

FIGURE 6. One well domain attached to the right well

and r, = 0 on (—o0,s, — 2L) U (sg + 00). This extension may be chosen so that
k, has a unique and non-degenerate maximum at s, < 0.

Since the space domain is now simply connected, .44, , is unitarily equivalent
to the flux-free operator A4, == A} .o since 70/ hzf/i/hymoe_w%/ " = Mo Note
that the domain is the same as the one of the operator with constant magnetic
field on R2 =R x R

Dom (A5,) =
{u € LA(R%): —0%u € L*(R2), (— ihd, —7)°u € LA(R2),d,u(-,0) = 0} :

Let us now consider uy, a groundstate of the flux-free operator .4;, o with well at
s, < 0. The bottom of the spectrum is indeed discrete. Let us briefly explain this.
Firstly, the essential spectrum is [y, +00), since, at infinity with respect to o, the
operator coincides with the Neumann magnetic Laplacian on the half-plane, whose
spectrum is [Og, +00). Secondly, one knows (see Theorem 2.8) that the spectrum
below Oy is not empty.
The function
dne(o,7) = €0y (0, 7) (2.5)

is then a groundstate for A7, ., .
In order to define an operator adapted to the left well, we use the symmetry of
I'. More precisely, we consider the symmetry operator

Uf(o,7) = f(=0,7),
and define
Ny = U MapnoU -
Note that this operator also corresponds to the following construction. Identifying

I with [s,, s, +2L], we can define on R the extended curvature r(-) := k,(—-) and
note that it is equal to s on (s, +7, s, +2L—n) and 0 on (—o0, s,) U (s, +2L, 4+00).
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In this way, ks has a unique and non-degenerate maximum at s, > 0. The operator
i~ acting on L*(R x R, apdodr) with well at s, has then the same expression
as the one of 47, .. A natural groundstate for .43, is then

bni = Uonr

and, letting u; = Uup,., we have

QBh,e(a, T) = e’”o"/hzuhyg(a, 7). (2.6)
In the following, we will focus on the right well and find a WKB approximation of
Uﬁﬂn.

2.4.2. WKB construction. The following fundamental theorem has been estab-
lished in [3, Theorem 5.6 & Section 5.3.2|. Let us recall that
204
V)= ity (e )
In what follows, we consider formal series in the sense of |3, Notation 1.13|, where
the neighbourhood on which the approximation (at any given order) occurs can
be taken arbitrarily large but bounded.

Theorem 2.8. Let us consider the following Agmon distance to the right well s,.:

®(o) = VV(5)ds . (2.7)

[57"70—]

There exist formal series (by(h)n=0 and (8,(h))ns0 such that

bu(h) ~ > bkt Su(h) ~ > b 4ht

720 720
and )
(f/%i,r - 5n(h)) \Ilh,r,n = ﬁ(hoo)e—q)(a)/hf )
with )
Uppn ~ 5, (R)e B2 gioko/h (2.8)
h—0
Moreover,
1 [3ky
571,0 = @0 ) 571,1 = 0, 5n,2 = _Cl’%maxa 671,3 = (2n - 1)6(16)6l 7 )
and
bn,0(07 T) = fn,O(U)u£0 (7_) ’ bN,1<07 T) = Z'Cbl(a)fn,()(d)(agl%)go (T) + fml(o-)ufo %7_) ’)
2.9
where fp, o solves the effective transport equation
" 1 3k
as! <2€O) (D0 + 0y D) frr0 + F(0) fro = (2n — 1)C104 TQf"’O , (2.10)
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fna 18 a solution of a similar transport equation, and where F' is a smooth function
such that F(s,) =0 and Re F' = 0.

Remark 2.9. Let us consider (2.10). We may write f, in the form f, (o) =
eion0@) £ (o) for some real-valued function a,, and where f, o solves the real
classical transport equation

11 (%o)
2

(D0 + 0y ®') fro = (20 — 1)01@(% 37]{;2 fro - (2.11)

Note that fLO(O) be can chosen to be positive and we will assume that it is the
case. Following e.g. [4, Section 2.2] we also choose the normalization ||V, | =1
(see also Section 6.2). This gives

f10(0) = (2)1/2 A (2.12)

™

where g and A, are defined in (1.8).
Let us now consider the phase shifts. The a,, ¢ are chosen so that

F
11 (&)i®'ay, o+ F =0, or, equivalently, CD/O‘;z,o = 5_ .
11 (o)
Since F(s,) = 0 and @’ vanishes linearly at s,, we can write
iF(o)
00(0) = = E = 2.13
o) = e o) 213

where the right-hand-side can be seen as a real-valued (Re F' = 0) smooth function
defined at s, (by using the natural continuous extension). This determines the
phase shift a,, ¢ up to an additive constant.

At this stage, we fixed the normalization of the WKB Ansatz. Later on, in
Section 6.2, we will take profit of this appropriate normalization, which determines
the functions f; o and ay 9. This normalization of fi ¢ is the one that we used in [4,
Section 2.2] when considering the tunneling effect for purely electric Schrodinger
operators on the circle. This will be suitable to recognize, in our final computation,
the interaction term for an electric Hamiltonian. The equation (2.11) is indeed
the same as the one we obtain when performing a WKB construction for the
semiclasssical electric Hamiltonian

141 (&)

5 RD2 4+ v(0), ©=C)(Kmax — Fr) - (2.14)

We define

05170(0) — 06170(—[/)
L )

which is the phase shift appearing in Theorem 1.3

(2.15)

Qo =
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3. A GRUSHIN PROBLEM

In this section, we focus on the one well operator. Let us consider a smooth non-
negative function, with bounded derivative, o — (o) and consider the conjugate
operator

it = e e
still acting on Dom (A7,.).
Explicitly,
'/Kzf“ = _alea’rahaT
oyt (=ihd, =7+ ihde + he,Sr?) it (=ihd, — 7+ b3y + he, )

In order to lighten the notation, we write x and .4;” instead of k, and Jlgﬁ In

all what follows we shall use the following notation in order to compare operators
and deal with remainders:

Notation 3.1. For formal operators A, B, C, ... in L?(R) we say that A = 0(B, C)
if there is a constant ¢ > 0 such that for all u in S(R)

[Aull < e(l| Bull + |Cull +...) .

