
HAL Id: hal-02396701
https://hal.science/hal-02396701

Submitted on 6 Dec 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Predicting droplet velocity in a Hele-Shaw cell
Benjamin Reichert, Isabelle Cantat, Marie-Caroline Jullien

To cite this version:
Benjamin Reichert, Isabelle Cantat, Marie-Caroline Jullien. Predicting droplet velocity in a Hele-Shaw
cell. Physical Review Fluids, 2019, 4 (11), �10.1103/PhysRevFluids.4.113602�. �hal-02396701�

https://hal.science/hal-02396701
https://hal.archives-ouvertes.fr


Predicting droplet velocity in a Hele-Shaw cell

Benjamin Reichert1, Isabelle Cantat2, and Marie-Caroline Jullien1,2

1Gulliver UMR CNRS 7083, PSL Research University,

ESPCI Paris, 10 rue Vauquelin, F-75005 Paris, France

2Univ Rennes, CNRS, IPR (Institut de Physique

de Rennes) - UMR 6251, F-35000 Rennes.

(Dated: December 6, 2019)

Abstract

We study the motion of low viscous non-wetting droplet in a Hele-Shaw cell, while it is pushed

by an external phase of imposed flow rate, at low capillary numbers. In this regime, the droplet’s

mobility, defined as the ratio between the droplet velocity and the external phase mean velocity,

evolves non linearly with the capillary number, a signature of the different dissipation mechanisms

at play. Experiments are performed with surfactant free air bubbles in fluorinated oil, and with

surfactant laden fluorinated oil droplets in water. We propose a model based on a power balance

which takes into account the dissipation in the thin wetting film trapped between the bubble (or

the drop) and the channel wall. The full topography of this thin film is obtained theoretically for

the bubble case. By contrast, the presence of surfactants in the drop case induces uncontrolled

boundary conditions at the interface, thus imposing to use the experimental topography measured

in the previous paper [Reichert et al., J. Fluid. Mech., 850 p.708 (2018)]. Remarkably, the model

reproduces the experimental velocities and shows that the velocity can be strongly affected by a

stagnant cap effect at the rear of the drop, even if localized in less than a few percents of the total

film area.
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I. INTRODUCTION

The important development of droplet-based microfluidics these last ten years has rekin-

dled the interest in the study of droplets and bubbles dynamics in micro-channels [1–5].

Predicting the stationary speed Ud of a droplet (or bubble) squeezed between two plates,

while it is pushed by an external phase of set velocity Uf , is a problem which was addressed

in the pioneering work of Taylor & Saffman for bubbles in a pure Newtonian fluid [6]. Assum-

ing the bubble has a cylindrical shape, they found Ud = 2Uf , systematically overestimating

experimental data [7, 8]. Two sources of dissipation have been identified for a non wetting

droplet: (i) in the wetting film trapped between the wall and the drop ; and (ii) in the

dynamical meniscus, i. e. the transition region between the drop side and the wetting film

[9]. Models considering dissipation (i), with a uniform interfacial velocity equal to Ud un-

derestimate the drop velocity [8, 10]. In the literature, models accounting for dissipation (ii)

with a stress-free condition at the interface (the film is not sheared) obtain reliable velocity

predictions, but only for surfactant free systems at low capillary numbers [11]. This last case

and its extension to viscous droplets have also been investigated using direct 3D numerical

simulations [12], but for droplet velocities compelled to higher values than our experimental

ones. Indeed, the very high aspect ratio between the wetting film thickness and the channel

height at small droplet velocity observed experimentally [13] prevents from solving the flow

using direct numerical simulation in the entire flow domain [2, 12].

In more realistic situations, contaminants can modify the interface rheology and con-

sequently the drop velocity. The induced Marangoni effects, and more specifically the

surfactant-induced stiffening of the interface, have been considered in theoretical and nu-

merical models [14–21]. The major difficulty relies in the determination of the relevant

microscopic parameters governing the surfactant transport and their interaction with the

interface, preventing from building a model able to reproduce all the reported experimental

data. However, we recently showed that the local interfacial velocity can be reliably ex-

tracted from the wetting film thickness map (i. e. the value of the film thickness at each

point), even if indirectly, and without the need of a surfactant transport constitutive law

[13]. The knowledge of these surface properties (thickness map in the whole thin wetting

film and surface velocity field in the same domain) are key elements to derive the droplet

velocity.
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TABLE I. Properties of system 1 (top) and system 2 (bottom).

Phase Working liquids Viscosity Surfactant Surface tension Value of droplet Range of Ca boundary

mPa s [Surfactant] (mM) mN m−1 radius (µm) (= ηoUd/γ) condition

continuous Fluorinated oil ηo = 4.5 No surfactant
γ = 15 77-100-160 5× 10−4 − 5× 10−3 stress-free

dispersed Air ηi = 0 0

continuous DI water+NaCl ηo = 2.5 C10TAB
γ = 15 80-100 2.3× 10−4 − 4.8× 10−3

stress-free at the front

dispersed Fluorinated oil ηi = 0.64 990 sliding at the back

In this paper, we quantitatively relate the drop velocity to the thickness map, using a

fine identification of all the relevant dissipative contributions, with the most appropriate ap-

proximation level in each fluid region. The model is first validated in the reference situation

of an air bubble in pure oil (System 1), for which the thickness map is known theoretically,

and governed by a stress-free condition at the interface [11]. Then we consider oil droplets in

an aqueous surfactant solution (System 2). In this case the use of the previous, stress-free,

thickness map overestimates Ud by a factor 1.3. We use instead the experimental thickness

map hexp obtained in [13] and get a quantitative prediction for the drop velocity. This map

hexp exhibits the signature of an interface stiffening close to the rear meniscus, but only in

5 % of the total wetting film area. An important result of the paper is thus the sensitivity

of the drop velocity to very localized interface stiffening, making it especially difficult to

predict. For this reason, the droplet velocity value can be a strong indication of an interface

stiffening, even locally.

