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Abstract: In this paper, we present a realization and an identification algorithm for
stochastic Linear Parameter-Varying State-Space Affine (LPV-SSA) representations. The
proposed realization algorithm combines the deterministic LPV input output to LPV state-space
realization scheme based on correlation analysis with a stochastic covariance realization
algorithm. Based on this realization algorithm, a computationally efficient and statistically
consistent identification algorithm is proposed to estimate the LPV model matrices, which
are computed from the empirical covariance matrices of outputs, inputs and scheduling signal
observations. The effectiveness of the proposed algorithm is shown via a numerical case study.

1. INTRODUCTION

Identification of Linear Parameter-Varying (LPV) models
has gained significant attention over the past few years,
owing to their ability to describe the behavior of many
ime-varying and non-linear systems. Many approaches
have been proposed for the identification of LPV models,
in input-output (Bamieh and Giarré, 2002; Laurain et al.,
2010; Mejari et al., 2018; Piga et al., 2015) as well
as State-Space (SS) representations (Felici et al., 2007;
Tanelli et al., 2011; van Wingerden and Verhaegen, 2009;
Verdult and Verhaegen, 2005). The reader is referred
to (Téth, 2010) for a detailed summary of the available
LPV identification approaches.

Controller design approaches often require the LPV
models to be in SS representation with an affine
dependency on the scheduling variable. To this end,
realization theory of LPV models plays a key role in
understanding the conditions under which the observed
behavior of a system can be realized by a state-space affine
representation. It also allows to formulate identification
algorithms for estimating state-space representation from
a finite set of observations. The realization theory for
deterministic Linear Parameter-Varying State-Space with
Affine dependence (LPV-SSA) representation has been
developed in Téth et al. (2012); Petreczky et al. (2017).
The results of Téth et al. (2012); Petreczky et al. (2017)
were used to derive LPV-SS identification algorithm
in Cox et al. (2015, 2018). These methods are focused
on deterministic realizations, which for certain control
and filtering problems are too restrictive. In this paper,

* This work was partially funded by CPER Data project,
co-financed by FKEuropean Union with the financial support of
European Regional Development Fund, French State and the French
Region of Hauts-de-France, and by CNRS project PEPS blanc
BayesRealForRNN.

we focus on formulating a realization algorithm and a
related identification algorithm for stochastic LPV-SSA
representations. The main idea is to decompose the
stochastic LPV-SSA realization/identification problem
into two independent problems: realization/identification
of deterministic part which depends only on the input$
and realization/identification of stochastic part. To this
end, the proposed algorithm is based on the combination
of correlation analysis (Cox et al., 2018) for deterministic
realization and stochastic covariance identification
algorithm for stochastic LPV-SSA representations (Mejari
and Petreczky, 2019a).

The algorithm presented in this paper extends the results
of Mejari and Petreczky (2019a), to the case of stochastic
LPV-SSA representations with exogenous inputs. The
proposed approach differs significantly from the subspace
based identification methods for stochastic LPV-SSA
representations (van Wingerden and Verhaegen, 2009; dos
Santos et al., 2009; Favoreel et al., 1999). First, the
cited papers do not deal with the realization problem. In
particular, while the possibility of decomposing the output
into a deterministic and purely stochastic components
is sometimes claimed in the literature, the formal
details of such a decomposition were never addressed.
Second, in contrast to the literature mentioned above,
the identification algorithm proposed in this paper
is provenly consistent and it does not require local
observability assumptions. The downside is that the
proposed algorithm is provenly consistent only for a
specific class of scheduling signals and stochastic LPV-SSA
representations. Moreover, the proposed algorithm avoids
the curse of dimensionality, but this comes at a price
of either using some prior knowledge on the system to
determine the correct selection of the rows and columns
of a Hankel-matrix or using an exhaustive search to find
such a selection.
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The paper is organized as follows. In Section 2, we
present the problem formulation. Section 3 presents the
formal definition and basic properties of the class of LPV
state-space representations considered in this paper. In
Section 4, we formalize the decomposition of outputs
of such LPV state-space representations into stochastic
and deterministic components. In Section 5, we present
the realization algorithm for stochastic LPV state-space
representations, and in Section 6 we present the related
identification algorithm. Finally, in Section 7 we illustrate
the results with a numerical example.

2. PROBLEM FORMULATION

Let y, u, p be stochastic processes taking values in R™v,
R™ and R™, representing the output process, the input
process, and the scheduling signal process respectively.
We define a discrete-time Linear Parameter-Varying
State-Space Affine (LPV-SSA) representation of the
process (y, u, p) as the discrete-time system of the form
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ee = €. The length of the word w € ¥* is denoted by |w],
and |e| = 0.

