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A systemic investigation of students' views about proof in high school geometry: the official and shadow education systems in a school unit

Proof in high school geometry: official and shadow education systems Though proof and proving lies at the heart of modern mathematics, research findings suggest that the high school students experience limited opportunities to be engaged in rich proving practices [START_REF] Otten | The mathematical nature of reasoning-and-proving opportunities in geometry textbooks[END_REF]. The geometry course may potentially give the high school students opportunities to deal with different types of proof [START_REF] Hanna | Opportunity to learn proof in Ontario grade twelve mathematics texts[END_REF], but this feature seems not to be exploited in the geometry classroom, where the vast majority of the experienced proofs seem to be of the form: a deductive argument written in formal mathematical language [START_REF] Battista | Geometry and proof[END_REF]. Furthermore, though abductive reasoning is at the crux of the proving process [START_REF] Arzarello | Abduction and conjecturing in mathematics[END_REF], the students seem to struggle using an abductive argument in the formulation of a deductive proof (Pedemonte & Reid, 2010). Considering the language of proof, [START_REF] Weber | Mathematics majors' perceptions of conviction, validity, and proof[END_REF] differentiated the deductive arguments expressed in a narrative form (using everyday language) from the formal ones (using necessary mathematical relationships for the proof theorem and linking words without explanation steps or texts). Moreover, the students seem to mainly choose an argument that is expressed in a mathematically acceptable way (valid or not), in order to satisfy a teacher, rather than themselves [START_REF] Hoyles | Curriculum change and geometrical reasoning[END_REF].

Drawing upon the fact that a significant number of high school students in Greece attend private tutoring lessons [START_REF] Bray | The Challenge of Shadow Education: Private Tutoring and its Implications for Policy Makers in the European Union[END_REF]; which increases as the students approach the national exams to enter university), our study attempted to map the perceived effect to the students' views about proof in geometry, with respect to both the official education system and the shadow education system. 'Shadow education' refers to the private tutoring, which complements the official school teaching and is focussed on improving the students' performance in the official education system [START_REF] Bray | The Challenge of Shadow Education: Private Tutoring and its Implications for Policy Makers in the European Union[END_REF][START_REF] Mazawi | Beyond Shadows: Equity, Diversity, and Private Tutoring[END_REF][START_REF] Mori | The origin of universal shadow education: What the supplemental education phenomenon tells us about the postmodern institution of education[END_REF]. In this study, we employ the term institutional discourse to refer to all the sources of mathematical authority that are visible to the students, which may communicate to the students what a high school acceptable proof in geometry should be. The school teachers and the textbook communicate what the students perceive as an officially acceptable proof [START_REF] Bieda | Enacting proof-related tasks in middle school mathematics: Challenges and opportunities[END_REF], but the effect that an un-official source authority (such as the teachers of the shadow education system) would have on their views about an acceptable proof in geometry remains an open question.

In line with our previous studies [START_REF] Moutsios-Rentzos | Opseis ths apodeixhs sto scholiko biblio ths Algebras ths A' Lykeiou [Aspects of proof in the school Algebra text book of first grade of the Greek Highschool[END_REF][START_REF] Moutsios-Rentzos | Is this an acceptable mathematical proof?" A systemic investigation of high school students' proof beliefs and evaluations[END_REF], we focus on the school unit as an open system interacting with the broader educational system: official and shadow. Considering that the elements and the subsystems of a system are in a reciprocal relationship, constantly changing themselves and the system, we posit that the students in a school classroom who attend private tutoring lessons constitute a sub-system of the school unit, affecting and being affected by the official and the shadow institutional discourse, thus affecting the whole school unit. A similar role is played by the school textbook, which constitutes a seemingly common reference point for both official and shadow teaching. Nevertheless, the teachers' personal views and practices are mediators of the textbook knowledge to the students [START_REF] Hanna | Opportunity to learn proof in Ontario grade twelve mathematics texts[END_REF]. This is a complex situation, since teachers (official or shadow) may choose to differentiate their teaching content from official textbooks (Tarr, Chavez, Reys, & Reys, 2006), whilst at the same time they are influenced by their own views or beliefs about geometry when it comes to teaching practices [START_REF] Stipek | Teachers' beliefs and practices related to mathematics instruction[END_REF].

