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In this paper, we aim to contribute to the discussion on the students' cognitive processes inherent in proof by contradiction in geometry, particularly as concerns the role played by images. We will present an episode from a one-year experimental pathway in Euclidean geometry designed to develop the culture of theorems in 10 th grade: in crucial moments of proof by contradiction, we observed some students' gestures and reasoning aimed to restore the harmony between visual and conceptual aspects, which had been broken by conflicts due to specific features of that proof in geometry. The students' need of keeping such harmony poses didactical questions, which, if conveniently taken in charge by the teacher, might contribute to design smoother pathways to the indirect proofs.

Introduction

The development of students' competencies concerning theorems is one of the most important goals in the high school. Its relevance is stressed by the Italian national guidelines for curricula in the high school (MIUR, 2010), according to the current definitions of competency (European Community, 2018), in particular, its requirements of autonomy and awareness. In this perspective, developing Culture of Theorems (CoT;[START_REF] Bartolini Bussi | Approaching and developing the culture of geometry theorems in school: A theoretical framework[END_REF] means to acquire, not only knowledge, but also meta-knowledge about theorems: the kind of statements (declarative or hypothetical); the role of hypothesis and thesis; the different methods of proving; the role of previously validated statements and axioms; the distinction between the construction of a conjecture (based on different processes: induction, abduction, analogy, etc.) and the construction of a proof (within a theory). Therefore, autonomy and awareness are two co-present basic requirements in the activities inherent in CoT: exploring to get conjectures; tackling construction problems and their theoretical validation; constructing proofs. We chose the Euclidean geometry as a domain to set up a learning environment suitable for the development of the CoT in two 10 th grade scientific oriented classes. In Italian school, the passage from intuitive to deductive geometry takes place in the 9 th grade: the students must be educated to justify geometrical facts and to prove theorems. These goals require an evolution in the students' ways of looking at geometrical figures and their awareness of links between a proof of the statement and the theory within which the proof makes sense. Thus, we chose the construct of figural concepts [START_REF] Fischbein | The theory of figural concepts[END_REF] and the definition of mathematical theorem (Mariotti, 2001) to frame our experimental pathway. In agreement with the literature, in our pathway the indirect proofs (by contraposition and by contradiction) posed specific cognitive and didactical problems that had been absent in situation of direct proof. We tried to deal with them by using the model for indirect proof elaborated by [START_REF] Antonini | Indirect proof: what is specific to this way of proving[END_REF]. In particular, in this paper we consider a classroom episode concerning proof by contradiction, in which the analysis of students' behaviors, performed according to that model, allowed us to identify specific instances of the obstacles deriving from the drawings that should support the reasoning in its different phases, and some spontaneous students' ways to escape them. The discussion will concern the choice of suitable tasks for smoother approaches to proof by contradiction, and some aspects of the potential and limitations of Euclidean Geometry, as the privileged field to approach the culture of theorems in high school and, in particular, the issues related to indirect proofs.

Theoretical background

The Theory of Figural Concepts (TFC; [START_REF] Fischbein | The theory of figural concepts[END_REF] highlights that geometrical figures possess simultaneously conceptual qualities (controlled by constrains within the realm of an axiomatic system) and images features (based on the perceptive-sensorial experience). The interplay between image component of a drawing and theoretical knowledge may (and should) implement a harmonious fusion between concept and image: the theoretical knowledge transforms the image into a geometrical figure. Fischbein calls Figural Concept this complete harmonious fusion. TFC is a suitable construct for our study for at least three reasons: to investigate how and if the students manage to deal with the relationships between different components in the geometrical figures; to interpret the difficulties deriving from a missing or incomplete fusion; to explain different students' behaviors concerning proof by contradiction, when they deal with it in two different domains: elementary number theory (e.g. when proving the irrationality of ), Euclidean geometry.