Assumption 1. (White noise scheduling). The scheduling
process p = [1, pg, ..., py,]" is zero-mean independent
identically distributed (i.i.d.) such that, for all ¢ € Z, we
have p,(t) = 1, and for each o = 2,...,n,, 1, is a zero
mean i.i.d. process.

We define scalars E[u2(t)] = p,, for all t € Z. In
particular, p; = 1. For every word w € %T where w =
0109 -0k, k > 1, 01,...,0 € X, we define the process
I and the number p,, as follows
Nw(t) = l‘l'O'l(t —k+ 1)l~l’az<t —k+ 2) ’ "uak(t)th €Z
Pw = Po1Posy * " Poy, -

We set p.(t) =1 and p. = 1. For a process r € R for
each w € X we define the process z, as

25, (1) = x(t - |w>uw<t—1>¢;, viez, (2

w

which is interpreted as the past of r w.r.t. {tty }oes-

x(t+1) = Z(Aix(t) + Biu(t) + K;v(t))pi(t), We remark that in this paper, the notion of Zero Mean
i=1 Wide Sense Stationary w.r.t. Inputs (ZMWSSI) process

y(t) = Cx(t) + Du(t) + v(t), (1)
Where, A; € anxnz’ B, € anxn”, K; € Rnxxny’
Vi=1,...,n,, C € R"*" and D € R"*™ are real
constant matrices, and v is a white noise process, i.e.,
E[v(t)vT(s)] =0, s # t and E[v(t)vT (t)u:(t)] = Q; > 0,
it =1,...,n,. The realization and identification problems
considered in this paper are as follows.

Problem 1. (Realization problem). For process (y,u, p),
S > find matric

es ({A4;, Bi, K;};,,C,D) and processes X,V

and Square Integrable w.r.t. Input (SII) process, will
be a central notion for the mathematical framework of
stochastic LPV-SSA representations. We refer the reader
to Petreczky and Vidal (2018) for the detailed definition
of ZMWSSI and SII processes.

All the process considered in this paper will be assumed
to be ZMWSSI and SII process w.r.t. scheduling p.

Definition 1. (White noise w.r.t. @). A process r is calle
a white noise process w.r.t. p, if r is ZMWSII w.r.t. p,

43 pt 43 pt

such that (1) is a representation of (y,u, p). and E[z%,(t)(z5(t)T] = 0, v # w, Elz%, ) (25, )T] = 0597 in

E[zE (t)(z (t))%] > 0, for all w,v € TF. 15.2mm

o o

152 mm Problem 2. (Identification problem). Assume that y

7Z — R™ is a sample path of the output process vy,
w : Z — R™ is a sample path of the input process u and
W Z — R™ is a sample path of the scheduling process u,
corresponding to the same random event w € ). Given a
dataset {y(t),u(t), u(t)}, consisting of N samples of the
output, input and scheduling process, compute from this
dataset the estimates {{Af\’, BZN, Kfv, in}?;‘l, O ﬁN},
such that as N — oo, the estimated matrices
{{AN, BN, KN, QN ,CN, DN} converge to matrices
{{A;, B;, K;,Q;};*,,C, D} such that the LPV-SSA (1)
with Q; = E[v@v' ®)p2@)], i = 1,... is a
representation of (y,u, ).

s My

3. PROPERTIES OF LPV-SSA REPRESENTATION

In order to make Problems 1-2 well-posed, we have to
impose additional constraints on the class of processes
(y,u, p) and on the class of LPV-SSA representations. To
this end, we need the following notation and terminology.

Notation 1. (X). Let ¥ ={1,...,n,}.

A non empty word over X is a finite sequence of letters, i.e.,
w = 0109 -0k, where 0 < k € Z, 01,09,...,01 € .. The
set of all nonempty words is denoted by ¥ . We denote an
empty word by €. Let ©* = ¢ UXT. The concatenation of
two nonempty words v = aias - - - @y, and w = bybs - - - by, is
defined as vw = aq - - - @by - - - by, for some m,n > 0. Note
that if w = € or v = ¢, then ve = v and ew = w, moreover,

Using the concept of ZMWSSI process and white noise
process w.r.t. u, we can formulate the main assumption
regarding the processes (y,u, ).

Assumption 2. Assume that p satisfies Assumption 1, and

[yT uT]T is a ZMWSSI and SII process w.r.t. p, and
u is a white noise process w.r.t. p, and the covariance

E[z2(t)(z2(t))T] = Elu(t — 1)(u(t — 1))T] = Ay, > 0 does

ag [og
not depend on o € Y.

