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Abstract: A spectroscopy scheme is proposed for the detection of the two-photon rotational
transition (v,L)=(0,0)—(0,2) and the two-photon rovibrational transition (v,L)=(0,0)—(2,0) of cold
trapped HD" ions by dissociation. The two-photon lineshapes are calculated using a rate equation
model. The resolution is at the 10" level. The lightshift for selected hyperfine components of the
two-photon transitions is evaluated using the two-photon operator formalism. The experimental
accuracy with two-photon transitions of trapped HD" ions is estimated at the 10™* level, which
corresponds also to the accuracy of the theoretical calculations. The comparison of experimental
data and theoretical calculations for HD" and H,' transitions may lead to an independent
determination of the Rydberg constant, the proton-to-electron mass ratio and the deuteron-to-proton
mass ratio. It may provide a measurement of the proton and deuteron radii by molecular
spectroscopy. Depending on possible issues of the proton radius puzzle in atomic spectroscopy,
two-photon spectroscopy of hydrogen molecular ions may lead to an improvement of the
determination of the proton-to-electron mass ratio and deuteron-to-proton mass ratio at the 107"

level.
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1. INTRODUCTION

The hydrogen molecular ions (HMI) have simple three-body structure that is well suited for
testing molecular quantum mechanics. Ab-initio calculations of their energy levels in the ground
electronic state were performed with high accuracy. The strategy was to use variational
wavefunctions and to take into account quantum electrodynamics (QED) higher order corrections
to the non-relativistic energies of the rovibrational levels. The fundamental rovibrational
frequencies were calculated with an uncertainty of 7.6 x 107'% [1-6]. Doppler-limited
spectroscopy was performed on HMI maintained in radiofrequency traps and sympathetically
cooled by laser-cooled Be" ions. State-selective detection of HMI transitions may be provided by
resonance-enhanced multiphoton dissociation (REMPD). Since 2007, measurements of different
dipole-allowed E1 rovibrational transitions on cold trapped HD" ions were performed [7-9]. The
experimental uncertainty with infrared transitions was improved at 1.1 x 10~ [9]. The agreement
between experimental results and theoretical calculations, within an uncertainty of 1.1 x 107 [9],
allowed a test of the QED, a determination of the proton-to-electron mass ratio and a constraint of
the effect of fifth forces in molecular spectroscopy [10]. Doppler-free spectroscopy may lead to
an improvement of the accuracy. Two-photon spectroscopy of HD" ions was suggested in [11,12].
Terahertz spectroscopy of cold trapped HD™ ions in the Lamb-Dicke regime, demonstrated
recently [13], allowed Doppler-free resolution at the kHz level with an uncertainty of 3 x 107'°.
The improved accuracy of the electron mass in CODATA 2014 [14] motivated a recalculation of
the HD" energy levels and a determination of the proton-to-electron mass ratio at 2.5 x 10 [15].

This contribution discusses an approach to measure conjointly two-photon rotational and
rovibrational transitions of HD", that was suggested in [12]. Precisely, the scheme with cold
trapped HD" ions that was presented in [16] is extended here to probe the EI-El rotational
transition (v,L)=(0,0)—(0,2) and the E1-E1 rovibrational transition (v,L)=(0,0)—(2,0) with a
detection based on the photodissociation of the (v,L)=(2,0) level. The main motivation for this
approach is to benefit of Doppler-free resolution for both transitions. In addition, the sensitivity of
the HD" ion energy levels of the ground vibrational state to static electric fields [17] or magnetic
fields [18] decreases in general with L. The two-photon transition (v,L)=(0,0)—(0,2) may provide
smaller systematic frequency shifts than the one-photon transition (v,L)=(0,0)—(0,1) probed in
the Lamb-Dicke regime. Moreover, the hyperfine structure is simpler for states with L=0 [19].
The most intense coupling between L=0 states of HD" with two photons of equal frequency is

between the v=0 and v=2 vibrational levels [20]. The two-photon transition rates and the



lightshifts are calculated using the two-photon operator formalism [21]. Blackbody radiation
(BBR) at room temperature drives transitions between rotational energy levels in the ground
vibrational state of the HD" ions. The two-photon lineshapes are calculated using a set of coupled
rate equations of the populations in the energy levels addressed by these transitions. The Zeeman
shifts and the lightshifts are estimated. Finally, it should be noted that the rovibrational energy
levels of the HMI are described with a two-body effective hamiltonian depending on the reduced
mass of the nuclei [22]. The comparison of theoretical calculations with experimental frequencies
for transitions of HD" ion may provide determination of a nuclear to electron mass ratio, by
assuming that the other nuclear to electron mass ratio is known. The determination of both
nuclear-to-electron mass ratios would require use of transitions from different HMI. This
contribution proposes an approach for determination of fundamental constants that exploits

conjointly two-photon rotational and rovibrational transitions of HD" and H,".

