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The article contains information about the preliminary results of pilot studies carried out by the author on 127 students aged 14 years in the period 2017-2018. The aim of the research was to check students' readiness to use formal operations while solving mathematical problems, as well as to check the correctness of the tool construction by means of which the author attempted to search for answers to the questions posed.

Introduction and theoretical framework

The development of mathematical concepts in school students is inseparable from their intellectual development. The order and methodology of their learning by a young person is organized in advance because learners at school work in accordance with curriculum programs planned by the authors of the textbooks which set the basis for development and cognition in each of the school subjects.

Development is a constant struggle with what we know and with new information on the path of adaptation, by balancing two processes of assimilation and accommodation. The first one is adapting new information of external origin to what the person already knows and is acquainted with, the second is adapting his knowledge to new information. Man builds new patterns, his intelligence develops. There is a kind of competition between accommodation and assimilation based on comparison, a process which is an important basis for the development of mental operations. According to Piaget, the child's development depends primarily on itself, on the actions it undertakes, which underlie thinking, or the continuous cognitive process. It consists of intellectual operations, mental operations as an action which is interiorized and, therefore, runs in the mind [START_REF] Piaget | The origins of intelligence in children[END_REF][START_REF] Piaget | To understand is to invent: the future of education[END_REF]Piaget, , 2005a[START_REF] Piaget | Language and Thought of the Child: Selected Works[END_REF].

As claimed by Piaget, this internalization takes place in four separate stages of the development of intelligence, linearly following one after another: sensorimotor stage, preoperative stage, concrete operations and formal operations. Everyone, regardless of their place of residence and the environment in which they grow up, goes through all the above-mentioned stages of development, in which reasoning changes from simple forms, strongly related to perception and performed activities, to forms implemented in the mind, abstract and hypothetical. These are qualitative changes, not quantitative changes, new behaviors are built on previous ones without eliminating the old forms but complementing and correcting them.

Piaget's research shows that not all people, regardless of where they live and what they do, reach the level of formal operations; it is also true that many of us do not use formal operations for many aspects of their lives (Przetacznik-Gierowska&Tyszkowa, 2000).

A person who thinks at the level of formal operations is characterized by:  abstract thinking, i.e. the ability to logically use symbols in relation to abstract concepts (without the need to link them with reality), hypothetical-deductive reasoning, and the development of thinking about abstract objects,  metacognition, or the skill of parallel reasoning and its monitoring; it is the ability to constantly reflect on one's own cognitive process,  the ability to logically and methodically solve problems, in particular those of mathematics.

In summary, the process of changing the way of solving problems, starting from specificoperational thinking and ending with formal-operational thinking, is long and tedious, begins at the age of 12 and lasts until 16-17. The manifestations of these changes are connected with the students using a different method of tackling tasks and problems (not only mathematical ones), adopting a different, new attitude open to hypothetical-deductive thinking. A student who solves a mathematical task becomes open to correct inference based on mathematical facts and theories with detachment from the specifics, is able to put forward hypotheses and tries to verify them, attempts to generalize his judgments. In his statements, he uses phrases such as "maybe" and "if", he is characterized by the ability to think logically and critically, displays the tendency to conduct discussions and disputes and to make inquiries.

The pace of changes in the process of cognitive maturation as well as the final effect of these changes are closely related to the natural and school environment in which the student was matured. The moment, the type and the strength of the stimulus which becomes provocation and motivation for development is important. Geometry is a perfect area for the observation of changes in the cognitive development process of a student. Being one of the oldest disciplines of mathematics, due to which the concept of proof and formal thinking developed, it is the foundation of many activities characteristic for mathematical formal thinking. Freudenthal wrote: "Greek geometry was the first proper embodiment of the idea of mathematics. Although mathematical activity, both in algebra and geometry, began two or three thousand years before Euclid, words such as theorem, assumption, proof, analysis, theory, axiom postulate, definition, and concepts that they signify are an invention of Greek mathematics" (Freudenthal, 1966, p. 83).

Today geometry still plays a secondary role in Poland, especially in the process of mathematics education. Its presence is more frequent than in 1964 but is still insufficient in the programs of mathematical studies and studies for teachers and corresponds with merely 120 hours during the whole 5 years of study (https://cutt.ly/MITprog). In elementary schools the geometry issues account for 30% of the content of textbooks. It is mentioned in the comments to the current curriculum that: "The second branch of mathematics which supports learner's mathematical development is geometry. Although it was indispensable to limit the teaching content in geometry (due to time constraints) the main its part, namely mathematical proofs, was kept in the elementary school curriculum" (Brodzik & Pruszyńska, n.d.).