II. EXPERIMENTAL SETUP

The droplets/bubbles are generated at a T-junction in a polydimethylsiloxane (PDMS-

Sylgard 184) microfluidic system, and enter a 2500×9000 µm Hele-Shaw cell of thickness

2Ho= 14 µm. The microfluidic chip is shown in Fig. 1.a. The upper part of the chamber

is made of PDMS and is fabricated using soft photo-lithography [22]; the top wall of the

chamber is stiffened by including a glass slide within the PDMS matrix in order to ensure

that the channel does not deform even at the highest pressures applied [23]. The PDMS

part is further permanently bonded to a glass slide via oxygen plasma. The dispersed phase

is injected by mean of a pressure controller (Fluigent). The flow rate of the external phase is

imposed using a syringe pump (Nemesys controler) and measured at the outlet of the cavity
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by mean of a flow-well (Fluigent). The external phase is mainly fed by the channel comb,

which plays the role of an accelerator allowing to impose the global flow rate in the cavity

and to adjust the distance between successive droplets to avoid hydrodynamical interactions.

The comb shape prevents the droplets from splitting. As, far from the drop, this flow is

uniform in the transverse cell section (y direction), the depth average velocity of the external

phase Uf can be deduced from the measured flow rate. The droplet velocities are measured

using spatio-temporal plots along their direction of motion. The highest bubble/droplet

velocity reachable in our experiment is bounded by the maximum pressure that the pressure

controller can deliver (1 bar). Two working liquids are studied: 1) System 1 considers

surfactant free air bubbles in fluorinated oil and, 2) System 2 focuses on fluorinated oil

droplets in an aqueous solution containing surfactants (same system as in [13]). The working

liquids physico-chemical properties and the experimental specifications are summarized in

table I. We focus on the steady regime, far from the cavity inlet and outlet. For both

systems a thin film of continuous phase separates the bubble/drop from the wall.

 

Pressure
control

Hele-Shaw
   cavity

Syringe
pump

Flow well

T-junction

9 mm

a) b)

Continuous 
     phase

Dispersed
   phase

Syringe
 pump

Accelerator

FIG. 1. (a) Design of the microfluidic chip: droplets/bubbles are generated at the T-junction

and flow towards the Hele-Shaw cavity. In order to avoid hydrodynamical interactions between

successive droplets, external phase is added through the comb shape channels located aside of the

main channel. (b) Pancake-shaped droplet/bubble moving in a Hele-Shaw cell: 2Ho is the cell

thickness, Uf and Ud are respectively the external fluid and the droplet/bubble velocity, h∞ is the

lubrication film thickness.
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III. EXPERIMENTAL RESULTS

Fig. 2 displays the mobility Ud/Uf as a function of the capillary number Ca = ηoUd/γ

for System 1 and System 2. The value of an experimental point is an average performed on

ten bubble/droplet velocities of same radius. The experimental error mainly stems from the

measurement of the flow rate by the flow well (Fluigent) at the exit of the channel.

The radius of the bubble/droplet is determined by the geometry of the T-junction [24].

In the Hele-Shaw cell, the droplet adopts a pancake like shape (see Fig. 1.b). It refers to a

droplet which has a radius R verifying ε = Ho/R � 1, experimentally ε ≤ 1/10. Since the

relative variation of the droplet/bubble contour radius is of the order of δR/R ∼ 3%, these

objects are considered as circular in this study.

Fig. 2.a corresponds to the data obtained for air bubbles in fluorinated oil (System 1) and

the prediction reported by Taylor & Saffman (Ud/Uf )TS = 2 for circular pancake bubble is

sketched as a solid line [6]. The data obtained for oil droplets in water containing surfactants

(System 2) are displayed on Fig. 2.b. Gallaire et al. extended the Taylor & Saffman mobility

to viscous droplets and obtained (Ud/Uf )TSV = 2/(1 + ηi/ηo), represented as a solid line on

Fig. 2.b [25]. As a general comment for both sets of data, the mobility increases with the

capillary number and with the radius of the droplet/bubble. More interestingly, the previous

model, based on the viscous dissipation due to the Poiseuille flow inside and outside the

bubble/drop only, overestimates the experimental mobility for both systems. Additional

sources of dissipation stem from the confined region separating the droplet interface from

the channel wall [9, 11], which are taken into account in the model developed below.

IV. DROPLET/BUBBLE VELOCITY MODELING

In the following, we propose a model based on a power balance considering the different

sources of dissipation [26]. In the bubble case, the boundary conditions at the interface

are known, and the dissipation can be determined by solving the Stokes equations with the

appropriate approximations. In contrast, for the drop case, we showed in a previous study

that the presence of surfactant at the interface induces Marangoni effects which can not

be determined ab initio without a better knowledge of the their transport properties. The

boundary condition can however be deduced from the measurement of the thickness profile
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FIG. 2. Mobility Ud/Uf as a function of Ca for different radii. (a) bubbles (System 1) with

R =160 µm (◦), R =100 µm (×) and R =77 µm (?). The horizontal line is Taylor & Saffman

prediction (Ud/Uf )TS = 2 [6]. (b) droplets (System 2) with R =100 µm (?) and R =80 µm (�).

The horizontal line is Gallaire’s prediction (Ud/Uf )TSV = 2/

(
1 +

ηi
ηo

)
with ηi/ηo = 0.64/2.5 =

0.26 [25].

[13]: using these experimentally obtained boundary conditions as an input in our dissipation

model, we are able to predict accurately the drop velocity.