II. TWO-PHOTON TRANSITION RATES, LINESHAPES AND LINESHIFTS

A. Hyperfine structure of the energy levels

The energy levels of HD" have a hyperfine structure induced by various spin-spin and spin-orbit
interactions. The spin coupling scheme is that from [19] :

F=S,+1;S=F+I;T=L+S (D

using the spin operators for the electron S, the proton I, , the deuteron I, the rotational angular

momentum operator L, and the total angular momentum operator J . The hyperfine eigenvectors
|v,L,F,S,J> are labelled with the vibrational and the angular momentum quantum numbers. For
each rovibrational level, the spin couplings are described with a simplified effective hyperfine
Hamiltonian [23] that takes into account the Fermi contact and the magnetic dipolar hyperfine
interactions for the proton, deuteron and the spin-rotation interaction :

H,, =b,I -S, +c,l

» .

e ‘S, + bDTd ~§e +cply, S, + yg L (2)
The parameters by, cy and 7y are taken from [19] and bp, cp are estimated with the values of the

proton and deuteron gyromagnetic factor given by CODATA 2014 [14]. The effective hyperfine

Hamiltonian is diagonalized for each rovibrational level, leading to the hyperfine energies AE"""



and the mixing coefficients By . The eigenvectors |v,L,n> of the mixed basis are labelled with

an integer n and expressed as a linear combination of the pure basis eigenvectors :

|v,L,n)= ZBVL“|VLFS I) 3)

The |[v,L,n> level is labelled with the |v,L,F,S,J> quantum numbers associated to the Byg"

coefficient with the highest absolute value. The hyperfine structure of HD" ion energy levels
probed by the double resonance spectroscopy scheme is shown in Figure 1.

In presence of a magnetic field, the hyperfine levels are split into sublevels |v,L,n,J,> labelled
by the quantum number J, of the projection of the total angular momentum on the field axis. The
Zeeman Hamiltonian was diagonalized and the energies of the sublevels were approximated with

a quadratic dependence on the magnetic field [18].
B. Two-photon transition rates

Two-photon excitation of trapped HD" ions is performed using the interaction with two
counterpropagating waves with equal pulsation o, electric field amplitudes E,, ,, and polarisation
states £,,. The waves are tuned near the two-photon resonance at w,/2 such as the relaxation

rates and the Doppler shifts are smaller than the detuning to the intermediate energy level ®-y;.
The molecular ion-electric field coupling is described in the electric dipole approximation using

the two-photon operator formalism [21] :

(Bs,) 4)

Q. = ho —H,

The molecule-fixed dipole operator i is rotated into the space-fixed system to yield the dipole
operator D [24]. HD" ions are addressed with waves with polarizations chosen between the
standard polarisations m, 6*, 6 . The two-photon transition operator Qpip2 can be expressed in
function of the standard components D,; with p;={—1,0,1}. The dipole transition matrix elements
between hyperfine states are derived with the spherical tensor formalism using transition dipole
moments p,; . calculated in [25].

The two-photon transition probability per unit time is derived using the second-order time-

dependent perturbation theory [21] :
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in function of the powers of the stationary waves P, =2g,ScEg,,, (electric field amplitudes
2B, ), the beam area S, the radiative linewidth of the excited state I'e, and the detuning of the

two-photon transition 6®. The two-photon operator is expressed in function of the scalar and the

rank-two spherical tensors:

2
Q3. = 2 (11ip: 20)Q) +{11p1,00)Qf ©)

p=-2

Let’s consider a two-photon transition between pure hyperfine levels |g,J,J,>=|v,L,F,S,J,J,> and
le,J’,J'>=|v/,L'F',S".J',J’> driven by electric fields with standard polarisations p; and p,. If the
ground state is not polarized, and in absence of a magnetic field, the two-photon transition
probability at the two-photon resonance is calculated with the average contribution of the

magnetic sublevels :

Fo__4PP, 1
T, (Shgyc)? 21 +1

(7
X Kg,JHQ(") e,J’> 2 11 o)
D PR LY
where the reduced matrix elements of the two-photon operator are expressed as :
<g7J"Q(k)"e’J'> = (L)L 8554/ (2T +1)21+1)
®)

L J S
X{J L k}<V’L"Q(k)"V”L’>

The reduced matrix elements of the two-photon operator are expanded using the expression of
the tensor product of dipole operators in function of the reduced matrix elements of the dipole
operator with intermediate energy levels [r>=|v",L",F",S" ,J"> and the detunings of the one-photon

transitions from the ground level :
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The two-photon matrix elements are calculated in this contribution for transitions of HD" in the
terahertz or infrared domain that are far detuned comparing to the transitions in the UV or VUV
domain to the excited electronic states. Therefore, intermediate energy levels from excited
electronic states should bring to the two-photon operator matrix element a small contribution
comparing to that given by Eq. (9). Table I shows the reduced matrix elements of the two-photon
operator for the rotational transition and the rovibrational transition probed in the double
resonance spectroscopy scheme. The calculations use the values of the HD" energy levels given
in [26].

