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The mathematics education literature reveals an ongoing interest in fostering students' ability to construct and reconstruct proofs. One promising tool is the concept of "key idea". This study examined the relationships between how well students identified and formulated key ideas of the proof the irrationality of √k for non-square k and their subsequent ability to reconstruct the proof. The findings show that students' proof reconstructions were closely aligned with key ideas that they identified. Very few students were able to use precise language and point to an idea that helped them both understand the proof and reconstruct it. The findings suggest that mathematics educators, in their desire to see students enhance their understanding of proof and proving by the use of key ideas, need to create opportunities for key idea identification and proof reconstruction with attention to students' differing approaches to reconstructing a proof.

Introduction

Since [START_REF] Hanna | Some pedagogical aspects of proof[END_REF] highlighted the distinction between proofs that prove and proofs that explain, it has been widely accepted that the purpose of using proof in the classroom is not merely to convince students that a mathematical statement is true, but also, and more importantly, to provide them with mathematical insights (e.g., [START_REF] Hanna | Challenges to the Importance of Proof[END_REF][START_REF] Mariotti | Argumentation and proof[END_REF][START_REF] Mejia-Ramos | An assessment model for proof comprehension in undergraduate mathematics[END_REF][START_REF] Stylianides | Research on the teaching and learning of proof: Taking stock and moving forward[END_REF][START_REF] Thurston | On proof and progress in mathematics[END_REF]. Closely associated with the notion of "proofs that explain" is that of a key idea in a proof. For some scholars this term refers to a central mathematical idea, method, or strategy used in a proof, whereas for others it connotes the outline, overview or architecture of a proof. Despite these different interpretations of key idea, this notion has had pedagogical implications that are consistently aligned with the promotion of students' ability to undertake proof construction and reconstruction on the basis of richer understanding [START_REF] Detlefsen | Proof: Its nature and significance[END_REF][START_REF] Duval | Cognitive functioning and the understanding of mathematical processes of proof[END_REF][START_REF] Gowers | Mathematics, memory, and mental arithmetic[END_REF][START_REF] Hanna | Key ideas and memorability in proof[END_REF][START_REF] Koichu | Decoding a proof of Fermat's Little Theorem via script writing[END_REF][START_REF] Raman | Key ideas: What are they and how can they help us understand how people view proof[END_REF][START_REF] Robinson | Proof = guarantee + explanation[END_REF].

Despite the increasing interest among mathematics educators in fostering the ability of students to construct and reconstruct proofs, and in proof reconstructability in particular, there are limited studies that investigated how university mathematics students go about identifying the key idea(s) of a proof, consciously or unconsciously, or how key idea(s) are actually used to help students grasp the overall structure of a proof or the mathematical insights embedded in it. Of those empirical studies that have investigated students' comprehension of proof (e.g., [START_REF] Weber | Why and how mathematicians read proofs: An exploratory study[END_REF], very few have probed the identification of key ideas as a factor that promotes the ability of undergraduate university mathematics students to construct and reconstruct proofs. This paper examines the relationships between the students' ability to identify and formulate key ideas of a proof and their subsequent ability to reconstruct the proof, with specific reference to the use of key ideas.

Theoretical underpinnings

Practicing mathematicians have paid considerable attention to the concepts of understanding, remembering, and reconstructing proofs [START_REF] Byers | How mathematicians think: Using ambiguity, contradiction, and paradox to create mathematics[END_REF][START_REF] Manin | Truth, rigour, and common sense[END_REF][START_REF] Thurston | On proof and progress in mathematics[END_REF]. [START_REF] Gowers | Mathematics, memory, and mental arithmetic[END_REF], a Fields medalist, suggests that focusing on the main idea(s) of a proof would enhance its memorability and reconstructability.

