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ABSTRACT. Let X be a finite type surface, and G a complex algebraic simple Lie group with
Lie algebra g. The quantum moduli algebra of (X, G) is a quantization of the ring of functions
of X¢(X), the variety of G-characters of m1(X), introduced by Alekseev—Grosse—Schomerus
and Buffenoir-Roche in the mid '90s. It can be realized as the invariant subalgebra of so-
called graph algebras, which are U,(g)-module-algebras associated to graphs on X, where
Uq(g) is the quantum group corresponding to G. We study the structure of the quantum
moduli algebra in the case where X is a sphere with n 4+ 1 open disks removed, n > 1, using
the graph algebra of the “daisy” graph on ¥ to make computations easier. We provide new
results that hold for arbitrary G and generic ¢, and develop the theory in the case where ¢ = ¢,
a root of unity of odd order, and G = SL(2,C). In such a situation we introduce a Frobenius
morphism that provides a natural identification of the center of the daisy graph algebra with
a finite extension of the coordinate ring O(G"). We extend the quantum coadjoint action
of De-Concini—Procesi to the daisy graph algebra, and show that the associated Poisson
structure on the center corresponds by the Frobenius morphism to the Fock-Rosly Poisson
structure on O(G"). We show that the set of fixed elements of the quantum coadjoint
action in the center together with an additional central element generates the center of the
specialization at g = e of the quantum moduli algebra obtained for generic ¢, and we prove
that it is a finite extension of C[X¢(X)] endowed with the Atiyah-Bott-Goldman Poisson
structure. Finally, by using Wilson loop operators we identify the Kauffman bracket skein
algebra K¢(X) at ¢ := ie'/? with this quantum moduli algebra specialized at ¢ = e. This
allows us to recast in the quantum moduli setup some recent results of Bonahon—Wong and
Frohman-Kania-Bartoszynska-Lé on K¢(X).
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1. INTRODUCTION

Let ¥ be an oriented surface of finite type, and G a complex algebraic simple Lie group with
Lie algebra g. In this paper we begin our investigation of the quantum moduli algebra defined
by quantum lattice gauge field theory (QLGFT) on ¥ with gauge algebra U,(g), where Uc(g)
is the adjoint unrestricted quantum group U,(g) at a root of unity e. For technical simplicity
we focus in this paper on the case where ¥ has genus 0 and n > 2 boundary components,
we assume that € has odd order, and we prove our main results in the case of G = SL(2,C).
Their formulation for arbitrary G has qualitatively the same form.

Our main motivation comes from quantum topology. We aim at showing that the quantum
moduli algebras make a very efficient and unifying setting by which quantum invariant theory
for manifolds equipped with G-characters can be studied. As an example, in this paper we
will verify this postulate on the Kauffman bracket skein algebra K¢(X), where ¢ = i€'/? is a
primitive root of unity of order 4/, with [ > 3 odd. Namely, we will recast some recent results
of Bonahon-Wong [15] [16], 17] and Frohman-Kania-Bartoszynska—Lé [43,144] on K:(X) in the
setup of quantum moduli algebras, where they follow from our general results applied to the
case of g = sl(2).

Our approach consists genuinely of doing geometric invariant theory for quantum groups.
In order to present our results, let us recall a few facts about qLGFTs.

The qLGFTs were introduced in the mid '90s by Alekseev—Grosse—Schomerus [II, 3], [4], [7]
and Buffenoir-Roche [21], 22], who used as gauge algebras the quantum groups H = U,(g)
with ¢ generic, or semi-simplifications thereof when ¢ is a root of unity. Assuming that 3 has
non-empty boundary, which simplifies our presentation and is the case studied in this paper,
the qLGFT on ¥ with gauge algebra H associates a H-module-algebra Lr(H ), called graph
algebra, to any ribbon graph I' embedded in ¥ and onto which ¥ deformation retracts. The
H-invariant subalgebra Lr(H )H is independent up to isomorphism of the choice of I, and so
is canonically associated to 3. Abusing of notations we call Lp(H )H “the” quantum moduli
algebra of the qLGFT.

In these papers Lr(H) was defined by the method of “combinatorial quantization”, which
yields presentations by generators and relations given in matrix form. Assuming I" has one
vertex and no edge contractible in X, these presentations make Lr(H) a natural deformation
quantization of the ring of regular functions O(G¥) endowed with the Fock-Rosly Poisson
structure [46, [6], where E is the number of edges (loops) of I'. Hence Lr(H) is a defor-
mation quantization of O(GF)Y ¢ O(G¥), the ring of regular functions invariant under the
coadjoint action of G, ie. the ring of regular functions on the variety X (X) of characters of
representations 71 (3) — G, endowed with the Atiyah-Bott-Goldman Poisson structure.