Following these, we adopted a systemic approach to investigate the high school students' views about what constitutes an acceptable proof in high school geometry. We focussed on what is visibly communicated to the students as the institutional discourse about proof in geometry, in a threefaceted model: the school teacher practices and the textbook (representing the official education system discourse), as well as the private tutoring school teacher practices (representing the shadow education system discourse). In this study, our conceptualisation of the institutional discourse about proof includes the different proving methods and argument types employed in the proving argument, as well as the language employed in expressing the argument. In order to gain deeper understanding about the wholistic impact that the official and shadow education institutional discourses may have on the students' relationship with mathematics, we investigated the students' mathematical identity, contrasting their self-identification with their being identified by the others [START_REF] Abreu | Schooled mathematics and cultural knowledge[END_REF][START_REF] Kafoussi | Investigating parental influences on sixth graders' mathematical identity: the case of attainment[END_REF]. In this case, the significant 'others' were the school and private tutoring school teachers. The construct of mathematical identity allows us to obtain a measure of the qualitative relationship that the student has with mathematics, as well as of its links with the authority figures of the official and the shadow education system. Consequently, we address the following questions: a) What aspects of proof and proving practices are identified in the three-faceted institutional discourse (the school geometry textbook, the school teachers' practices and the shadow education teachers' practices)? b) How do the students relate these aspects of proof with the three-faceted institutional discourse? c) How do the students identify themselves with respect to mathematics and the three-faceted institutional discourses?

Methods and procedures

The study was conducted with the students attending the first grade (16 years old) of a public Greek "Lykeio" (high school). We included in the study only the students who took private tutoring lessons (N=47; out of 76), their geometry teachers (with the pseudonyms Petros, Katia and Michalis) and the private tutoring school teachers (with the pseudonyms Thaleia, Nikolas, Dionysis) of a private tutoring school that is chosen by the vast majority of the students. Finally, we considered the official geometry textbook (Argyropoulos, Vlamos, Katsoulis, Markatis, & Sideris, 2010). The data collection was conducted close to the end of the first high school year, including:

1) School textbook analysis with the task (of both theory and applications) being the unit of the content analysis. We drew upon [START_REF] Otten | The mathematical nature of reasoning-and-proving opportunities in geometry textbooks[END_REF] and [START_REF] Weber | Mathematics majors' perceptions of conviction, validity, and proof[END_REF] to investigate the following: a) proving methods including: direct proof, the Euclidean-type of proving in geometry analysis and synthesis (drawing from Pappus; see, for example, Heath, 1956, p. 442), and reductio ad absurdum; b) argument type including: deductive, empirical, an outline of the proof, explicit indication that is already proven elsewhere or that it will be proved later (past or future), no argument but explicitly left to be proven by the students, and no argument; c) deductive proof language (see Weber 2010): formal (containing mainly symbolic language) or narrative (containing mainly natural language). 2) Structured observations of the school teachers' teachings (the private tutoring school did not give us permission to conduct any observations), in order to obtain a mapping of the proving practices communicated in the school class by the teachers. We focused on the teachers' practices about proof reasoning and proof language in the school class. 3) Semi-structured interviews with the school and the shadow education teachers to investigate their proof teaching practices; based on [START_REF] Almeida | A survey of mathematics undergraduates' interaction with proof: some implications for mathematics education[END_REF], [START_REF] Bieda | Enacting proof-related tasks in middle school mathematics: Challenges and opportunities[END_REF], Moutsios-Rentzos and Korda (2018). 4) Students' views about proof in geometry questionnaire, to identify their views about which proving argument is more likely to appear in the school textbook, the school class or the shadow education. We chose a theorem from the school textbook (with no proof included) and five arguments (Balacheff, 1988;[START_REF] Weber | Mathematics majors' perceptions of conviction, validity, and proof[END_REF]: deductive-narrative, deductive-formal, abductive, reductio ad absurdum, empirical (see Figure 1). 5) Being good at maths questionnaire, investigating the way that the students' identity is constructed, contrasting self-identification ("I am … at maths") and being identified by the teachers of the two systems ("My school teacher considers me to be … at maths", "My shadow education teacher considers me to be … at maths") on a five-point Likert scale (with "3"= "average").

Mapping the official and shadow education systems in a school unit

The geometry textbook

The geometry school textbook includes mainly deductive arguments (see Table 1), which appear in the form of direct proof, with reductio ad absurdum and analysis-synthesis proofs having fewer appearances. Concerning language, students encounter deductive arguments in narrative form in the theory part of the book, while the applications are both in narrative and formal form. Thus, proof in the Greek Geometry textbook is communicated mainly as a direct proof, containing deductivenarrative arguments, which accords with the findings of the analysis of the Greek Algebra textbook of the same Lykeio grade (Moutsios-Rentzos & Pitsili-Chantzi, 2014). 

