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This article presents an analysis of reports about developmental work written by 23 lowersecondary school teachers from Norway who planned, implemented and reflected upon a lesson involving elements of exploration, argumentation, and proving. An analysis of the tasks that the teachers designed for their students and the scaffolding that they provided during the classroom implementation, revealed that there was little variation in the choice of task and that opportunities for investigation were reduced by providing subtasks and hints. Some teachers also experienced that the unpredictability of the students' contributions and the mathematical content, time constraints and large classes were challenging when leaving traditional teaching practice.

Introduction

The functions that proofs have for mathematicians and within mathematics as a discipline are important to bear in mind when teaching proof [START_REF] De Villiers | The role and function of proof in mathematics[END_REF]). In addition to the verification of the validity of a statement, de Villiers suggested to consider other functions of proof like explanation, systematization, discovery and communication. In the same spirit, Hanna (2000, p. 6) stated that "in the classroom the key role of proof is the promotion of mathematical understanding, and thus our most important challenge is to find more effective ways of using proof for this purpose". Following [START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF], in this article proving is understood in a wide sense, including auxiliary activities such as exploration, pattern identification, making and testing conjectures, and reasoning by analogy.

Teachers' own knowledge about proof seems not to guarantee meaningful proving activities in the classroom. [START_REF] Schwarz | Future teachers' professional knowledge on argumentation and proof: a case study from universities in three countries[END_REF] investigated the pedagogical knowledge about proof of three groups of preservice teachers' from Germany, Hong Kong and Australia. The preservice teachers from Hong Kong and Australia tended to consider preformal proving an atypical part of mathematics teaching and did not fully appreciate its potential in the classroom. Schwarz et al. (2008, p. 808) concluded that "even future teachers with strong mathematical backgrounds are not necessarily experiencing proof in such a manner that they can convey a complete image of proving at the lower secondary level". Similarly, Knuth (2002a, p. 404) stated: "Future research needs to explore more fully the conceptions of proof that teachers must have as they help students learn to reason mathematically". More knowledge is thus needed about how to prepare future teachers to create meaningful opportunities for students to engage in exploration, generalization, argumentation and proving. Despite long reform efforts and studies confirming successful changing efforts, traditional models of mathematics education seem to be persistent in many classrooms [START_REF] Jacobs | Does eighth-grade mathematics teaching in the United States align with the NCTM Standards? Results from the TIMSS 1995 and 1999 video studies[END_REF]. As for the topic of reasoning and proving, it was found that none of the US lessons from the 1999 TIMSS video study showed evidence of developing a rationale, making generalizations, or using counter examples. Similar findings about discrepancies between an intended reform curriculum and persistent traditional classroom practice were made in earlier studies [START_REF] Spillane | Reform and teaching: Exploring patterns of practice in the context of national and state mathematics reforms[END_REF]. A number of studies focused on the already established patterns of teacher practice in collaborative inquiry classroom communities [START_REF] Walshaw | The teacher's role in classroom discourse: A review of recent research into mathematics classrooms[END_REF]. Less research seems to be done that tries to reveal the challenges that teachers face when trying to transform existing traditional practices characterized by brief demonstrations of procedures and computational tasks.

This article looks at reform efforts in a Norwegian context. Following criticism about focus on routine exercises and rote learning [START_REF] Mellin-Olsen | Oppgavediskursen i matematikk[END_REF], communicative skills, conceptual understanding, reasoning and argumentation have become important goals in the Norwegian curriculum that has been valid without major changes since 2006: All students are supposed to take part in explorative activities, pattern exploration in both geometry and arithmetic, and to acquire so called basic skills, among them oral skills and mathematical writing, which include the ability to "forming opinions, asking questions and using argumentation with help from informal language, precise terminology and the use of concepts" and the ability to build up "comprehensive argumentation concerning complex relationships" (Ministry of education and research, 2013). These are proving activities in the sense of [START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF].

