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Polynomial Growth of high Sobolev Norms of solutions to the

Zakharov-Kuznetsov Equation

Raphaél Cote and Frédéric Valet
December 6, 2019

Abstract

We consider the Zakharov-Kuznetsov equation (ZK) in space dimension 2. Solutions u with initial data
ug € H?® are known to be global if s > 1. We prove that for any integer s > 2, ||u(t)||zs grows at most
polynomially in ¢ for large times ¢. This result is related to wave turbulence and how a solution of (ZK) can
move energy to high frequencies.

It is inspired by analoguous results by Staffilani [20] on the non linear Schrodinger Korteweg-de-Vries
equation. The main ingredients are adequate bilinear estimates in the context of Bourgain’s spaces.

We are interested in the 2D Zakharov-Kuznetsov equation

0 0z (A 2) =0, L xR2 =R

L u + ( U+ U ) u t T,y (ZK)
u(0) = ug € H*(R?)

where A = 92 + 85 is the laplacian on R?, the time interval I; 3 0 is the interval of existence. This equation has
been studied to model propagation, in magnetized plasma, of non-linear ion-acoustic waves, see [12]. (ZK) has
also been derived from the Euler-Poisson system in dimension d = 2 and d = 3 by Lannes, Linares and Saut in
[13], and from the Vlasov-Poisson equation by Han-Kwan [8].

This equation naturally enjoys some conserved quantities (at least formally) like the mass and the energy:

M(u) = 1/}}@ W2 (t,x,y)dedy, E(u) = 1/ <|Vu(t,x,y)|2 - ;u(t,x,y)ff) dedy.

2 2

The Cauchy problem of (ZK) has been first studied by Faminskii in [5], who showed local and global well-
posedness in H!(R?). This local well-posedness has then been improved in [15], and then by Molinet and Pilod
in [17] and independently by Griinrock and Herr in [7] who proved the local well-posedness in H*® for s > %
Recently, Kinoshita [11] improved this and prove local well-posedness in H*® for any s > —i, which is the sharp
exponent.

For s > 1, the mass M(u) and the energy E(u) are well defined and preserved by the flow. Due to a
Gagliardo-Nirenberg inequality, there exist a universal constant C' such that

Yo e HYR?), |v|3: < C(1+ E(v) + M(v)?). (1)

As a consequence (ZK) is globally well-posed, and the H' norm |u(t)|| ;1 remains bounded for all times.

One can naturally ask what happens for ||u(¢t)| g=. If for some s > 1, ||u(t)| = — +00, one speaks of energy
cascade phenomenon, which means that some energy move from low frequencies to high frequencies: it is an
important aspect of out of equilibrium dynamics, predicted and studied on a number of nonlinear dispersive
models, under the name of wave turbulence in the Physics literature. To the contrary, for integrable systems,
one expects that all ||u(t)|| g+ remain bounded.
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One should note that the proof of local well-posedness often allows to give exponential (or double exponential)
bounds on ||u(t)||gs. On the other hand, constructing a solution which displays an energy cascade phenomenon
is very delicate, we refer to the work by Hani, Pausader, Tzvetkov and Visciglia [9] for an example in the context
of Schrédinger type equations.

In this article, we prove that the H®-norm of a solution u of (ZK) equation grows at most polynomially for
large times.

Theorem 1. Let s > 2 be an integer and ug € H*(R?). Denote u the solution of (ZK) with initial data ug and

A =supysq |u(®)||gr. Thenu € C(R, H®) and for any 8 > 3%, there exist a constant C = C(s, 8, A), such that

vteR, u(t)llms < OO+ [t (L + [luollae), (2)

The start of the study of the polynomial growth of norms is due to Staffilani [20] in the context of non linear
Schrodinger and Korteweg-de Vries type equations, with ideas of Bourgain [1] and [2]. It was later extended to
many situations: let us refer to Sohinger [19] for the Schrodinger and Hartree equations, or Planchon, Tzvekov,
Visciglia [18] for the Schrodinger equation on a manifold, and the references therein.

The method of proof in [20] is to refine the local well-posedeness statement. Usually, what is proved is that
given uyp, there exist C,T > 0 such that one can construct a solution u on [—T,7T] and such that

vte [-T,T], |u®)|z: < Cllu0)] -

If C and T only depend on |jug||f1, one can use an iteration argument and obtain global well-posedness in
H? with an exponential bound on the H® norm. The heart of the method lies in the observation that, for
H?-norms (with s > 1), a similar bound can be obtained, but with a slightly better exponent on the H*® norm
on the right-hand side. More precisely, there exists ¢ > 0 and and two functions C, T : [0, +0c0) — [0, +00) (C
increasing, and T decreasing) such that for any solution u of (ZK), and for all 5 € R,

vt € [to = T([u(to) | ), to + T([ulto) )], u®)llzs < llulto)llzs + C(luto)| )1 + ulto) 7). (3)

The key point is that the time of existence T' and the amplification factor C' do only depend of the H' norm of
u, which is known to be uniformly bounded for all times, and so will essentially not depend on tg.

With the above improved bound (3) in hand, one can conclude the proof of Theorem 1 by a straightfoward
iteration argument, by working on the time intervals [k¥T'(A), (k + 1)T'(A4)] for k € N.

To derive estimate (3), one considers the integral formulation of the equation, and proves that the Duhamel
term enjoys a better behavior than the linear term. For this, [20] makes use of bilinear estimates due to Kenig-
Ponce-Vega in [10] in Bourgain spaces X%, [19] relies on the I-method (first developed in [4]), and [18] considers
high order modified functionals of energy type. In this paper, we will work in suitable Bourgain spaces and use
Strichartz estimates, bilinear estimates due to Molinet and Pilod [17], and a new bilinear estimate (Proposition
10) which is the main new technical tool.