Next, we recall from Mejari and Petreczky (2019a) the
notion of a stationary stochastic LPV-SSA representation
of a process r without inputs.

Definition 2. A stationary LPV-SSA  representation
without inputs of a process r taking values in
RP, is a tuple ({A,,K,}",,C,D,%x,v), where

A, € RV K, € R C € RP*" and v is a
process taking values in R™ such that such that

L[gT 97T is  a ZMWSSI and

E[x(t)(z% (t)T] = 0 for all w € &+,

2. Vv is a white noise process w.r.t. p. _ _

3. The eigenvalues of the matrix ZUGE PoA, ® A, are
inside the open unit circle. ~

4. X(t+1) = S0 (AR +E () pa(t), v(t) = Cx(b)+
DY (t).

We call x the state process and v the noise process.

process,
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In the terminology of Petreczky and Vidal (2018), a
stationary LPV-SSA without inputs u, corresponds to a
stationary generalized bilinear system w.r.t. the scheduling
inputs {p, sex. If a process r has a stationary LPV-SSA
representation without inputs, then r is a ZMWSSI process
and x is uniquely determined by v and the matrices
(C,D,{As,K;}sex). In order to define this notion more
precisely, let us introduce the following notation.

Notation 2. (Matrix Product). Consider a collection of
square matrices A, € R"*" ¢ € . For any word w € X
of the form w=o0109---0r, k>0 and o1,...,0, € X, we
define A,,=A,, --- As, Ay, . For an empty word €, A, = I,,.

From Petreczky and Vidal (2018) it follows that
x(t) = Z vpaw;lwkozgw(t)a

cEX, wEX*
where the infinite sum on the right-hand side is absolutely
convergent in the mean square sense.

3)

Using the notion of a stationary LPV-SSA without inputs,
we can define the class of LPV-SSA representation with
inputs which will be considered in this paper.

Definition 3. (Stationary LPV-SSA). The LPV-SSA
representation (1) is stationary with input wu, if
({Ao'7 [Ko' Bo‘]}g—ez,c, [Iny D] X, [VT uT]T) is 5,
stationary LPV-SSA representation of y without

inputs as in Definition 2, and the orthogonality condition
E[v(t)uT (t)u2(t)] =0, Vo € X holds.

From (3) it follows that for a stationary LPV-SSA
representation with input u of the form (1),

x(t)= Y, VPowhuw (Kozy, (1) + Bozg, (1)),
wWEX* ,0EX
where the infinite sums on the right hand side are
absolutely convergent in the mean-square sense. That is,
the matrices and the noise processes determine the state
process of a stationary LPV-SSA (with or without inputs)
uniquely.

4. DECOMPOSITION OF THE OUTPUT OF
LPV-SSA REPRESENTATION

It turns out that the output process of stationary
LPV-SSA representations admits a decomposition into
deterministic and stochastic parts. The deterministic
part depends only on the input process, while the
stochastic part depends only on the noise process. This
decomposition does not depend on the particular choice of
LPV-SSA representation, but only on the output process
at hand.

Definition 4. (Deterministic and stochastic components).
Assume the processes (y,u,p) satisfy Assumption 2.
Define the deterministic component y¢ of y as follows
y(t) = Exly | {23 ()}wes+ U {u(®)}], (4)
where Ej[-] is the orthogonal projection as defined
in Petreczky and Vidal (2018). Define the stochastic
component of y as
()

y*(t) = y(t) — y*(2).
From the definition it follows that
y(t) = y'(t) +y°(1),
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i.e.,, the process y(t) can be represented as the sum
of its deterministic and stochastic components. In case
when the process admits an LPV-SSA representation,
the stochastic and deterministic components satisfy the
following properties.
Lemma 1. (Decomposition of y). Assume that there
exists a stationary LPV-SSA representation of (y,u, u)
of the form (1) and that (y,u, i) satisfy Assumption 2. It
then follows that

T

xU(t+1) = (Ax(t)+Bsu(t)) pi(t),
i=1
y?(t) = Cx*(t)+Du(t), (6)

and ({4, Bs}sex, C, D,x% 1) is a stationary LPV-SSA
representation of y¢ without inputs and with noise process
u, moreover,
u
XU(t+1) =D (Ax*(t)+Kiv (b)) pi(t),
i=1
y*(t) = Cx* (1) +v (1), (7)
and ({Ay, Ky }oex, C, I, ,x°,v) is a stationary LPV-SSA
representation of y* without inputs, where
x1(t) = Bifx(t) | {23 (1) }wes+ U {u(®)}]
x*(t) = x(t) — x*(1)

(8)
(9)

The proof of Lemma 1 is presented in Mejari and Petreczky
(2019b). Thus, y* depends only on the noise v, and y? does
not depend on the noise but it depends only on input u.
In fact, the converse of Lemma 1 also holds.