The school teachers' proof teaching practices

Considering their teaching practices, as well as the type of arguments and expected students' activity, deductive reasoning came up with the highest appearance in the school classroom. The teachers were mainly asking students about deductive, yet isolated, arguments rather than a complete proof, which later were collected and written by the teacher to constitute the proof. In case of the students' having difficulties in finding arguments or synthesising the proof, the teachers asked additional questions, feeding the students' abductive argumentation. In general, abductive arguments were quite common, but they were not present in the written proof, as they did not include reasoned conjectures [START_REF] Herbst | Interaction with diagrams and the making of reasoned conjectures in geometry[END_REF]. No reductio ad absurdum or empirical arguments were included in the teachings we observed: neither by the teachers, nor in the students' responses. Considering the language of the arguments, we noticed a divergence between verbal and written arguments: the teachers constructed the proof in a more narrative form, while the arguments written were closer to formal. The teachers justified this choice, as a result of the limited instruction time within the classroom. Moreover, considering types of reasoning, all three teachers stressed the importance of abductive reasoning in their teaching, as abductive arguments help students to focus, think and find the "right solution". Nevertheless, their reluctance to include them in the written proof is evident, as, for example, Katia stated that she prefers to use the "formal way", indicating the type of arguments used in the official textbook. Commenting about the rest of deductive forms used in the school textbook, the school teachers noted that reductio ad absurdum alienates students, as it is not commonly found in the textbook and the teachers themselves don't use it in the classroom. Finally, all teachers agreed that empirical arguments are employed in the school classroom, but they all said that they emphasise to the students the fact that the idea "it' s right because it looks like so" is not acceptable in geometry.

Prove that parallel segments who have their extremes in two parallels lines are congruent.

Deductive-formal argument l1//l2 thus AB//DE. Also AD//BE. Using the definition, ABED is a parallelogram, thus AD=BE.

Working similarly for BCFE.

So: AD=BE=CF Deductive-narrative argument

We know that quadrilateral ABED has two pairs of parallel sides: AB//ED since l1//l2 and AD//BE (given as an assumption). So, we can conclude using parallelogram definition that ABED is a parallelogram, thus it has its opposite sides equals, meaning AD=BE (1). Working similarly, the quadrilateral BCFE is a parallelogram, since BC//EF(l1//l2) and CF//BE, so we can conclude that BE=CF (2). From ( 1), ( 2) we conclude: AD=BE=CF.

Reductio ad absurdum

Let segments AD, BE, CF be parallel but not congruent. The quadrilaterals ABED and BCFE are parallelograms (since they have two pairs of parallel sides) but they don't have their sides equals (from our assumption). The latter statement is unvalid, considering parallelograms properties, thus the segments AD, BE, CF are congruent.

Abductive argument

We notice that in order to prove that segments AD, BE and CF are congruent, we only have to prove that quadrilaterals ABED and BCFE are parallelograms, because afterwards using parallelogram properties we will be able to assume that the opposite sides are equals. But the latter statement is applicable since AB//DE and AD//BE (using the assumptions given) which means ABED is a parallelogram, and also BC//EF and BE//CF which means that BCFE is a parallelogram.

Empirical argument

We can notice using the diagram that quadrilaterals ABED and BCFE are parallelograms. Thus they have their opposite sides equals, so AD=BE=CF.

Figure 1: One statement, five arguments

The shadow education teachers' proof teaching practices

Considering the shadow education system, the private tutoring school teachers also chose to talk especially about abductive reasoning and the abductive arguments they use in the classroom. Referring to deductive proofs, they made a special reference to reductio ad absurdum and the difficulties the students face, because of their lack of knowledge of mathematical logic. All three agreed that they use this proof type only when it's absolutely necessary in a school textbook case and nowhere else. Finally, they also agreed with the school teachers that they make absolutely clear in their students that they must reject empirical arguments in geometry, because "it says prove that they are parallels, not see that they are parallels" (Nikolas). Considering the argumentation form, the teachers stated that while they accept all argumentation forms that their students would produce, they prefer to use more narrative and less formal arguments. They also expressed their preference for narrative arguments, commenting about textbook's proofs: "I write it the way I think of it at that time or the way my student uses…I want to keep close to the textbook's proof, but I think the language used is very formal and students don't understand it written this way" (Dionysis).

