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Introduction

In proving processes, it would be important for us to focus not only on proofs but also on definitions. For example, if the same mathematical object can be defined differently, the chosen definition plays a crucial role in proving different results on properties of the object. The previous studies related to definition and defining focus on interactions between concept images and concept definitions [START_REF] Vinner | The role of definitions in the teaching and learning of mathematics[END_REF][START_REF] Zandieh | Defining as a mathematical activity: A framework for characterizing progress from informal to more formal ways of reasoning[END_REF], or interactions between examples and definitions [START_REF] Zaslavsky | Student's conceptions of a mathematical definition[END_REF][START_REF] Zazkis | Exemplifying Figure 1: Classification of quadrilaterals definitions: A case of a square[END_REF]. While it is important for us to focus on the role of the example, it is also important to notice the Meta-Knowledge about Definition (MKD). MKD would be characterized as a controller of constructing definitions. Therefore, it is necessary to answer the question: How can Meta-Knowledge about Definition foster students' defining activities?

Method

The method is theoretical exemplification for prospective empirical investigation, which is the construction a framework and the use it through some examples. When we define mathematical objects, the definitions would be controlled by some criteria. Here, the definitions themselves are described by object-language and the criteria of definitions are described by meta-language. Van Dormolen & [START_REF] Van Dormolen | The many facets of a definition[END_REF] proposed the seven criteria of definition: hierarchy, existence, equivalence, axiomatization, minimality, elegance, and degenerations. Table1 is proposed by reorganizing these criteria as MKD. It is expected to characterize students' defining activities from the perspectives of definitions, examples, and MKD.

Purpose:

Define it relatively according to the purpose or the context.

Existence: Confirm the object to define exists in a system.

Equivalence:

Construct equivalent statements about the object to define.

Arbitrariness:

Define it by selecting a statement from the equivalent statements.

Coherence: Define it by using undefined terms and defined terms.

Non-circularity: Define it not to make definitions circular reasoning.

Non-contradiction: Define it not to be a contradiction to other definitions.

Minimality:

Define it by minimal conditions for the existence.

Elegance: Define it more nicely, more simply, or more applicably.

Exactness: Define it exactly to exclude examples not to expect.

Table1: The components of Meta-Knowledge about Definition

By using the components of meta-definition, we defined ten special quadrilaterals: (1) Square, (2) Rectangle, (3) Rhombus, (4) Parallelogram, (5) Isosceles trapezoid, (6) Kite, (7) Cyclic quadrilateral, (8) Trapezoid, (9) Ellipse quadrilateral, (10) Tangential quadrilateral (See Figure 1). The purpose of defining was to construct a hierarchical classification focusing on sides and angles. According to the elegance, we defined these quadrilaterals focusing on duality between sides and angles. The quadrilaterals of (3), ( 6), ( 9), and (10) were defined by focusing on equality of sides, while the quadrilaterals of ( 2), ( 5), ( 7), and (8) were defined by focusing on equality of angles. Furthermore, according to the exactness, the definition that "A kite is a quadrilateral in which two pairs of adjacent sides are equal" was not accurate. It was necessary to correct "two pairs" to "distinct two pairs" for exact definition. As a result, we constructed the hierarchical classification focusing on sides and angles, and discovered the ellipse quadrilateral which is an unfamiliar figure but should exist certainly.

It is concluded that students' mathematical defining activities could be fostered through some processes in which mathematical definitions are controlled by MKD. We could use the components of MKD as a framework for analyzing students' mathematical defining activities. The implication for mathematical practice is to pay attention not only to the interactions between example and definition but also to the role of MKD. It is important for teachers to prepare teaching materials that will facilitate students' activities of examining definitions at a meta-level.