The article is organized as follows. We recall in section 1 Strichartz estimates and embeddings between
Bourgain’s spaces and Sobolev spaces for (ZK), in order to fix notations. In section 2, we collect and prove the
bilinear estimates required to deal with the non linear term. In section 3, we prove a local well posedness result
with time of existence depending only on ||u(0)|| g1, and then we conclude the proof of Theorem 1.

1 Notations and basic facts

1.1 Notations

For z € C, |z| denotes the module of z, and for (z,y) € R?, we use the norm

|(z,y)| := /322 + 92,



(it is anistropic but convenient for our purposes). We denote by u the Fourier transform with respect to the
space and time variables, and the inverse Fourier transform by u" . The Fourier transform with respect to ¢ or
the space variables only will be respectively denoted F; (u) or Fyy (u). The derivatives will be denoted 9y, J,
or Oy.

For a general function P(t,z,y), we define the associated self-adjoint and positive differential operator by:

PIDI(t.9) = [ 1Pl i in)] 760 i € s

For instance, we will regularly use the differential operators D, for P = z, D, for P = y and D, for P =t
acting on frequencies:

Fay (D f) (&) = € Fzy () (§:m), Fay (Dyf) (§:m) = [0l Fay (F) (§;m),  Fi (Def) (1) = [71F: (f) (7).

1
We define the derivation operator S(D) with S(t,z,y) = (|(z,y)|) (where (a) := (1+a?)? is the Japanese
bracket), to the power s to define the Sobolev space H*(R?):

Fay (S(D)* ) (2,9) = (& Fay (F) (&m)s - [ f e = [1S(D)* fl 2 (4)

We will manipulate multi-indices at many places: they will always be denoted by a bold letter i = (iy,42),
with i; and is in N. Then we denote D! the differential operator with i1 derivatives on the x variable, and 9
on the y variable:

D'f(x,y) :== DL D2 f(x,y) = /RZ 17 | e ST Foy () (€, m)dEdn.

The length of a multi-index i = (i1,42) will be denoted by |i| := i1 4+ i2. We also use a partial order on
multi-indices:

j<i if 71 <1 and jo < g, and j<i if (j1+1,j2)§i01" (jl,j2+l)§i

The linear part of the equation (ZK) d;u + 0, Au = 0 induces a semigroup denoted W : R, — L£(L*(R?)),
defined by :

Foy W(t)u) (&, p) = ™M Fpy (u) (8,6, 1) with  w(& p) =€ (67 +12).

Similarly, this linear flow can be represented in space-time, which motivates the introduction of the function
F(t,z,y) := (|t + z(2? + y?)|) and the operator F(D) to the power b € R:

— ~

F(D)bf(ﬂfﬂ?) = <T - W(f,n)>bf(7,fa77)~ (5)

We then introduce the adapted Bourgain spaces. Given two indices s, b € R, the Bourgain space X *? takes into
account first the norm H* in space of a function u(t, z, y), and secondly how far away (H® in time) the solution
is from the linear flow: the associated norm is

[l = I1S(D)*F (D) ullz> = /ﬂ@(l(f,u)DQs(T — w(& ) a7, & p)|* drdéd,

where S and F are defined above in (4) and (5). X*? is the completion of the Schwartz functions of Ry x R2
for this norm.

Because of the conserved quantities, all the solutions u of (ZK) (even small) will not have finite X **-norm.
This is why we will consider solution to a version of the integral formulation of (ZK) which is truncated in time,
by the use of a smooth cut-off function. Let the non-negative smooth function ¢ equal to 1 on [0,1], and 0
outside [—1,2], and the T-dilated functions ¢r(t) = ¢ (%) We will always assume in the following that T < 1.



The truncated Duhamel operator is given by the following formula:

U (w)(t) := o1 ()W (t)uo + ¢T(t)/0 W(t—t)ort)?0, (w?) (')dt'. (6)

Observe that if we can construct a fixed point w such that ¥(w) = w, then w is a solution to (ZK) on the
interval [T, T] (with initial data w(0) = ug).

In order to prove the various (bilinear) estimates, we will need to work with a Littlewood-Paley decomposi-
tion. Let a positive and non increasing function xo in C5°([0, +00)), such that

xo(r)=1 ifr < %, and xo(r)=0 ifr> g
Let
r ) r
x(r) = xo (5) —xo(r) and VjeN, Xj(r) =X (27> .

We will use the following truncation operators, related to space and to the linear flow, recalling that |(&, u)| =

Py (u) = (xn (16 m)))a(r, €, 1)) and Qru = (xz ({1 — w(& w)) a(r, & ) - (7)

For b € R, we will sometimes denote b™ for any number b + ¢ with € > 0 small. Finally, given two functions
f and g (depending on space and/or time), we denote

f<g if 3C >0, f<Cyg,

for an absolute implied constant C, independent of f and g (unless otherwise specified), which can change from
one line to the next. Sometimes < is used for quantities involving a bT: in that case, the implied constant may
depend on € > 0.

1.2 Strichartz estimates and Bourgain spaces

Now we recall some lemmas which are the heart the following proofs, to begin with the Strichartz estimates for
the Zakharov-Kuznetsov equation in dimension 2:

Proposition 2 ([16, Proposition 3.1] and [14, Proposition 2.4]). Let € € [0,3), 6 € [0,1] and define

6

2
p ond 4= ge s

1-6
Let f be a function defined on R?, and g be defined on Ry, x R%. Then the following estimates hold:

o was

<
pogn S22, ®)

Hfo/W(t —t)g(t')dt'

5 Hg”L‘Z'Lp’ )
LiL» ¢

S Hg”L‘zle/ .