Bullock—Frohman—Kania-Bartoszynska provided in [I9] a coordinate free construction of
the qLGFTs that works for any ribbon Hopf gauge algebra H, based on the Reshetikhin-
Turaev functor. They also related the Wilson loop elements of Lr(H)¥ | introduced in [22]
and associated to the isotopy classes of framed oriented links in 3 x [0, 1], to the Kauffman
bracket skein algebra of 3. In particular, by adapting their approach to H = U,(sl(2))
(which strictly speaking is not ribbon), they showed in [20] that the construction of Wilson
loop elements yields an isomorphism from the skein algebra K (X) defined over C(q) to the
quantum moduli algebra for H = Ug(sl(2)). This isomorphism, that we call Wilson loop map,
explained in a very natural way the emergence in qLGFTs of the Witten-Reshetikhin-Turaev
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mapping class group representations and of the Jones polynomial of links, already discovered
in [7] and [22]. We refer to [65] for a comprehensive account of the axiomatic and algebraic
structures of qLGFTs, and to [I8] for their re-appearance in the context of factorization
homology.

With the exception of the work of Frolov [45], until recently the qLGFTs for (non semi-
simplified) quantum groups at roots of unity were not studied, certainly because of their
apparent complicated definitions. Although the combinatorial quantization approach is the
less intrinsic, it has the advantage of providing computationally transparent connections with
representation theory. The more topological approach of [I9] makes some invariance state-
ments obvious, but encapsulates part of representation theory in a diagrammatic calculus,
leaving many aspects rather implicit.

A major progress has been done recently by Faitg in [38] 39, 40]. He defined the qLGFTs
for arbitrary finite-dimensional ribbon factorizable Hopf gauge algebras H, not necessarily
semisimple, using combinatorial quantization. He showed that the mapping class group
representations associated to such qLGFTs coincide with those of Lyubashenko-Majid [63]
64], which were originally defined by categorical means, and provided explicit and ready-to-
use formulas for Dehn twists. In particular this includes (with little adaptation) the restricted
quantum group for sl(2) at a primitive root of unity of even order. In this case, he generalized
the Wilson loop map, and obtained new non semisimple representations of K,(3). He showed
also that the corresponding qLGFT mapping class group representations coincide in genus
g = 1 with those derived from logarithmic conformal field theory in [41].

In the present paper we make a further step in the root of unity case; we note that another
approach is being developed in [47]. We consider the qLGFTs on ¥ with gauge algebra an
unrestricted adjoint quantum group Uc(g), where € is a root of unity of odd order [. As
mentioned above, for simplicity we focus on the case where ¥ is a sphere with n + 1 open
disks removed, n > 1 (sometimes we say for short that ¥ is punctured), but qualitatively
similar results hold for surfaces of non zero genus.

First we construct the graph algebra Lo, := Lo (g) associated to the “daisy graph” in ¥,
made of one vertex, one loop encircling each deleted disk, and one “cilium” at the vertex,
which provides an ordering of the loops by using the orientation of ¥. The embedding in 3
gives the daisy graph a structure of ribbon graph, as shown in the picture below:

Figure 1.1 : the daisy graph

The graph algebra Ly, is a module-algebra over the quantum group U, := U,(g) with
ground ring C(q). We define £ ,, by means of combinatorial quantization based on U, that
we reformulate also in terms of twists of module-algebras and braided tensor product. More
precisely, U, is not a ribbon Hopf algebra, but a suitable extension of the category of finite-
dimensional Uj,-modules is ribbon. So, to make sense of the construction of £y, we replace
U, by a categorical completion U,.

In particular, Lo1 = Oq4 as a Ug-module, where Oy is the restricted dual of U, endowed
with the right coadjoint action of Uy, and the algebra structure of L 1 is compatible with that
action. Eventually, we find that a map due to Alekseev [1] yields an equivariant embedding
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of Ug-module-algebras
Dy Loy — UP™ @ C(q"P)

where Uq is the simply-connected quantum group associated to g, Lo, and ﬁfm are endowed
with a coadjoint and an adjoint action of U, respectively, and D is the smallest integer
such that DP C @ (P, @ being the weight and root lattices of g). In the case n = 1, @4
coincides with a celebrated isomorphism of U;-modules O, — Uéf ® C(ql/ b ), where Uéf is

the subalgebra of locally finite elements of Uq, which was first introduced by Drinfeld and
Reshetikhin—Semenov-Tian-Shansky [68], and further studied by Caldero, Joseph-Letzter and
others (see eg. [24], [52], [13]).