Mariotti ( 2001) defines a theorem as the triad (S-P-T) statement-proof-theory: a statement, its proof, and a theory (as a system of shared principles and deduction rules) within which this proof makes sense. [START_REF] Antonini | Indirect proof: what is specific to this way of proving[END_REF] refine this triad in order to better describe and explain the process involved in an indirect proof, due to its logical structure. According to them, proving by indirect method requires two phases: 1) a shift from a statement S (called principal) toward a statement S* (called secondary, which is proved by a direct method) obtained assuming as hypothesis the negation of the thesis of the principal one (in proof by contradiction) or of its thesis (in proof by contraposition), and as thesis, respectively, a contradiction or the negation of the hypothesis of the principal one; 2) the validity of the implication S*S depends on the logical theory, that is external to the theory in which the principal and secondary statements are formulated.

The two authors call meta-statement S*S, meta-proof the proof of S*S, meta-theory the logical theory into which the meta-proof makes sense. Then, any theorem with indirect proof consists of a couple of subtheorems belonging to two different levels: the level of the mathematical theory and the level of the logical theory. Unfortunately, usually teaching practice takes for granted the metatheorem.

Method

Euclidean geometry as a suitable domain for a teaching-learning pathway to the CoT

We chose Euclid's plane geometry to make 10 th grade students approach the CoT for at least three reasons: 1) in Italy, since the end of the XIX century, Euclidean geometry has been considered to be the most suitable domain to allow high school students to tackle theorems, proofs, proving; 2) Euclidean geometry offers the possibility to deal with different kinds of proof; 3) the validation task of a geometric constructions provides the teacher with the opportunity of making the students aware of the nature and relevance of theoretical thinking in mathematics.

The structure and tasks of the pathway

In the schoolyear 2016-17 our project was designed and implemented for the first time in a 10 th class scientific-oriented. It took about 46 hours. In the same school, in the next year, the experiment involved two 10 th classes (named 2A and 2D, respectively of 31 and 20 students). It was 7 months long, 2 school-hours (100 minutes) per week, summing up to about 56 hours. All the lessons were held by the same teacher (the first author), in the same day: first in 2A, then in 2D; a researcher (the second author) played the role of participant observer. The pathway was divided into 3 modules: 1) from the construction of a tangent circle to the two sides of a given angle, to the construction of the tangent circle inside a given triangle; 2) from conjecturing about sufficient conditions that create different kinds of triangles inscribed in a circle, to the proof of the relation between inscribed angle and central angle that subtends the same arc; 3) given a circle, from exploring and proving the relationships between its tangent and intersecting straight lines, to solving some problems concerning inscribed and circumscribed quadrilaterals. The classroom activities alternated individual tasks (presented on worksheets to be filled by the studentsenough time was allocated to them, in order to develop specific linguistic skills) and collective discussions orchestrated by the teacher. They were addressed to identify gaps, mistakes, linguistic issues and elements of metaknowledge of proof; and to reflect on different strategies of proof and on the organization of the proof text according to its specific structural constraints. In some cases, the discussion concerned also the comparison and the analysis of a few students' individual productions, selected and made anonymous by the teacher. The individual activities concerned different kinds of tasks: construction problems and related theoretical justifications; proving of produced conjectures (after having been shared and refined under the guide of the teacher in collective discussions); analysing and refining some mates' productions; cloze activities on proof texts; identifying salient meta-mathematical aspects of produced texts. At the end of each module, the summative assessment was made up of two parts: 1) a homework including: a) the written revision of all the personal worksheets, with careful identification of gaps or mistakes, comments on their specific causes of difficulties, with correction or reconstruction; b) a written report on her own experience: if she met difficulties during the work of the module, and when and how (and if) she overcame them; 2) a classroom work: the students were asked to correct and refine 3 worksheets, chosen by the teacher: one produced by a schoolmate, two produced by herself.

The collected data consist of all the individual productions (including home-works and selfreflective reports) and audio-recordings and field notes taken by the teacher and the participant observer.

The student's specific background on proof

The pathway followed a curricular 9 th grade geometric course (triangles and quadrilaterals), approaching the basic notions of CoT, included construction problems and theorems with direct proofs. The teacher estimated that more than 65% of the students were at ease with this kind of proof.