HDﬁf / W (t)g(t)dt

L2
In particular, the first estimate yields an embedding in the context of Bourgain spaces:

Corollary 3 ([17, Corollary 3.2]). There hold

[l g

tay

< Nl o, g+ (9)

Furthermore, (8) (up to the use of Cauchy-Schwarz inequality) gives us an other embedding: if u € X Sv%+,



then uniformly in ¢ € R,
lu@lae < lull .5+ (10)

We now focus on the terms of the Duhamel formula (6). We give the following two linear estimates in
Bourgain spaces: the first estimate is useful when dealing with the linear term; the second for the Duhamel
term.

Lemma 4 ([6, Lemmas 3.1 and 3.2]). Fiz T < 1.
Let b >0 and f € H*(R?). Then:

oz ()W (E) fllxor S T2 are (11)

Let —3 <V <0<b<1+V, andge X*¥. Then

Proof. A proof of these estimates in the context of the Korteweg-de Vries equation is done in the review article

ST gl - (12)

or(t) /Wt—t tdt'

Xs,b

by Ginibre [6, Lemma 3.1 and 3.2]. For the convenience of the reader, we provide below a full proof for (ZK).
The idea for estimate (11) is to separate the variables. In particular, we detect well the need of a fixed time
interval.

2

oW O 50 = [ 1€ (7 =l | [ 00200 ) dudyat]| dclr

= [ () 172 61) () () 6" dndr = 03y 1,

Recalling that (a) < 14 |a|, we obtain ||<;5T||2 <T- 2b||q5||Hb7 and the first estimate is proved.
For estimate (12): notice that the sum over ¢ in time is in fact a division by 7 in frequency. Denote
w:=w(&, 1), we split the domain whether T'|7 — w| < 1, and obtain:

Foy (qu(t) /0 t W(t—t’)g(t’)dt’) — o)t / I PV

Z(T*UJ)
:quteit“’/ dr + ¢p(t)e™ / (i(r —w)" " G(r)dr
0 T|r—w|>1 T —W 9(r) kz>:1 k! T|r—w|<1 2 ™)
s (t) i+ / eit(T—w) ,\( )d
+ or(t)e™ —q(7)dr
T|r—w|>1 i(T —w)
=I1+II+1III.

For I, we proceed as in the proof of (11). First, by separation of variables:

Fo (1) (0) = Fi (67) (0 — w) /T L siryar.

[r—w|>1 T — W

Now, observe that b’ > —%, and the change of variable § — 0 + w gives:

/ (16 V{8 — )| F: (1) (6, €, )| 2dBdEdp

< ol [ e mp® ([ r - igiar ) ( Lo (_jw,d> ded

/ 2
STV gl T = (T1 b+t ngxsl,/) .



Similarly, we compute the time Fourier transform of the term I1:

FUDO) =Y 7 For) 0-w) [ (it -w) girar

E>10 Tlr—w|<1

With similar techniques we used for the term I:

/ (6, 16 — W\ F, (IT) (8, €, )| dbdedn

<> wltor @iy [iEmn® ([ -0 gerar) (/T Twlq';‘_“fng) ded

k>1

1 ’ / 2
S0 ST g T < (T g )
E>1

We finally need to bound I77, in which the time variable ¢ appears inside the integral on 7. The integral :

eit(‘r—w)
J(t) = / , G(r)dr
T

|T—w|>1 Z(T - UJ)

can be seen as the inverse of a Fourier transform:

/(9 —w)? /e‘iteJ(t)dt

Similarly, for the L2-norm:

2

. (6 — w)?® N )
W= [ 0= S (TG W)

2 2
a0 5 (T 56 m) |y ) -

/'/e“"J(t)dt

We can now compute the norm of the term I11:

[ — o7 111 (0.6 Pasaca
- / (€ ( / (6 — Y| F, (¢ ér(t)) * Fy () (0)|2d0) dedy
< 12 (00) a2 1Tz + 17 (61) g oo S (T i) O

Observe that X*® are embedded in one another as b decreases, even after truncation in time.

Lemma 5. For all b/ <b satisfying 0 <b—b' < %, and any function u in X*°:

67 () ull o S T [l 6r(t)ul

Xsb- (13)
We emphasize that the implicit constants above do not depend on the parameters b, b’ and 7.

Proof. By choosing p := m and p’ := ﬁ:
l¢rules = /<\(E7M)|>2SII<T —w)" $rull72d(&, p)

= [l [ W rdrde. )
- / e / (Do)2 W () Fuy (670) [2dtd(€, 1)

1 .
'Y

< [iemn® ([1on wor, erora)” ([ @) e



1
Then by a Gagliardo-Nirenberg-Sobolev embedding ||v(t)|[2» < 1D w(t)|| 2

lprul%.. ST / (& ) / (D)W (£) Foy ($ru) [Pdtd(€, 1) S T2 grul% s O

In order to prove the bilinear estimates in the next section, we will make use of two preliminary lemmas
already stated in Molinet Pilod [17]. The first one is the following:

Lemma 6 ([17, Proposition 3.5]). Consider the polynomial K (z,y) := 32% — y?. For all ¢ € L?(R?),

HK(D)l/Se*tawArj)‘

Slélez, (14)

L%my
1+
and for allu € X%2 ",

k(D) 5et?2al| Sl (15)

+.
L X3

Proof. This result is in fact a direct consequence of the following optimal L* restriction estimate for homogenous
polynomial hypersurface of degree d > 2 in R?® proved by Carbery, Kenig and Zisler [3], which goes as follows.