For the purpose of defining specializations at ¢ = ¢, we then introduce an integral form
Eén of Lo, that is, an A-algebra satisfying Lo, = Eén ®4 C(q), where A = Z[q,q"']. Tt
is a module-algebra over the unrestricted integral form Uy of Uy, as defined by De Concini-
Kac—Procesi [27, 29]. The construction of Eén is based on Lusztig’s [61] restricted integral
form U,* of U, and some integrality properties of the R-matrix on Uj**-modules. The

Alekseev map yields an equivariant embedding of U4-module-algebras &, : Eén — U%", and

the iterated coproduct A™ 1) of a (natural) integral form O4 of O, defines a morphism of
algebras A=Y ; Eél — Eén.
We show (see Proposition and Theorem for details):

Theorem 1.1. The invariant subalgebra (,Cén)UA does not have non trivial zero divisors,

and its center is a polynomial algebra, generated by A("_l)(Z(ﬁél)) and Z(Eén).

In the case g = sl(2) this result also follows from the isomorphism W of Theorem L.3|below,
and the fact, proved in [67], that the skein algebras satisfy the corresponding properties. In
that paper it is also shown that the skein algebras are finitely generated and Noetherian. We
expect the same is true of (L‘én)UA for arbitrary g.

The constructions and results above are developed from Section [2| to Section [6] for any
of the quantum groups U, = U,(g). As they form the basis of all results that follow we
give full details, though part of this material has already been considered in some ways in
the litterature. Along the text and especially in Section [5| we consider in detail the case of

g = sl(2).
Section [7|is devoted to the center of the specializations of Eén at roots of unity. For every
ecC*,set U :=Uy®4C, and
B,n - Eén ®A CE

where C. = C as a vector space, and as an A-module, ¢ is evaluated as € on C.. The Alekseev
map affords an embedding of Uc-modules ®,,: £j,, — UP™. We study this map when ¢ is a
root of unity of odd order I.

De Concini-Kac-Procesi [27, 28, 29] showed that the center Z(U,) can be identified with the
coordinate ring of a Poisson-Lie group G* (dual to G endowed with the standard Poisson-
Lie structure), and that certain Hamiltonian vector fields on Spec(Z(U.)) = G* can be
integrated to define an infinite dimensional group Gpok acting by analytic automorphisms
on Spec(Z(U.)), and by automorphisms on a suitable completion of U.. The orbits of this
action, called quantum coadjoint action, lift the orbits of the conjugation action via the
natural covering map G* — G°, where GV is the big cell of G. They used this action to
obtain a series of fundamental results on the simple U.-modules.

It is not hard to make the quantum coadjoint action explicit for Uc(sl(2)). Therefore,
starting from Section We restrict to the case of g = sl(2), thus omitting g from the notations
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(denoting eg. Lj, (sl(2)) by Lf,,), and we put G = SL(2,C). In the case of g = sl(2) the
Alekseev map affords an isomorphism

. ®
D, : locﬁan — lj6 "

where 1,.Lj ,, is the specialization at ¢ = ¢ of a localization of Eén(sl@)) introduced in Section
&k

After proving preliminary results on the center Z(Lj,) in Section we extend the
quantum coadjoint action by means of the Alekseev map, to get in Section an action
of a finite dimensional Lie group G on the fraction ring Z(Lj,,) (hence a partial action on
Spec(Z(Lj,,)) by rational transformations) and on a suitable completion of £ ,,. Then we

study the invariant subalgebra Z( fm)g. The groups G and Gpcoi are different. In fact, it
is necessary to adapt the constructions of De Concini-Kac-Procesi in the case n > 1 (see
Remark . We note that the problem of extending the quantum coadjoint action to graph
algebras has already been considered by Frolov in [45].