While other studies were based on interviews with teachers or preservice teachers [START_REF] Furinghetti | Beliefs and beyond: hows and whys in the teaching of proof[END_REF]Knuth, 2002a[START_REF] Knuth | Teachers' conceptions of proof in the context of secondary school mathematics[END_REF][START_REF] Schwarz | Future teachers' professional knowledge on argumentation and proof: a case study from universities in three countries[END_REF], this article is based on reports about developmental work written by 23 teachers who participated in a reform oriented teacher development program during which they planned and implemented a lesson involving elements of exploration, argumentation, and proving. The main research questions addressed in this article are: What were the mathematical properties of the tasks designed by the teachers? How were the tasks structured and implemented in the classroom and which impact did this have on the opportunities for exploration, argumentation and proving? What were the teachers' reflections about challenges that arose during the implementation of the proving tasks in the classroom?

Theoretical perspectives

In this section, three different models for the classification of tasks are introduced that allow to analyze both mathematical properties of tasks and aspects of their implementation with respect to the creation of opportunities to engage in exploration, argumentation and proving.

Classification of tasks

Stylianides (2016) classified proving tasks based on mathematical criteria namely the number of cases to be considered in the task (single, finite, infinite) and the purpose of the task that can either require to verify or to refute a statement. This gives a classification into six cases that can be helpful in order to make teachers aware of different types of proving problems that will require different proving techniques and can potentially result in different types of proving activities in the classroom. The number of cases and the purpose of the task need not necessarily be made explicit to the student.

The same mathematical problem or topic can be implemented in different ways in the classroom, and the model by [START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF] does not capture this aspect. For example, statements can be given by the teacher or textbook or students can develop their own conjectures, for instance through pattern identification [START_REF] Stylianides | An analytic framework of reasoning-and-proving[END_REF]. [START_REF] Skovsmose | Landscapes of investigation[END_REF] classified tasks according to their openness, ranging from the traditional exercise paradigm to landscapes of investigation, and whether they are purely mathematical, giving a pseudo-application or are real-world problems. The property of being a landscape of investigation exceeds the initial formulation of the task. It depends on the students to accept the invitation to explore and on the communication between teachers and students during the working process: the teacher should provide questions, hints and suggestions rather than solutions and explanations. [START_REF] Yeo | Mathematical tasks: Clarification, classification and choice of suitable tasks for different types of learning and assessment[END_REF] distinguished the following five dimensions of openness of a task:  Goal: A standard computational task has a closed goal: finding the one correct answer. An exploratory task has a more open goal since different properties of a notion can be discovered.  Answer: A standard computational task is closed with respect to the answer since it has one correct answer. A modelling task, for example, can result in several different, but meaningful models.  Solution method: Most tasks can be solved in different ways, but it is not unusual that textbooks or teachers close tasks by prescribing the method to be used.  Scaffolding: Many textbook tasks provide subtasks guiding to a solution. A task can be more or less open based on the density of subtasks that lead the students to the final solution.  Extensions: All tasks can be extended, but students are not necessarily aware of this, for example because the extension of tasks is not a usual thing to do within the classroom norms.

Method

The data collected for this article consisted of 26 reports about developmental work written by teachers enrolled in a teacher development program who planned and carried out a lesson including elements of exploration, argumentation, and proving in lower secondary school, i.e. years 5 -10. These teachers were not mathematics specialists, but taught several different subjects in lower secondary school. Three reports had to be removed from the data material because the teachers did not give the permission to use them. The teachers were encouraged to run the lesson in a group work setting in order to facilitate active student communication. The reports contained a description of the designed task, observations made during the implementation in class, and reflections about the support provided to the students and any challenges that the teachers experienced.