Let © € R[X,Y] be a homogeneous polynomial of degree d > 2 and let T'(§, u) = (&, u2(&, 1)). Denote
Kqo(&, 1) = | det Hess Q(€, p)|. Then there exist a constant C' > 0 such that

X 1/2
vf e L3 (RY), (/RQIf(F(&u))IQKn(&u)”“dfdu) < Cllf . (16)

The symbol associated to e 7?%2 is w(&, p) = € (52 + uz), whose Hessian is
det Hessw(&, pu) = 1262 — 4p® = 4K (€, ).

We can then apply (16) to K, and by a direct duality argument, we derive (14) and (15). O

One can view this result as a 1/4 gain of derivative when compared to the Strichartz estimate (8) (we refer
to [17, Remark 3.1] for further details).

The second lemma reveals where the gain of regularity occurs in the dispersion relation of (ZK). It is specific
to dimension 3, and so well suited to the study in Bourgain spaces of (ZK) in 2 space dimensions. We recall
that the truncation operators Py and @ were defined in (7).

Lemma 7 ([17, Proposition 3.6]). Let Ny, Na, Ly and Lo be four integers involved in the operators Py and

Qr, and two functions uy and vy. Then

(P, Q1 u1) (PrnyQrov2)ll o S max(Ly, Ly)? max(Ny, Na) || Pr, Qurua |l 2 || Pry Qravall - (17)
If furthermore No > 4Ny or Ny > 4Ns, then

< max(Ny, Ny)2

SN ny D I Qs IPrQuevalle . (19

||(PN1QL1u1) (PNzQszQ)HL?

1
max(N1,N3)2

Observe in inequalities (18) the —3 gain in the quotient (NN

2 Bilinear estimates

The key bilinear estimate in [17] is the following:

Proposition 8 ([17, Proposition 4.1]). Let s > 3. Then there exists 0 < § < % such that for all u, v, two
functions of X*2 10 :

1000 g ns S Nl g sllol] oy s (19)



This estimates allows to gain one derivative, as required by the non linear term in (ZK), in the context of
Bourgain spaces. When s is large, we need to slightly improve this estimate when s > 1, to derive a tame
bilinear estimate where one s is exchanged for a regularity index 1: this is important so as to make a full use
of H' bounds.

1

Corollary 9. Let s > 1. Then there exists a constant 0 < 0 < 7,

and a constant C(s) such that:

146
Vi, € XH [0, (o) ysas < O0) (Il g lol s + el o goslolloas) - (20)

Proof. First, by definition of the bracket,

{160, 1) 2070 < C(s) (€0 m)D2D + (61 — €0, = o))

which implies, by using the previous proposition :

Haﬁ"(uv)nxs‘—%*'% S ||89’j (<|(D37’Dy)|>571(u)v)||X1,—%+25 + ||81 (u<‘(DwaDy)|>571(v))HX1,—%+25
S Dy D)) ull yr 3 10l 1 345 + Ml 1 345 1Dy DD " 0l 134 O

We will use both estimates (19) and (20) in the next section (in particular in the fixed point result). In order
to prove of Theorem 1, we will also need another bilinear estimate in X ~#* spaces, with negative regularity
index —p < 0: this gain of space derivative is crucial, and possible because we won’t need the space derivative
on uv there.

Proposition 10. Let § > 0 small (§ < 15), ' = =1 +20 and b=} +6. There exist a constant C, independent
of 8, such that for all 0 < p < % — 64 the following estimate holds:

Va0 € X0 Jlul - < Cllullx-pollollx - (21)

This proposition is the main new technical result of the paper.

Proof. The idea of proof is similar to the one for (19) in [17], working in frequencies, and spliting in various
domains. The main difference is that we will take advantage of the absence of derivative 9, in the estimate (21)
compared to (19) to work with a lower space regularity —p < 0 instead of s > %

The desired estimate (21) is equivalent by duality to prove

YT (11, m) [P ((E2sm2))? d(7o, 0, p10)d(T1, &1, p11)
RS {1(€osm0)[)? (10 — wo) =Y (11 — w1)b(T2 — wa)

5 S llwoll g2 ludl[ 22 [lv2] 2,

where 52 = 60 - 513 M2 = Mo — M1, T2 := To — T1, H}B = @(7—07507/140)7 a = a(’rlaglnul)u 75\2 = 5@?7527”2)) and
wi = & (€ + 123).
We decompose along different frequencies: given integers Ny, N1, No, let

(€1, ) )P (I (€2 m2)))? d(7o0, 0, po)d(T1, €1, p11)

{[(€0,m0)1)? (1o — wo) 7Y (11 — w1)b(T2 — wa)b’

e
Ing, Ny Ny 2= Pynywo Py, u1 Py, v2
RG

Analoguously, for the operators @), given furthermore integers Lo, L1, Lo, denote

(€1, m) )| (€2, m2)])Pd(70, €0, p0)d(T1, &1, 1)

(10, m0) )P (10 — wo) =¥ (11 — w1)¥(T2 —w2)?