We can summarize the main results of Section [7] as follows (see Corollary for a precise
and more complete statement). Denote by X¢(X) the variety of characters of representations
m1(X) — G. We define an I-fold branched covering space G of G, and an ["-fold branched
covering space X4(X) of Xg(X), related by a natural branched covering identification map
¢: X4(2) — G™. Then we prove:

Theorem 1.2. The center Z(Lj,,) is naturally endowed with a Poisson bracket { , }qca
inherited from the algebra structure of L, so that there is an isomorphism of Poisson
algebras

Fr: (O(G™),{, Yrr) = (2(£5,),{ , Jaca)

where { , Yrr is the trivial extension to O(G™) of the Fock-Rosly Poisson bracket on O(G™).
Moreover, Fr yields an isomorphism of Poisson algebras

F\'J"OE_I*: (O(Xé}(z))v{ ) }Gold) - (Z( B,n)ga{ ) }QCA)

where { , }qowa is the trivial extension to O(XG(X)) of the Atiyah-Bott-Goldman Poisson
bracket on O(Xg(X)).

The isomorphism Fr provides a precise formulation of what means combinatorial quanti-
zation of the Ad(G)-module-algebra O(G"™) at roots of unity. It maps the elements generating
O(G") as an extension of O(G") to analogs of Casimir elements in Z(L§,,)- On the sub-
algebra O(G"), it is given by a Frobenius map F'r, analogous in the case n = 1 to the one
defined for O, = SL((2) by Parshall-Wang in [66], though much more complicated, see the
definitions nd It satisfies the remarkable identity (and a similar one for n > 1, see

Proposition |7.8))
Va Va Ty (V2)
Fr <Tr (M)) =1 (qTr <M>> =qTr < M >

where ﬁ is the matrix of coordinate functions of GG in its fundamental representation, ]\Vj
is the matrix of generators of £f; in the fundamental representation Va of Ue, T; is the I-
th Chebyshev polynomial of the first type (suitably normalized), T;(V2) the corresponding
virtual representation in the Grothendieck ring of U,-modules, and ¢7'r and T'r are the
quantum trace and classical trace of 2 x 2 matrices respectively. This identity shows how
Fr relates invariant functions on G to G-invariant central elements. The appearance of the
I-th Chebyshev polynomial T; in this context relies on the fact that it generates the defining
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relation of Z(U,), between the Casimir element Q and the generators E', F!, K*' of the
“small” center Zy(U,.) C Z(U,).

In Section |8 we develop a topological (ie. skein theoretic) formulation of some of the
previous results.

In Section [8.1] we give two definitions of a Wilson loop functor W, defined on a category
of ribbon oriented graphs in ¥ x [0, 1] colored by U)**-modules, extending the Wilson loop
map of [22] and defined for any g. One of these formulations uses the Reshetikhin-Turaev
functor, and is close to the one of [19].

In Section [8:2] we consider the restriction W of W to closed colored ribbon oriented graphs.
The image of W is (Eén)UA @4 Zlg"P, ¢ V/P], where we recall that (Eén)UA is the A-algebra
of U-invariant elements of Eén. Moreover, we prove the following result, which is an integral
version (ie. over the ring A) of a combination of Theorem 10 of [19] and Theorem 1 of [20].
Denote by K(X) the Kauffman bracket skein algebra of 3, defined over the ring Z[¢,("].
We have (see Theorem [8.4)):

Theorem 1.3. When g = sl(2), the linear map defined by W(L) = i*EYW (L) on ribbon
oriented links L colored by the fundamental representation, where lk(L) is the linking number
of L, descends to an isomorphism of algebras (where ¢ := iq1/2):

W: Ke(2) = (L£6,)74 @4 Z[C, ¢V

By using the image by W of the multicurve basis of K¢(X) (which is an instance of basis
of (£647n)UA constructed for any g in Proposition , we prove in Theorem |[8.6|the following
result, about the specialization (Eén)g“ = (L’én)“‘ ®4 Ce.

Theorem 1.4. The algebra Z(ﬁan)g is contained in (£(§{n)5A. Moreover, the bracket { , }qca
extends to an action by derivations of Z(Ean)g on (£én)g .

The theorems and imply:

Corollary 1.5. (1) The skein algebra K¢(X) does not have non trivial zero divisors, and its
center is the polynomial ring generated by the skein classes of the boundary components of 3.

(2) When ( is specialized to a root of unity € of order 41, with | > 3 odd, the center
of Ko (%) contains a subalgebra isomorphic to O(Xg(X)), endowed with the image of the
Poisson bracket {, }gold, which extends to an action by derivations on K (X).

Details are given in Section [J] As already mentioned above, (1) has been proved in [67].
The claim (2) belongs to a corpus of results proved in [I5, 16, 17] and [43] [44], for any
finite type surface and root of unity €. One interest of our method is to be intrinsically
algebro-geometric, and valid for any complex simple Lie algebra g. We note that the Frobe-
nius map F'r discussed after Theorem [1.2] provides an explicit, geometric realization of the
threading map Ch: K_32(¥) — Z(X) of Bonahon-Wong, see [I5] and also [44] (note that

¢ € {1, +i}).