Key ideas

The notion of key idea in proof construction and reconstruction stems from both mathematical and pedagogical considerations. [START_REF] Lai | Factors mathematicians profess to consider when presenting pedagogical proofs[END_REF] reveal that mathematicians value and emphasize the presentation of the main ideas of a proof over that of a completely rigorous proof. Similarly, mathematics educators have discovered that to help students understand and remember proofs it is more beneficial to put an emphasis on the main ideas contained in the proofs than to teach the students how to build valid sequences of logical steps [START_REF] Durand-Guerrier | Argumentation and proof in the mathematics classroom[END_REF][START_REF] Hanna | Key ideas and memorability in proof[END_REF][START_REF] Hemmi | Students' encounter with proof: The condition of transparency[END_REF][START_REF] Knipping | A method for revealing structures of argumentation in classroom proving processes[END_REF][START_REF] Malek | The effect of using transparent pseudo-proofs in linear algebra[END_REF]. Furthermore, [START_REF] Duval | Cognitive functioning and the understanding of mathematical processes of proof[END_REF] suggests using main ideas to overcome students' mental blocks in proof construction. Such ideas described above are "key ideas" which carry the flow of information in mathematical proof [START_REF] Detlefsen | Proof: Its nature and significance[END_REF] and capture the gist of a proof [START_REF] Robinson | Proof = guarantee + explanation[END_REF].

The term key ideas may mean different things to different people. Some scholars refer by that term to the most important mathematical ideas, methods, or strategies used in a proof, whereas others have in mind an outline, overview or architecture of a proof. The former maintain that a proof can foster understanding more successfully if it is constructed on the basis of well understood and internalized key mathematical ideas [START_REF] Gowers | Mathematics, memory, and mental arithmetic[END_REF][START_REF] Hanna | Key ideas and memorability in proof[END_REF][START_REF] Mason | Thinking mathematically[END_REF]. The latter, while also focusing on the central constructive idea, propose a general approach in which a proof task is broken into chunks to highlight its overall structure [START_REF] Leron | Heuristic presentations: The role of structuring[END_REF][START_REF] Mejia-Ramos | An assessment model for proof comprehension in undergraduate mathematics[END_REF][START_REF] Robinson | Proof = guarantee + explanation[END_REF][START_REF] Selden | A theoretical perspective for proof construction[END_REF]. [START_REF] Robinson | Proof = guarantee + explanation[END_REF] suggests that it is essential to ignore low-level details while highlighting the overall structure of the proof. [START_REF] Selden | A theoretical perspective for proof construction[END_REF] suggest the construction of a proof framework or outline specifically to reduce the burden on the working memory of the mathematician or student. [START_REF] Raman | Key ideas: What are they and how can they help us understand how people view proof[END_REF] understands the term key idea differently. For her, it refers to a heuristic idea that one can map to a formal proof with an appropriate degree of rigor.

In this study, the term key idea in a proof was presented to the students as an idea, such as mathematical fact or concept, a specific proving approach or technique that one actually needs to remember in order to know how to go about re-constructing a proof. One might ask "why reconstruction?" At the undergrad level, students often apply a previously learned proof to reconstruct a proof of that type on a new problem. In this sense, proof reconstruction is an outcome measure of the power of key idea.

Here are examples of key ideas. 1) To prove that √2 is irrational, a key idea might be: to start with a minimal fraction p/q and look for a smaller such fraction. 2) To prove that the sum of the first n positive integers, S(n), is equal to n(n+l)/2, a key idea might be: to notice that each pair (1 + n), (2 + (n-1)), (3 + (n-2)) ... has the same sum; another key idea might be: to represent S(n) in a triangular form of dots. 3. To prove Viviani's theorem, a key idea might be: to use the fact that the area of a triangle is half its base times its height.

Method

Both qualitative and quantitative methods were used in the larger exploratory study on the key ideas of proofs. This paper reports the results based mainly on the qualitative data collected from 17 first year undergraduate mathematics students, who attended a transition-to-proof class in the honours program of mathematics or mathematics education at an urban university in central Canada. The age range of the participants was from 19 to 38.

