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The research presented in this paper is about the question, if and how the phrasing of a proving task influences students' proof productions. In our study, 381 first-year preservice teachers were asked to work on a proof questionnaire involving two proving tasks, where the phrasings "prove that", "show that", "reason", and "explain" were used alternatively. Students' proof productions were analyzed concerning the kind of reasoning, the use of algebraic variables and the number of words used. While we found statistically significant differences in the proof productions for the easier first task, there were no remarkable differences in the case of the harder second task.

Introduction

The learning about proof and proving is considered to be a main hurdle for beginning university students. Several studies have been conducted to describe and to analyze the low proving competences of freshmen (see [START_REF] Gueudet | Investigating the secondary-tertiary transition[END_REF] for a good overview). Despite these results, only little effort has been made to investigate the relationship between research results, the teaching of proving and the proving tasks used in research. [START_REF] Dreyfus | Why Johnny can't prove[END_REF] gives a description of several aspects that have to be considered in the teaching of proving. Dreyfus concludes (p. 103):

The examples in Section 2 provide ample room for questioning what is expected by the different formulations used, including 'explain' [..], 'justify' [..], 'prove' [..], and 'show that ' [..]. Does 'show that' mean 'formally prove' or 'use an example to demonstrate that' (or something intermediate between these two)? Does 'explain' mean explain to a fellow student or explain in such a way as to convince the teacher that you understand the reasoning behind the claim?

It was this idea of Dreyfus that made us conduct a study on how students' proof constructions vary due to the phrasing of the proving tasks. We chose the four phrasings "prove that", "show that", "reason" and "explain" to investigate possible systematic differences concerning students proof productions. While "prove that" and "show that" are genuine phrasings in proving tasks, "reason" and "explain" are also phrasings that are used in studies to investigate students' proof competencies. In this paper, we will describe our research project and outline the main results of this study.

Theoretical background

There are various phrasings that can be used to formulate a mathematical proving task. In the German school system for example, the concrete phrasings are meant as follows (KMK, 2012; our translation; the added words in quotation marks are the German translation of the former phrasing):

 to prove ["beweisen"]: to verify statements mathematically by using known facts and deduction, starting from the assumptions given  to show ["zeigen"]: to verify statements by using valid forms of reasoning, calculations, derivations or logical connections  to reason ["begründen"]: to trace data back to principles or to causal connections by using rules and mathematical relationships  to explain ["erklären"]: to clarify and to make comprehensible data by using personal knowledge and to arrange it reasonably into mathematical relationships So, there are some definitions or specific requirements combined with these phrasings. Following this differentiation, the mathematical solutions could vary in some detail due to the phrasing used to formulate a mathematical task.

In the mathematical classroom, the meaning of the different phrasing of a mathematical proving task can be considered to be an aspect of sociomathematical norms in the sense of [START_REF] Yackel | Sociomathematical norms, argumentation, and autonomy in mathematics[END_REF]. In the concrete learning contexts, the teacher and the students negotiate what is accepted, when a reasoning, an explanation, or a proof is asked for. Accordingly, the students learn in their daily mathematical class, what they have to do, when dealing with a task starting with "prove", "show", "reason", and "explain". In this sense, the way students are responding to a specific mathematical (proving) task is a result of a socialization process. This perspective offers the very possibility of existing effects concerning students' proof productions when using different phrasings in proving tasks and also makes it possible to give an explanation for them.