In works in preparation we extend and improve on the results of this paper to arbitrary
finite type surfaces, and we construct families of indecomposable representations of (Eén)EUA.
The quantum coadjoint action implies remarkable properties of the intertwiners of quantum
moduli algebras, establishing their relationships with the quantum hyperbolic field theories
(see [10, [I1] and the references therein), and therefore quantum Teichmiiller theory, by the

results of [12]. In another direction, integrating the action by derivations of Z( an)g provides

interesting information on the finite-dimensional (Eén)gA—modules. There should be no major
difficulties in generalizing these results to the higher rank case.
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2. CATEGORICAL COMPLETIONS

We recall here the notion of categorical completion of a Hopf algebra.

Let k be a field (in the sequel it will always be C or C(q)), and U a k-associative algebra
(not necessarily with unit). We denote by p the multiplication map of U, and by Mody the
category of left U-modules.

Let Fyy : Mody — Vect be the forgetful functor from the category Mody to the category
of k-vector spaces. Denote by U the set of natural transformations from Fy to Fy. An
element of U is a collection (ax)xemod,, Where ax € Endy(X) satisfies Fyy(f) o ax =
ay o Fy(f) for any objects X,Y in Mody and any arrow f € Homy(X,Y). The direct
product []x¢ Mody Endy(X) is canonically endowed with a structure of unital k-algebra, and
U is a unital subalgebra of []ycproqr £ndr(X). The multiplication map is given in each
factor by the composition map px : Endg(X) ® Endi(X) — Endg(X),u ® v — uwowv. The
map

w:U—=U,a— (ax)xeMody
where ax is the endomorphism defined by the action of @ € U on X, is a morphism of algebra.
When U has a unit 1, ¢y is an isomorphism with inverse L&l U = U, (ax)xeMody — av(1),
where U is endowed with its structure of left-regular representation.

We will ”enlarge” U by considering only k-finite dimensional U-modules; we stress that,
in this situation, the map corresponding to ¢y is not necessarily surjective nor injective (see
below for the case of U = U,(g)). Let FinVect and FinMody be respectively the full
subcategories of Vect and Mody whose objects consist of the finite dimensional k-vector
spaces and U-modules. Let FinkFy: FinMody — FinVect be the forgetful functor, and
U the set of natural transformations from F inFy to FinFy. As U above, U is a unital
subalgebra of [[ycpinnrod, Endr(X), and the map (keeping the same notation)

w:U = U,a (ax)xeFrinMody
is a morphism of algebra. We will call U the FinM odyr-categorical completion of U.
We will often use special elements in U defined by series of elements of U. Consider a

sequence of elements z; of U, and assume that for any object X of FinMody, the set of
indices j such that the endomorphism (z;)x is not zero is finite. Then we can define an

element } vy (z;) of U by
O wlz)x =Y (x))x
7 ,

j
When .y is injective this element is also denoted by >, z;.

Let U, V be k—algebras, and U , V their FinMod— categorical completions. We de-
fine the categorical completed tensor product of U and V, denoted by U&V, as the space
of natural transformations from Fyy to Fyy, where Fyy : FinMody x FinMody —
FinVect,(X,Y) —» X ® Y. An element of U&V is a collection of linear maps axy €
Endpy(X ® V), for X € FinMody and Y € FinMody, such that for any arrows f €
Homy (X, X') and g € Homy (Y,Y’) one has (f ® g) caxy = ax/y o (f ® g) (identifying
Fyv(f,g) with the linear map f ® g). Again the componentwise composition map endows
U&V with a structure of associative algebra, and the map (py : U®V — U®V,u XU
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(uX ® Uy)XY is a morphism of algebra. If y: U ® U — U is the product of U, we define
L UQU —» U by

(i(a))x = px(ax,x)
for all a € UQU and objects X of FinMody. This construction is generalized straightfor-
wardly to n-tuples of algebras Uy, --- ,U,. In particular, if Uy = --- = U, = U we put

0% .= 01&--- QU,.
Adapting Sweedler’s coproduct notation A(z) = Z($) T(1) ® 7(2), we find convenient to write
asum T =}, uj&v; in UQV as

T=2 Ty&Ty
3

Assume now that U is a k-bialgebra, with coproduct A: U — U ® U and counit € : U — k.
Denote by Xy the U-module structure on k& defined by the counit €. Set