II%/'E:%??VQQ = /]RG (QLOPNUwO)(QLlelul)(QLQPNQUQ)

We split the frequencies into five main domains.
First domain. N; <2, N» <2 and Ny < 2. We use the Plancherel equality and Holder inequality:

() | (=)

and we conclude by the adequate embedding (9) : X0« I4,

|IN0,N17N2| S ||w0||L27

L4 L4



Second domain. 4 < Nj, Ny < % SO % < Ny < 2N;. We use the upper bound of the localized
frequencies (18):
1%[07%171]1\]2 < N{)N2p
5IV1, ~ b’
NN N NE LT LI
1
< N{) ‘]\[22
~ —b’

Lg L’{Lg Ny

H(PN1QL1U1) (PNQQLQUQ)”L? ||PNOQLOwO||L2

11
LY L3 | PN, Qrywa || 22 || P, Qrova || p2 | Png QLo wo | 12
For p < %, the sum over Ly, Ly, Lo, N1, No and Ny gives:

S Ingvine S llwollzelluallzellve e
N1<2,N2 <ML Ny

Third domain. 4 < Ny, N; < % SO % < N < 2N,. By symmetry between N; and N, the third domain
is dealt with as for the second domain.

Fourth domain. 4 < N;, Ny < % SO % < Ny < 2N;. (or equivalently, 4 < Ny, Ny < % SO
% < N; < 2N,). We use the same decomposition as the second domain, an interpolation between (17) and

(18) by a coefficient 6 € (0, 1), with f(x,y, 2) := f(—=z, —y, —2):
Lo.Li,La < Ny Ny
o & NELV LA
NP Ng%(uo)
T LV IRLy N{TY
N7%+ge+p
S _b/+1%_1 T— 1PN Qrowol| 22 | Pny Qryun || 2| P, Qo2 12

L, 2L, *L}

H (PN1QL1U1) PNOQLOwOHL2 ||PN2QL2UQHL2

L1—9). L
LYY L2 || Py, Qrowo | 1211 Povy Qi | 22| Povy Qv 12

By choosing 6 such that 46 < 0 < % (1 — 2p) (this is one of the points giving the bounds on ¢ and p), the sum
over Lo, L1, Lo, Ny, N1 and Nj is bounded by ||wo||p2||u1lrz]|v2]Lz2-

Fifth domain. 4 < Ni, 4 < Ny, No > &% and Ny > 52 (so 42 < N; < 2N, &t < Ny < 2Ny and
B < No < 2N,).

We divide this domain depending on the values of &; and p;, with a coefficient « to define later:

Dl = (TO7£O7MO7T17§1’HI) ) (1 - a)%\/?:|§l| < |,LL7,| < (1 - a)_%\/glé-Z'?Z = 1’2 ’
Dy = 4 (70, €0, 1o, 71, &1, 1) 5 (1 = @) 2VBI&| < [l < (1= ) "2/BI&],i = 0,17,
Dy = 1 (70,0, 10, 71, &1, 1) 5 (1 — @) 2VBI&| < [l < (1— ) ~2V/BI&,i = 0,2 ¢,

._ 6
Dy = R\Dlumum-

First, we work on Dy, in a subregion where £1&5 > 0 and pypue > 0. We claim that:
N3 < max {|1o — wol,|m1 — wi], |72 — wa|} .
In fact, if |11 — w1| + |72 — wo| < NP, then:
_ 2 2 2 2 3
To—wo =T1 —wi + 7o —wy — & (65 + 260&0 + p + 2 pi2) — &2 (&5 + 26162 + p + 2pap2) ~ N7,

which proves the claim if £&1& > 0 and pjpue > 0. The other cases are similar. We can thus argue as in the first

— Vv — \
PN1u1 PN2U2
(1 —wi)b (T — wa)b

< llwollzz lluall L2 [lvz 22
Next, the subregions &€ > 0 and pype < 0, or 1€ < 0 and pype > 0, we use the dyadic decomposition along

domain, and obtain that for p < % — 69,

Z INo,Nl,Nz 5 Z N{H_?)b/

No,N1,N2 No,N1,N2

| P wol| 2
5+ +

5
x%% x%%



the flow with the operators @1, and by a Cauchy-Schwarz inequality:

P
ILUlevL? < Nl

NoNONy B =B RTE [(Pny Qryut) (Pn,Qrov2)ll pe | Pne @rowol 2

To deal with the first L2-norm, we need to bound the interaction of the high/high frequencies. This is the
purpose of the following lemma.

Lemma 11. Let Ny, No, L1 and Lo be four integers involved in the operators Py and Qr, and two functions

uy and vy. In the case % < Ny < 2Ny, define the subsets S1 and S Ongl,m X Rgz’w by

S1(&1, 62, 1, p2) == {&1&2 > 0, pipe < 0} U {&1&2 < 0, uype > 0},
52(517627/’617/’62) = {5152 < 0)/-1’1/1/2 < 0}7

and the two Fourier multipliers (J;)1<i<2, which take into account only some interaction of frequencies, by:

—

Ji(ur,v2)(7,&, ) := /R3 1, (e1.6—€1 s pmpn) U (T1, &1, 1) 02 (T — 71, € — &1,y pp — pun)dTidErdps .
Then, for o small enough, one has
17: (Pr, @y, PnyQryva)l 2 S Ny ? (LiL2)® || P, Quy | | Py, Qravall o - (22)

Observe in (22) the —% gain for high/high interaction in Ny 1/ 2; the smallness requirement on « comes from
this lemma. Let us postpone its proof to the appendix, and conclude now the proof of Proposition 10. We thus
use inequality (22) with J; to obtain:

Lo L1, La < 1
No,N1,Ng ~ %*P _y b
Nl LO Ll

1Pny Qryua || o (| P, Qrov2 || p2 || P Q@Lowol| 2,

.
2
and conclude summing over Ny, N1, No, Lg, L1 and Ly. In the subregion £1& < 0, pypus < 0, we use the same

process with Jy in (22).