The episode: a construction problem for the approach to proof by contradiction

From the first module of 2017/18 pathway we focus on an episode, which concerns the validation of the construction of a circle tangent to the sides of a given angle; it consists of 5 steps carried out in parallel in the two classes. The related Euclid's proof by contradiction consists of a few steps, and most students already knew all the theorems and definitions used in this proof, including Euclid' definition of tangent to a circle (only one point of intersection). They were also familiar with the construction of the bisector of a given angle. Therefore, in our a priori analysis, we judged that proof suitable for beginners' first approach to proof by contradiction in geometry, and we predicted that at least some students would have been able to perform such mathematical reasoning. Here, we report only that part of Euclid's proof which proves by contradiction that if we assume EA perpendicular to diameter BA (see Figure 1) then it meets the circle in only one point. We didn't show it to the students.

Euclid' Statement (proposition 16 in Book 3): The straight line drawn at right angles to the diameter of a circle from its extremity will fall outside the circle. (Heath's translation) (Proof) For suppose it does not, but, if possible, let it fall within as CA, and let DC be joined. Since DA is equal to DC, the angle DAC is also equal to the angle ACD (prop. I.5). But the angle DAC is a right angle; therefore, the angle ACD is also right: thus, in the triangle ACD, the two angles DAC, ACD are equal to two right angles; which is impossible (prop. I-17). Therefore, the straight line drawn from the point A at right angles to BA will not fall within the circle. Figure 1 First step: construction of the tangent circle to both sides of a given angle Lesson 1 (50'). We didn't propose any method of construction and let the students propose it. We collected their worksheets.

Lesson 2 (100'). By collective discussion, we analyzed all their methods (be they right or wrong) and, among them, we chose the following one, because it was aligned with the classroom background:

1) Take a point C on the bisector of the angle aVb.

2) From C draw the perpendicular line to side a and name T 1 the intersection point. 3) From C draw the perpendicular line to side b and name T 2 the intersection point. 4) Draw the circle of center C and radius CT 1 : it is tangent to both the sides of the angle given. Figure 2 Second step: theoretical justification of the construction Lesson 3 (100'). Here is the text of the proof task; two hints are added: By using definitions and theorems that you know, explain why (i.e. prove that) the obtained circle is tangent to both sides of the angle.

Hints: 1) In the 3 rd step of the construction we took for granted that also T 2 belongs to the constructed circle. Now you must prove that CT 1 =CT 2 . 2) Given the definition of tangent line, in order to prove that each side of the angle is tangent to the circle, you must prove that each side of the angle has only one point in common with the circle: the side a has, in common with the circle, only T 1 , the side b has, in common with the circle, only T 2 . Try to find a reasoning by contradiction about only one side; for the second one you can re-use it.

Lesson 3) in the 2A class: we observed that almost all students proved that CT 1 =CT 2 , but no one was able to continue. The difficulty was to find the starting point of proving by contradiction, so, we decided to offer it: "Let us suppose that the circle has two points, T 1 and T 1 * , in common with side a. What consequence can you derive from this new figure?". While we were waiting for some contributions, we observed gestures simulating reciprocal position of triangle and line, and listened fragments of speech left open. But, the situation reached a stalemate. Thus, the teacher drew the Figure 2 on the blackboard, added the segment CT 1 * (like in figure 3see later), and said: "Let's look at the angles: in T 1 and in T 1 * . Which kind of angles do you think they are?". Her goal was to hint an isosceles triangle, due to two equal angles (opposite to equal sides). She suggested the students to think about the kind of the resulting triangle, based on the reasoning, in spite of how it looked. But most students saw a scalene one. They looked very uncomfortable, because of the conflict (cf. TFC) between the drawing and the reasoning guided by the teacher. She observed that Fed was slowly moving his index and medium fingers, a scissors-like movement; she interpreted it as a representation of CT 1 * that was collapsing on CT 1 . She asked him the meaning of his gesture.