AU = USU, (az)zeriniody — (aXY)X.YeFinMody
where ax )y = axgy, and
e:U—k, am ax,.
These maps are morphisms of algebras, and satisfy
Aow =wyoA, (é&id)(A(a)) = (id&é)(Aa)) = id , (A&id)A = (idSA)A.
We will still call U a k-bialgebra although the tensor product is ® and not the algebraic one.
In particular, given a = (az)zecFinMod, € U we have

ax.yyz = (A®id)A(a))xy,z = ({d®A)A(a))x v,z = ax,(v.z).
We say that U is quasicocommutative in its categorical completion if there exists an invert-
ible element R € U®U such that

A“P(a) = RA(a)R™
for all a € U, where AP := g o A, and o(a®b) = b&a for every a,b € U. In particular, this
implies
weu (AP (a)) = wev(o(Aa))) = Rwsu(Aa)) R
for all a € U.

Assume that U is quasicocommutative in its categorical completion. We say it is quasitri-
angular, or braided, if moreover we have

(1) (A®id)(R) = Ri3Ras , (id®A)(R) = Ri3Ro.
Then, we call R a universal R-matrix. We use the following notations:
(2) R":=R, R :=0(R)"",R :=0(R).

Finally assume that U is a Hopf algebra. For X a U-module, denote by X™* the dual module
(with the standard action a-A = AoS(a), for alla € U and A € X™). If X is finite dimensional,
let ¢ x : X** — X be the canonical isomorphism of vector spaces. We define an ant1morph1bm
of algebras S : U — U by

S(a)x = x o '(ax+) oy
for all X € FinMody. It satisfies i(S®id)A(a) = j(id&S)A(a ) = né where n : k — U,
A= My, and 7 : k — U, A = Aly, are the unit maps of U and U respectively. Hence Uis

a Hopf algebra in the generalized sense where the tensor product & is used in place of the
algebraic one.
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When U is a Hopf algebra braided in its gategorical completion, we say it is ribbon in
its categorical completion if there exists § € U such that 6 is central, A() = (R'R)™' (8 ®
0),e(f) =1 and S(0) = 6.

[13al]

For the sake of notational simplicity, from now on we will omit the symbols from the
structure morphisms of the categorical completions U under consideration, thus denoting A
by A, ® by ®, and so on, like for U.

3. THE CASE OF Uy(g)

Let g be a finite dimensional simple complex Lie algebra of rank m. Denote by (a;;) the
Cartan matrix of g, and by d; the unique coprime positive integers such that the matrix
(d;ai;) is symmetric. Fix a Cartan subalgebra b and a basis of simple roots «; € hg. Denote
by (, ) the unique inner product on by such that d;a;; = (o, o). The root lattice @ is the
Z-lattice in b defined by Q = > | Zo,. The weight lattice P is the Z-lattice formed by all
A € bp such that

)\ .
(Aag) =2 (A i) e
(aia Oéi)
for every i = 1,...,m. So P = " Zw;, where the w; are the fundamental weights cor-

responding to the simple roots «;, satisfying (ws, o) = 9; 5. Put Q4 = > /" Z>pa; and
Py = Y Z>ow;, the cone of dominant integral weights. Denote by p half the sum of
the positive roots, and by D the smallest positive integer such that D(\,u) € Z for every
A, 1 € P. Note that (\, ;) € Z for every A € P, a € @, and D is also the smallest positive
integer such that DP C Q.

Let ¢"/P be a new variable, and set g = (ql/D)D, ¢ = q%. The quantum group U, = Uq(9)

is the algebra over k = C(q) with generators E;, F;, K;, K;l, 1 < i < m, and defining
relations (see eg. [25], Chapter 9.1):

(3) KKj=KK A KK'=K'K=1, KEK,'=¢"FE;, KF;K;'=q " F;

K, — K
(4)  EiFj - FE =6,;——
qi — q;
1—a;j; 1
B (= [ _T“” ] E YRR =0 ifi#
r=0 qi
1—a;; 1
© > 1 { P ] F TR =0 i i # .
r=0 qi

Here we put for p, k non-negative integers with 0 < k < p,

!
T =R

The algebra Uy is a Hopf algebra with the coproduct A, antipode .S, and counit € defined by

Ot =1 Wt = [f2l il Uy =T T

AKEY=KF oK A(B)=E oK +10F , A(F)=K '@ F+F,®1
S(E) = —EK ", S(F) = -KF,, S(K™) = K[!
e(By) =¢e(F;) =0, e(K;) =1.
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In the case of g = sl(2) we simply write E = Ej, F = F} and K*! = Kfl the generators of
Uq(sl(2)). For every a € Q, a =" | mjcy, we put

m
Ko =] &™
i=1

The element ¢ = K>, is group like and satisfies S%(z) =txl™ x € U,. Hence Uy is a pivotal
Hopf algebra, with the pivotal element £.