FIG. 3. Cross-section of the bubble/droplet for z = Ho. The energy balance is performed within

the cylindrical control volume Ω of radius (R+Ho) and height 2Ho.

In both cases, the dissipation is determined in a cylindrical control volume Ω of radius

RΩ = R + Ho and height 2Ho surrounding the droplet, see Fig. 3 and 4. Different regions

are described at different levels of approximation: (i) far from the drop boundary the flow

is known analytically (inside and outside the drop) ; (ii) in the static meniscus (close to the
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drop boundary, far from the wall) scaling laws show that dissipation is negligible; finally

the lubrication equations are solved numerically (iii) in the dynamical meniscus and (iv) in

the thin film. The droplet motion is studied in the laboratory frame of reference, using the

ortho-normal spatial system (O, ex, ey, ez) attached to the drop as well as the cylindrical

coordinates (r, θ, z), with (Ox) as the polar axis, see Fig. 3 and 4. The whole study is

performed at first order in ε = Ho/R.

A. Flow around a moving cylinder and control volume

   Rear  
   sta�c  
meniscus 

Droplet 
  Front  
  sta�c 
meniscus 

Dynamical meniscus Film 

O
uter flow

 

FIG. 4. Transverse cross-section of the droplet for y = 0, with the different domains and notations

used in the text. The central part of the film and the dynamical meniscus constitute the lubrication

film, in which most of the dissipation occurs. The size of the dynamical meniscus is exaggerated

for the sake of clarity.

The Reynolds number, built as Re = ρUdHo/ηo < 10−4, is small enough to neglect inertia

in the whole problem. The flow thus obeys the Stokes equation, and, in the lubrication limit,

the velocity profile is

u(x, y, z) =
3

2
V(x, y)

z(2Ho − z)

H2
o

, (1)

with V(x, y) the velocity averaged over the thickness of the Hele-Shaw cell, verifying

∇P +
3ηo
H2
o

V = 0 , (2)

∇ ·V = 0 . (3)

The flow around a cylinder moving at velocity Ud is classically given by the superposition

of a uniform flow of velocity Uf ex far from the cylinder, and a dipolar disturbance flow of

dipole moment m = 2πR2(Ud − Uf ) ex in the vicinity of the cylinder [12, 27]:
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
Vr(r, θ) = Uf cos(θ)− (Uf − Ud)

R2

r2
cos(θ)

Vθ(r, θ) = −Uf sin(θ)− (Uf − Ud)
R2

r2
sin(θ)

(4)

The associated pressure field writes:

pout(r, θ) = −3ηo
H2
o

[
r Uf cos(θ) + (Uf − Ud)

R2

r
cos(θ)

]
(5)

The velocity field around a circular pancake drop or bubble is equal to this reference

field, far enough from the boundaries. Indeed, the curvature in the plane (O, er, ez) and

the tangential velocity at the interface induce specific 3D corrections in a ring of lateral

extension of the order of the cell thickness Ho [28]. For this reason, the control volume Ω is

determined such that eqs. (4) and (5) are valid on its lateral frontier. The domain Ω is thus

a cylinder of radius RΩ = R+Ho, centered on the bubble/drop center, bounded by the top

and bottom walls.

B. Power balance in the control volume

As the kinetic energy is negligible in the problem, the energy conservation imposes that

the power delivered by the external forces P at the boundary of Ω is balanced at each time

with the viscous dissipation rate DΩ in this control volume, i.e.

P = DΩ . (6)

First, the external power provided to our open system Ω is determined. Both the top

and bottom boundaries of Ω are immobile walls which do not provide mechanical work. On

the contrary, on the lateral boundaries the viscous and pressure forces must be considered.

The viscous stress, obtained by the derivation of the velocity field (4), scales as ηoUf/R; and

the pressure, given by eq. (5) scales as ηoUfR/H
2
0 . At leading order in ε = H0/R, only the

pressure contribution is considered. The power P injected in Ω through the lateral surface

S is thus given by (using eqs. (1), (4), (5)) :

P ' −
∫
S

poutu dS

' 6ηoπ(R +Ho)
2

Ho

[
U2
f − (Uf − Ud)2

(
R

R +Ho

)4
]
,

(7)
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which can be written, at leading order in ε = Ho/R, as

P ' 6ηoπR
2

Ho

(2Uf − Ud)Ud . (8)

The power balance eq. (6) and the relation (8) finally provide the expression of the

bubble/drop mobility as a function of the viscous dissipation in Ω [26]:

β =
Ud
Uf

=
2

1 +
DΩ

Dref

. (9)

with Dref = 6πηoR
2U2

d/Ho the viscous dissipation which would occur in Ω if the whole

system were filled with the continuous phase (no interface).

In the case of a bubble, the volume Ω contains mainly an inviscid gas, and Taylor &

Saffman model disregards the dissipation in the residual liquid phase in Ω, around the

bubble. In that case, DΩ = 0 and eq. (9) directly leads to Ud = 2Uf [6].

The delicate part of this study is the determination of DΩ since it depends on the shape

and the boundary condition at the interface of the bubble/droplet. In all our experimental

cases, 0.5 < Ud/Uf < 1.5, so 2Uf − Ud ∼ Ud ∼ Uf and the injected power eq. (8) is thus of

the order of ηoR
2U2

f /Ho. This determines a priori the order of magnitude of the dissipation

DΩ in the system. All contributions to the dissipation much smaller than this quantity will

therefore be disregarded.

V. DERIVATION OF DΩ IN THE BUBBLE CASE

In the case of a bubble in steady motion at velocity Ud ex in a simple liquid, the boundary

conditions at the interface of normal n are :


un = Ud n · ex
∂ut
∂n

= 0

∆P = γ C

(10)

with un and ut the projections of the velocity along the normal and in the tangential plane

respectively, and C = ∇ · n is the curvature of the interface. The first condition is the

mass conservation and the second expresses the continuity of the tangential stress, called

the stress-free condition in the following. The third condition is the continuity of the normal
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stress at the interface, which boils down to the Laplace law in the low capillary number limit

[9, 29, 30].