Lemma 2. Assume that y has a stationary LPV-SSAA——>

representation with input wu. Assume that X; =

({A2, Bé) €4, D4 %% u) is a stationary LPV-SSA 05529;:1

representation of y? without input such that its noise
process equals the input process u. Assume that X, =
({Af,Kf}?;‘l,C’S,Iny7)25,es) is a stationary LPV-SSA
representation of y® without inputs in forward innovation
form, i.e., assume that the process e® is the so called

innovation process of y* as defined in Petreczky and Vidal
(2018):

(1) =y°(t) - Eily*(t) | {23, (D}uwex+]  (10)

Then, tuple ({Ai7ki,3i}?;‘l7é7ﬁ7&, e®) is a stationary
LPV-SSA representation of y with input u, where

x(t) = [&(0)" &))"
A, = diag(A2, 43), B, = (BT 0,

nzxnu}

(11)
Ky = (07, (K;)T}T, ¢=[¢* ¢7], b=D*

Moreover, the innovation process e® satisfies
e (t) = y(t) - Eily (t) [ {z7,(t), 235 (1) bwes+ U{u(®)}] (12)

The proof of Lemma 2 is presented in Mejari and Petreczky
(2019b). Thus, the problem of realization of y can be
decomposed into two problems:

P1 finding a stationary LPV-SSA representation 3,
without inputs of y¢, such that the noise process of
Ygqis u,

P2 finding a stationary LPV-SSA representation X
without inputs of y* = y — y?, such that the noise

71 pt
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process e° of ¥ is the innovation process of y° as
defined in Mejari and Petreczky (2019a).

Moreover, the innovation process e®(t) is the error of
projecting y(¢) onto the linear space spanned by the
products of the past values of y, u and the scheduling
process , as defined in (12).

5. REALIZATION ALGORITHMS

In this section, we first recall the basis reduced Ho-Kalman
realization algorithm for deterministic LPV state-space
representations. In turn, this algorithm will be used for
covariance realization algorithms for estimating LPV-SSA
representations of y?, y*, presented in Section 5.2-5.3.

5.1 Basis reduced Ho-Kalman realization algorithm

Recall from Petreczky et al. (2017); Cox et al. (2018)
that a deterministic LPV-SSA representation (with affine
dependence) is a system of the form
T
a(t+1) =Y (A(t) + Biu(t)mi(t),
i=1
y(t) = Cx(t) + Du(t),
where A;, B;,C, D are matrices of suitable dimensions,
x : Z — R"™ is the state trajectory u : Z — R™ is the
input trajectory y : Z — R™ is the output trajectory. In
order to avoid technical problems, we assume that x,u,y
all have finite support, i.e. there exist a tg € 7Z, such
that z(s) = 0,y(s) = 0,u(s) = 0 for all s < t5. We
identify a deterministic LPV-SSA of the form (13) with

(13)
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u; € En, k;, € {1,2,---,ny}, o; € E, v € En, lj (S
{1a27"' 7nu}
Ezample 1. Consider n=2, number of outputs and inputs
ny = n, =2, and scheduling signal dimension n, =

2, we have, X" = {¢1,2,11,12,21,22}. Then, one of
the n-selection pair (a, ) can be chosen as, for e.g.,
a = {(u1,k1),(u2, ko)t = {(1),(11,2)} and g =
{(Olavhll) ) (U2vv27l2)} = {(17217 1) ) (272272)}

Let M : ¥* — R™*™ be a map, values of which represent

potential sub-Markov parameters (14) of an LPV-SSA. Let
us now define the Hankel matrix Hé‘f 5 € R™*" as follows:

i,7 =1,...,n, the (i, j)-th element of Hé\fﬁ is of the form

[Hausl, ;=M (ojvuily, 4, (16)
[M(Uj'UjUi)]ki’lj denotes the entry of M(o,v;u;) on the
k;-th row and I;-th column, and (u;, k;) € «, (0;,v;,1;) € 8
are as in the ordering of (15).

In addition, we define the o-shifted Hankel-matrix
HM € R"™¥™ as follows: its 7, j-th entry is given by

0,8
(Howsl; ;= [M(ojvjou)l, ;. - (17)
Moreover, let us define Hankel matrices ’Hé‘fc € R**™ and
7-[24 € R™*™ as follows
[Haol, ;= [M(ou)ly, ;, d=1,...,na (18
[#5] M(ov;)],, , i=1,...,n, (19)

5= | il
Consider the model matrix computations summarized in
Algorithm 1, using Hankel matrices and selections.