We will also consider the simply-connected version ﬁq of Uy. It is obtained by adjoining
invertible elements ¢;, 1 < i < m, such that

m
y _ 5; 4 _ i
K= HE?] L GEGT = By GFT =g "y A(GT) = 67 @ 4
j=1

The expression of the pivotal element is
m
=114

J
For instance, U, (sl(2)) is obtained from U,(sl(2)) by adjoining a square root of K. We denote
Kz =1,

By a theorem of Harish-Chandra, the map vy : U — U of Section [2] is injective when U
is U(g), the universal enveloping algebra of g ([31], Theorem 2.5.7). It is also injective when
k= C(q) and U = U, ([50], Lemma 7.1.9).

In the case of k = C(q), only specific categorical completions of U, are ribbon. We will use
the one, that we denote by U, defined as follows.

Recall that every finite dimensional U,-module X is completely reducible (see eg. [25],
Theorem 10.1.7). If X isirreducible, it is a highest weight module parametrized by a dominant
integral weight, say A € Py, and signs 0; = £1, 7 € {1,...,m}. Then X = ®o X, where

the sum ranges over the tuples € = (€, ..., €, ) such that ¢, ¢ = ¢ for some o € @+,

r m

where € = (€1,...,6y) and ¢ = Uiq()"a"), and Xg ={z € X | K; -z =¢€x,i=1,...,m} is
the weight space of X of weight €. We say that a finite dimensional U,-module has type 1 if
the signs o; of all its irreducible components are equal to 1. The category C with objects the
finite dimensional Uj;-modules of type 1 is a semisimple tensor category.

As in Section [2, we can define the C-categorical completion Uy, = Uy(g)" of Uy as the Hopf
algebra of natural transformations from F¢ to Fe, where Fp : C — FinVect is the forgetful
functor.

Set

[y

U, = U, @, C(¢"/P).

Extending the coefficient ring of C from C(g) to C(¢"/") allows one to embed U, @ C(¢"/P) in
Uy, and to make sure that the latter is braided and ribbon. Let us explain this. Denote by V)
the type 1 finite dimensional simple U;-module parametrized by A € Py. It can be considered
as a g-deformation of the finite dimensional simple g-module of highest weight \. Therefore,
the generators H; € g such that o;(H;) = aj; define elements of U;: H,; acts on a weight
,e.), where €, = ¢*") and p € P, by multiplication by
(11, ). Passing to the coefficient ring C(¢"/P), one can define an element ¢™/P e Uy, acting
on Xo ® C(¢"P) by multiplication by ¢**)/P_ Similarly, recalling that (u,w;) € (1/D)Z,
we can define the action of the generator L; € Uq on X¢ ® (C(ql/ DY as the multiplication
by ¢« This provides the claimed embedding Uq ® (C(ql/ Py« U,. It can be seen as a

space X of weight € = (e],...
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realization of the fact that the restriction functor C — C is an equivalence of categories, where
C is the category of type 1 finite dimensional f]q—modules.

Denote by B € M,(Q) the matrix with entries B;; := d;laij. By the same arguments as
above one can define

(7) O :— qZ%ﬂ(B*l)ini@Hj c U?Q
as the operator acting on X, ® X, ® C(¢'/?) as the multiplication by ¢ € Z[¢"/P, ¢ /"],
where € = (e1,...,6m), € = (€),...,€.), & = ¢ ¢ = ¢ and p,v € P.

Recall that the Drinfeld universal R-matrix Rp of the quantized universal enveloping al-
gebra Uy (g) takes the form (See [25], Chapter 8.3.C, for the notations; N is the number of
positive roots, and ¢ = e"):

1 T T q
Ry, = exp hz “1)ijH; © H; Z H A 76’)@&)” (Fp,)"

1,5=1 t1,...,tn=07r=1 [ ]qﬁr
Since Eg, , Fj, act nilpotently on objects of C, one derives immediately that
R = ((Rh)X,Y) S U;@Z.