These conditions, used as boundary conditions for the Stokes law fully determine the

interface geometry and the velocity field u. The dissipation in the domain Ω is purely

viscous and the dissipation rate per unit volume is simply ηo(∇uT +∇u)2/2.

Since it is not possible to solve the problem analytically over the whole domain Ω, the

latter is decomposed into different subdomains in which approximations can be performed.

In the domain limited by R − Ho and RΩ = R + Ho (see Fig. 4), the meniscus shape

remains close to its equilibrium shape and is called the static meniscus. Its curvature

is Cstat =

(
1

Ho

+
π

4

1

R

)
[31]. In this domain, the velocity gradients scale as Ud/Ho, the

dissipation per unit volume as ηoU
2
d/H

2
o and the global contribution to DΩ is thus of the

order of ηoRU
2
d � P . The dissipation contribution from the static meniscus is therefore

neglected in the following.

Closer to the wall, in contrast, typical length scales become much smaller and velocity

gradients become non negligible. The film thickness in the region squeezed between the

bubble and the wall is denoted h(r, θ). Its shape controls the dissipation and must therefore

be computed to determine DΩ. Its curvature evolves from almost 0 in the central part of the

bubble to its equilibrium value Cstat in the static meniscus, see Fig. 4. As long as the slope

of the film thickness is small (‖∇h‖ � 1), i e. close to the wall, lubrication approximations

can be used to solve the dynamics. This region is called the lubrication film, in which most

of the dissipation, neglected in the Taylor & Saffman model, occurs.

A. Viscous dissipation in the lubrication film

The flow in the lubrication film is derived in the lubrication approximation, ∇2Dp =

ηo ∂
2u/∂z2, with the velocity u = ur er+uθ eθ. Using the boundary conditions u(z = 0) = 0

and ∂u/∂z(z = h) = 0 (i.e. stress-free) we get:

1

ηo

∂p

∂r
=
∂2ur
∂z2

= A =⇒ ur =
A

2

(
z2 − 2hz

)
(11)

1

ηor

∂p

∂θ
=
∂2uθ
∂z2

= A′ =⇒ uθ =
A′

2

(
z2 − 2hz

)
(12)

In this study, we consider a pancake bubble with a radius much bigger than the half

thickness of the Hele-Shaw cell, R � Ho. This geometrical constraint allows us to neglect
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the orthoradial pressure gradient and therefore the orthoradial velocity in the expression

of the viscous dissipation. Indeed,the pressure gradient is given by the Laplace law in the

lubrication approximation: A =
1

ηo

∂p

∂r
= − γ

ηo

∂3h

∂r3
and A′ =

1

ηor

∂p

∂θ
= − γ

ηor

∂3h

∂θ∂r2
which

verifies A′ � A. In the lubrication approximation, and for R � Ho, the dissipation in the

lubrication film is thus approximated by

DLF '
ηo
2

∫
V

(
∂ur
∂z

)2

dV, (13)

where V is the volume of the lubrication film. As the radial pressure gradient in eq. (11)

is given by the Laplace law in the lubrication approximation, A =
1

ηo

∂p

∂r
= − γ

ηo

∂3h

∂r3
, the

dissipation can be expressed as a function of the film profile h(r, θ). A z integration on the

top and bottom films gives

DLF =
2γ2R

3ηo

∫ (
∂3h

∂r3

)2

h3 dθ dr (14)

in which the angular and the radial integrations are respectively performed within the in-

tervals [0, 2π] and [0,+∞[, the infinite boundary for the integral being justified by the

asymptotic matching theory, [9, 30]. Indeed, approaching the static meniscus,
(
∂3h
∂r3

)2

→ 0,

ensuring the convergence of the integral although the domain of integration is not bounded.

Equation (14) clearly shows the importance to determine the lubrication film thickness

topography, which is intrinsically linked to the boundary condition at the interface, to

calculate the dissipation. Such a topography, for a stress-free pancake bubble, has already

been described theoretically by Burgess & Foster [32] and numerically in [13]. In order

to allow an easy reading of the present work, the results obtained in [13] to describe the

topography of the film are recalled in the next section. The calculation of the resulting

dissipation is presented in a section that follows.

B. Lubrication film topography for a pancake bubble

Burgess & Foster derived, in the lubrication approximation, the following equation of the

film profile for a pancake stress-free bubble [32]:

∂

∂r

[
∂3h

∂r3
h3

]
=

3Ud ηo
γ

(
cos θ

∂h

∂r
− sin θ

1

r

∂h

∂θ

)
. (15)
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This equation is an extension of the classical axisymmetric Bretherton’s equation for the

pancake geometry. This equation is valid in the limit 1� ε� Ca [32].

The resolution of eq. (15) is performed by considering different regions of the lubrication

film within which eq. (15) presents an asymptotic form. The corresponding simplified form

of eq. (15) is then solved in each region.

Central domain. We first consider the central domain within which the curvature

gradients are small. The left hand side member of eq. (15) can be neglected and the

simplified form of eq. (15) is

0 =
∂h

∂x
, (16)

in such a way that the film thickness deposited on the wall by the front meniscus remains

unchanged until it reaches the rear meniscus. Consequently, the dissipation in this domain

is negligible, as deduced from eq. (14).

The dynamical meniscus in contrast is characterized by large curvature variations. This

region can be divided in three subregions: the front, the rear and the lateral dynamical

meniscus. The front and rear meniscus regions are well separated as the dynamical meniscus

extension, scaling as HoCa
1/3 � H0. In the following, eq. (15) is solved in each of these

subregions.