The students' views: the school teacher, the shadow education teacher, the textbook

Considering the students' evaluations about the five argument types, it seems that when focussed on the official discourse (school textbook and teaching), the students evaluate the presented arguments as not to statistically significantly differ from the theoretical neutral, with only the empirical argument getting a statistically significant lower evaluation (Mdn=2.0, P=0.005; One-sample Wilcoxon Signed Rank Test). Considering the unofficial institutional discourse, three arguments (Narrative, Abductive, Reductio ad absurdum) were evaluated as looking statistically significantly closer to what the students encounter in the private tutoring school teachings (respectively,Mdn=4.0,P=0.001,Mdn=4.0,P=0.006,Mdn=4.0,P=0.001;. When considering both official and shadow education, the Friedman's ANOVAs (followed by Wilcoxon Signed Ranks Tests with Bonferroni correction applied) revealed that the students considered three argument types (Abductive, Reductio ad absurdum, Empirical) to be statistically significant more like the ones they encounter in the shadow education teaching in comparison with the official system: Abductive (teaching and textbook; respectively, P=0.024, P=0.001), Reductio ad absurdum (only textbook; P=0.001), Empirical (teaching and textbook;respectively,P=0.497,P=0.003). No statistical differences were identified in the Deductive and Narrative arguments.

Concerning the students' mathematical identity about their 'being good at maths', the students thought that their school teacher's identifying them as being good at maths, would not statistically differ from "Average" (see Table 2). In contrast, their self-identification and their being identified by the shadow education teacher is statistically significantly higher than the "Average'. When considering both systems, it is revealed that the students' self-identification does not statistically significantly differ from their school teacher's identification, but it is statistically significantly lower than their shadow school teacher's identification. 

Re-visiting the complexity in the school unit: concluding remarks

Considering the institutional discourse, the school teachers and the textbook seem to converge. The textbook analysis revealed the dominance of deductive, narrative arguments, in the type of direct proof, with few appearances of proof by analysis-synthesis or reductio ad absurdum. The same argument types are evident in the observed proving practices of the school teachers, though they state the importance of abductive arguments in the conjecturing phase of proving. Considering the shadow education teachers' reported practices (since no observations were conducted), we identified a bigger variety of the type of arguments and the language used. While they uphold the view of geometry proof as a deductive argument, they explicitly stated that most of the times the teacher has to add more ideas and to differentiate the argument or the language used, in order for the solution to be more transparent and accessible to the students. Furthermore, they agreed with the school teachers about the importance of abductive reasoning and argumentation in teaching, as well as about their stressing to the students that empirical arguments are not acceptable in geometry.

The students' views seem to converge with the institutional discourse, as the empirical and the reductio ad absurdum argument are the least likely to be chosen by the students. Furthermore, the fact that the institutional discourse favours the narrative form is evident in the students' views. The students' views also support the private tutoring schools claims for a richer proof repertoire, as three arguments types (Narrative, Abductive, Reductio ad absurdum) were evaluated as being statistically significantly looking closer to what they encounter in the private tutoring school teachings than the school class teaching. Though the empirical argument was not evident in our observations and the teachers strongly argued against its being a valid argument, the students' views revealed that for them it is an argument that was missing only in the school textbook.

The students' self-identification about their being good at math converges with their school teacher, even though they think that their private tutoring school teacher would think higher of them. Thus, though both teachers are sources of mathematical authority, the students' self-identification seems to be aligned with the teacher of the official system. The importance of this alignment lies on the general nature of the phrase "being good at math", which embodies the students' positioning about mathematics. Hence, the students identify themselves as being good at mathematics or not, in line with the school teachers' sociomathematical norms.

Consequently, the complex relationship of the two systems is evident on their links with the students' views about proof. The shadow education system seems to offer a richer proof experience, which remains essentially unofficial, in meaning it does not significantly affect the students' mathematics identity construction. Further research should be conducted to map these relationships, as they develop through the three Lykeio grades; especially in the last grade of Lykeio, where the national exams (required to enter university) are a third pole of authority that transcends all school units, thus affecting the authority of both the shadow education teacher and the school teacher.

Table 1 : Appearances of proof and proving in the school geometry textbook.

 1 

	Appearances of proof and proving	Theory	Applications Total
	Argument type			
	Deductive	73	32	105
	Empirical	6	0	6
	Outline	3	0	3
	None -Past or future	1	0	1
	None -Left for students	4	0	4
	None	35	0	35
	Proving method			
	Direct	63	27	90
	Analysis-Synthesis	2	3	5
	Reductio ad absurdum	10	0	10
	Deductive proof language			
	Narrative	45	18	63
	Formal	28	14	42

Table 2 : Student's identification about their "being good at math"

 2