This definition naturally extends to L*(R x R, ) and similar pivot spaces when
taking test function satisfying in addition the good boundary conditions.

3.1. A pseudo-differential operator with operator-valued symbol. We no-
tice that .4;” can be written as an fi-pseudo-differential operator with an operator-

valued symbol n; (0, §) having an expansion in powers of ha:
N¥ = OpYny,

with Op}’ ny, acting on S(R,, S(R ;)) through the usual quantization formula (see
[20, Definition 2.1.7])

Oy (o) = s J[ e am (“ ’ 5,5) u(#)dade,

ny = no—i—h%nl —f-hng +h%n3+h2fh,

with here

and where after a computation using the usual symbolic rules, we get
ng =07 +(£—1)°,

ny = 2i(§ —1)¢’,
ny = —¢ + ke, 0r + e k(& — 7)7° + 267, (€ — 7)% + ’{TCL (1), (3.1)
Rensz =0,

=0T, (£ —7)*% (€ — 7)1, 720,) .
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In the last expression, the notation & is defined in Notation 3.1. The expansion was
performed with respect to /i, with u considered a parameter (see Remark 2.6). It
will be explained later how to deal with the remainder 7. It involves in particular
powers of 7 which can be controlled via the normal localization estimates, and
thus are not really problematic. Note the in (3.1), p is considered as a parameter
although it may depend on h.

Now the frequency variable £ is a priori unbounded, and in the next step of the
analysis, we therefore “truncate” our operator in £ to get a bounded symbol. Let
us consider a smooth, bounded, and increasing odd function x such that x(&§) = ¢
for £ € [—%0, %0] We let ny = £limg 4 x(§) and assume that n_ € (0,&).

We let, for all ¢ € R,
x1(€) = & + x(§ — o) -

Then, the function £ — 1 (x1(£)) is bounded and still has a unique minimum at &,
which is non-degenerate and not attained at infinity. Note that, by construction,
we have, for all £ € [, 307 1) (x1(€)) = p(€). Since py(€) < 1 for all £ > 0 and

27 2
n_ € (0,&), we also notice that

p1 o x1(R) € [Bo,1). (32)
We will consider

Opy pr,  with  pi(s,§) = na(s, x1(6)), (3.3)

and notice in particular that the principal operator symbol of Op;’ pj, is

pols,§) = =07 + (xal§) — 7)°.
For a recent panorama of pseudo-differential operators with operator symbols, we

refer to [20, Chapitre 2] (see also |8, Appendix B|). The introduction of the function
X1 is inspired by [20, Section 6.3].

3.2. The Grushin problem for the principal operator symbol. Let us first
consider the principal symbol py (whose domain is independent of £). Let z € C
such that Rez € (©¢ — €,0 + ¢€), with € > 0 such that ©g + ¢ < 1. Consider the
matrix operator:

Po,.(§) = (]zf’ ;j gf> € S(R?,, Z(Dompy x C, L*(Ry) x C)),

acting on Dom (pg) x C and valued in L*(R;) x C. Here ve = uy, ). We also
denote by Il¢, or simply II the orthogonal projection on Cuvg.

Notation 3.2. The notation P € S(R? £ (Dompy x C, L*(R,) x C)) means that

— P = P(xz,¢) is a family of closed operators whose domain does not depend on
(x,&), and whose graph norms are equivalent uniformly in (z, &),

— for all & € N?, there exists Co > 0 such that |05, P - || < C,l| - ||p, uniformly
with respect to (z,€), and where || - || p is the graph norm of P.
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This class can be thought as a generalization of the standard class of scalar
symbols

S(1) = {p € €=(R%,C) ,Va € N?,3C, > 0,[|0%p]| < Ca}

to operator-valued symbols. Note however that, contrary to the scalar case, this
is not an algebra. More details can be found in [20, Section 6.3].

Lemma 3.3. For all £ € R, P, ,(§) is bijective and

— o1y (o —2) T v
20,:(8) = P28 = ( (-, ve) zZ— M1(§X1(§))> 7

2. € S(RZ2,, Z(L*(R4) x C,Domp, x C)).
Here 11+ denotes the orthogonal projection on vgl.

Proof. Let (v, 3) € L*(R,) x C and let us look for (u, @) € Dom (pg) X C such that
P..(&)(u, ) = (v, 8)T. In other words,

and

(po — 2)u = v — avg, (u,ve) = 3,

or

(Po — Z)HLU =V — QUg — B(po — Z)Uf =U— QU¢ — Bui(x1(&)) — Z)Uﬁ , (34)

with (u,ve) = f.

The operator py — z stabilizes (Cvg)L and induces an operator. Moreover, there
exists ¢ > 0 such that for all u € Dom (py) N (Cve)* and all z € C such that
Rez € (©g —¢,00 +¢),

Re ((po — 2)u,u) = ((po — Re 2)u,u) = (p2(x1(§)) — Rez)||ull* > clfull?,

where we used the self-adjointness of py, the min-max principle and the fact that
min gy > 1 (see |7, Proposition 3.2.2 & Remark 3.2.6]) and ©y + ¢ < 1. Thus,
the operator (py — Z)K(CU&)L is injective with closed range and, by considering the
adjoint, it is bijective. We also notice that

(o = 2) T < (a1 (€)) — Rez) ™ <

The equation (3.4) has a solution if and only if the r.h.s. belongs to (Cvg)*, that
is

a = (v,ve) = Blpa(x1(§)) — 2) -
This unique solution is given by
I u = (po — 2) "' (v — ave — B (x1(§)) — 2)ve) = (po — 2) "o,
Therefore, u = fvg + (pg — 2) "I H 0.
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3.3. Pseudo-differential dimensional reduction and subprincipal terms.
Let us now consider the full symbol