Front  
dynamical  
meniscus 

Back 
dynamical  
meniscus 

Flat  film
 

 
 

 

 

  

  

 
 

Lateral
dynamical 
meniscus

FIG. 5. Scheme of the droplet/bubble, of equatorial radius R � Ho (pancake shape), moving at

the velocity Ud ex in the laboratory frame of reference.

Front/rear dynamical meniscus. Within the dynamical meniscus, since Ho � R, the

condition cos θ ∂rh� sin θ ∂θh/r is verified for θ ∈ [−θmax, θmax] (front dynamical meniscus)
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and θ ∈ [π − θmax, π + θmax] (rear dynamical meniscus), where θmax ≈ 1.2 [13], see Fig. 5.

In these regions, eq. (15) is simplified into

∂

∂r

[
∂3h

∂r3
h3

]
=

3Ud cos θ ηo
γ

∂h

∂r
, (17)

corresponding to the classical Bretherton equation weighted by cos θ. Using the dimension-

less variables,

h = h∞H and r = R− Ho + h∞(3Ca | cos θ |)−1/3ξ (18)

leads to

H3 d3H

dξ3
= ±(H − 1) (19)

after one integration, with ± corresponding respectively to the front and the rear meniscus.

This equation is solved in the front region by imposing the curvature 1/Ho at large ξ, and

a flat film at small ξ. Indeed, as ε� 1, the curvature in the plan (Oxy) can be neglected in

the static meniscus curvature Cstat = 1
Ho

(
1 + π

4
ε
)

.

The front dynamical meniscus is the region which determines the thickness deposited in

the central part of the lubrication film

hBF
∞ (y) = 1.34HoCa

2/3

(
1−

(
y

R−Ho

)2
)1/3

(20)

corresponding to a weighted Bretherton solution. As shown by eq. (16), this thickness does

not vary with x in the central film region, and can thus be used as a boundary condition

for the rear meniscus. The equation (17) is then solved at the rear by imposing the curva-

ture 1/Ho at large ξ, and a flat film of thickness hBF
∞ (y) at small ξ [9, 32]. The obtained

dimensional and dimensionless thickness profiles are denoted hf and Hf at the front and

hr and Hr at the rear. In principle, the use of the lubrication approximation to derive eq.

(15) implies that the characteristic length over which h varies, HoCa
1/3, is small compared

to h ∼ HoCa
2/3, leading to the condition Ca � 10−3 of validity of this approximation. In

practice, comparison of the solution (20) for y = 0 with experiments [33] and numerical sim-

ulation [34] of the film developing under an axisymmetric bubble translating in a capillary

proved that this solution 1.34HoCa
2/3 recovers the data on film thickness within a precision

of 10% up to Ca = 5× 10−3.
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Lateral dynamical meniscus. The lateral domains are defined by |y| > ymax, with

ymax = (R − Ho) sin θmax, see Fig. 5. In this region, the orthoradial component of the

viscous drag has to be considered and all three terms of eq. (15) must be taken into account.

To build a master equation, ensuring that the terms in eq. (15) are of the same order of

magnitude, Burgess & Foster introduced the following rescalings [32]:

r = R +Hoδrr
′

z = Hoδzz
′

h = Hoδzh
′

θ − π

2
= φ = δθφ

′

where δr =
(
ε1/2Ca

)2/5
, δz =

(
ε1/2Ca

)4/5
and δθ = ε1/2

(
ε1/2Ca

)1/5
. These quantities involve

ε = H0/R and the capillary number Ca, under the assumption Ca� ε� 1.

Using these non dimensional variables and a first order expansion of the sin and cos terms

around π/2, eq. (15) becomes:(
1

3
h

′

r′r′r′
h

′3 + φ
′
h

′
)
r′

= −h′

φ′
(21)

This equation in the lateral dynamical meniscus has been solved numerically, giving the

dimensional solution noted hnum. The equation is solved for −φ′
max ≤ φ

′ ≤ φ
′
max with

φ
′
max = (π

2
− θmax)/δθ and r

′
min ≤ r

′ ≤ r
′
max with r

′
min =-18 and r

′
max = 26. The profile

h′(r′,−φ′max), corresponding to the solution hf (θmax) for the front meniscus, is chosen as

an initial condition and the profiles h′(r′, φ′) for larger angles are obtained using a Crank-

Nicholson scheme. The boundary conditions are a constant curvature of the interface in

the meniscus, ∂2h/∂r2(rmax) = 1/Ho, and a connection to a flat film of constant thickness,

h(rmin, θ) = h(rmin, θmax) in [13].

Connecting together the solutions for the film profile in each region, leads to a catamaran-

like shape of the lubrication film topography, see Fig. 6.

Now that all the results obtained for the topography of the lubrication film have been

recalled, we will now determine the power dissipated in each of the different areas.

C. Dissipation in the dynamical meniscus

The main contribution to the total dissipation in Ω stems from the dynamical meniscus [9,

35]. Following the dynamical meniscus split performed in the previous section, we determine

the dissipative contribution stemming from the front/rear and the lateral domains.
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FIG. 6. Numerical topography of the lubrication film obtained by joining the profiles calculated

in the different dynamical menisci with the central domain for Ca = 7.2× 10−4.

Front/rear dynamical meniscus dissipation. According to eq. (14), the viscous

dissipation rate in the front/rear dynamical meniscus is (summing the top and bottom

contributions):

Df,r
men =

2γ2R

3ηo

∫ (
∂3hf,r

∂r3

)2

(hf,r)3 dθ dr (22)

where hf and hr are the solutions of eq. (17) in the front and the rear meniscus respectively.

The angular integration interval in eq. (22) are [−θmax, θmax] for the front domain and

[π − θmax, π + θmax] for the rear domain.