Geometry requires many competences: imagination, ability to draw logical and rational inference, to reason, to form hypotheses, and to read the content of mathematical tasks with comprehension, as well as being acquainted with all representations of mathematical language -words, symbols and graphics. There is always a fear that illustrations will overshadow the awareness of rational, logical and deductive reasoning, based on the consciously used definition of the concept under examination, and not on the perception of its features based on a pictureready-made or drawn on one's own. In every mathematical discipline, but here in particular, each of three types of mathematical reasoning can be used when solving a mathematical problem. Full formal-operational reasoning is characteristic only for the formal reasoning, but the formal operations also occur in the intuitive reasoning, and their manifestations -in the empirical reasoning. Krygowska defines these types of reasoning as follows: empirical inference at the level of school education is the formulation of a mathematical hypothesis based on observation and experience in a specific physical space or on inductive tests already in the field of mathematics itself; student's reasoning is treated as intuitive in the field of mathematics if in the course of solving a certain problem he uses, above all, imagination, i.e. images of concepts which he considers, regardless of their formal definitions and carries out brief reasoning based on obvious premises, regardless of their correspondence within the given system; finally, we consider a student's reasoning as formal if in the course of solving the problem he realizes the accepted basis of deduction and tries to consciously derive any subsequent conclusions as precisely as possible from previously made claims and given definitions within a given system; uses definitions and theorems properly (Krygowska, 1977, pp. 441-45).

In his theory of intellectual development, Piaget determined that most students over the age of 12 apply formal operational thinking in a form specific for its early stage. However, research carried out in the 1970s in a sample of 10,000 British 14-year-old children revealed that the overwhelming majority of them, namely 80%, do not reach this stage [START_REF] Shayer | The distribution of Piagetian stages of thinking in British middle and secondary school children[END_REF].

It is necessary to check the present situation and determine the level at which Polish 14-year-old students currently reason, particularly now when we are in the curse of implementing curriculum and organizational reforms which aim at strengthening the development of application of reasoning and critical thinking. Professor Edyta Gruszczyk-Kolczyńska, who has been observing children demonstrating exceptional mathematical abilities and those who struggle with difficulties when learning mathematics for many years, writes in her books that one of the possible impediments in creative development of mathematics in case of Polish children can be a delay in developing formal thinking. The author has not come across any research containing discussion on these matters in Poland in recent years [START_REF] Gruszczyk-Kolczyńska | Dzieci ze specyficznymi trudnościami w uczeniu się matematyki [Children Specific Difficulties In Learning Mathematics[END_REF][START_REF] Gruszczyk-Kolczyńska | O dzieciach matematycznie uzdolnionych [About Mathematically Gifted Children[END_REF]. She undertook to study the manifestations of formal thinking characteristic of Polish students. Some research and articles in world literature attach crucial importance to the choice of concepts of teaching geometrical terms at every educational level which aim at the activation of reasoning and, later, providing correct and formal justification. Proofs and formal reasoning applied on the grounds of geometry are treated as a tool supporting the assessment of students' knowledge [START_REF] Swoboda | Early Geometrical Thinking in the Environment of Patterns, Mosaics and Isometries[END_REF][START_REF] Koleza | Primary and secondary students' argumentation competence: A case study[END_REF][START_REF] Pericleous | Play and pre-proving in the primary classroom[END_REF][START_REF] Soldano | Learning with the logic of inquiry: game-activities inside Dynamic[END_REF]Mączka, 2016). Training in teaching geometry is also emphasized as teachers, applying particular teaching techniques and organizational skills used to create active educational environment, are responsible for provoking appropriate attitudes of students (Mata-Pereira & Ponte, 2017).

Goals, organization, methodology and tools

The article will present the results of some pilot studies. They were conducted in two rounds: in 2017 on a group of 100 students from one junior high school in Poznań (these studies were part of the research carried out for the diploma thesis of Mrs. Monika Drgas, prepared under the supervision of the author of the article). The second part of the research was carried out in 2018 on a group of 27 pupils at the 7th grade from one primary school in Poznań.

Both pupils from elementary schools and students from junior high schools were surveyed at the same age, being 14 years old, and in the same period of the school year, i.e. in the second part of summer semester. In Poland an educational reform is currently implemented and it influences both the organization of the teaching process and the content of the curriculum. The foregoing 6-grade elementary school was transformed into 8-grade elementary school and existing junior high schools are being phased out. In 2017 14-year-old children were in the first year of junior high schools and, one year later, in the seventh year of elementary schools. The main criterion for the sample groups selection was age, then it was the textbook ensuring knowledge required to tackle the tasks and, obviously, the agreement of school directors, teachers and parents or legal guardians for children's participation in the survey. The research tool in the first round of tests consisted of three tasks, all of them come from a textbook for class 1, Gdańsk Educational Publishing. The goal of each of these tasks was to provoke students' reasoning to check or justify a certain mathematical regularity or fact.

The aim of the study, apart from checking the correctness of the tool's construction in order to develop a proper research tool, was to check the readiness of Polish students at the age of 14 to use formal operations during their mathematical reasoning provoked by geometry tasks requiring students to justify some statements. The tool used in the second stage of the study consisted of 6 tasks, all geometrical ones, two of the tasks from the first stage were used in the second study and one of them will be analyzed in this article. In each of the stages participants had exactly 45 minutes to solve the problems.