Data Collection and Analysis

The purpose of the quantitative survey' was to gather data on the use of key idea(s) in proof construction and reconstruction. For example, students' agreement to some statements about key ideas were as follows: 1) When I read a proof, I try to identify its key ideas (76%); 2) After constructing a proof, I tend to identify the key ideas used in it (59%); 3) When I reconstruct a proof, I am less likely to get lost if I already know the key idea used in the proof (53%). Student work was the major source for investigating how students identify key ideas in a proof and how they use the key ideas to reconstruct it. It included worksheets, individual assignments, group work, mid-term tests, final exams, as well as snapshots of students' proving products on a board or on paper. Five complete proofs were used for students to identify and formulate key ideas. The paper focuses on the proof of irrationality of √k for non-square k for investigation and discussion.

The proof of the irrationality of √k for non-square k (see Figure 1) was selected from the book Charming Proofs: A Journey into Elegant Mathematics [START_REF] Alsina | Charming proofs: A journey into elegant mathematics[END_REF]. This proof was given to the students who attended "Problem, Conjectures and Proofs" course as an in-class exercise which consisted of three components: 1) reading the proof, 2) responding to seven prompt questions such as, "What is the method of the proof?"; "Explain how to use to prove that and What is the relevance of these inequalities?"; and "What is the idea of the proof? Limit yourself to three or four sentences", and 3) reconstructing the proof. The instructor gave the students approximately 40 minutes to read the proof and to respond to the prompt questions designed by the instructor. After the students handed in the worksheets, they had approximately 30 minutes to reconstruct the proof. For all the three components of the exercise, the students were asked to work individually.

Fifteen responses were collected. At the end of the course, follow-up question sheets designed to gather more information about students' perceptions of the notion of key idea were also collected. Email discussions were also conducted with three participants.

Findings

The findings are based on the work of 15 students for whom there is complete data. The students' work on this proof is organized by the relationship between how well the students identified and formulated the key ideas of the proof and how well they subsequently used them to reconstruct the proof (see Table 1). Each of four qualified judges (two mathematics educators and two mathematicians) assessed the students' responses independently and then the four settled on a grouping of the responses into three categories: 1) clear key ideas (well-formulated mathematical ideas useful in the proof), 2) unclear key ideas (imprecisely formulated mathematical ideas with no clear way to use them in the proof), and 3) unhelpful key ideas (well-formulated mathematical ideas irrelevant to the proof). The main criteria used to categorize how well the students identified and formulated the key ideas of the proof were relevance and clarity in stating where the contradiction comes from in the proof.

Proof Reconstruction

Identification Nine out of 15 students identified the key ideas of the proof inappropriately and were unsuccessful in reconstructing the proof. These key ideas, irrelevant to the proof presented, fall into three categories (see of 9 students improperly considered that the key idea of the proof involved the properties of straight lines or linear functions, while 3 students claimed incorrectly that the Well Ordering Property was used in the proof. The third type "mechanical procedures" shows that the student simply listed the procedures to be followed to complete the proof without addressing the mathematical ideas used.

Student Kathy displayed a clearly identified key idea of the proof followed by a successful reconstruction. As shown in Figure 2, she offered a well-articulated key idea of the proof by breaking down the key idea into three related elements: 1) an assumption being made -"assume √ can be presented as a rational number in lowest terms", 2) the consequence of the assumption -"then point (n, m) should be the closet point to the origin on the line for x and y integers", and3) what contradicts the assumption -"point (m-pn, kn-pm) is also on the line and that (m-pn) and (km-pm) are both integers less than n and m respectively, so there is a contradiction". The logical progression of the three elements was clearly stated and well presented.