In the regions D, and Ds, the estimates are similar: it suffices to establish a change of variable which brings
us exactly to the case of D;. Observe that there is no influence from neither b nor b'.

Finally, in D4, we use the Fourier multiplier operator K (&, ) := 362 — p?| = |((&,1))|, and the estimate
(15), so that for p < 3:

— Vv — Vv
-1 1 Pnyu 1 Pn,v
Ing vy S NP2 (| K(D)s (N,,> K(D)* (M) | Pxgwoll 2
(1 —w1) L (T2 — w2) L
S 1Pnvowoll 2 || Py ua [ 2 || Py val| 2 O

3 Growth of Sobolev norms

We start this section with a local well posedness result where we carefully track the dependency of the existence
time: it is crucial that it only depends on |Jug|| g1 .

In previous results set in the context of Bourgain spaces, the proofs were made with dependency on ||ug]| gs:
for instance, in Kenig-Ponce-Vega [10] (where they assume ||ug|lgs < 1 and then use a scaling argument) or
Molinet Pilod [17]. This is very good for low s < 1, but does not quite give a suitable result in our perspective
of large s > 1. This is why we provide a full proof below, using in particular the tame bilinear estimate (20)
(which is only relevant for s > 1).

Throughout the remainder of this section we fix

1
1 d ¢ — .
s>1, an 6(0,12)

10



(In particular, the constant Cy and the function 7" below depend on s and §).

Proposition 12. There exists a universal constant Cy > 0 such that if we define

1

0

: (23)

there exists a unique solution u € C([=T(||uollgr), T(||luollg1)], H?) of (ZK) with initial condition u(0) = ug.
Furthermore, u satisfies the estimates :

[ulle(-uoll o) luoll ), 52) F 107 uol 1)l o345 < Colluollmrs and [|or(ul,a)ull 41345 < Colluol| -
(24)

Proof. We consider the initial condition as ug, with a finite norm in H*, s > 2. We work on
B = {’LU S Xs’b; ||U}||Xs,b < QCOHU,OHHS and H’U)Hxl,b < QCQHUOHHl} s

with the distance d(v,w) := ||v — w||x1,+. (B,d) is a complete metric space.

Let T' > 0 to be chosen later. We want to apply the fixed point theorem to the function ¥ defined in (6) on
the space B. Let & be given as in the bilinear estimates (19) and (20), b:= 3 + 8 and b’ :=2b— 2 = —1 +26.
Using lemma 4 and proposition 9 :

190 xe0 < 60 (W (Euoxo0 + \ or () / Wt — )or(t')?0, (w?) (¢)dt

<o (ol + 71 [o (ortnr)] .
< Colluo|lm= (14 4CFT[|uo]l s1) ,

Xs,b

and similarly, (increasing the constant Cy if necessary),
1T (w)||x1e < Colluollm (1 +4T°CG|luo|| ) -
Furthermore, the function ¥ is a contraction on (B, d):
19(w) = B@)llx1s < CoT o — Bllxasllw + Bl < ACET o]l sl — 1.

Hence, by choosing T > 0 such that T° = we can apply the fixed point theorem. Hence we obtain

802““0“1{1
prullxsv < Colluollae

The ||UHC([_T(”UD”H1);T(HUOHHI)];HS) bound is immediate from (10)
Finally, the proof of continuity of the unique solution u € C([0,T], H®) is inspired by Kenig-Ponce-Vega
[10]. We consider continuity at 0, the other points are similar. Fix ¢ > 0. Then the Duhamel formula can be

rewritten

ult) = uO+/ Wt — )8, ((6:(t'u(t'))?) dt"

We use successively embedding (10), estimate (12) and estimate (19):

ut) — (Ol 5. < W (Eu(0) - u(O)] 5. + H / Wt = )0, (60 ult))?) dt

Hs

< W (E)u(0) — u(O)] . + C) |

/0 Wt — )9, (60t yu(t))?) di’

< W ()u(0) — u(0)|| 7. + COE |0, ((dew)?)]| o
< W (#)u(0) = w(0)|| . + C(b, s)t° [[peul 5.

Xs,b

which tends to 0 as t — 0. This proves continuity at 0 in H*. O

11



We will now prove Theorem 1, and for this assume that s > 1 is an integer.

Proof of Theorem 1. We denote u € C(I, H®) to be the maximal H® development of ug under the (ZK) flow.
Denote

A= sup lu)ll < V/C(E(uo) + M(ug)?).

(See (1)). The equation (ZK) is reversible, it suffices to prove (2) for positive times ¢ > 0.
Proposition 12 yields that for all ¢y € I, [to — T(A),to + T(A)] C I, and

vt € [to = T(A),to + T(A)], u®)llas < Collu(to)| -
This shows by iteration that I = R, and that for all k£ € N,
vt € [KT(A), (k+ DT(A)],  [lu®)]gs < C5F luol me-

From this, we infer the exponential bound ||u(t)||gs < exp(Ct) for some large constant C and all ¢ > 0.
To improve this to a polynomial bound, we will follow the idea of Staffilani [20] to obtain more refined
inequality, namely

vt € [0, T(lluollm)],  Nlu@)lFrs = Ilu(0)lIFe < Clluollzr) (1 + [luollF=), (25)

for some € close to 0 and some function C : [0, +00) — [0, +00) .
This will imply that for all ¢, € R, and for some uniform constant C; > 1 (depending on A and C)

vt € [to — T(A),to + T(A)],  [u®)F: < lulto)llFrs + Cr(l+ [lulto)]|7:°)-
Therefore, denoting uy = supycirr(ay,(k+1)r(ay W) || m=, then (with to = kT')

VkEN, wupsr < (uj+Ci(1+ ui*e))l/2 <+ O (1+u,™).