Using the dimensionless variables introduced in (18), the dissipation can be expressed in

the front and the rear meniscus as a function of the master solution Hf/r as:

Df,r
men = 32/3 × 2

Rγ2Ca5/3

ηo

∫
ξ

∫
θ

(
∂3Hf,r

∂ξ3

)2

H3| cos θ|5/3 dξ dθ (23)

The integration of eq. (23) is performed using the solution Hr and Hf of eq. (19). It

yields for the front and rear meniscus

Df
men = 3.2× 32/3 × 1.2× Rγ2Ca5/3

ηo
(24)

Dr
men = 3.2× 32/3 × 1.16× Rγ2Ca5/3

ηo
(25)

where 2
∫ θmax

−θmax
| cos θ|5/3 dθ = 3.2 and If =

∫ ξmax

ξmin
(Hf − 1)2 (Hf )−3 dξ = 1.2 by integrating

from ξmin = −10 to ξmax = 100 guaranteeing to reach an asymptotic value of the integral.

Similarly, we find Ir = 1.16. The corresponding dissipations are plotted on Fig. 7 as a

function of the capillary number and are found to be of almost equal contribution.
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FIG. 7. Relative importance of all dissipative terms in System 1 as a function of the capillary

number. Df
men, Dr

men and Dlat are respectively the dissipations in the front (eq. (24)), the rear

(eq. (25)) and the lateral (eq. (26)) dynamical meniscus.

Lateral dynamical meniscus dissipation. The dissipation in the lateral region (sum-

ming the two sides, and the top and bottom lubrication films) writes:

Dlat =
4γ2R

3ηo

∫ (
∂3hnum

∂r3

)2

(hnum)3 dθ dr, (26)

where hnum is the solution obtained numerically from eq. (21). The angular and radial

integration intervals are respectively [θmax, π − θmax] and [rmin, rmax], with rmin,max = R +

Ho δr r
′
min,max.

This dissipation is plotted as a function of the capillary number on Fig. 7. It represents

1/16 of the total dissipation, and can be considered negligible.

D. Prediction of the bubble velocity

The total dissipation DΩ is obtained by summing the different contributions given by

eqs. (24), (25), (26): DΩ = Df
men + Dr

men + Dlat. The mobility is finally calculated using

eq. (9) and is plotted in Fig. 8 with dashed lines to be compared to the experimental data.

Remarkably, the obtained result is in very good agreement with the experimental data. In

order to check that the dissipation in the lateral meniscus can be neglected, the prediction
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of the mobility without this contribution is plotted in solid lines in Fig. 8. Consistently with

the result obtained in [11], the sole dissipation in the rear and front meniscus is sufficient to

predict the bubble velocity.
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o
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R= 160 µm

FIG. 8. Mobility Ud/Uf as a function of Ca for bubbles (System 1) of different radii with R =160

µm (◦), R =100 µm (×) and R =77 µm (?). The colored lines are our theoretical predictions: the

dashed lines include every source of dissipation (front, rear and lateral meniscus: Df,r
men and Dlat)

whereas the solid lines do not take into account the contribution from the lateral meniscus shown

to be negligible. The horizontal line is Taylor & Saffman prediction (Ud/Uf )TS = 2 [6].

The model provides a natural interpretation of the mobility dependency with the capillary

number and bubble radius. Indeed, eq. (9) shows that the dissipation close to the bubble

must be compared to the reference dissipation Dref = ηoU
2
dR

2/Ho. The correction to the

Taylor & Saffman prediction becomes negligible for DΩ � Dref .

All correction terms scale as the perimeter R of the bubble, whereas the reference dissi-

pation scales as the bubble area R2, the relative importance of these terms thus decreases

at bigger size. Consistently, the observed discrepancy with TS model decreases at bigger

bubble diameter. Similarly, meniscus friction on a solid wall is generically sublinear with

the velocity [9], and the correction terms thus have a dependency in Ud smaller than 2. The

reference dissipation in contrast varies linearly with U2
d . This explains why the discrepancy

also decreases as the velocity increases.

As a whole, this section validated our approach in the case of a bubble for a stress-free

boundary condition at the interface. In the following section, we are interested in the case
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of a drop in an aqueous solution containing surfactant.

VI. DERIVATION OF DΩ FOR SURFACTANT LADEN DROPLET OF LOW VIS-

COSITY.

In this case, an additional term arises from the dissipation in the drop bulk, due to its

non vanishing viscosity. Otherwise, most of the dissipative terms are unchanged. Indeed, for

the specific system discussed here, it was shown experimentally in [13] that the boundary

condition at the interface is stress-free in the front and central regions. This indicates that

(i) the viscous stress due to the inner phase remains small at the oil/water interface, in

agreement with Park & Homsy prediction, stating that the interface of a viscous droplet

remains stress-free as long as the viscosity ratio between the inner and outer phase verifies

ηi/ηo � Ca−1/3 [30]; (ii) the surfactants have no mechanical effects in these regions. This

is not true anymore close to the rear meniscus where the surfactant molecules accumulate

inducing Marangoni stresses and modifying the boundary conditions at the interface. The

dissipation in this domain thus requires a specific discussion.

A. Inner droplet and central part of the lubrication film

The derivation of the flow profile in the inner droplet and in the central part of the

lubrication film implies to know the kinematic boundary condition Ui at the interfaces

located at z = h∞ and z = 2Ho − h∞. In the central region, a stress-free boundary

condition was deduced in [13], insuring the absence of Marangoni stress and the continuity

of the tangential viscous stresses at the interfaces. Consequently, a scaling law for Ui can

be established by balancing the inner and outer viscous stress ηi(Ud − Ui)/Ho ∼ ηoUi/h∞,

which yields Ui ∼
α

1 + α
Ud, with α =

ηi
ηo

h∞
Ho

. As ηi ≤ ηo and h∞ � Ho, α � 1 and

Ui ∼ αUd � Ud; the interface is stress-free.