Mg : % — R™>™u guch that for all w € X*,
AsB,, w=o0s,0€ X, seX”
Mow)={ 3

w— ¢ (14)
We will refer to Mg as the sub-Markov function
of the deterministic LPV-SSA representation of .
From Petreczky et al. (2017) it then follows that two
deterministic LPV-SSA representations .%;, %5 have
the same input-output behavior, if and only if their
sub-Markov parameters are equal, ie., My, = Mgy,.
Moreover, the sub-Markov parameters can be determined
from the input-output behavior.

Below we recall from Cox et al. (2018) an adaptation of
this Ho-Kalman-like algorithm, which uses sub-Markov
parameters to compute a deterministic LPV-SSA
representation. In order to present the algorithm, we
present the notion of n-selection. Let us define the set X™
as the set of all words w € ¥* of length less than or equal
to n, ie., X" ={w € X* | lw| < n}.

Definition 5. (Selection). We define (n,n,,n,)-selection
as a pair (a, ) such that

l.a € ¥" x {1,2,---,ny} and f C X x X" X

{1727"' 7nu}
2. card(or) = card(8) = mn, where card denotes
cardinality of the set.

We will fix the following ordering of « and f.
Q= {(uiaki)}?:lv B = {(Uj’vj’lj)}?:lv (15)

< >the tuple .7 = ({As, Bo}oes, C, D). The number n,, is . — — <>
43pt  called the dimension of .#. The sub-Markov parameters Algorlthm 1 Deterministic ~ realization: —Matrix 43 pt
105529;'21 of & = ({Ay, By }oes, C, D) are the values of the map computations using Hankel matrices and n-selection _ 105529:“!:1

Input: (n,n,,n,)-selection (o, §); Hankel matrix Hy s
(16); shifted Hankel-matrix Hg/fa) 5 (17); Hankel matrices
H), and ’H;‘{I defined in (18)-(19) respectively, and M (e).

1. Compute the matrices

Ay = (Hap) ™ Hola s
B, = (HMs)'HM,, C=H}
2. Compute D = M (e).
Output: Matrices ({A,, By }oex, C, D)
Lemma 3. (Adapted from (Cox et al., 2018)). Let the
(1, ny, ny)-selection (e, B) be such that rank(H) ;) = n,

and assume that there exists a deterministic LPV-SSA
representation .%, of dimension n such that M = My, .

Then the tuple . = ({AU,Bg}geg,C’, ﬁ), returned
by Algorithm 1, when applied to the matrices Hé\é/{ﬁ,

Hé\{aﬁ, HM ’Hg/l ((16)-(19)) and M(e), is a minimal

a,0)

dimensional deterministic LPV-SSA representation such
that M, = M, i.e. M(ow) = CAyB, for all w € ¥*.

5.2 Correlation  analysis:  finding an  LPV-SSA
representation of yd

In this section, we describe an adaptation of the correlation
analysis (CRA) method (Cox et al., 2015, 2018) for finding
a stationary LPV-SSA representation of y? with noise
process u.

71 pt
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Let us define the map Uy, : ¥* — R™*"« ag follows
1

Wy (w) = \/EE[y(t)(ZE(t))T]A; Povwest oo
Ely®)u” (t)]A;! .

where we recall from Assumption 2, A, =var(u).

It turns out that if y has a stationary LPV-SSA
representation with input u, then ¥, , is the sub-Markov
function of a deterministic LPV-SSA representation.

Lemma 4. Assume that ({A,,B,},C,D,x,u) is a
stationary LPV-SSA representation (without inputs,
Definition 2) of y% Then W,y in (20) equals the
sub-Markov function Mg (14) of the deterministic
LPV-SSA representation . = ({4s,Bs}oex,C,D).
Conversely, if .7 = ({/10, Bg}oeg, C, ﬁ) is a deterministic
LPV-SSA representation such that its sub-Markov
function M ; equals ¥y y and it is minimal dimensional
among such deterministic LPV-SSA representations,
then ({A,,B,},C,D,x,u) is a stationary LPV-SSA
representation (without inputs) of y<.

The proof of Lemma 4 is presented in Mejari and Petreczky
(2019Db).

Hence, we can adapt the basis reduced Ho-Kalman
realization algorithm as described in Algorithm 2. It is

Algorithm 2 Realization of y?: Computing an LPV-SSA
representation of y¢ using covariances and n-selection.
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that My = Wye, then ({A;,Ka}geg,é,fnu,fc e’) is
a stationary LPV-SSA representation of y*® in forward
innovation form, where A% = 1 AU7 cs = C,,
K, = lim;_,oo K%, and {f((i;}aez,ieN Satlbﬁeb the following
recursion

p;’+1 _ Z

o1EX
Q, = poElz}

o
- (43, P2, (43,)7 + K, Q3 KT,

with PO = 0. Moreover, Ele*(t)(e®(t))Tu2(t)] = Qo B

lim; 00 Q0'7 Ex(t)x ()No] = PU = limj 00 :
oE .