As observed in [20], an iteration argument then shows that uj has polynomial growth: this is the content of the
following lemma.

Lemma 13. Let (ug)ren be a sequence of non negative numbers, K1 > 0, € € (0,1) such that
Ve eN, uppr <up+ Ki(1+u, ).

Then for any d > %, there exist a constant Ko = Ko(K1,d) such that
VEEN, wuppr < Kao(1+Ek)H1 +up).

Proof. Observe that due to convexity of z +— |z|?, for all k> 0,

d
2+ k)?=1+k)? <1+ lik) > (L+ k) +d(1+k)* (26)

Also, as 14+ up+1 <14 up + K1(1+ u,lcfe) < (2K1 + 1)(1 4 ug), we infer that uj, < (2K + 1)%(1 + ug) for all
ke N.

Let N € N such that N > <%)1/(de—1)

, so that for k > N (as 1 — de < 0)
d— K (14 k)% >1.
Let K5 := max ((2K; + 1)V, %), so that
1. for k < N, up < Ko(1 +up) < Ko(1+ k)4(1 + up) and
2. for k> N,
Ko(14+ k)" (d— Ki(14+k)'7%) > Ky(1+ k) > KoNT > K,

12



and so
Kod(1+ k)7 > Ky + K1 Ko(1+ k)371H74e > K 4+ K Ko (1 + k)09, (27)

We prove now the statement by induction on k. For &k = 0,..., N, the statement hold due to 1. On the other
side, if for some k > N, there hold uj, < Ka(1+ k)¢ | then using (26) and (27),

Upr1 < Ko(14 k) + K1 (14 Ko(1 + k)479) < Ko(1+ k) 4 Kod(1+ k)37 < Ky (2 + k)L

This proves the induction step for £ > N, and the proof is complete. O

From the above lemma, up < (1 + k)%Jr(l + |lwo|lms) (with implicit constant depending on A), and from
+

1
there the polynomial bound (2) follows immediately with 8 = — . We can now focus on proving (25).
€
We recall that T has been defined in the previous proposition, and s > 2 is an integer. Let ¢t € [0,T7], b and
b’ as in the proposition 10, satisfying —b’ < b. We control the evolution of the H*-norm:

). — ()3, = / / (16 1)) 1 Foy () () Pl
/ / (€ N Dr(t')? (Fay (w) Fay (0:(u2))) (¢')ddpdt’

~ 3 / / Fay (D67u) Fuy (D0.(502)) (#)dédpdt’ = I+ Ir.o1 + I,

li|<s

where Iy counts the term with none derivative, I, the terms with s derivatives, and I7...,_1 the others.
Let first deal with Iy, thus the case |i| = 0. We obtain:

¢
Iy = / /quuax (p7u?) (¢')dzdydt = 0.
0

Second, let us find an upper bound for Iy...;_1, the term for which the sum of the derivatives does not reach
s. By a Cauchy-Schwarz inequality, recalling the function F' to follow the flow in (5), we find the flow of our
solution, up to a power b’:

Ligq = Fuy (D'67u) Fuy (D0, ($32)) (') dédpdt’
0<|i |<s/ /

dt’.

L2

< ¥ [ Jrorsonel], Jroran e o

O<\ i|<s

We can apply estimate (19) to the term on the right because |i] > 1. We use the estimate (19), a Gagliardo-
Nirenberg inequality, and twice estimate (13):

Lowa s 3 ID @rw) o 30 Idrullcislorul xus.

0<Ji|<s (0,0)<j<i
< I uH\il/S I ||1*|i\/5 I li|/s 1—jl/s
~ TU[ x5, |PTUN 0,17 ¢TUHX§ » MAax H(bTuHXO,b ) H(bTUHX(Lb
0<lil<s (0,0)<j<i

2 2(1-1
< Cmax(L, érulfo) max (orul o lérul X207)

Third, the terms I, with |i| = s. We separate I, = I! + I2, where I? contains the two terms where all the
derivatives are distributed on the same term, and I} all the others. Let 0 < p < %, and a5 := m;#. We deal

13



first with I}, the terms where all the derivatives are not on the same term. By using the estimate (19):

Z Z / / |D* (¢ru) 9, (D (¢rw) DV (dru))| (¢)d(x, y)dt!

lil=s (0,0)<j<i

<SS D (60u) oo 1D (S7u) [0 | DV () [ oo

lil=s (0,0)<j<i

Slorullxe v Y lorull P lorul o lorull i llorul s ™
(0,0)<j<i

14221 s5=2p
S lérullxop v lloTull i ™ i)

o_1-p
< Cmax(L, ||prull3s)lldrull b

where the last line comes from a final interpolation. One can notice that the last estimate is sharp, and that

We can not directly use the bilinear estimate (19) for the term I2? where all the derivatives are distributed
on one term, due to the lower limit of s > % The estimate (21) comes to the rescue by authorizing a negative
(low, but negative) power in X ~”*. Let p described in (21). We recall the definition of S in (4) and the

P

Gagliardo-Nirenberg inequality [[Dv[|rz =< ~ly L?HUHE ot

=) / / (D' (¢pru) 9, (druD(pruw))) (t')dwdydt’

li|=s

< Z//W (¢7u)| | D ¢TU‘ drdydt’ < ||0zdrul xp—v

li|=s

S IS ubrullxos | S(D)~*(6rw)yen S (I6rulld ’

1+ £ 2— £
< Cllgrull i lorull .5

(Di(érw)’|

X —p,b

237ﬁ71
o) ol

We thus notice that this time, 0 < -£5 < ﬁ
Summing up the three previous inequalities, we obtain :