P,(s,€) = (?’i;j 85) € S(Rif,f(Dompo x C, L*(R}) x C)),

and notice that we can write

P, = Py, + h2 P, + WPy + h2 Py + B Ry,

7L

forj>1, L@j:<poj 8), %h,:(%h 8)

and from (3.1) and using the fact that x;(§) is now bounded, we can write
po=—07+ (xa(§) —7)%,
p1=2i(xa(§) —7)¢’,
P2 = —¢”? + ke, 0r + (X1 (€) — T)7° + 267me, (1 (€) — 7)% + m’cL (1), (3.5)
Reps =0,
rh= O(t*,7%°0;).

where

Remark 3.4. Note that in the last expansion at order 3 w.r.t. h%, we do not need
the exact expression of p3 and will use later that it is purely imaginary. The
structure of the last Taylor expansion is rather subtle. Indeed we do not care
about the cutoff in variable 7 induced by ¢, but we have to keep in mind that up
to loosing powers of f, the involved operators are indeed in S(1). This property
allows to do all the computations with test functions in Dom(py) x C and gives a
meaning to the composition of operators done in the next theorem. In particular,
this expansion is uniform in the parameter u. Let us notice that the powers of 7
and J; in r, will be compensated later by the normal decay.

The following theorem gives then an approximated parametrix of operator Op;’ 2.,
that is, in our context, an inverse up to a remainder of order /2.

Theorem 3.5. Consider the operator symbol
D = Dy + Wi, + hDy, + h2 D,
where 2y, is given in Lemma 3.3 and
Dy =209,
Dy, =—-2). 92, — 2.2, (3.6)
D3, =-20.9320. — 21.5220. — 22.91%. — €.,
with
21, = {20z, P1} +{212, P0.2}) Loz
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where we used the classical notation for the Poisson bracket
{2, 2} =0:2-0,P — 0;2-0: 7.

Then, we have
Opy (28)0p) (2.) =1d + W 0((r)") . (3.7)

Moreover, we have the following explicit description. Letting

+
9Bl _ qf q, :
: o ¢

we write
¢ = g, + heal, + hai, + heay
with
qgfz =2z —m(x(§)),
4. = =i () (a () (€) (3.8)
Gy = K(0)C1 (& 1) + Ca(€, 2) 0,
where

C1(& 1) = ((cu0r + cu(xa(§) — T)7% + 27¢u(x1(8) — 7)*) ve, ve) — (7€), (T)0rvg, ve)
Ca(&,2) = 1= 4((po — 2) T (x1(&) — T)ve, (xa(€) — T)ve) -
and when z is real we have
Re q?fz =0.
Moreover, q7, qF, and q= are uniformly (with respect to 1) bounded symbols.
Remark 3.6. From |6, Prop. A.2| (see also the definition of C in (1.2)), we have
C1(&,0) = Cy,

and, from the exponential decay of v¢ and its derivative (in the 7 variable) and
the confinement in 7 induced by the truncation c,, we have, uniformly in &,

C1(&o, ) = C1 + O(R™), <TCL<T>87-U§, ve) = O(h™) .
From [6, Prop. A.3|, we have

1 (&)
R

Remark 3.7. Let us recall here that the bijectivity of Opzv (pr) — z is related to the
one of Op;’ (¢). In this case, we have, modulo some remainders,

(Opy¥ (pn) — 2) ™" =~ Op}q. — Op} q; [Opy ¢ Op) ¢ .

02(50; @0> -
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Proof. The proof is constructive. In order to see where the expressions (3.6) are
coming from, let us consider the product

Op;! (22)0py (2),

z

and its the expansion in half-powers of h. The symbols 2; . are chosen so that
(3.7) holds. Let us explain how these choices are made.

Terms of order h°. The terms of order 1 give
D0 Py, = 1d.

Now, one wants to cancel the other terms.

Terms of order ha. Cancelling the terms of order h%, we find

2.2+ 2.7 =0, (3.9)
or, equivalently,

21.=-20:21,.2 .
Explicitly,

9, = — d0,2P190, qofplqa“ '
i QG D1%o- G0 P1dy

Note that
qli,z = —<p1U§7U§> y P1= 2i<ﬂl(X1(§) —7).
By the Feynman-Hellmann theorem,
qi. = —2i' (x1(€) — T)ve, ve) = =i () (xa () (€) -

Terms of order h'. Let us cancel the terms of order h:
1
2. P + Z{o@o,z, Do} + 20 P+ 2y, P, =0.

Since the principal symbol does not depend on s, the Poisson bracket is zero, and
thus

2. P+ 20, Po+ 25.P.=0.
It follows that
Dy, =~21.9120. — 20.P22, .
We have

+
20,2 '@2"@0,,2 — QOLzP2QO,z qo,zP24 7
Qo P2Go.2  (Pave, Ve)

and from the expression of 2, , above

_l’_
2,912, = — GoP190P190 C]gPlerlqur .
4o P190P190 4o P190P14y

In particular, we have

Q2i,z = qapl%plqar - <p2v§, U£> = (p1(po — Z)flnlpwga U§> - <p2vﬁav§> .
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With (3.1) and (3.3), we have

(p1(po — 2) "I prog, ve) = =49 ((po — 2) I (x1(€) — T)vg, (xa (€) — T)ve)
(D2ve, V) = —"” + KOy & p).

Terms of order h3. In the same way, we determine 25, by solving

1
20.Ps+ 21, P+ 2o, P+ 23, P + % {20, 21} +{21:, Po.}) =0.
which gives

Dy, =-20,P320, + 21,92, + 22,92y, — €, (3.10)

which is the last equality in (3.6).

We show now that when z is real, Re (¢3) is purely imaginary. For this we notice
that the first term in parenthesis in (3.10) gives rise to a purely imaginary term
in the right bottom of its matrix expression. Then, we show that %, is actually
skew-self-adjoint. First, since &, does not depend on s,

206, = 0:20,.0:91 2. — 0:;21,.0:%.2p - .
Then, recalling that &, .2, , = Id and (3.9) and taking the derivatives of these
formulas with respect to £ and s, respectively, we get
206, = 0: 20,012, + 0:21 ., .0: 2.
= —0:2.20.0s21,, + 0521 .Y .0: 2
= (20,:0:20,.) (0521 ,)" + 0521 ,,.0: 2
= (0521,.2,.0:20..)" + 0521 .%,.0: 2y,

where we used that & ., 2. are self-adjoint and &, 2, . are skew-self-adjoint.