; for all

The proof of Lemma 5 can be found in Petreczky and
Vidal (2018); Mejari and Petreczky (2019a). From Lemma
5, it follows that we can use the basis reduced Kalman-Ho
realization algorithm Algorithm 2, as described in
Algorithm 3, in order to compute LPV-SSA representation
of y*

Algorithm 3 Realization of y*: Computing an LPV-SSA
representation of y° using covariances and n-selection.

Input: (n, n,, n,)-selection (07, B) of the form of the form
(15); Wys (0505t )i 15 Uy (0Ui)ks i3 Yyo (0505)r5, 45 =
Lo lr=1,...,n,, {E[zY )(zY (t))7]}sex; number
of maximal iterations Z > 0.

Input: (n,ny,ny)-selection (o, B) of the fom} .(15); 1. Construct the matrices % 7—[\1}”,3—, Hgyg, H v by
Yoy (050515, Yay Ok, Yuy(o5v)r;, ,j = ap’ o, 77 h
H’ ey L= 1, g, =1, ny, Wy (e). replacing M with Wy« in (16) (19‘12 . . <L
43 pt i v o o 2. Apply Algorithm 1 to EACAE TR Hal, Hg¥, 43pt
0597in 1. Construct the matrices H,%", H, 3%, Has” and aB) oap B 70597 in

15.2 mm M(e) = I, . Denote by ({As,Gy}oes,C, I,,,) the15.2mm

H\I’“'y by replacing M with ¥y, wy in (16) (19).

2. Apply Algorithm 1 to Haﬁ , aaﬁ’ Ha‘;y, ’Hﬁ“y,

M(e) = Uy y(€). Denote by ({AU,BO.}UGE,C’,D) the
matrices returned by Algorithm 1.

Output: Matrices ({A,, B, }oex, C, D)

clear from Lemma 4 and Lemma 3 that Algorithm 2 is
correct.

5.8 Covariance realization algorithm

In this section, we adapt the realization algorithm from
Mejari and Petreczky (2019a) to estimate the stochastic
part (7) of a LPV-SSA representation.

Define the covariance sequence Wys : ¥* — R™*"v where

Wy (€) = I, and for all w € X,

Uy (w) = Bly*(t)(22, (1))"] (21)
If y®* has a stationary LPV-SSA representation, then
Uys is a sub-Markov function of a suitable deterministic
LPV-SSA representation, Petreczky and Vidal (2018);
Mejari and Petreczky (2019a). Conversely, from a
deterministic LPV-SSA  representation, sub-Markov
function of which equals Wys a stationary LPV-SSA
representation can be computed.

Lemma 5. If ¥ = ({AU,G’U}JGE,C’,IM) iS a minimal
dimensional deterministic LPV-SSA representation such

matrices returned by Algorithm 1.
3. Define A% = #Ag, ceX C*=C.

4. Compute {K’;
Output: Matrices ({A‘;, e Kg,

i POT usmg the recursion (22).
o) Pg}a'€27 CS)

It is clear from Lemma 5 and Lemma 3 that Algorithm 3
is correct.

6. IDENTIFICATION ALGORITHM

In this section, we formulate an identification algorithm
based on stochastic realization Algorithms 2-3 and
selections, for N-length observation sequence of outputs,
inputs and scheduling signals, as detailed in Algorithm 4.
Intuitively, the main idea behind Algorithm 4 is to
estimate the covariances Wy .y, Wys and E[z¥(t)(z¥(t))7]
from the observed data and then apply Algorithms 2-3
to the thus estimated covariances. More specifically, the
following assumptions are made:

Assumption 3. (1) The n,-selection pair ( ,8) and (&, B3)
are such that rank ’H 5 = Na, rank H_ Ve

n, is the state-space dlmenswn of a mlmmal LPV-SSA
realization of y.