He said: "I see an isosceles triangle, then it has two right angles, (…), I must refuse it; (…)?". Thus, the teacher mirrored that gesture and asked: "In which case, could the angle in C be the zero angle? Look at your fingers moving". Fed: "If the two sides collapse in one… and T 1 * in T 1. ". Fed smiled.

This interpretation spread quickly in the classroom and revitalized the atmosphere: almost all the students restarted to work. But, the lesson-time ended: we had to stop and collect their worksheets.

Lesson 3) in 2D: we decided not to distribute the hints sheet, because it had interfered in an ineffective way with the students' reasoning, and to guide in interaction with students the construction of the proof by contradiction in a smooth way, drawing the side CT 1 * . We proposed to consider the triangle CT 1 T 1 * as isosceles. Suddenly, Bea said: "CT 1 * can't be a radius of the circle.

It's the hypotenuse!". By collective interaction, the teacher replied the same gesture made in 2A: several students saw in it the zero angle and carried on their work. Meanwhile, Fra showed his worksheet to the teacher, where he had written: "if there were two points of intersection, then CT 1 would have not been perpendicular to side a (the negation of the hypothesis)". The teacher told him that his reasoning was the incipit of another kind of proof and encouraged him to complete it. However, the teacher did not share it with the class, in order to not interfere with another way of reasoning, especially because, in that moment, her goal was the proof by contradiction. The discussion was oriented in that direction.

Analysis of the texts: only 6 students out of 51 produced a rather complete proof by contradiction.

Students' difficulties to deal with the impossible figure at the beginning of the proving process were well represented by three students who, when they had to draw the CT 1 T 1 * triangle, wrote that they choose T 1 * "very near" to T 1 . Concerning the subsequent phase of proving, in some cases, students' words resonated with the gesture of closing the two sides of the angle: "The triangle must become the radius CT 1 "; "The angle goes to 0 and the triangle does not exist anymore". Some students wrote that the triangle was impossible, because the width of one angle was 0; other students transformed the "impossible" triangle by making it collapse on the segment CT 1 , because "the measure of the angle T 1 CT 1 * must be 0".

Third step: reviewing some proofs produced by mates.

Lesson 4) (100'). In both classes, students were provided with the photocopies of proofs produced by some of them: 2 for the first part of the task, and 5 proofs for the part that concerned proof by contradiction. They were asked to review, correct and improve their mates' proof texts. Most students worked in a rather exhaustive way on the first group of productions (direct proofs), while they had difficulties with the other five productions. A collective discussion followed, still oriented in the direction of putting proving by contradiction into evidence.

Fourth step: individual written refining the proof

Lesson 5) (50'). Task: "Taking into account the discussion, write down in an accurate and complete way the theoretical justification that the circle is tangent to both sides of the angle."

First part:

The circle of center C and radius CT 1 meets side b in a point T 2

Second part:

The circle of center C and radius CT 1 is tangent to the side a of the angle. Lesson 6) (50'). We provided students with a written theoretical justification of the construction; all the steps were reported, but their justifications were lacking. The conclusion after the emergence of the contradiction was already complete. The drawings of Figure 3 were reported on the worksheet. The students were requested to complete the text by writing the justifications of the statements, which they considered lacking. In this case, most productions were exhaustive and satisfactory.

Interpreting students' difficulties

According to [START_REF] Antonini | Indirect proof: what is specific to this way of proving[END_REF] model of indirect proofs, the students were expected to meet difficulties due to the transition from a direct proof initiated by falsifying the thesis of the theorem, to the management at the meta-level of the resulting contradiction. But another, strong difficulty intervened at the beginning of the reasoning: the existence of an impossible figure T 1 * , which contrasted with perceptual evidence (hence the choice of two "very near" points T 1 and T 1 *