Remainders and order h?. Therefore, with the definition of QE’}, and composi-
tion of pseudo-differential operators, the operator symbol of Ong(QE’])ong(%?’])
coincides with Id modulo terms of orders at least ¢'(h?). By the Calderon-
Vaillancourt theorem, this remainder is a bounded operator, but the bound de-
pends on the parameter p. To avoid this problem, we observe that, by Taylor
expansion, the remainder is of order h? in the worse topology of L?({r)%drds).
This power 6 comes from the product of the terms of order A3. In the same way,
we see that
Opy (22) (Opy (2.) — Op (2))

is again of order h? for the topology L*((7)%drds). Using that

R (po — 2) "L, 20, = R2O((1)?), (3.11)

we can get rid of the derivatives in the remainder term involving 720;.
The fact that ¢, ¢, and ¢ are bounded comes from their explicit expressions
and the fact that ve is exponentially decaying uniformly in £ with respect to 7.
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4. TANGENTIAL COERCIVITY ESTIMATES
We will use Theorem 3.5 for z € C such that
2z =0y — Clhmaxh + O(R?),
and assume that ¢ is an appropriate sub-solution of the eikonal equation in the

following sense

Assumption 4.1. Let ¢ > 0 be a Lipschitzian function such that, for all M > 0
there exist C', R > 0 such that
(i) for allo € R, v(o) — @@’(0)2 >0,

ii) for all o such that |0 — s,| > Rhz, v(o —Mw’ 0)? > Mh.
2

Note that ¢ = 0 is such a subsolution (much more useful solutions will be

introduced later) and that for all o such that |o —s,| < Rh2, v(o) — @gp’(a? <
Ch.

Theorem 4.2. Let K > 0. Under Assumption 4.1, there exist hg,c, Ry > 0 such
that, for all R > Ry, there exists Cr > 0 such that the following holds. For
all h € (0,hy) and all z € C such that |z — Oy + Cikmaxh| < KK, and for all
¢ € Dom (Op}) pr),
1
cRER? [Pl < 1(OpR pn — 2)¢ |l + Crl?|[xo(h™ 2 R™ (0 — s,))9l| + R2[| 7|
where xo € 65°(R) is 1 in a neighborhood of 0.
Remark 4.3. The domain of Op)’ py, is
Dom (Opyy pi) = L*(Ry, By (R+.r))

with B%(R,) = {u € H*(R,) : 7%u € L*(R;),u/(0) = 0}. In Theorem 4.2, we
use the convention that if 7¢ does not belong to L*(R%), we have ||[7%)]] = +o0
in which case the inequality is true. The same kind of convention will be used in
Section 5. Anyway, in the proofs, 1) can be assumed to belong to the Schwartz
class S(RZ).

4.1. From the effective operator...

Proposition 4.4. Let K > 0. There exist hg, C > 0 such that, for all z € C such
that |z — O¢ + Clkmaxh| < K2,

"
b [ (vto) = 520%0) ) ol = P < ~Re (OB a0
R
In particular, for some ¢ > 0 and all R > 0, there exists Cr > 0 such that
cRI||6] < 00} vl + Crl?llxo(h2 R~ (o = 5,))¢] .
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Proof. Using the assumption on z and (3.8), we have
—Req; = pi(x1(€)) — O + A (—K(U)Cl(fj 1) + Crbimax — Ca(&, @0)80/2) + O(1?),

and also

—Req; = p1(x1(£))—Oo+h (—k(0)C1(€,0) + C1(&, 0)kmax — Ca(€, O0)@)+0(1?) .

We write

—Reg? > h(0(0) — Ca(é0, ©0)@™(0)) + 74, (4.1)
where
i =t (x1(§)) — Oo + hsy,
with
|sn| < C'min(1, [€ = &ol) -
Since

p(x1(€)) — ©p = emin ((€ — &)*,1) ,

we get, from the Young inequality,

rh Oh2 (42)

Using (4.1), (4.2), and the standard Fefferman-Phong inequality, the result follows.
O

4.2. ... to the bidimensional operator. We can now establish Theorem 4.2.

Let us recall the relation between Op;’ p, and Op;’ ¢=. We have by Theorem 3.5

Opyq. Opy qz Opypy—z B )
(Opqu; Opz g "B 0 ) = 1A+ Oraexr, (sdoan)—r2xk,) ()

where B = Op}” ({-,v¢)) . In particular,

Opy ¢:(0py pr — 2) + Opy ¢F B = Id + Op2mxr. (r)6dodr)—12®.) (F°) (4.3)
Op;Y q; (Op pr — 2) + Op) ¢ B = Oramxr, (r)sdodr)—12(RxR.) (B7) . .
Thus,
9]l < CI(Op pr — 2)¢|| + ClIBY || + CR?|[(m) 4],

and

10py @z (BY)|| < Cl(Opy pn — 2)0[| + CR?||(7) ]| .

From Proposition 4.4, we deduce
cR2I?||BY|| < Cl(Op) pr— 2)¢l| + Crb?|Ixo(h~2 R (o — 5,)) By,
and then, choosing R large enough,
ER* ||| < Cl(Opy pn — )0l + Crb? | xo(h™2 R (0 = 5,)) BY|| + CR |7

Moreover, by rescaling and using the fact that the symbol of B only depends on
¢, we have [B, xo(h 2R (0 — s,))] = O(h2), we get

R[4 < Cll(Op) pr—2)v | +12[| Bxo(h™2 R~ (0—=s,) )|+ Ch2 ||| +-CR? |7,
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and the conclusion follows.

5. REMOVING THE FREQUENCY CUTOFF

Let us now replace in Theorem 4.2 the “truncated” operator Op;’ py (defined in
Section 3.1) by the operator without frequency cutoff .4;”. This can be done up
to convenient additional remainders.