When starting the analysis of the reports, the mathematical properties of the proving tasks were examined: three categories were generated from Stylianides' (2016) framework about the mathematical properties of the tasks (proving finitely/infinitely many cases, disproving); in addition, it was analyzed whether the students got an opportunity to make their own conjectures or whether the statements to be proved were provided by the teacher. After a first reading of the data material, it became clear that mathematically similar tasks had been formulated and implemented in different ways, such that the original coding was refined using the model of [START_REF] Yeo | Mathematical tasks: Clarification, classification and choice of suitable tasks for different types of learning and assessment[END_REF] in order to analyze different dimensions of openness.

During the final coding, four additional aspects of the material were investigated: the goal of the tasks, the scaffolding provided to the students, the role assigned to argumentation and proving in the classroom, and potential benefits, challenges and obstacles that teachers experienced during the classroom practice. 

Results and discussion

Half of the teachers wrote that their usual teaching was characterized by the exercise paradigm [START_REF] Skovsmose | Landscapes of investigation[END_REF], i.e. that they usually demonstrated a method and that their students worked with exercises afterwards. The following comment by a teacher is representative: "I do know that I often use tasks that have a clear solution method and one correct answer (T12)." Although the Norwegian curriculum, in action since 2006, requires that "argumentation", "sharing ideas with others", "problem solving" are to be both methods in classroom and competence aims (Ministry of education and research, 2013), the exercise paradigm seems to be persistent in many classrooms. This is consistent with research done after reform efforts in other countries [START_REF] Spillane | Reform and teaching: Exploring patterns of practice in the context of national and state mathematics reforms[END_REF].

Properties of the proving tasks and their implementation in the classroom

Goals: Two goals were predominant, pattern generalization and proof or proving as a topic. Almost half of the proving tasks asked the students to find generalizations based on examples revealing a pattern. Task 1 and Task 3 in Figure 1 are typical examples. Four teachers designed tasks about the interior angles sum of polygons guiding the students to note a pattern starting from triangles, quadrilaterals and pentagons. The generalized formula was not provided a priori such that the students got the opportunity to make conjectures about it. Five teachers designed tasks about number sequences and figurative numbers for students in 8 th , 9 th and 10 th grade that required to continue sequences when the first few elements were given, as in Task 3 in Figure 1. None of the teachers discussed the fact that the number sequences could possibly be continued in different ways since only (pictures of) few elements were given and no rule was stated. Thus, the most obvious rule was applied without any discussion, called the plausible pattern by [START_REF] Stylianides | An analytic framework of reasoning-and-proving[END_REF]. Several of the number sequences were quite simple and already known to students of these grades, for instance the sequence of natural numbers, even and odd numbers, quadratic numbers and figures composed of these. The general formulas were easy to see from the defining properties such that no need to prove naturally arose from these tasks. [START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF] gave examples of elementary arithmetic problems that can make students aware of the distinction between empirical and mathematically valid arguments such as generic arguments. Several of the given tasks about number sequences lacked the potential of revealing such distinctions to the students. Only in one case, the relationship between quadratic numbers and the sequence of odd numbers was elaborated during the classroom activity and explained by a visually aided proof.

Several teachers made the learning of proving an explicit goal of the task. Four teachers introduced the proving task as an imaginary dialogue between two fictive characters wondering about a problem [START_REF] Wille | Imaginary Dialogues in Mathematics Education[END_REF], in order to stimulate oral argumentation and to exemplify the type of activity that was expected from the students. Task 2 in Figure 1 is an example of this. Only the problem is introduced in the imaginary dialogue while no hints to the solution method are given. The teacher's report about the implementation in the classroom confirmed that the goal of the task was to learn about exploration and proving techniques: she encouraged the students to systematize results and to formulate and test preliminary conjectures. A genuine need to investigate seemed to be a requirement for the students' engagement in proving: A teacher in 9 th grade, who had similar intentions to give the students the "possibility to train to think mathematically and explore proving" (T09), chose the already well-known statement that the sum of two odd numbers is even for designing a proving task. She consciously lowered the mathematical demands since the students were "not used to working with mathematics in this way". But, lacking the need for investigation, the students found it difficult to understand why they should "prove something that was already known and true".