In line with the theory of sociomathematical norms, semiotic norms have to be considered. The concept of semiotic norms covers the idea that people may develop preferences concerning communicating ideas (e.g. with mathematical symbols, using representations or giving concrete examples) when being confronted with a given and known formulation of a task. [START_REF] Kempen | Pre-service teachers' perceptions of generic proofs in elementary number theory[END_REF] transferred the idea of [START_REF] Dimmel | What details do geometry teachers expect in students' proofs? A method for experimentally testing possible classroom norms[END_REF] to explain students' preference of using algebraic variables when being asked "to prove" a mathematical statement. There are some suggestions in the literature that the phrasing of a mathematical task influences students' solutions. [START_REF] Schupp | Zur didaktischen Analyse des Teilungsproblems[END_REF] discusses the 'problem of points' and gives several examples how students' solutions may vary in reference to a specific phrasing of the task. Knipping et al. (2015) adopt this idea and compare several phrasings of the same task to discuss different solutions obtained in different studies.

The authors also consider the influence of sociological factors: students' solutions in different school contexts (grammar school class and comprehensive or mixed school ["Oberschule"]) differed clearly from each other. Finally, it seems reasonable to link the phrasing of a mathematical task with emotions on students' side. Hemmi (2006, p. 145) showed that while most of the students felt positive when being asked to solve a task starting with "Show that…", about 40% of them stated a negative feeling. One might conclude that a negative feeling concerning a given task may lead to the result that a student might not seriously try to answer the task.

The theoretical considerations above led us to consider several hypotheses. Students may link different phrasings of proving tasks with different mathematical activities. According to the meaning of the phrasing "show that" in common speech (in German it is "Zeigen Sie"), this phrasing may lead to an answer of a proving task, where a student is justifying a given claim by only testing one or more examples. Whereas this phrasing might lead to an empirical-inductive answer, a phrasing like "reason" is considered to evoke the formulation of arguments (compare research question 1). In line with the idea of semiotic norms, the different phrasings of proving tasks may lead to the use of different notational systems. One might assume that "prove that" may lead to the use of algebraic variables, whereas "explain" might be combined with the use of (verbal) language (compare research questions 2 and 3). For a deeper analysis of the data we also considered social factors (like gender, age, former math courses at school, …) and also investigated the data concerning the use of word variables, the use of representations, the use of concrete examples, quality of deductive approach and the structure of the proof. But due to the length of this paper, we will only report on the aspects "kind of reasoning", "use of algebraic variables" and "number of words used".

We finally came up with the following research questions:

1. In how far do students' proof attempts vary significantly concerning the kind of reasoning used (empirical-inductive or deductive) with respect to the phrasing of the task? 2. In how far does the occurrence of (algebraic) variables vary significantly with respect to the phrasing of the task? 3. In how far does the number of words students used vary significantly with respect to the phrasing of the task?

Methodology

Following the winter term in October 2015 in Germany, 381 mathematical freshmen, who took part in a degree program leading to different teacher accreditations at the Universities of Gießen, Münster and Paderborn, participated in this study. These students were asked to work voluntarily on an anonymous entrance test. All students were told, that their results would not affect their marks in any ways.

The mathematical statements used in this survey arise from the field of elementary number theory. Both tasks were chosen due to their manageable amount of mathematic operations as well as their contiguousness to topics dealt with in German grammar schools and are as follows:

(1) The sum of an odd natural number and its double is always odd and (2) The product of three consecutive natural numbers is always divisible by 6. Each proving task allows for different approaches, e.g. generic or formal solutions. The first statement can easily be proven by making use of generic examples, by using figurate numbers, or by using algebraic variables (see for example [START_REF] Kempen | Pre-service teachers' perceptions of generic proofs in elementary number theory[END_REF]). We felt the need to include a task that is as easy to understand as the first one, but harder to prove, because in the case of the second task, the mere use of algebraic variables and respective computations does not automatically lead to a proof of the statement ( ). Here, some additional arguments are necessary to prove the given claim. In this case, a narrative justification seems to be the simplest way of proof. One possible narrative proof for this task might be: If you have three consecutive numbers, one will be a multiple of 3 as every third number is in the three times table. Furthermore, at least one number will be even and all even numbers are multiples of 2. If you multiply the three consecutive numbers together, the answer must have at least one factor of 3 and one factor of 2. Accordingly, the result will always be divisible be 6 (compare with [START_REF] Healy | A study of proof conceptions in algebra[END_REF]. Each statement was introduced with one of the phrasings "Proof", "Show", "Justify", and "Explain". This allowed for twelve different questionnaire versions in total, as identical operators were excluded. Furthermore, in order to prevent cheating, different colored sheets of paper were assigned to the twelve versions of the questionnaire. Having developed an initial questionnaire, this prototype was piloted in mathematical courses for teacher education at the Justus Liebig University Giessen and the Westphalian Wilhelms-University Münster in May 2015 (N=48). We used the following set of categories to identify the kind of reasoning (see research question 1). Here, the category "empirical-inductive" comprises two aspects. Any mere testing of one or more concrete examples without further arguments or ideas is located in this category. Furthermore, inductive approaches, where the truth of the given statement is asserted on the basis of purely empirical considerations, belong to this category. We combined these two aspects to one category to stress the overall difference to deductive approaches. It has to be mentioned that this distinction of empirical-inductive and deductive reasoning is independent from the correctness respectively the completeness of the argument given; an incorrect deductive argument still counts as deductive. ) deductive The student mentions ideas or further arguments that could be used to prove the statement.

Moreover, the mere use of algebraic symbols is considered to be a kind of deductive reasoning.

(two times odd equals even odd + even equals odd accordingly, the claim is proved) Concerning the use of algebraic variables, we applied this code if any algebraic variable had been presented in the answer to a proving task or not. While the use of algebraic variables is measured as a category to code its appearance, we also counted the number of words used in students' proving attempts. In this case, we were not only interested in the appearance of words, because more or less any proof attempt will make use of some words somehow. Accordingly, we had to count the words to investigate a special kind of shift in students' proof attempts leading to more narrative approach-es. When counting the number of words used in an answer of the proving tasks, we did not count the words for structuring the proof production (like "example:", "proof:" or "q.e.d") or symbols (like "+" or "…"). Following this categorization, the first example given above in table 1 is considered to be an empirical-deductive answer, with no use of variables and zero words. The second example is a deductive answer without variables containing 14 words.

Results

The following results are based on the answers of 381 first-year preservice teachers at the University of Gießen, Münster and Paderborn. The results concerning the kind of reasoning in accordance to the given phrasings are shown in Figure 1. Concerning proving task (1), the percentage of empirical-inductive answers is the highest for the phrasing "show that" (26%) and the lowest for "explain" (17%). This difference is statistically significant with small effect size [Chi²-test, p=.021 with Cramer's V=.167]. In the second task, the results are quite different. Around half of the students give empirical-inductive answers. In this case, there is no statistically significant difference between the kind of reasoning in accordance to the different phrasings of the task. This might be due to the fact that the second task is harder to prove (see above). Accordingly, students might have only given examples because they did not know how to proceed otherwise.

When analyzing the data concerning the use of variables and the number of words used, we only referred to the answers making use of a deductive approach, as the 'empirical-inductive' proof attempts will obviously include no variables and contain fewer words. The results concerning the use of algebraic variables with regard to the deductive attempts in accordance to the given phrasings are shown in figure 2. Having a look at the answers to the first proving task, the phrasing "prove that" leads to the highest percentage of the use of algebraic variables (76%), followed by "show that" with 62%. Concerning students' proof productions for task (1), there are several statistically significant differences considering the use of algebraic variables with small and medium effect size (see table 2). One might assume that something like an implicit semiotic norm would lead to these differences. In task (2), the minor differences concerning the use of algebraic variables in accordance to the given phrasings are not statistically significant (Chi²-test). Here again, the students' problem in dealing with the second proving task can be considered as an explanation why no differences concerning the use of algebraic variables in accordance to the given phrasings could be observed. However, the results concerning task (1) hint that a construct like semiotic norms should be considered, because there, the use of algebraic variables differs in accordance to the given phrasings. P value (Chi²-test) effect size (Cramer's V) "prove that" vs. "show that"

.021 .158 "prove that" vs. "reason" <.001 .391 "prove that" vs. "explain" <.001 .376 "show that" vs. "reason" <.001 .241 "show that" vs. "explain"

.