Task

This task checked the ability to carry out a full and correct analysis of the conditions of the task where all data was provided in the figure attached thereto, and then the way of following the instruction through the adopted reasoning and with the use of acquired knowledge. None of the variables needed to carry out the reasoning was given or named. Viewing the figure suggests the same length of certain segments but this fact is not stated in an obvious way (i.e. by using the same color, describing the length with the same variable). Therefore, the task enforces applying the formal operational thinking with reference to known facts, definitions and theorems, dependencies regarding the areas of flat figures, and test it.

Check what is the ratio of the area of shaded figures to the area of the rectangle.

As one can see in the task, the use of symbolic language of mathematics as well as of prior knowledge, and applying hypothetical-deductive reasoning, were indispensable to achieve a full, correct and formal solution. But was the formal-operational reasoning applied by the students?

Here there is a proposition (there are obviously more possibilities; they will not be all presented due to article length constraints) of a correct task solution reflecting capabilities of students at the 7 th grade (at the age of 14) and containing some manifestations of formal operations, such as logical usage of symbols, deductive reasoning, reflection and usage of abstract objects. This solution has been proposed by a student -future teacher of mathematics. The article presents brief description of the results and more detailed analysis of the selected students' solutions which represent different types of reasoning used by students. Due to the aim of the research, attention will be focused on the description of manifestations of formal operations.

Stage 1

Junior high school students mostly provided correct answers. More than half of the students wrote that the area of the shaded figure is half of the area of the rectangle, but they could not justify it.

Among 100 students participating in the survey, only 12 described the course of their reasoning in the answer sheet; hence only 12 cases were included in the table. 

Stage 2

Out of 27 participating in the study, only 11 pupils attempted to solve the task, not every one of them answered the question posed in the task, and those who did it, answered correctly. Most of the pupils did not carry out correct and full reasoning, certainly it was not the formal reasoning, students were not able to use symbolic language, the conclusions were based on intuition -often infallible but not supported by knowledge -and on specific activities, i.e. measuring the length of segments and indicating certain facts or approximate values. The student introduces his own indications corresponding to the areas; however, it is unclear why it is done. The student makes certain assumptions and does not explain this step. In addition, his observations are completely false, do not justify the equality of areas which do not look similar. The student combines a symbolic record with the text, equating them. He puts forward a hypothesis or a thesis on the basis of false premises. He does not attempt to prove the observed regularities and uses phrases -"when combined". In the process of reasoning one can notice some manifestations of formal operations and unsuccessful attempts to use them. Reasoning fully based on the perception of the figure treated as a specific object to be measured and explored. The student calculated the areas of shaded triangles, calculated the area of the rectangle and subtracted from it the sum of the areas of previously calculated triangles. The calculations do not confirm the fact which was to be proved. There is no reflection or comment, no other attempt to solve the task that could confirm or refute the results.

Analysis of selected student works

Exemplar solutions, the correct ones proposed by students and those provided by pupils, are available at https://drive.google.com/drive/folders/1HFo22kdJeG0SnhkwM7eM_lMCIqt9wDrZ Due to article length constraints they could not have all been included in the paper.

Conclusions

The conclusions presented below are related to manifestations of formal operations in the process of solving the problem selected by two groups of children participating in two stages of pilot studies.

The author refers to the type of reasoning applied by students and to manifestations of formal operations, i.e. logical usage of mathematical symbols, deductions, reflection and the types of actions performed in order to find a solution of the problem.

After the analysis of given responses, it appears that students:

 mostly gave the correct answer,  sometimes worked out solutions based on formal operations, but nevertheless  answers in the vast majority were not a result of formal / abstract reasoning,  answers were due to the perception of certain regularities which students perceived in the figure,  answers were often a consequence of specific actions performed with the use of a ruler, the segments were measured and although the results were often different, the correct answer was given,  pupils apparently saw no need to justify their statements,  students applied faulty reasoning,  students did not apply the rules of deductive reasoning,  pupils could not separate their reasoning from the specifics given in the figure,  pupils' intuition was often infallible but they were not able to give it up and apply formal reasoning.

Summary

The article presents the results of the pilot studies and conclusions drawn on their basis. It describes the readiness of students at the age of 14 to go through the process of solving a selected geometrical problem applying reasoning with the use of formal operations. To make it possible, students must know the properties of the figures as well as be sufficiently mature to conduct theoretical research and reflect upon it. Students should be able to use logical arguments, definitions and statements. Initial conclusions are unambiguous, the vast majority of students are not ready to reason deductively detaching from specifics, imaginary operations and specific activities, although according to Jean Piaget's theory of intellectual development after the age of 12 it should take place in mathematical thinking of students.

The analysis of the material collected during the proper research and an answer to the question whether the hypothesis formulated here will be strengthened or refuted is still ahead of the author. The proper tests were carried out on a sample of 1200 students.
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