The matrix elements of the two-photon operator between the mixed hyperfine eigenvectors can
be derived from Eq. (8) using the linear combinations of the pure hyperfine eigenvectors and the
mixing coefficients. The selection rules for the two-photon transitions between pure hyperfine
levels are |[L—-L'[=0, 2, [J-J'|<2 and J,—J',=(pi+p2). Moreover, there is a strict selection rule on
the total coupled spins S'—S=0 as the two-photon operator acts on the spatial part of the
eigenvectors. Two-photon spin-forbidden transitions may be weakly allowed between mixed
hyperfine levels due to the hyperfine couplings.

The matrix elements of the two-photon operator for the rotational and the rovibrational
transition between mixed hyperfine structure energy levels are calculated using Eq. (7)—(9), the
reduced matrix elements of the two-photon operators from Table I, the HD" ion energy levels
from [26] and the mixing coefficients from the diagonalisation of the Hamiltonian. The mean
squared matrix elements of the two-photon operator for standard wr polarisations are shown in
Figure 2 (a,b).

C. Discussion of systematic frequency shifts

For metrological applications, it is interesting to probe transitions with small Zeeman shifts,
that were suggested in [18,27] :

- Transitions rt between J,=0—J',=0 states with quadratic Zeeman shift.

- Pairs of transitons o©'c and6 G’  between pure hyperfine eigenvectors

|v,L,F=1,S=2J=L+2,J,=£(L+2)> (stretched states). The Zeeman shifts of these transitions depend



linearly with the magnetic field, have the same magnitude but opposite values.

Selected transitions with small Zeeman shifts are shown in Table II. The Zeeman frequency
shift coefficients are calculated using the dependences of HD" ion hyperfine energy levels on the
magnetic field derived in [18]. Consider that the value of the magnetic field in the HD" ion trap is
20 mG. The Zeeman shifts for hyperfine components J,=0—J',=0 of the two-photon rovibrational
transition have absolute values less than 0.17 Hz, leading to accuracies from 3 x 10 to 3 x
107" (the uncertainty is conservatively estimated here as the value of the systematic shift). The
hyperfine transition between the stretched states (v,L,F,S,J,J,)=(0,0,1,2,2,2)—(2,0,1,2,2,2) has an
extremely small linear Zeeman shift estimated at 0.2 mHz, leading to an accuracy of 3.6 x 10™'%,
The hyperfine components with J,=0 of the rotational transition display Zeeman shifts at the hertz
level and accuracies from 2 x 107 to 3 x 10™'%. For comparison, for some two-photon hyperfine
components (v,L,F,S,J.J,)=(0,0,F,S,J,J,)— (0,2,F,S,J+2,J,,), the Zeeman shift coefficient is
smaller than that of the corresponding hyperfine component (v,L,F,S,J,J,)=(0,0,F,S,J.J,)
—(0,1,F,S,J+1,J,,1) of the one-photon transition. The two-photon transition between the stretched
states has a Zeeman uncertainty four times smaller than the uncertainty of the corresponding one-
photon transition. In the case of J,=0—J',=0 transitions starting from the
(v,L,F,S,J,J,)=(0,0,0,1,1,0) level, the use of two-photon spectroscopy provides an reduction of the
Zeeman uncertainty by a factor of two.

The systematic effect may be reduced for the mean frequency of a pair of transitions that have
linear Zeeeman shift coefficients with comparable absolute values but opposite signs, as proposed
in [18,28]. The accuracy of the cancellation is estimated here for the rotational and the
rovibrational transition at 3 x 10™'°.

The lightshift of the energy level |nJJ>=|v,L,F,S)J,J,> for the interaction with

counterpropagating beams with total intensity I (power in the standing-wave 28SI) is expressed as :

o, = @)1 (10)

The dynamic polarisability of an energy level can be calculated with the sum of contributions
arising from transitions to other 1sc, rovibrational levels and to excited electronic states
o, (®)=a(0)+0s(0), as it was discussed in [29]. o,(0) was calculated directly for several
rovibrational levels of HD' ion using variational wavefunctions [17]. The rovibrational
contribution to the dynamic polarisability is calculated here with the two-photon operator for pure

hyperfine energy levels :
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by taking into account the off-resonant couplings to the rovibrational energy levels in the 150,
ground electronic state of HD" ion. The contributions to the dynamic polarisability arise from the

scalar and the rank-two tensors, that are expressed as :