). It is like if the choice of very near points might make the existence of a second meeting point between line a and the circle more reasonable! In this case, a complementary interpretation of students' difficulties might be provided by TFC, particularly when Fischbein (1993, p. 148) says: "There is certainly a conflict here generated by the fact that the two systems, the figural and the conceptual, did not yet blend in genuine figural concepts […]. The figural effect is too strong and it seems to cancel the conceptual constraints". Accordingly, in our case, we might interpret students' difficulties in accepting the impossible figure by considering the conceptual assumption of the existence of two points of intersection as the starting point of the direct reasoning that brings to the contradiction, and the conflict with its figural representation. Indeed, in the case of the proof of irrationality of , most of the same students had easily accepted to start their reasoning from the assumption that =m/n, with m and n coprime integers. The direct proof could be developed up to the conclusion that m and n should have had 2 as a common factor. Then, the transition to the logic meta-level inherent in the management of the contradiction made some students hesitant just for a while, without preventing them from reaching a conclusion. On the contrary, in our geometric case the transition to the logic meta-level was problematic: another "impossible figure" worked again as an obstacle, and some students felt the need of collapsing that figure to eliminate the source of the contradiction, instead of accepting the contradiction and coming to the conclusion of refuting the negation of the thesis.

Discussion

The 2017/18 teaching experiment allowed us to better understand some reasons for the difficulties met by students approaching proof by contradiction through a typical theorem of Euclidean geometry. The difficulties in two different phases of proving depended on the figures of the (necessary) visual support to develop the proof (impossible figures!), intertwined (in the second phase) with the difficulties inherent in the management of the contradiction at the meta-level. In order to deal in the future with the approach to proof by contradiction in Euclidean geometry we are now considering three possibilities: First, to lessen the difficulty inherent in the impossible figure by changing the geometry theorem at stake. [START_REF] Tall | Cognitive development of proof[END_REF] suggest a proving situation related to the proof that the angular bisector of any angle in any triangle intersects the axis of the opposite side in a point that cannot be internal to the triangle. The proof is based on the assumption of an internal point of intersection, and on the consequent reasoning that brings to the conclusion that all the triangles are isosceles.

Second, to approach indirect proofs in geometry through a different treatment of the same situation considered in this paper: the starting point would be to prove that a secant line meeting the circle in T 1 and T 1 * cannot be perpendicular to the radius CT 1 (like the student Fra. did). By this way students would learn to move to the meta-level of logic considerations inherent in indirect proofs without the obstacle of impossible figures; then they might move to a proof by contradiction for another theorem.

Third, to take into account some students' tendency to reason dynamically 1 , in order to escape the contradiction related to the impossible figures, and to show how it may result in a valid proof; and then to move either to a proof by contraposition, or to a proof by contradiction as another way of proving the same theorem by reasoning on the impossible figure.

These possibilities are not mutually exclusive. More generally, we may ask ourselves if the domain of Euclidean geometry is suitable for students' approach to indirect proofs. Indeed, in the literature many examples of such approach concern other domains, and even the first encounter of our students happened in the arithmetic field, without any relevant difficulty. For us, two reasons still suggest to privilege Euclidean geometry for a full-fledged approach to indirect proof (in particular, to proof by contradiction). First, the nature of proof by contradiction: the obstacle of the "impossible figure", if conveniently dealt with thanks to a suitable preparation, might put into better evidence the nature of the proof by contradiction and the necessity to move to the meta-level [START_REF] Antonini | Indirect proof: what is specific to this way of proving[END_REF]. Second, during the process of proving by contradiction, impossible figures do not intervene only in Euclidean geometry, but also in other fields of mathematics (e.g. in Calculus) when students represent the negation of the thesis. Thus, it would be good that students meet impossible figures and deal with them in high school. Moreover, we may add that proof by contradiction entered Western mathematics through Euclid's elements, while it was absent in other important historical developments of the discipline (like in the case of Chinese mathematics; see [START_REF] Siu | Proof in the Western and Eastern Traditions: Implications for Mathematics Education[END_REF]. Thus, it is a cultural product that needs a suitable teacher's mediation. The field of Euclidean geometry seems to be suitable for it, provided that a smooth approach to indirect proofs is planned.
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 3 Figure 3: the two parts of the statement This time, more than one third of students produced more or less exhaustive proofs by contradiction, but in some cases the texts looked like mere transcripts of what the teacher had put into evidence.