= n,, where

(2) The process (y,u,{ttw}wes+) is ergodic and there
exist sample paths y : Z — R™, v : Z — R™ and
w : Z — R™ of the processes y, u and p respectively
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such that {y(t),u(t), {tto(t)}oes}L; is observed and the
following holds: for all w € ¥* 0 € X,

W, w) = —= [+ 3 s | A7 we 5

N 1 N T N 1 . T
ALY = = 3 OO, TN = £ 20 E)
t=|w]| =1

Then for all w € ¥*, 0 € X,
Wy (w) = Jim W (w), Bl (0)(@(0)7) = Jim TN
—

Efy(t)(z3,(t))"] = Jim A¥¥

ow

where, for all w = o105 -0, € X7, r > 0, we have,
o (8) = o = o+ Dty — £ +2) = (1)

28 () = u(t — [w])u (£ — 1)%, 24(t) = u(t)

28(t) = y(t — [w])pu (£ — 1)%

Lemma 6. (Consistency). With the Assumption 3 the
result of Algorithm 4 satisfies the following:

K, = lim lim KNI A, = hm AN

I—o0 N—oo

BgzhmB C = lim CV D:hm DN

N—o0 N—o0 N—o00

and ({AU,BU,KU,}G 17C’,D,x,es) is a stationary
LPV-SSA representation of (v, u, u) and

Ele*(t)(e*(t)T p2 ()] = imz_s 00 limy 00 QYZ, 0 € 3.

The proof of Lemma 6 is presented in Mejari and Petreczky

0.597 in (2019b).
152mM pemark 1. (Alternative way of computing wl). An

alternative way of estimating the covariances Wy
and  E[zY (t)(zY (t))"]}oes is to use the matrices

= ({Ag,Bg}an,C’d,Dd) to approximate the sample
paths y¢, y° of y and y* by §%(t) = Du(t) +
e e ui<i—1 CHALBEZY, (), and §°(t) = y(t) —§(¢)
and define

N
1 o
W)=~ Y A, west
t=|w|
. (25)
= 2 A MEI)T, oex
t=|w|

where ¥ (t) = g (t — |v|) o (t — 1)\/% for all v € ©1. We
can then view W2 (w) as an approximation of Wy (w), and
TY, is an approximation of E[zY (t)(2% (1)) ]}oex. We
could modify Algorithm 4 by replacing (23) with (25). We

conjecture that Lemma 6 will remain true for the modified
algorithm.

7. NUMERICAL EXAMPLE

In this section, we present a numerical example to test
the effectiveness of our algorithm. All computations are
carried out on an i5 1.8-GHz Intel core processor with 8
GB of RAM running MATLAB R2018a.
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Algorithm 4 Identification of stochastic LPV-SSA from
observed data.

Input: Observations sequence {y(t), u(t), {ttoc(t) }oes } 1,
and n,-selection (a, 8) and (d, ﬁ); {Po }oes, Av, maximum
number of iterations Z > 0.

1. Compute empirical covariances \I/ﬁ[ y(w), for every
w € ¥, such that w = ivu or w = wou or w = iv or
w = ou for some words v,u € ¥*, 0 € ¥, (u,k) € «
(t,v,1) € B for some k = 1,...,ny, | = 1,...,n,,
Yw € T,

2. Run Algorithm 2 with empirical covariances
U (w), instead of the covariances Wyy.
Denote the result returned by Algorithm 2 by

({Aa'7 Bccrl}o'ezv Cd7 Dd)
3. Compute approximate covariances:

\Ili,v (ow) = ALY — Ay (ow)

Ay (ow) = —— LA (24P, (GNT + BIA,)
VPow (23)
T;Ya = Tg;;" ~ Ty

1 ~, ~ =~
Ta,a,y = 7(Cdpo(cd)T + Au)

g
for all ¢ € ¥ and for every w € X7, such that w = ivu
or w = 1 or w = iu or w = twou for some words
v,u € ¥ 4,0 € ¥, (u,k) € &, (v,l) € § for some
k,l1=1,...,n,, forallw € & Here, P, is the unique
solution to the following Sylvester equation

Prve 3 (A2, P, (A2)" + B, AU(BE)T) . 24)
o1€ E

4. Run Algorithm 3, with the empirical covariances 43 pt
Uy instead of Wy., and {T,%,},ex instead of joo7

{E[zY" (t)(zY (t))]T}Ugg. Denote the result returned 15.2 mm
by Algorithm 3 by ({43, K2*,Q7, Pf }oex, C°).
5. The estimated model matrices of LPV-SSA (1) are

~ o _ T
given by AN = diag(A%, A3), BN = [(Bg)T OTi|
- " T _ _ -
KNI = {OT (KI,s)T] Vo € 3, GV = [Cd CS}’
DN = D4, ONT = OF.
Output: Estimates {AY, BN, KNT QNIY, 5, CN, DN

The quality of the match between estimated and
true outputs is quantified on a noise-free validation
data of length Ny, via Best Fit Rate (BFR) and
Variance Accounted For (VAF) criterion defined for

each output channel y;, ¢« = 1,...,n,, as BFR,, =
val 2
max{l—\/z va(f“(tt)y’ 2 ,0} x 100%, VAF, =
(i ( yL

ma,x 1— Va\rlgzy Z)” , } x 100%, where ¢; denotes the

simulated one-step ahead model output and g; denotes the
sample mean of the output over the validation set.