(v,L,E,S,1,1,|QY(E,, £ho)v,L,F,8,1,J,)=(~1)"""

Ik ] L J S
X (21 +1) (v.L
-J, 0 1, J L k

z

(12)

QY(E,, +ho)

v, L>

The reduced matrix element of the two-photon operator is expressed further in function of the

reduced matrix elements of the dipole operator :

<V,LHQ(k)(E‘fL + h(OMVy L> _ (_ 1)k+3L (2L + 1)

N2k +1
? 1kpqwmnwawv (13)
£y L L L (B, £ho)—Eg.
v',L"

><LlL"L"lL
00 OO O O

As this contribution addresses transitions between low-lying rovibrational energy levels of the
1so, electronic state that are in the terahertz and infrared domains, o} (o) values are calculated by
taking into account off-resonant couplings up to the v=8 vibrational level. The transitions
between these energy levels to excited electronic states are in the UV and VUV domains,
therefore of (o) are neglected for the couplings driven by the THz-wave or the infrared laser. On
the contrary, the cooling laser and the dissociation laser drive resonant couplings to the excited
2po, state and the electronic contribution to the dynamic polarisability is dominant. In this case,
a, (o) for (v,L)=(0,0) are calculated directly from the frequency dependence derived in [17]. The
dynamic polarisabilities for (v,L)=(0,2) and (v,L)=(2,0) are determined from the adjustment of

some values for the v=0 and v=2 vibrational levels provided by [17] using a quadratic dependence



on the rotational quantum number o, (0)= 0, _o(0)+8a, (0)xL(L+1). The hyperfine structure is not

taken into account in the calculations of the dynamical polarisabilities in the UV domain. The
lightshift parameters for selected hyperfine components of the two-photon rotational transition are
derived subsequently and displayed in Table III. The lightshifts are estimated separately for
interaction with a THz-wave with an intensity of 76.7 mW/cm?, an infrared laser with an intensity
of 38.7 W/em?, an HD" dissociation laser at 175 nm with an intensity of 6.1 W/cm®, and an Be"
cooling laser at 313 nm with an intensity of 0.8 mW/mm?®, respectively. These partial lightshifts
are added to yield the total lightshift of each transition.

The lightshifts of the selected hyperfine components of the rovibrational transition induced by
the infrared laser are -1.1 Hz, that corresponds to an accuracy of 1.9 x 10™*. Probing in the same
time the rotational transition is not required, although that has some advantages (see next section).
The lighshifts induced by the THz-wave are comparable (-1.5 Hz for the transition between the
stretched states) or significantly smaller (3.8 mHz for the transitions between J,=0 levels). The
lightshift induced by the dissociation laser is -0.1 Hz and the lightshift induced by the Be" cooling
laser is -1.3 mHz.

The lightshifts of the hyperfine components with J,=0 of the rotational transition induced by the
THz-wave are from 11 mHz to 0.2 Hz. Moreover, the transition between the stretched states
displays a lightshift of -2.4 mHz, that corresponds to 1.2 x 10" accuracy. Unfortunately, the
REMPD detection scheme requires an infrared laser that induces lightshifts from -3.8 Hz to -4.3
Hz, for the transitions between J,=0 levels, and -0.9 Hz for the transition between the stretched
states, respectively. The lightshift induced by the dissociation laser is estimated at -1.5 mHz and
the lightshift induced by the Be" cooling laser at -20 pHz. Cancellation of the total lightshift of
the components of the rotational transition between hyperfine levels with J,=0 can be achieved
using an adjustment of the intensities of the THz-wave and the infrared laser, as suggested in [30].

The drawback of this approach is a possible reduction of the dissociation signal.

III. DOUBLE RESONANCE TWO-PHOTON SPECTROSCOPY

The proposed spectroscopy scheme with trapped HD" ions addresses conjointly the two-photon
rotational transition (v,L)=(0,0)—(0,2) and the two-photon rovibrational transition
(v,L)=(0,0)—(2,0). The detection is based on the photodissociation of the (v,L)=(2,0) level. The
interaction with blackbody radiation recycles continuously population in the ground vibrational
level. The change of the population in the rovibrational levels induced by the two-photon

transitions is detected on the photodissociation signal. The intrinsic linewidths of the lasers and of
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the THz-wave are assumed negligible. The hyperfine structure is not taken into account in this
section.