.225

Table 2: Statistical data concerning the differences about the "use of algebraic variables" in accordance to the given phrasings. P value (Chi²-test) and effect size (Cramer's V)

Students used 25.68 words on average to answer task (1) and 18.83 to answer task (2) (see table 3).

Having a look at the arithmetic means of number of words used in accordance to the given phrasings in task (1), there are remarkable and statistically significant differences (see table 4). Whereas the phrasings "reason" and "explain" lead to an increased use of words (27.35 respectively 27.52 on average), "prove that" and "show that" lead to a minor use of words (14.83 respectively 13.11 on average). In this case, we consider the phenomenon of an increased use of words due to the phrasing of a proving task as a matter of semiotic norms. 

Summary and final remarks

The focus of this paper is on if and how the phrasing of a proving task might influence students' proof productions. In the case of the easier proving task (1) about the claim that the sum of an odd number and its double is always odd, remarkable differences could be observed. Here, the phrasing "show that" led to statistically significant more answers consisting only of empirical evidence compared to the phrasing "explain". While "show that" and "prove that" evoked the use of algebraic variables, "reason" and "explain" led to an increased use of words. While these differences could be observed in the case of the first task, there were no such results in the case of the second task. One explanation might be that the second task (about the divisibility by six of the product of three consecutive natural numbers) was too hard for the students. If the students do not know how to solve a problem in any way, they cannot vary concerning the way they prove the claim. This possible explanation is supported by the fact that much more students only gave empirical-inductive arguments to answer the second proving task (44% vs. 18% in the case of the first task).

Following our theoretical considerations, the differences in students' proof attempts in the context of task (1) can be explained by the framework of sociomathematical norms (in the sense of [START_REF] Yackel | Sociomathematical norms, argumentation, and autonomy in mathematics[END_REF]. Students had acquired throughout their daily (school) life and their mathematics classes what they are expected to do when being asked "to prove" a statement, "to show" that something is true, "to reason" or "to explain" a given fact. The emergence of respective sociomathematical norms evolves from the (implicit and explicit) discourse taking part in the classroom, where students and teachers negotiate their expectations and requirements. In the case of task (1), the phrasing "show that" led to statistically significant more empirical-inductive approaches than the phrasing "explain". As a result of sociomathematical norms, semiotic norms can be developed. Students might link a task or the phrasing of a task with the use of certain semiotic resources. In this study, the phrasings "prove that" and "show that" led to an increased use of algebraic variables, whereas "explain that" led to an increased use of words. While we claim, that certain sociomathematical norms have been developed concerning the area of proof and reasoning, we can only guess, which experiences have led to respective phenomena. Here, classmates and (mathematics) teachers will have played a decisive role when negotiating norms. However, other influences from real life might also have affected students' attitude and behavior.

To sum up, the phrasing of a proving task can influence students' proof productions. In this study we could identify differences concerning the kind of reasoning, the use of algebraic variables and the number of words used. This result should be considered in the teaching of proof and in the research in this domain. The teachers at school and at university should be aware of the fact that students seem to combine different (implicit) norms for phrasings of a proving task when designing tasks for their students. Researcher should consider the fact that the phrasing of a proving task might affect their research results when analyzing the data. But more research has to be done to get deeper into the effects different phrasings may evoke. Beside the formulation of task, also other aspects have to be considered, like social and sociological factors, individual preferences or mathematical thinking styles. These considerations have to be investigated by future research. Finally, as was shown above, the findings of this study seem to be closely related to the two tasks used in this study. More research is needed to confirm or to specify the results obtained in the context of different proving tasks in different domains.
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