The LPV-SSA representation in form (1) is used for data
generation with following matrices:

0.4 0.4 0 00 O
Ai=|0 0 0|,4,=]00404],
0 00 00.4 0.4

Bi=[111",B,=[101]"

71 pt
0.986 in
25 mm



Margin requirements for the other pages
Paper size this page A4

Table 1. BFR and VAF on a noise-free
validation data Algorithm 4
BFR 93.56 %

VAF || 99.58 %

Table 2. True vs estimated sub-Markov

parameters
Markov parameters || True value | Estimated value
CA1B; 0.80 0.7957
CA1B> 0.40 0.3914
CA2B; 0.32 0.3147
CA1A2Bs 0.16 0.1549
CA3B, 0.12 0.1093

K1 =[-0.03601]",K,=[0 0.0151.17]",C =[1 0 0],
which corresponds to state-dimension n, = 3, output

dimension n,=1, and scheduling signal dimension n,=2
with ¥={1, 2}.

Training and noise free validation output sequences of
length NV = 100000 and Ny, = 100000, respectively, are
generated using a white-noise input process u with uniform
distribution ¢ (—1.5,1.5) and an independent scheduling
signal process u [1  wo] such that pq(f) = 1 and
po(t) is a white-noise process with uniform distribution
U(—1.5,1.5). This corresponds to the parameter values
{Po}ociin to be pi—Elud(t)]=1 and ps—E[u3(£)]=0.T5.
The standard deviation of the white Gaussian noise e
corrupting the training output is 1, i.e., e ~ N(0,1).
This corresponds to the Signal-to-Noise Ratio SNR =

N ()2
10log 2 PO=W* _ 4 7 4p.
D )

<—>We run the version of Algorithm 4 explained in Remark 1,
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Cox, P., Téth, R., and Petreczky, M. (2015). Estimation
of LPV-SS models with static dependency using
correlation analysis. In Proc. 1st IFAC Workshop on
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France.

dos Santos, P., Ramos, J., and de Carvalho, J. (2009).
Identification of bilinear systems with white noise
inputs: An iterative deterministic-stochastic subspace
approach. IEEE Transactions on Control Systems
Technology, 17(5), 1145-1153.

Favoreel, W., De Moor, B., and Van Overschee, P. (1999).
Subspace identification of bilinear systems subject to
white inputs. IEEFE Transactions on Automatic Control,
44(6), 1157-1165. doi:10.1109/9.769370.

Felici, F., Van Wingerden, J.W., and Verhaegen, M.
(2007). Subspace identification of MIMO LPV systems
using a periodic scheduling sequence. Automatica, 43,
1684-1697.

Laurain, V., Gilson, M., Téth, R., and Garnier, H.
(2010). Refined instrumental variable methods for
identification of LPV Box—Jenkins models. Automatica,
46(6), 959-967.

Mejari, M. and Petreczky, M. (2019a). Consistent and
computationally efficient estimation for stochastic LPV
state-space models: realization based approach. In IFEF
Conference on Decision and Control. Nice, France.

Mejari, M. and Petreczky, M. (2019b). Realization and
identification algorithm for stochastic LPV state-space
models with exogenous inputs. Technical report,
arXiv:1905.10113.

Mejari, M., Piga, D., and Bemporad, A. (2018). A
bias-correction method for closed-loop identification o,

with Z = 50 iterations and with the following n-selection %;IéﬁzizlParameter—Varymg apliens,  Awividion, S

pairs («, 8) and (&, ), with n = 3,
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a={(e1),(1,1),(21,1)}, 8={(2,¢1),(1,2,1),(2,21,1)},
a={(e1),(1,1),(21,1)}, B ={(1,¢1),(1,2,1),(1,21,1)},
which are used to choose corresponding entries of the
Hankel matrices. The mean time taken to run the
algorithm is 1.55 sec. The validation result using one-step
ahead predicted outputs y are reported in Table 1, and
true vs estimated sub-Markov parameters are reported in
Table 2. The results show a good match between estimated
model output w.r.t. true system output.

8. CONCLUSION

In this paper, we formulated a realization algorithm and an
efficient identification algorithm for stochastic LPV-SSA
representations with inputs, by combining correlation
analysis method with a stochastic realization based
identification algorithm. The proposed algorithm provides
a computationally efficient alternative to the parametric
subspace approaches avoiding the curse of dimensionality.
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