Theorem 5.1. Under Assumption /j.1, there exist c,hy > 0 such that for all
h€ (0,h) and all yp € Dom (A;7),

B[] < I AE = 20l + B lIxo (B2 R (o = s))ull,

and
PP |R2 DY) < () (AMF — 20|l + | xo(R 2R (o — ;)| -

5.1. Preliminary lemmas. Let us consider a smooth function x, = x2(§) equal
to 1 away from a compact and whose support avoids &.

Lemma 5.2. There exist C,hy > 0 such that for all h € (0,hy) and all ¢ €
Dom (A77),

10D, X2l + [|(RDy — 7)Opy X290 || + | D-Opy X200 || < Cll(A7 = 2)Op3 x|
Proof. We write

Re (47 = 2)0p; xat, Opy! xat))

> (14 0(1)){(D2 + (hDy — 7)) Op}” X2, Op) x2¥0) — Re 2[|Op; x290|* . (5.1)
Thus, by using the support of x2 and the properties of uq,
Re (477 —2)0py X210, Opy x2¢) = (1 + o(1))er — Re 2) |Opy xotbl*, 1 > O

Using again (5.1) and the Cauchy-Schwarz inequality, the conclusion follows.

O
Actually, we have also an “ H2-control” with respect to the “magnetic derivatives”.

Lemma 5.3. There exist C hg > 0 such that for all h € (0,hy) and all ¢ €
Dom (477,

[(hDy — 7)?0p;" x29|| + | D20p; Xx2¢|| < C|[(A,? = 2)Op; x2¢| -

Proof. This is obtained through standard elliptic estimates by controlling first the
magnetic tangential derivative. U

Lemma 5.4. Let N € N. There exist C,hy > 0 such that for all h € (0, k) and
all ¢ € Dom (A;%),
10D X2¥l| + |D-0py X290l + [|(hDg — 7)Opy X2l + [ DOy x2¢/|
+[|(hDs = 7)*Opy x2v0| < CI (AT = 2)0]| + O(RY) [0
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Proof. From Lemmas 5.2 and 5.3, we have

10p)Y x2¢|| + [|(ARDy — 7)Op;” x29|| + || D-Op) x22 ||

+ [[(RD, — 7)*Op;” x2v0|| + | D20p; x2¢0|| < C[|(AF — 2)Opy x2¢|| . (5.2)
Let us deal with the r.h.s. and notice that
12 = 2)0py x| < 1A = 209l + [I[4;7, Opy X2l - (5.3)
Let us consider the commutator. One of the terms is
Ilay, " DranDy, Opy xa]yb|| = |llay, ' 8;an, Opy x2] D-1)|| (5.4)

O(h>)|| Dl + hl|Opyy x2 D

where o has a support slightly larger than the one of x,, and where we used
classical results of composition of pseudo-differential operators. The other term is

||[ H(hDy — 7 + ht? [2)ay (RDs — 7 + clit® /2), Oy xal |

O(h>)([[(hDg — 7)u|| + [¥1]) + CR (| Opy x2(hDy — )] + HOp%V@NI() 5
5.5

Using (5.2), (5.3), (5.4), and (5.5), an induction argument (on the size of the
support of x3) provides us with
10p;” X290 || + [|D-Opy X2t || + [[(RDy — 7)Op" X2 || + | D7 Opy x2¥|
+H|(hDy—7)?0py X2t || < (A7 =)0 |+ E (R ) ([ |+ (hDo =) ¢ |+ D) -
Noticing that
[(hDo — 7)|| + || D-t)]| < ClAF Y] + Cllbll < ClAT = 2)0ll + Cllyl
the conclusion follows. O

Remark 5.5. The estimates in Lemmas 5.2, 5.3, and 5.4 are also true for 1) satis-
fying the Dirichlet condition (instead of the Neumann condition).

We would like to get a control hD, instead of hD, — 7. In particular, one should
control 7 with the normal Agmon estimates.

Proposition 5.6. Let N € N. There exist C,hy > 0 such that for all h € (0, hy)
and all ) € Dom (A7),

10pR X2t |+ D-Opy! xawo[[+2D,Op;! xwo ||+ DZOpR xat [ +1|(RDs)*Opy xa¢!|
+HThD,Op; x2v|| < CI(A7 =)+ T (A =2 |+ (A =20 |+ O (W) [ ] -
Proof. Let us apply Lemma 5.4 to 71 (recall Remark 5.5). We get
170p; xavl| < ClI(AF = 2)r¢]| + O(RY) |79
Replacing ¢ by Op}” X2t, commuting A} ¥ with 7 and using Lemma 5.4, we get

170y x2¥l| < Clir (A7 = 2)0ll + O ([l + 7wl -
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With Lemma 5.4, we get
I(hDs)OPy x2¥ || < CII(AF = 2)0ll + Cllr (A7 = 209l + ORY) (] + Im¢])) -

In the same spirit, we get

I(hDs)*Opy x2¥ll < CI(AT = 20l + Clir(AF = 20l + Cll* (A7 = 2]
+ O (I(1+ 7+ 7)),

IThDsOpy x2¢ | < Cl(AF = )¢l + Cllr(AF = 2)0l| + ClIT* (A7 = 2)¢|
+ O (L +7+7)]).
Due to the Dirichlet condition, we have, for £ > 1
IT |l < Cll(AE = 2)7 0. (5.6)

Computing commutators and controlling them by ||.4;7%||, the result follows upon
noticing that

[ AZPN < A7 = 2)l + =[] ]-

5.2. Proof of Theorem 5.1. With the triangle inequality,
1A = 200l =2 1[(Ph = )0l = (A7 — Pr)ll (5.7)

Using Proposition 5.6 with xo such that 1 — x5 is supported in {x1(§) = &} to
control the terms (hD,)? and hrD,, we get

(A7 = vl < CNAT = 200l + Clir( A7 = 28l + CllT*(AF = =)0
+ o)l (5.8)
Combining (5.7) and (5.8) with Theorem 4.2, provides us with
CRPB (||| < [[(7)* (M7 =2)00 | +-Crl[xo(h™2 B~ (o =s,)) || +R2 |7 [+ CRN [

(5.9)
By using again (5.6), we get

17011 < ClI(AE = 2) 7| < I (AT = 2)0ll + C[ A7, T
Computing explicitly the commutator, we get, by induction,
170l < CIUT) (A7 = 200l + CllA Y
< CUNUAE = 209l + Cl (A7 = =)0l + Cll Iyl

With (5.9) and choosing R large enough (to absorb the C|z| term), we deduce the
first estimate in Theorem 5.1. Combining this estimate with Proposition 5.6, the
conclusion follows.
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5.3. A slight improvement. The considerations in the previous section give the
following improvement of Theorem 5.1.