Task 1: (9 th grade) 1) Knowing that the sum of angles in a triangle is 180˚, can you find the sum of angles in a hexagon? Hint: Divide the hexagon into triangles. Make drawings and explain your thinking.

2) Using the same method as in 1), find the sum of angles in a pentagon and a heptagon. 3) Knowing the sum of angles in a triangle, quadrilateral, pentagon, hexagon and heptagon, can you find a pattern? Can you then make a formula for the sum of angles in an n-sided polygon? Lisa: We've learned that all numbers that finish with an even number, are divisible by 2. Like 12, 14 and 16 that are divisible by 2, because they finish with 2, 4 and 6. Per:

Yes, that's easy when we can just look at the last digit.

Lisa: How can we know if a number is divisible by four? Per:

Well, that's worse. But there must be a rule. Let's find out.

Help Lisa and Per. Continue to write the dialogue.

persons when using 20 tables. d) Explain how you can find the number of persons when you use n tables. e) Can you make a formula for table nr. n? Some teachers experienced that the amount of time needed to do investigative activities was in conflict with requirements to cover curricular content: "This implies also that one uses time to investigate, one can't make plans as with other teaching methods that one will use one hour and then be finished with the topic (T01)." Time constraints and "large classes" (T07) were challenges when teachers had to evaluate students' understanding in order to adapt mathematical content to the individual student: "It is challenging with respect to the available resources to manage to talk to all student pairs and to adapt the tasks to the level they are on and moving towards (T03)."

Scaffolding: Many teachers provided a lot of scaffolding in the written text, dividing the task into subtasks that led the students to the discovery of patterns or an appropriate argumentation, see Task 1 and 3 in Figure 1. For example, all tasks designed about the interior angles sum of polygons started by guiding the students to note a pattern starting from triangles, quadrilaterals and pentagons. After hints to use visual representations, they resulted in visually aided proofs that showed a division of polygons into triangles. Similarly, a teacher who designed a task about the area formulas of quadrilaterals consciously chose the order of the quadrilaterals to be considered such that the proofs could build on each other. In 14 of 23 reports, at least part of the scaffolding described by the teachers was coded as "guiding the students through an argumentation", i.e. students' occasions to do their own explorations were limited. Teaching practices related to proof differ widely and can be divided roughly into two groups, either focusing on the proving process or on the final product, the proof [START_REF] Furinghetti | Beliefs and beyond: hows and whys in the teaching of proof[END_REF]. One teacher who had designed a task leading the students step by step through an argumentation became aware of the fact that this deprived the task of its explorative character and hindered the students from working like a mathematician: "(…) by designing the task like this, I guided the students in the 'right' direction. I took away the possibility of making mistakes, which is an important part of working like a mathematician (T15)." Other teachers reflected about their support during group work having been too leading, depriving the given task of its investigative character, by funneling or by imposing their own argumentation on the students.

About a third of the teachers started the implementation of their activities with a repetition of definitions and properties of the relevant notions in a whole-class setting. These teachers seemed to consider a lack of knowledge about related notions an obstacle for proving that had to be avoided, rather than to look at proving as an opportunity to explore these notions: "It is important to ensure a common understanding of the notions we are using and some of their properties before we start (T01)." Similarly, the following teacher provided precise definitions in order to prevent misunderstandings in the students' communication: "Whenever I have to explain a notion to students, I make sure that the definitions are such that everyone understands them in the same way. Only then they are useful for communication." Though precise definitions are important in mathematics, it can be of great value for students' understanding of concepts to use tasks with ambiguous conditions and let students explore the consequences of different assumptions or definitions. The learning opportunities that can arise from such proving tasks in the elementary classroom are discussed by [START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF], while [START_REF] Zaslavsky | Seizing the opportunity to create uncertainty in learning mathematics[END_REF] investigated the learning opportunities evoked by uncertainty in mathematical tasks on secondary level.