Within the droplet, the flow can be well described by a Poiseuille flow of uniform depth-

averaged velocity Ud ex [4]. Considering h∞ � Ho and Ui � Ud, yields:

Ddrop =
6ηiU

2
dπR

2

Ho

. (27)

This term is plotted in Fig. 9.
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FIG. 9. Relative importance of all dissipative terms in System 2 as a function of the capillary

number. Ddrop, Df
men and Dth are respectively the dissipations in the drop (eq. (27)), in the front

dynamical meniscus (eq. (24)) and in the thickening region (eq. (32)). Dosc,Pois and Dosc,sh are the

Poiseuille (eq. (37)) and shear (eq. (38)) contributions to the dissipation in the oscillating region.

Using the same assumption, the dissipation in the flat film of volume R2h∞ scales as:

Dfilm = ηo

(
ηi
ηo

)2(
R2U2

d

Ho

)(
h∞
Ho

)
. (28)

This contribution is h∞/Ho times smaller than the reference dissipation Dref (see eq. (9))

and is therefore neglected in the following.

B. Front meniscus

In the front dynamical meniscus, the thickness profile is found to be in good agreement

with the solution hf , evidencing a stress-free boundary condition interface in this domain

[13]. As a consequence, the dissipation in the corresponding domain is given by eq. (24).

C. Rear meniscus profile and interfacial boundary condition

The thickness profile at the rear meniscus could not be reproduced by the stress-free

solution hr of eq. (17), meaning that an additional stress appears at the interface. The model
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proposed in [13] to predict the film profile and the interfacial boundary condition at the rear

requires dividing the rear dynamical meniscus into two regions (see Fig 10.a): a thickening

region located at the transition between the flat film and the rear bump, and an oscillating

region. In the first region, the Laplace pressure is neglected and the surfactant transport is

solved assuming that the flow is solely along the x-direction. We found experimentally that

the Marangoni stress is established on a characteristic distance l ' 8µm in [13]. Given that

this stress is established over this characteristic length in the x-direction and R in the y-

direction, verifying l� R, the film profile is mostly determined by the important Marangoni

stress developing in the x-direction. In the second region, a full stiffening of the interface

is assumed leading to a uniform interfacial velocity as in the stagnant cap situation [36].

The lubrication equations are solved, including the Laplace pressure contribution. Before

establishing any dissipation calculation, we recall the interfacial and flow properties in these

two regions.
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FIG. 10. (a) Oscillation at the rear meniscus. Longitudinal (y = 0) thickness profile for Ca =

1.3× 10−3. The film thickness at large x is hBF
∞ and the local maximum is hmax. The dotted line

shows the film profile deduced using the surfactant mass transport model with Ma = 1.6. The

solid line shows the theoretical prediction from eq. (34) using Ui(B) = 2Ud(1 − hBF
∞ /hmax); (b)

Interfacial velocity in the thickening region normalized by the droplet velocity for Ca = 1.3×10−3.

The solid line is the interfacial velocity obtained from the surfactant mass transport model with

Ma = 1.6. [Extracted from [13].]

Thickening region. The Laplace pressure is neglected in the thickening region, the flow

is thus a simple shear flow and the mass balance provides a relationship between the experi-
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mental film thickness and the interfacial velocity Ui(x) ex = 2Ud[1−hBF
∞ (y)/h(x, y)] ex. This

interfacial velocity is plotted on Fig. 10.b. At the peak of the experimental bump located at

the transition with the oscillating region we measured Ui(xB) = 2Ud(1−hBF
∞ /hmax) ≈ 0.8Ud,

regardless of the capillary number.

Coupling this shear flow to the surfactant mass transport equation, for which the driving

transport mechanisms are interfacial and bulk convections, the interfacial velocity and the

thickness profile in the thickening region write:

U th
i (x) = Ud

[
1− tanh

(
(x− x0)Ca

2MahΓ

)]
(29)

hth(x, y) = 2hBF
∞ (y)/

[
1 + tanh

(
(x− x0)Ca

2MahΓ

)]
(30)

where Ma = |∂Γγ|Γ∞/γ is the Marangoni number with Γ the surfactant surface con-

centration, Γ∞ the surfactant surface concentration at equilibrium in the flat film and

hΓ = Γ∞/C∞ = 3 nm is the surfactant depletion length, with C∞ the bulk concen-

tration in the flat film. The reference position x0 is fitted on the experimental data so

that hexp(xB, 0) = hth(xB, 0). These expressions quantitatively reproduce the experimen-

tal film thickness and the interfacial velocity for a single value of the model’s parameter

Ma = 1.6± 0.2, see Fig. 10.

In the lubrication approximation, the dissipation in the thickening region is given by:

Dth = 2ηo

∫ +∞

xB

∫ ymax

−ymax

∫ h(x,y)

0

(
∂ux
∂z

)2

dx dy dz (31)

where xB is the coordinate of the bump chosen arbitrarily as the frontier between the

thickening and oscillating region. As
Ui(xB)

Ud
= 0.8, we have xB =

2MahΓ

Ca
Argth(0.2) + x0.

The numerical factor 2 in eq. (31) stands for the top and bottom thickening regions. The

Couette flow in this region, along with eq. (29) allow to give a simple expression for Dth:

Dth = ηo U
2
i (xB)

MahΓ

Ca

∫ ymax

−ymax

dy

hBF
∞ (y)

. (32)

This contribution is plotted on Fig. 9 and is found to be negligible compared to the one

calculated previously, namely Ddrop.