Corollary 5.7. Under Assumption 4.1, there exist c,hqg > 0 such that for all
he (0,ho) and all ¢ € Dom (A7),

[Ty < Ir) (AP = 2)0l| + B3| xo (B2 R (o — s,))|, (5.10)
and
R () RED2|| < () (AF = 2)¢ll + B xo(h 2 R™ (o — s,))¢ll. (5.11)

Proof. We recall (5.6), and we use it with & = 1. Estimating a commutator, this
shows that

IT9ll < Cllr (A7 = 2)¢ll + Cllo-l + Cll]l -
We also notice that

l0-)]1* < CllAER 1] - (5.12)

Then, since z is bounded,
101 + [Tl < CIT (A7 = 2)¢l + Clle]l- (5.13)

Applying Theorem 5.1, we get (5.10).

To get (5.11), we apply Proposition 5.6 with v replaced by 7t¢. Then, we
estimate the commutators by using (5.13), (5.12) (with ¢ replaced by 7%, k = 1, 2)
and (5.6) (with & = 2), and we use (5.10). O

6. OPTIMAL TANGENTIAL AGMON ESTIMATES

6.1. Agmon estimates. Let us discuss here some important consequences of our
elliptic estimates. An immediate corollary of Theorem 5.1 is the following.

Corollary 6.1. Under Assumption 4.1 and with the notation introduced in Sec-
tion 2.4.1, for all K > 0, there exist C hg > 0 such that for all h € (0,hy) and
all X eigenvalue of N, such that |A — (O¢ — Cihmaxh)| < Kh* and all associated
eigenfunction U € Dom (A,,),

/ 2" g 2dsdr < O|| w2
R
Proof. We apply Theorem 5.1 with z = \ and ¢ = e“"/h%\lf. 0

Let us now explain how to get tangential Agmon estimates for the two wells
operator .4}, from the estimates on the one well operators (acting on L?(R x R,)).
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Let us recall the two Agmon distances

e —
q)r(0> = —,ulll(&)) /[:Sho—] RKmax ’%7"<O-)d0-7

EE —
@g(O’) = —,u/ll(&)> /[Sbg] Rmax /ig(O')dO'.

From them, we can construct a weight to estimate the decay of the eigenfunctions
of A3 away from s, and s,. Let us consider some periodic versions of @, and ®,.

We let

~ (o) if —L<o<s—n

(o) = { ¢,.(0—2L) ifsp+n<o<L ’

= W(oc+2L) if —L<o<s —n

(o) = {(I)g( ) if s, +n<o<L
The functions ®, and @, are defined on [—L, L) but not on (s, — 1, 8¢ + ) and
(sr —m, 8 + 1), respectively. Thus, we consider smooth extensions of @, and ®,

such that &, > (I)g near s, and CI)[ > <I> near s,. Thus, @ and (I)g can be seen as
2 L-periodic functions.

For the following we shall identify functions on I' with 2 L-periodic functions and
mainly consider [—L, L) as interval of integration. The preceding construction of
weights on [—L, L) is adapted to this point of view and will allow to give estimates
on the two-well case in this setting.

Proposition 6.2. Set 6 € (0,1) and consider the 2L-periodic function defined on
=1 — 6min(d,, D).
Let € > 0 and assume that n is small enough. There exist C, hg > 0 such that for

all i € (0,hy) and all X eigenvalue of N5 such that |A — (©g — Cikmaxh)| < Kh?
and all associated eigenfunction u € Dom (A3),

1 1
/ /" JuPdsdr < Ce™ |[ul|Fo_p 1y wpr) -
[-L,L)xR4

Proof. Consider an eigenfunction u as in the assumptions. Let x, be a smooth
cutoff function equal to 1 near s, and being 0 near s,. Away from the support of
Xr, ¢ can be modified and extended to R x R so that Assumption 4.1 is satisfied.

) 1
We can then consider 1 = y,e"o/ W ee/h?y as a function on R and apply to it
Theorem 5.1 with 2 = A\. We get then

el e ul] < (| (A=) o) |+ 1 xo(h™2 R o —s,))e? " ul
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By using that u is an eigenfunction and by choosing 7 small enough (and adapting
X accordingly), we get the following estimate,

1 1
h?||xre? M || < e [, X lull e (e n,ny xry + O |Jull oo, pyxre) -

Thanks to the normal Agmon estimates, we get

1 1
Ixre? " u|l < Ce™" ||ull o(or,0yxr+) -

By considering the left well, we get by symmetry

1 1
Ixee?" ul] < Ce™™ || pa(—p, 1)<+ -

Since the supports of x, and x, overlap [—L, L), the conclusion follows. O

6.2. WKB approximation in the right well. Let us now discuss a crucial
application of Theorem 5.1. We work here on the real line. Let us apply the
theorem to

¢ = e@/h% (¢h,r - Hrwh,r) s (61)

where

o wh,r(av T) - Xn,rqjh,r(av 7—)7

— Xun,r 1s a cut-off function supported in I, , and such that x,, =1 on Iy, ,,

— Wy, is the WKB solution introduced in (2.8) (with n = 1) and scaled so that
|Ynr]] =1 (see Remark 2.9),

— 1I, is the orthogonal projection on the first eigenspace, spanned by uy,,, of the
operator A} ;.

Theorem 5.1 and Corollary 5.7 yield the following WKB approximations (see,
for instance, [10, Prop. 5.1] in the context of the Robin Laplacian for a similar
estimate).