The transition rate for the two-photon rovibrational transition is assumed at Tapn, = 10 s~ that
corresponds to a 5.36 um infrared laser intensity estimated at 38.7 W/cm”. The two-photon
rotational transition rate is estimated at I'ppn,=2 X 10° s! for a THz-wave intensity of 76.7
mW/cm? that can be provided by a THz quantum cascade laser (QCL) emitting at 152.3 pm.
Direct phase-locking of the THz QCL to the primary frequency standard is feasible using
frequency multiplier technology based on Schottky diodes [31]. Dissociation of HD" ion from
v=2 may be driven conveniently with radiation at 175 nm [32]. The dissociation rate assumed
here at I';c=200 s ! may be reached with an intensity that is estimated at 6.1 W/em?. Obtaining
such intensity may be feasible by frequency quadrupling of an amplified diode laser system at
700 nm and proper focusing of the 175 nm radiation or a sum frequency generation approach
similar to [33]. A more practical alternative would be to exploit a high-power commercially
available laser at 532 nm to dissociate HD" ions in higher rovibrational levels. Convenient
REMPD schemes would involve, for example, excitation of (v,L)=(2,0)—(4,1) with an infrared
laser at 2.95 pum and dissociation with the second harmonic at 266 nm, or excitation of
(v,L)=(2,0)—(8,1) with an infrared laser at 1.11 um and dissociation at 532 nm. The dissociation
cross sections in these cases are similar with the value reached with 175 nm radiation [32]. The
drawbacks of these alternatives are a possible reduction of the accuracies of the two-photon
transitions by the lightshifts induced by the additional infrared laser. The trapped HD" ions are
initially in the (v=0, L=0,...,5) levels with a population distribution determined by thermal
equilibrium with blackbody radiation at 300 K. These levels are coupled with BBR-driven E1
rotational transitions. The transition rates from the higher (v’,L’) to the lower (v,L) level depend

on the Einstein coefficients for the spontaneous emission A)l', the stimulated absorption B:.,
and the stimulated emission B!{", respectively. Upon application of the THz-waves, the infrared

and the dissociation lasers, the time dependences of the populations in different rovibrational
levels py(t) and in the dissociated state pops(t) can be calculated with a set of rate equations
depending on the two-photon transition rates given by Eq. (5) expressed with the values at

resonance Iy, v and the two-photon transition detunings 6., :

10



dt + B:Z?»tﬂ WT (mv:O;LJrLL )
A+ B Wi (0,000 P
+ Biiﬁf‘ W, (U)V:O:L,L—l )X (l =08, )p v=0,L-1
r,,.X 2 /4

+ 8»«)8 L2 M (pv:O,L:O “Py=01=2 )
Iy ng /4
4302 +T72, /4
LyppX Fi(, /4
4302 +T72, /4
dp._yio _ | ISR F§0/4

dt 4302 +T2 /4
- (rdiss+ rzo )pv:Z,L:();
dpyy, (14)

a L issPy=21-0

dp,o; [(Ai-ﬁjil + BzigthT (O‘)v:O:L.L—l ))X (1 =81, )]
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(P v=0,L=0 " Pv=0,L=2 )

The spectral energy of the blackbody radiation at temperature T at the angular frequency of a
rotational transition is denoted Wr(w). Transition rates to excited rovibrational and electronic
levels are assumed fast enough to neglect spontaneous decay to lower energy levels. The
calculations use the radiative linewidths I'p2 ¢ derived from the lifetimes of the HD" rovibrational
levels given in [34]. The rate equations are numerically integrated, by assuming
2y pvL()tp2ps(t)=1. The dependence of the photodissociated fraction on the two-photon
rotational detuning, when the infrared laser is tuned at the two-photon rovibrational resonance, is
shown in Figure 3(a). The lineshape is well adjusted by a Lorentzian with 447 mHz full width at
half maximum (FWHM) linewidth. The rotational spectrum is superposed on a small flat baseline
determined by the rovibrational excitation. The resolution is 2.3 x 10", that improves by three
orders of magnitude the resolution predicted for two-photon rovibrational spectroscopy of trapped
HD" in the Lamb-Dicke regime [11]. The dependence of the photodissociated fraction in function
of the two-photon rovibrational detuning with or without coupling on the two-photon rotational
resonance is displayed in Figure 3(b). The lineshapes are well adjusted by Lorentzians with full
width at half maximum (FWHM) linewidths of 12.1 Hz and 20.0 Hz, respectively. Probing the
rovibrational transition conjointly with the rotational transition is not required in this detection
scheme but allows signal narrowing and enhancement.

The contrast of the two-photon rotational line is defined as C=(P2ps res-P2ps,0)/P2ps,0 1 function
of the photodissociated fraction at two-photon rotational and rovibrational resonances pape.res and
the baseline due to the rovibrational excitation pa,.0. The dependence of the contrast on the two-

photon rotational transition rate is shown on Figure 4, left-axis. Here, the THz-wave and the

11



infrared laser are tuned at the two-photon rotational and rovibrational resonances. For the same
transition rates, the contrast is enhanced by an order of magnitude comparing to the contrast
obtained in the spectroscopy scheme based on the (v,L)=(0,1)—(0,3) and (v,L)=(0,3)—(9,3)
transitions [12]. As shown on Figure 4, right-axis, reduction of the transition rate allows to
decrease the linewidth of the rotational line by an order of magnitude to a few tens of mHz by
maintaining the same contrast. The rate equation model does not take into account coherence
effects and ion motion in the trap. A more accurate lineshape may be derived by using the density
matrix representation and by solving the optical Bloch equations in the multilevel system [11].
That will allow to describe conjointly the effects of micromotion, power broadening,
photodissociation and interaction with the BBR and may lead to broader lines than those

calculated with the rate equation model.