Oscillating region. We now turn to the oscillating region, where both the Laplace

pressure effect and the presence of surfactant at the interface contribute, the later one being
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modeled by the homogeneous surface velocity, Ui(xB) = 2Ud(1 − hBF
∞ /hmax) ex. Under this

assumption

1

ηo

∂p

∂r
=
∂2ur
∂z2

= A =⇒ ur =
A

2

(
z2 − hinc z

)
+
Ui(xB) cos θ z

hinc

(33)

The governing equation for the thickness profile hinc is thus, for |y| < ymax:

∂

∂r

[
∂3hinc

∂r3
h3

inc

]
=

3Ud ηo
γ

(
4− 2Ui(xB)

Ud

)(
cos θ

∂hinc

∂r

)
(34)

In eq. (34) it is assumed that the surface tension variation, ensuring the uniform interfacial

velocity, remains small in comparison with the equilibrium surface tension value. In that

case, the Laplace pressure is determined from the non modified surface tension γ, which is

the classical Bretherton approximation, see eq. (33) in [9].

The film profile hrinc(r, θ) is determined by imposing the curvature 1/Ho at large r and

the film thickness at small r, h∗∞ is fitted so that the maximum experimental height hmax

(at xB) is recovered by the model, i.e. h∗∞ = hmax/1.064. This numerical prediction for

θ = π is plotted on Fig. 10.a (solid line) and is in very good agreement with the experimental

back oscillation, thus validating that the interface velocity does not vary significantly once it

reaches values as big as Ui(xB). Similarly to the stress-free case, eq. (34) can be non dimen-

sionalized at the rear and eq. (19) can be recovered using the following non dimensionless

variables

hinc = h∗∞H and r = R− Ho + h∗∞[6(2− Ui(xB)/Ud)Ca| cos θ|]−1/3ξ (35)

Hr is the dimensionless solution of eq. (19), for an incompressible interface at the rear

of the droplet.

In the oscillating region, the viscous dissipation rate is, after integration on z on the top

and bottom meniscus:

Dosc =
γ2R

6ηo

∫ (
∂3hrinc

∂r3

)2

(hrinc)
3 dθ dr+2ηoUi(xB)2R

∫
1

hrinc

dθ dr = Dosc,Pois +Dosc,sh (36)

The angular integration interval is [π− θmax, π + θmax]. This expression shows that the flow

in this region results from the combination of a Poiseuille flow induced by the capillary

suction Dosc,Pois (first term) and a simple shear induced by the velocity difference between
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the interface, of uniform velocity Ui(xB), an the wall, Dosc,sh (second term). The Poiseuille

flow contribution can be expressed as a function of the master solution Hr as

Dosc,Pois = 42/3[1− Ui(xB)/(2Ud)]
5/3 3.2× 32/3 Rγ

2Ca5/3

ηo
Ir (37)

where Ir =
∫

(Hr − 1)2(Hr)−3 dξ = 1.16 is integrated between ξmin = −10 and ξmax = 100.

This contribution is plotted on Fig. 9. For Ui(xB) = 0.8Ud, 42/3[1−Ui(xB)/(2Ud)]
5/3 = 1.08

and the Poiseuille dissipation in the rear oscillating region is, by coincidence, extremely close

to the dissipation at the front in the stress-free case Df
men, see eq. (24).

The simple shear contribution for the oscillating region is given by

Dosc,sh =
5.31

61/3

ηoUi(xB)2R

(2Ca− Cai)1/3
I2 (38)

with I2 =
∫ ξmax

ξB

1
Hr dξ and Cai = ηoUi(xB)/γ. In contrast with the previous integral, this

term varies with the boundary value ξB, which represents the frontier xB between the oscil-

lating and thickening regions consistently with integral boundary of eq. (31). The contri-

bution of this dissipation happens to be the most important in the system and shows the

importance of taking into account the incompressible feature of the interface.

D. Prediction of the drop velocity

The theoretical mobilities Ud/Uf are deduced from eq. (9) by keeping the relevant terms

in DΩ: Df
men, Ddrop, Dth and Dosc.

The mobilities obtained by considering the relevant terms are plotted as solid lines on Fig.

11. It is noticeable that without any fitting parameter the model reproduces quantitatively

the experimental data on the major part of the Ca range. In order to validate the relevance

of the refinements performed for System 2, the theoretical mobilities for an entire stress-free

interface are also plotted on Fig. 11 (dashed lines). It is clear that a stress-free model leads

to an overestimation of the mobility by 30%. Consequently, a stiffening of the interface,

even over a small portion of the interface at the rear (5% of the film), can significantly

influence the droplet velocity. This result clearly shows that the boundary condition needs

to be determined at the whole interface if one wants to predict the droplet velocity.
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µm (�). The colored lines are our theoretical predictions without Dlat: solid lines take into account

the stiffening of the interface at the rear of the droplet. The dashed lines corresponds to the full

stress-free model.

VII. CONCLUSION

In this paper, we report experimental measurements of droplets velocities in micro-

devices. We rationalize quantitatively our results by considering non-homogeneous boundary

conditions stemming from very small surface tension variations due to an accumulation of

surfactant at the rear meniscus. This is especially critical in the interface domain close to the

solid wall and this sensitivity is probably at the origin of the usual difficulties to reproduce

drop and bubble velocities in confined situation with simple models. An important contri-

bution of this work is to explain, for a given chemical system, all the dissipative processes

together with their spatial localization. Especially, we show that the one influenced by the

presence of surfactant is localized at the rear in the most compressive part of the interface.

The good agreement obtained in the present paper using these data confirms the validity of

the whole approach. Our work reveals that, unless the interface is clean, the full prediction

of the drop or bubble velocity would require a deeper understanding of surfactant transport

as a function of physico-chemical properties of the solutions. Finally, on the basis of the

model that we developed, whether or not surfactants accumulate can be directly deduced

from the droplet mobility.
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