Proposition 6.3. We have
[nr = Wytn || 22y = O(R), (6.2)

and we can assume that (Yp., up,) = 1+ O(h®) up to the multiplication of W,
by a complex number of modulus 1.
Moreover, let K C Iy,, be a compact set. The following estimate
(e Vi (W, — up,) = O(F), (6.3)
holds in € (K; L*(R,)).
Remark 6.4. Note that the choice (¢, un,) = 1+ O(h>), in addition to the

normalization of 9y, ,, completely determines the quasimode, especially the value
of o which was only defined up to an additive constant in (2.13).
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Proof. To get (6.2), we remember that the expansion of the first eigenvalue is
given by ¢;(h) in Theorem 2.8, we use the spectral gap of the one well case (see
for instance (1.3)) and we apply the spectral theorem.

To get (6.3), we use our normalization of the WKB Ansatz, and we choose

o9) = rgvae) = min { sl VT=0__int - (@ulo) 4 / ,a]md5>}

o€lay r\In,r

(6.4)
where o
(I~>T (s) =®,.(s — NVA Inmax — N . 6.5
els) = B,(5) (Je) (6.5)
Here N e N, 0 <60 < 1. O

7. INTERACTION MATRIX AND TUNNELING EFFECT

We now have all the elements in hand to prove Theorem 1.3. Let us consider
the common “single well” groundstate energy u3"(h) of the operators .47, and
e (it depends on 7). It results from the Agmon estimates in Corollary 6.1 and
Proposition 6.2, and the min-max principle that

p (h) = 0750 < mi(h) va(h) < () + 6™ (7)
where @'(e=/Vh) means @(e=5=9)/Vh) for all & > 0.

7.1. WKB quasimodes and approximated basis. In this section, we recall
the main lines of the strategy to reduce the asymptotic study of the spectral gap
vo(h) —vy(h) to the study of the two by two interaction matrix. Once the tangential
exponential decay of the eigenfunctions is established (see Proposition 6.2), the
derivation of the interaction matrix can be done as if we were in dimension one.
In this section, one will precisely refer to the estimates obtained in [4, Section 3]
where the strategy has been described in great detail for an electric Hamiltonian in
dimension one (see also the Bourbaki exposé [25, Section 2| describing the Helffer-
Sjostrand results in [12]).

To construct the interaction matrix, we will use the ground states of the one
well problems and use them to provide an approximate basis of the space

E = @ Ker(A; — v5(h)) .

We will truncate them, project them on F and orthonormalize them.

7.1.1. Truncation. Let x,, (respectively x;,¢) be a cut-off function satisfying x, , =
L in {|s — s¢| = 2n} (respectively x,, = 1 in {|s — s,| > 2n}) and x,, = 0 in
{Is — s¢| < n} (respectively x,¢ = 01in {|s —s,| < n}).
We define, for « € {(,r},
fh,a = Xn,a(bh,a; (72)



PURELY MAGNETIC TUNNELING EFFECT 33

where the ¢, are essentially the functions ¢, (see (2.5) and (2.6)) seen on the
circle identified with [—L, L), and precisely defined by

e=00 /My, (o, 7) if —L<o<s—1
(o) =19 ", e LTS . (13
Onr(0,7) { e=M0@=2D)/Wy, (o — 2L, 7) if s+ 1<o<lL 7:3)
e 0t 2D/My (o +2L,7) if —L <0< s —1/2
(0. T) = , y ) N 7.4
¢ﬁ,g(0 7') { e—w()a/f‘LQUW(U7 7-) if s, + 77/2 <o<L ( )

Note here that, due to the flux term oo /h?, there is no natural extension by
periodicity. In the following, we work on I identified with [—L, L).

Thanks to Proposition 6.2, the set { fus, frr} is quasi-orthonormal in the sense
that

[ fral? =146 VY) and  (fra, fag) = O V) for a # 5.
Furthermore, the function 74, = (A5 — ™ (h)) fr.a, o € {€,r}, satisfies,
Irnall = 67
These estimates, in dimension one, are proved, for instance, in [4, Lemma 3.5].
7.1.2. Projection. Since we want to describe the first two eigenvalues of .47, it

is convenient to build a basis of E from the quasimodes f;, and f,. Thus, we
consider the new quasimodes, for « € {¢,r},

Gha = Hfﬁ,oc ) (75)

where II is the orthogonal projection on E. The following estimate holds, for
aec{lr},

lgr.a = frall + 10 (gha — fra) | = €5V,

and its proof is the same as the one of [4, Lemma 3.8|.

7.1.3. Orthonormalization. Starting from the basis {gns, gr,}, we obtain by the
Gram-Schmidt algorithm the orthonormal basis {gn¢, Gn,}. In other words, we

have § = gG2 where G is the Gram-Schmidt matrix ((Gha» Gn,B8) )a.Belr}-
Let M be the matrix of .4} in the basis {gn¢, gnr}. We have

Spec(M) = {v1(h), v2(h)}

and, by solving the equation det(M — Ald) = 0, we deduce, as in dimension one
(see |4, Proposition 3.11]), that

vo(Rh) — (R) = 2w, | + GV | wey = (rag, far) - (7.6)
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7.2. Computing the interaction. We may now estimate the interaction term
wy,. In contrast with Section 7.1, we provide here more details since the proof
deviates from the usual computation of the interaction in dimension one. Firstly,
the tangential derivative hD, is replaced by the magnetic derivative

Dy =hDy +h 'y — 7+ hCugT2 ) (7.7)

Lemma 7.1 gives an explicit formula for w,, involving this magnetic derivative.
Secondly, the separation of variables, responsible for the final reduction to an
interaction in dimension one, is explained in Section 7.2.2.