IV. DETERMINATION OF FUNDAMENTAL CONSTANTS

The comparison between ab-initio calculations and experimental frequencies of two-photon
rotational and rovibrational HMI transitions, following the approach of CODATA least-squares
adjustment [14], may provide a determination of fundamental constants. There are two
requirements for doing this comparison. First, the theory should characterize correctly the
molecular system and the experimental frequencies should not be altered by the measurement
procedure. Second, the theoretical prediction and the experimental data should agree within their
uncertainties. As a general rule, if the frequency uncertainty is the same, an increase of the
number of transitions used in the comparison may improve the determination of fundamental
constants.

Quantum electrodynamics allows to express the energy levels of HD" ions as a series expansion

- E e (e Hap )+ 07 Foen (0 e b ) (15)
"L A8 /a0 P+ AT G20 )

that depends on the Rydberg constant R., the proton-to-electron mass ratio p,. = Mp/m,, the
deuteron-to-proton mass ratio p4, = Md/M,, the fine-structure constant a, the proton radius rp, the
deuteron radius rg, and the Bohr radius ay = a/4nR.. The first term corresponds to the
nonrelativistic energy, the next term to a series expansion of corrections that are ordered in

function of the QED parameter o, the relativistic parameter Z, 40 expressed with the nuclear

12



charge Z, 4, and the recoil parameter m./M, 4. The last terms, depending on the Bohr radius, are
associated to the finite-size of the proton and the deuteron. Energy levels of H,” may be expressed
in a similar way in function on R, ppe and 1.

The sensitivity coefficient of a transition frequency f to a constant c is :

_go(df) (16)

©fy \de ),

Here, the frequency f; is calculated with the set of the recommended values of fundamental
constants {co} given by CODATA. Table IV shows the sensitivity coefficients for selected two-
photon HMI transitions which are calculated here using the dependences on fundamental
constants of different terms in Eq. (15). The sensitivity coefficients to p,. and pg, are derived
using non-relativistic calculations of OE/Oln(ppedp) from [35,36]. The recoil corrections have
negligible contributions to these sensitivity coefficients. Sensitivity to a is not addressed in this
contribution and the sensitivity coefficients to R, are assumed equal to 1. The sensitivity
coefficients to r, and rq are derived using finite-size correction parameters from [2]. The
calculated values of the sensitivity coefficients for transitions N° 1-9 agree with the results of
[37].

The uncertainty of the determination of fundamental constants depends on the accuracy of the
experimental frequencies and the accuracy of the theoretical calculations. The accuracy of HMI
spectra can be estimated by considering the signal-to-noise ratio obtained in actual experimental
setups and the expected linewidth for two-photon spectroscopy. The rovibrational lines may be
measured with an accuracy of 10™'% [9]. The accuracy of the rotational lines is assumed at 5 X
107", The theoretical calculations may reach an accuracy estimated at 3 x 10™'* [37].

The dependence of the transition frequencies on the constants is linearized and expressed in a
matrix form Y = AX, where Y = {y1,y2,...,yn1} 1s a column of N; elements y; = (fi—fi9)/fio, and X
= {X1,X2,...,Xn2} 18 a column with N elements x; = (¢;—Cj0)/cj0,- A 1s the sensitivity matrix of size
NixN, with elements a; = d(Infy;)/d(Inco;). The covariance matrix G of the solution X is

expressed in terms of the covariance matrix of the input data V and the sensitivity matrix as :
G=(aTvA)" (17)
The covariance matrix of the input data V is constructed as follows : the uncertainty is the root-

13



mean-square sum of the experimental and theoretical uncertainties and the covariances are given
by the covariances of the predictions. It is assumed that the experimental frequencies are not
correlated and the correlation coefficients of the predictions are equal to 1. Non-zero covariance
arises from the uncalculated terms in the energy levels that are expressed as a particular constant
multiplied by the common factor arising, for example, from the overlapping of the electron
wavefunction with the extended nuclear charge distribution. The use of the relative values and of
the sensitivity coefficients has the advantage to provide a simple expression for the solution in the

linear approximation :

X=GATvVly (18)

The uncertainties of the determination of fundamental constants are calculated for different
combinations of H," and HD" transitions. The values of R.,, Hpe, Hdps Ip, T4 May be derived from an
adjustment of transitions N° 1-8 shown in Table IV. The results are displayed in Table V on the
first line. This adjustment provides a way to improve the accuracy of p,. by an order of magnitude
and the accuracy of g, by a factor of 20, comparing to the relevant values from CODATA 2014
[14]. The accuracies for the determination of R, r,, rq are comparable with the corresponding
CODATA 2014 values. This approach yields a determination of fundamental constants that is
independent on previous results. As the uncertainties of the determination of proton and deuteron
radii are smaller than the known discrepancies [38], this approach may provide a new insight into
the proton radius puzzle.