In Kathy's proof reconstruction (see Figure 3), the same structure and wording of the key ideas appeared. In fact, the reconstruction was an expanded version of the key ideas with adequate details of reasoning and verifying. Notice that, from the instructor's perspective, the proof could have stopped when Kathy reached the point where "the point (m-pn, kn-pm) has integer coordinates and is closer to the origin than (n, m)". However, Kathy continued on to explain that " is linear argue that now a new point was found such that √ = in lower terms than . This intention and action to be more explicit and transparent than the original proof shows that the student reconstructed a proof that she understood, and needed to communicate with herself and the instructor about what she considered critical to reach the contradiction. I have to break the proof into related steps so that I can understand it when I am reading it, and communicating that is just the process of putting the ideas of those steps back into words. When doing this, I choose phrasing that would help me to understand the proof better. So I think that I did well on those questions because they are similar to my own process of understanding the proofs presented.

There was one case of an incorrect key idea followed by a successful reconstruction. A student stated that, "The main idea of this proof is we won't have a line when the slope of it is irrational. The graph will be a curve." However, his reconstruction of the proof was complete and clear, despite the mis-identified main idea. To probe what was going on in the student's mind, attempts were made to discuss the work with him. Unfortunately, the student was not interested in such discussions.

Discussion

The findings indicate that compared to the original proof, students' proof reconstructions varied in some ways. These variations deserve some pedagogical attention given the fact that a deep understanding of a proof often leads to a personal interpretation of the proof. In Kathy's case, she deliberately added some details that did not appear in the original proof. The "unnecessary verification" served her as a necessary self-explanation to make a strong argument. Similarly, another student interpreted "a closer point to the origin" presented in the original proof as the integral coordinates "below m and n" so that he could link the point (m-pn, kn-pm) back to the straight line.

Three out of 15 participants identified the key ideas and reconstructed of the proof with limited success, while nine students did not manage to state a key idea clearly. Consequently, these nine students' reconstructions of the proof tended to lack clarity as well. What seems to have thwarted their ability to reconstruct the proof was their lack of success in identifying clearly a key idea of the proof with the intention of re-using it in future reconstruction. The inadequate level of clarity in these students' work might be due to a lack of full or partial understanding of the proof, or simply due to a struggle with being precise in expressing their ideas.

The findings are somewhat in line with [START_REF] Raman | Is that a proof?": Using video to teach and learn how to prove at the university level[END_REF] in that a proof should not be thought as having only one particular key idea: "We refer to "a" key idea rather than "the" key idea, because it appears that some proofs have more than one key idea" (p. 2-156). The findings do support Gowers' ( 2007) view that a key idea provides not only a clue how to remember a proof but also to write it up. In fact, the findings bring evidence that the students' proof reconstructions were closely aligned with the key ideas they themselves identifiedvaried in type as those key ideas may have been. It is therefore important for mathematical educators to be aware of these variations so as to understand students' work better. In addition, instructors could be attentive to students' differing approaches to reconstructing a proof and aim at creating more opportunities for students to identify key ideas and engage in proof reconstruction.
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 1 Figure 1: The proof shown to the students
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 2 Figure 2: Kathy's key idea of the proof of the irrationality of √ and passes through the origin then and is in lower terms ", which did not appear in the original proof presented to the students. It seemed that in order to come to the conclusion, Kathy needed to see the integer coordinates of the two points in the form = to
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 3 Figure 3: Kathy's reconstruction of the proof of the irrationality of When asked to reflect on what led to the success in understanding and communicating the key ideas of the proof, Kathy stated that:

Table 1 : Relationships between key idea identification and proof reconstruction

 1 

		Clear	of Key Idea Unclear	Unhelpful	Total
	Successful	2		1	3
	Unclear		3		3
	Problematic			9	9
	Total	2	3	10	15

Table 2

 2 

		). The first two types reflect students' misunderstandings of the proof: 5 out
	Type	What key ideas focused on	Number of Students
	1	Properties of straight lines or linear function	5
	2	Well ordering property	3
	3	Mechanical procedures	1
	Total		9

Table 2 : Types of unhelpful key ideas

 2