2 2— £
lu)l3: — (O)13: < C max(L, lloruld) max (oruly.., loruly.s)
and by the embeddings (24):

I-552y L
Ju(®)|| s < [u(0)]| s + Cmax(1, Colu(0)]|g1)Cy *“~" max <||u(0)||f_15,

1)

This concludes the proof of the estimate (25), by choosing € = 25 and p € (O7 %) O

4 Appendix : Proof of lemma 11

This lemma is specific to (total) dimension 3. Its proof is almost similar to that of the estimate 5.2 [17,
Proposition 3.6], which is slightly different from (22). We recall the assumption on the coefficients: Ny, Na, L
and Lo be four integers, two functions u; and wve, and % < Ny < 2N;. We define the subsets:

S1(&1, &, 1, p2) = {&& > 0, pipe < 0} U {&& <0, pipe > 0},
Sa(&1, 82, ps pr2) = {€162 < 0, ppg < 0},

and the two Fourier multipliers (J;)1<;<2, by:

o —

Ji(ur,v2) (7, &, 1) == /RS 1s,(e1.6—€1pnp—pn) U (T1, &1, 1) 02 (T — 71, € — &1,y pp — pun)dTidErdps .
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We want to prove that:

1J; (P, Qrytir, Pry Qrova)ll 2 S Ny 2 (LiLa)? || Py, Qryta || 2 | Py Qrava| o - (28)

We consider Jp first, and explain at the end how Jo will be different. First, the convolution of the functions

brings us to define a set on which the functions are not null:

(&1, p1,71) € R (&,€ — &1, pa, 0 — 1) € S,

Ay = § (&) = Ni, [(€ =&, — pa)| = Na,
|71 —w(&, )| = Lay |7 — 711 —w(€ — &1y pp— 1) | = Lo
We thus get, by Minkowski inequality, and Cauchy-Schwarz inequality:

[ J1(Pny Qryut, Prn,Qr,v2)l[ 1

< / (/ Lac, ., (&, m) Py, Qryu (€1, i1, 1) PryQryva(€ — €1, — pia, 7 — Tl)2d§dﬂd7>

< [|Pn, Qryua |2 (//1,4(5,“,) (1, 1, 7)) | PN, Qrov2 (€ — &1y — pa, 7 — Tl)|2d§dﬂd7d§1du1dﬁ)

1
< gsup |Ae ) |2 1Py Qryur ]| 22 | Pn, QLo v2l| L2
T

1
2

d§1dprdm

[N

To prove (28), it suffices to bound:

1
L?L
1
2

Ny

LVINE

(29)

sup [Agun| <
& p,7

To do so, define the resonance function H (&1, o, p1, p2) = w(&1 + Eo, 1 + pe) — w(&r, p1) — w(éa, p2). On
the set A, 7), it writes:

H(Er, &= Euypy o — 1) = w(& p) — w(&1, 1) —w(€ — &1y pp— 1)

We thus get a bound on the measure of A, -):

|A(£,#,T)| 5 min(L17L2)‘B(§7H7,,-)|, (30)

with
(&1, 1) € R% (&1,6 — &1, pa, o — 1) € Sh,

[(€15 1)) = Nu,y [(€ = &1y o — p1)| = Na,

B¢, =
|T - W(g,/.lz) + H(§1,f - §17 M1, b — IU/l)l S./ maX(L17L2)

To bound the set B¢, ), we define first the set of projection on one variable:

Bie (1) == {& € R; (&1, 111) € Bepry } 5
study the set by the variation of H along 1, and conclude by a corollary of the intermediate value theorem:

Lemma 14 ([17, Lemma 3.8]). Let I and J two intervals of R, and f : I — J a C' function. Then we get:

- o
€ L fe) € Y < T (31)

Lets compute the variations of the function of resonance. The derivative of H can be bounded from below:

d
H(E, €= & pa, o — )| = 26000 — 2(6 — &) (1 — pa)| Z max(Ny, N2)* ~ N7 (32)

dp
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We thus get a bound on the measure of B¢ , ;y, by applying (31) to (32):

max(Lq, L max(Lq, L
Bewn| < | Blegn () s  max(y, 0 W) o mllnn )
|1 | <2N1 i | <2N M Ny

Gathering the bounds (30) and (33), we conclude the proof (29).
The assumption of working in S; was used in (32), where the sign condition was essential.
For J5, we work on Sy: the result is similar, except that we differentiate H in the &; direction:

d

Without any assumption on the signs of the variables, we need to localize the different frequencies. The

result is immediate from the following lemma:

Lemma 15 ([17, Lemma 4.2]). Let 0 < o < 1. There exists a continuous function f : [0,1] — R satisfying
fla) = 0 as a — 0, such that for all (&1, 1) and (€2, u2) satisfying:

we

§16 <0, mp2 <0, (1—a)iV3l&| < |ul < (1—a)"2V3lg),

obtain:

(&1 4 &aopa + p2)]? < 1€ )P = (&2, p2) 1P| + f (@) max ([ (€1, p2) 7, | (€2, 12) %) -

We recall that |(&1, p1)]? = 363 + p3 ~ NE.

On D 3 and Ss, the assumptions of the lemma are satisfied, and with & > 0 so small that f(a) < %, we

deduce:

€I < (1, )P = 1€~ €= )P,

and in the area of high x high — high interaction, injecting in (34):

d
T&H(§1a§—§1,u1,u—u1) > N? ~ NZ.

This estimate is equivalent to (32), and concludes the proof of the bound (29) in Ss.
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