An accurate determination of r, and ry may be provided by muonic hydrogen and muonic
deuterium spectroscopy. If the proton radius puzzle is solved, one can use atomic spectroscopy
values for r,, rq in the adjustments of HMI transitions. For example, the adjustment of 4
transitions (second line in Table V) allows determination of three constants (R., [pe, Map). The
accuracies are improved by factors of (2, 79, 44) compared to the relevant CODATA 2014 values.
Finally, if R, 1, rq are determined accurately in atomic spectroscopy, the adjustment of three
transitions, shown on the third line of Table V, yields values of n,. and pg, with accuracies
improved by factors of (68, 42) compared to the relevant values provided by CODATA 2014.
Note that the use of two two-photon rotational lines and a two-photon rovibrational line in the
adjustment improves the accuracy for pp. and pgp by a factor of 5 comparing to a previous result
that uses two two-photon rovibrational lines [37]. Adding rotational transitions to the adjustment

is advantageous for improving the determination of fundamental constants because their

14



sensitivity coefficients are by two times higher than the relevant sensitivity coefficients of the

rovibrational transitions.

V. CONCLUSION

A double resonance two-photon spectroscopy scheme with trapped and sympathetically cooled
hydrogen molecular ions is exploited for a determination of fundamental constants. This
contribution discusses the detection by photodissociation of a two-photon rotational transition and
a two-photon rovibrational transition on cold trapped HD" ions. The two-photon lineshapes are
calculated using a rate equation model for HD' ions populations. The spectroscopy scheme
provides a resolution at the 107" level. The proposed experimental approach uses equal-frequency
counterpropagating THz and infrared waves for probing HD" transitions, a HD" dissociation laser
at 175 nm and a 313 nm Be" ion cooling laser, that shift the frequencies of the two-photon
transitions due to the AC-Stark effect by an amount that is carefully estimated. The lightshifts for
selected hyperfine components of the rovibrational transition are at the 10™* level. The lightshifts
for the hyperfine components of the rotational transition, estimated at the 10™'* level, are imposed
by off-resonant couplings of the infrared radiation used in the REMPD detection scheme. The
Zeeman shifts are in the range from the 10™® to 107" level for selected hyperfine components of
the rovibrational transition, and from the 10" to 102 level for selected hyperfine components of
the rotational transition.

The experimental accuracy with two-photon transitions of hydrogen molecular ions is estimated
with signal-to-noise ratio and linewidth considerations at the 10™'* level, which corresponds also
to the level of accuracy of ab-initio energy level calculations. The comparison of experimental
data and theoretical calculations may provide an independent and accurate determination of the
Rydberg constant, the proton-to-electron mass ratio and the deuteron-to-proton mass ratio,
respectively. It allows a determination of the proton and deuteron radii by molecular
spectroscopy. Depending on possible issues of the proton radius puzzle, the two-photon
spectroscopy of hydrogen molecular ions may lead to an improvement of the determination of the

proton-to-electron mass ratio and deuteron-to-proton mass ratio at the 10~ level.
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Figure captions

+

Fig. 1. Hyperfine structure of the HD  ion energy levels. The values of the hyperfine-free

rovibrational energies are subtracted.
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Fig. 2. Average of the squared two-photon reduced matrix elements, in atomic units, for the
hyperfine components of (a): the rovibrational transition (v,L)=(0,0)—(2,0), and (b): the
rotational  transition  (v,L)=(0,0)—(0,2), respectively. Excitation with m—polarized
counterpropagating waves. The spectra are centered on the hyperfine-free frequencies from Table
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Fig. 3. (a) Spectrum of the two-photon rotational transition (magenta line) at the two-photon
rovibrational resonance. (b) Spectra of the two-photon rovibrational transition calculated with
(red line) and without (blue line) the THz-wave tuned at the two-photon rotational resonance.
FWHM linewidths are shown on the plots. Parameters used for calculations Iy, ~2000 s'l,

Topny=10 s, T4is=200 s, REMPD time 10 s.
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Table captions

Table I: Reduced matrix elements of the two-photon operator for the transitions (v,L)—(v’,L’) in

atomic units.

v L v’ L’ Frequency (THz) 0%, (a.u.) @, (au.)
00 0 2 1.968 1367.669 0
00 2 0 55.909 0 2.329

Table II: Zeeman shift coefficients for selected hyperfine components of the two-photon
rotational and rovibrational transitions. (a) transitions between J,=0 states. (b) transitions between

stretched states.