7.2.1. An explicit formula for wy,. The aim of this section is to prove the following.

Lemma 7.1. We have

+o0
Wy r = Zh/ arjl (¢€@h¢r + A@h(ﬁéa) (07 T)
0

- a,{l (¢e% + -@hﬁbz%) (=L,7)dr. (7.8)
Proof. We have
wer = (M — p7"(0)) fres frr) = (A Xnel Ones Xnr Onr) -

For shortness we use in the following the notation Y, for x,, and similarly on the
left-side. We recall that x, and x, do not depend on 7. Thus

we, = ([a; Dnay* Du, Xel bney XoOnr) - (7.9)

For shortness, we let ¢ = @q.
In the following we let S;, = (=L, L) x (0,400). Writing the commutator,
integrating by parts, and using the Leibniz formula, we get

W, = /S L (Dnlay Du(xede)) X br — XeXoPr Di(ay,' Dupe)) dodr
- /S L ay ' (Du(xed0) Di(xr0r) — D¢ Dn(Xexrdr)) dodT
- /S L ay " ([=ihxide + XeDnde) Du(xidr) — Dude [XeDn(xr6r) + ilixpxrér] ) dodr
_ _in /S X (0T00) + Do o] dode
=il /S ! a, ' XoXr (9eDndr + Dngud,) dodr

= Zﬁ/ ay, ' Xy (9eDndy + Drchedy) dodr
S
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where we have used xjx; = 0 and x;x, = x;. Note also that x; is supported in
(—L,0). We let ¢o(0,7) = e?@/h¢ (0,7) on Sy, where ~ satisfies 9,7(0,7) =

T —Y/h— hculié. Using this change of function, we get

Wy,r = _/ a}jlhDJXZ <§ZKFLDU§ZT + hDo&EE) dUdTa

where S, = (—L,0) x R;. Then, by integration by parts,

“+oo ~ _ =
We, = By + ik / a;! (@ KDy + Dy oy ¢T) 0,7)
0

- agl (Q;E hDa(gr + hDgéZ E) (_L7 T)d7—7

with

Wy = / xehD, [ag ! (ée hD,éy + (Do) gb)] dodr .
Sr
Note that
iy, — / xe (~6uhDyy BD,)3, + (hDyay BD,)dy 6, ) dodr
Sr

and, coming back to ¢,

Wy, = / Xe (—@%agl%@ + Dna; ' Dy E) dodr.
Sy

(7.10)

Using the fact that the ¢, are eigenfunctions associated with the same eigenvalue,

we get Wy, = 0. From (7.10), we deduce that

+00
Wy = Zh/ a, ' (G Dndr + Dndedr) (0,7)
0

— a," (9 Dndr + Do) (=L, 7)dr .

O

7.2.2. End of the proof of Theorem 1.3. Let us explain how to analyze the asymp-

totic behavior of the first term, related to the upper part of I'; in (7.8):

+o0o
wy, = /o a,’ (@%—i— @ﬁgbga) (0, 7)dr.

Note that a, = 14 o(1), |hc,7%| = o(h™27). We also recall that ¢y, and ¢y, are

explicitly described in (7.3) and (7.4). We find that

u
wé,r

+oo
- / agl (uh,g(hDg -7+ hc#gTQ)um + (hDy — 7 + hc“gTQ)uh,gm) (0,7)dr.
0
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Then, we use the uniform approximation given in Proposition 6.3, the explicit
expression of the WKB Ansatz in Theorem 2.8, and the fact that ®,.(0)4+®,(0) = S,
to get

w}jr =
+o00 . " ; K o L
i a, | Une <FLDJ -7+ thET ) Uy -+ (hD(, — 7+ hcuaT ) Uy, Wy, | d7

+ O(R)e S

where W, ,(0,7) = UV, (0,7) (there is no phase shift since we are at ¢ = 0).
Using again that ®,(0) + ®,(0) = S, and the explicit expression of the first term
of ¥y,., we get

\T

+o00
hiesu/hl/zw}; _ / a; 'Uby (hDo. + & — T +ihz®(0) + hq%ﬂ) by pdr
0

—+00
+ / a;’ (hDa + & — 7+ ih2®)(0) + hcugﬂ) Uby by pd7 + O(B>).
0

By using that a; = 1+ o(1) and the exponential decay of by , with respect to 7,
we find that

1 1/2 oo 1 _—
LTI / (50 - zhicp;(())) Ub, wbin(0, 7)dr
0
+oo ) o
+ / (50 e mﬁcbg(O)) Uby wbr (0, 7)dr + G(h)
0

400 _ )
:2/ (€0 — T)Ub1abr (0, 7)dr — 2ih2 ®L(0) f2(0)e 210
0
+0(h),

where we used the explicit expression of the first term of by, given in (2.9) and

Remark 2.9. Let us now replace by ; by its first two terms by o + h2 b1 (modulo h)
given in (2.9). We recall the following two formulas (see, for instance, [3, Lemma
5.8]):

+oo +o0 ,
[ @mmimar=o. 12 [ 6 nu e =

With the first formula, we get

+o0 o 400 o -
2/ (fo — T)UblyhblﬁdT :277,% / (60 — 7') (Ubl,Obl,l —|— Ub171b170) dT —|— ﬁ(h)
0 0

~, . +m
=~ 2O, 00 0 [ (6 — T (7 (1)
0
o).
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With the second formula, we deduce that
B g, = i (&)iRA @ (0) FEo(0)e 0 + (). (7.11)

We recognize here the interaction term associated with the effective Hamiltonian
(2.14) (see also (1.7)). Using (2.12), and differentiating at 0 formula (2.7), the
estimate (7.11) becomes

v= =il (&) 2 g3V (0)Age 20100 4 o (h).

In the same way, we can deal with the integral corresponding to the down part of
the boundary in (7.8):

1/2
h4es w/ B

+oo - .
U)ZT = —/ agl (qbg.@hqﬁr + .%/QZMZ%«) (_L7 T)dT,
0
and we find that
RieSM il — i (g0 )m 2 g3 /V (= L) Age 2ero D i (20 /1242160 /0) 4 gy

where there is an additional phase shift coming from the +2L-translation in o
appearing in the second and first expression in (7.3) and (7.4), respectively.
Now recalling that, from (7.8),

we, = ih(wy, + wZT) ,

that i = h2, and multiplying by e’2/® in order to have a more symmetric formula
(only the modulus of this quantity is relevant), we get the expression w(h) given
in the statement of Theorem 1.3. Then, Theorem 1.3 follows from (7.6) and
Proposition 2.7.
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