Extension: Several of the teachers claimed to have designed landscapes of investigation [START_REF] Skovsmose | Landscapes of investigation[END_REF], but none of the activities strictly speaking fulfilled the criteria, since many hints about proof ideas were provided and there was little opportunity for students to extend tasks or to explore their own questions or conjectures.

Underlying mathematical properties of the tasks:

There was little variety in the proving tasks when compared to the model by [START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF]. The major part of the proving tasks required justification in infinitely many cases. Only two proving tasks treated a finite number of cases, for example a task about the probability to get certain sums of points when throwing two or three dice. None of the tasks required to disprove a statement. As the nature of the proving task influences the nature of the proving activity [START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF], this might have restricted the diversity of activities that were developed in the classrooms. Of course, each teacher designed only one task such that we have no information about the variety of tasks in a single teacher's classroom. It might however reveal a general tendency that proving tasks might mostly be associated with infinitely many cases.

Despite the fact that proving tasks with infinitely many cases were predominant and a number of proving tasks used geometric representations, none of the teachers made ICT tools available to the students during their investigation. [START_REF] Hanna | Proof, explanation and exploration: An overview[END_REF] wrote that "dynamic geometry software can be used to enhance the role of heuristics, exploration and visualization in the classroom". Given that the ability to use digital tools, also for purposes of exploration, is among the competence aims of the Norwegian curriculum and considering their potential with respect to exploration and conjecturing, it was surprising that none of the teachers based their classroom activity on digital tools.

Final remarks

Most teachers provided a lot of scaffolding, both in the task formulation and during group work. This might be related to the teachers' conceptions of the role of proof in school mathematics [START_REF] Knuth | Teachers' conceptions of proof in the context of secondary school mathematics[END_REF], apparently emphasizing systematization and explanation as the functions of proof. Many teachers provided definitions and properties of notions beforehand in order to avoid misunderstandings. Proving tasks with ambiguous conditions were not designed by any teacher. ICT tools were not used either which can strengthen the impression that there was some more focus on systematization, explanation of concepts, and support to build arguments than on exploration and conjecturing. There was little variation in the proving tasks when compared to the model of [START_REF] Stylianides | Proving in the elementary mathematics classroom[END_REF], and this might have restricted the diversity of proving activities that arose in the classrooms. In our teacher education courses, we might therefore have to pay special attention to the variation of tasks, and to discussing the value of exploration and the learning opportunities provided by ambiguous proving tasks for students' understanding of mathematical concepts and notions.

All teachers reported that their experience with the implementation of the proving activity was mainly positive. Benefits that were mentioned, included the acquisition of relational understanding, communicative skills, student autonomy, and higher student motivation than usual. Despite of that, several teachers expressed that it would be challenging to work with argumentation and proving in the everyday school reality. They had concerns about the unpredictability of students' contributions and the mathematical content, making it difficult to follow up students' contributions and being in conflict with obligations to cover a specific curricular content, time constraints and large classes that restrict the possibilities to support students individually. In addition to the fact that half of the teachers were still mainly used to the traditional exercise paradigm, the teachers' choices about scaffolding might be related to such concerns. These are important factors that deserve further investigation.

  Task 3: (8 th grade) You have to lay quadratic tables with enough space for one person on each side. Tables for more persons are put together as shown in the drawing. a) How many persons can sit around the tables? Fill inn: you see a pattern how the number of persons is changing? Explain. c) Explain how you calculated the number of Task 2: (7 th grade) Lisa and Per have learned about some properties of numbers (…).
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 1 Figure 1: Examples of proving tasks

  Only the first two aspects are addressed in this article. Examples of codes characterizing the goal of the tasks were generalize pattern, find a proof, make conjectures, investigate, and justify special case. Examples of codes characterizing the scaffolding were division into subtasks, teaching proving technique (with subcategories creating additional examples, systematize results), visually aided proving.
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