(a)
v,LF,S,J.J. VILLFLSLJLT. ANy, (HZ/GP)
0,0,0,1,1;0 0,2,0,1,3;0 -1062.0
0,0,1,0,0;0 0,2,1,0,2;0 3100.0
0,0,1,1,1;0 0,2,1,1,3;0 -3786.0
0,0,1,2,2;0 0,2,1,2,4:0 16084.5
0,0,0,1,1;0 2,0,0,1,1;0 -48.0
0,0,1,0,0;0 2,0,1,0,0;0 -409.0
0,0,1,1,1;0 2,0,1,1,1;0 342.0
0,0,1,2,2;0 2,0,1,2,2;0 114.5

(b)
v,LF,S,J.J. VIL\E'\S' 5T Ang (Hz/G)
0,0,1,2,2;2 0,2,1,2,4;4 -555.9
0,0,1,2,2;2 2,0,1,2,2;2 0.01
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TABLE III: Lightshift coefficients for hyperfine components induced by radiation tuned at the
hyperfine-free frequency of a two-photon transition (v;,L;)—(v2,L,), by the dissociation laser,

and by the cooling laser, respectively. The coupling is with radiation with standard polarisations

P1, Pa2.

WLFSJJ. V.L'F'S'JJ. vi L v, L pi p» Ans(Hzem” /W)
0,0,0,1,1;0  0,2,0,1,3;0 0 0 0 2 0 0 1374
0,0,1,0,0;0  0,2,1,0,2;0 0 0 0 2 0 0 0.110
0,0,1,1,1;0  0,2,1,1,3;0 0 0 0 2 0 0 1374
0,0,1,2,2;,0 0,2,1,2,4;0 0 0 0 2 0 0 1916
0,0,1,22;2  02,1,2,4:4 0O 0 0 2 1 -1 -3271
0,0,0,1,1;0  0,2,0,1,3;0 0 0 2 0 0 0 -0.103
0,0,1,0,0;0  0,2,1,0,2;0 0 0 2 0 0 0 -0112
0,0,1,1,1;0  0,2,1,1,3;0 0 0 2 0 0 0 -0.103
0,0,1,22;0  0,2,1,2,4:0 0 0 2 0 0 0 -0099
0,0,1,22;2  02,1,2,4:4 0 0 2 0 1 -1 -0.090
(v,L)=(0,0)  (v,L)=(0,2) 175 nm 0 -2.54x10™
(v,L)y=(0,0)  (v,L)=(0,2) 313 nm 0 2.51x10™
00FSJ;,0 20FSJ:0 0 0 0 2 0 0 7401
00FSJ;0 20FSJ:0 0 0 2 0 0 0 -1.74x107
0,0,1,2,2;2  2,0,1,2,2;2 0 0 0 2 1 -1 -380x107
0,0,1,2,2;2  2,0,1,2,2;2 0 0 2 0 1 -1 281x107
(v,L)=(0,0)  (v,L)=(2,0) 175 nm 0 -1.66x10
(v,L)=(0,0)  (v,L)=(2,0) 313 nm 0 -1.61x10
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TABLE IV: Sensitivity coefficients to constants for two-photon transitions of HD" (lines n° 1-

4,9) and H," (lines n° 5-8,10).

N v L v L' Ky Kouap 10°%K,,  10'xK,q
1 0 00 2 -09848 -0.3284 -1.0581  -6.3355
2 0 1 0 3 -09808 -03271 -1.0547 -6.3151
30 12 1 -04601 -0.1534 -0.6192  -3.7012
4 0 39 3 -0352 -0.1175 -0.5880  -3.5000
5 0 21 2 -04657 0 -1.2400 0
6 3 24 2 03652 0 -1.1730 0
7 5 26 2 -02801 0 -1.1330 0
8 6 27 2 -02279 0 -1.1140 0
9 0 02 0 -04612 -0.1538 -0.6200 -3.7054
10 0 00 2 -09819 0 21123 0

TABLE V: Uncertainties for determination of fundamental constants with adjustments of two-

photon transitions of hydrogen molecular ions from Table IV.

N° transition in adjustment Ax(R.)  Ax(upe) Ax(ugp) Ax(r,)  Ax(rq)

<10 x10"  x10"  x10°  x10°
1,2,3,4,5,6,7,8 0.84 0.78 0.55 8.2 3.3
1,4,8,10 0.31 0.12 0.21
1,8,10 0.14 0.22
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