For instance, in the case of g = sl(2), we have D = 2 and © = ¢""®H/2 Hence, identifying
elements of U, with their images by ty, : U; — Uy we can write

(8) H®H/2 Z n(n 1)/2En ® F".
n

One checks similarly that the ribbon element of Uy (g) induces an element of U, so that U,
is naturally a braided and ribbon Hopf algebra in the categorical completion Uy.

Let A = Z[q, ¢ ']. The unrestricted integral form U, is the A-subalgebra of U, generated
by the elements (see eg. [25], Chapter 9.2)

K
(9) Ei, Fp, K =i for 1 <i<m.

The restricted integral form U)*® is the A-subalgebra of U, generated by the elements (see
eg. [25], Chapter 9.3)

ET Fr
(10) []Z" H’J',Kf[1 for any 4,7 with1 <i < m,r > 1.
! rlg!
Both Uy and Uj*® are Hopf algebras. They satisfy Us ®4 C(q) = Uy, U4 ®4 C(q) = Uy.

One defines Uy and U in a similar way, replacing the generators K iﬂ by Eiﬂ.

We will use the following property of the R-matrix. Denote by B) the canonical (Kashiwara-
Lusztig) basis of the U;-module V), A € P, (see eg. [25], Chapter 14). Denote by 4V the
A-sublattice of V) generated by B). The restricted integral form U}*® acts on 4Vj.

Theorem 3.1. (Integrality property) (1) Denote by By, the basis of V\ ® V), formed by
the vectors x ® y, with v € By, y € B,,. For every A, u € Py, the matriz entries in the basis

By, of the endomorphisms R‘jﬁivu S End(c(q1/D)(V>\ ®V,,) belong to qi(’\’“)Z[q,q_l],
(2) For every A\ € Py, denote by my, : Uy — End(Vy) the canonical projection. We have
(mv, ®id)(R) € Enda(4V) @ Ua.
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Proof. The first claim is a classical result of Lusztig ([61], see also [59]). The second is a
consequence of the nilpotency of the elements Eg, on Vy, and the facts that (Eg,)" /[t,]q, !
acts on the A-lattice 4Vy, and that (my, ® id)(©) € End(4Vy) ® Ua. Indeed, this last fact
can be checked by taking weight spaces X., X¢ as in (7)), with X, a weight subspace of a
highest weight module V), and with basis vectors {e;} of X. Then, setting A = >} | kewy,
we have

(o ®id)(©) = ai; [] .
t=1
This concludes the proof. O

Denote by C4 the category with objects the finite dimensional U}**-modules of type 1. It
is a semisimple tensor category. Denote by C4 ® Z[ql/ D ,q_l/ b | the category obtained by
extending coefficients to Z[¢"/”,¢~'/P]. By Theorem (1) the braiding R of C yields a
braiding on C4 ® Z[ql/ b qil/ b |, and from this one derives easily that the same is true of the
ribbon transformation. Hence C4 ® Z[ql/ D g1/p ] is a ribbon category. Note the following

consequence. Define the categorical completion U\* of U}*® similarly as U, above, that is

U = U @4 Zlg"/P, q7V/P)

where U’f* is the Hopf algebra of natural transformations Fp, — Fg,, and Fg, : Ca4 —
FinVect is the forgetful functor. Then U’{® is a braided and ribbon Hopf algebra.

If e € C*, the unrestricted specialisation of Uy at ¢ = € is the C-Hopf algebra
(11) Ue=Ua ®4 Ce

where C. = C as a vector space, and as an A-module, g acts on C, by €. One defines U.ina
similar way. The map ¢y : U — U of Section [2]is injective when U = U, or U, and € is not a
root of unity ([49], Proposition 5.11).

When ¢ is not a root of unity, the finite dimensional U.-modules are completely reducible
(see eg. [25], Theorem 10.1.14). One can define the category C. of type 1 finite dimensional
Ucmodules as above. The categorical C.-completion of U, is a braided and ribbon Hopf
algebra. Note that, in the case of g = sl(2), again when € is not a root of unity, a similar
construction of categorical completion of U,(sl(2)) has been done in [42].

When € is a root of unity, the category of finite dimensional U.-modules is not semisimple
and not braided. When g = sl(2) a classification of the simple modules is known ([8],[27]).
We will use it extensively in a sequel to this paper.

A duality pairing is defined on U, as follows. If U is a k-Hopf algebra and X an object
of FinMody, for every v € X and w € X* denote by x¢, the linear form w(nx(.)v) € U™,
where wx is the representation associated to X; it is called a matriz coefficient of wx. Denote
by U° the restricted dual of U, that is, the subspace of U* generated by the matrix coefficients
of the finite dimensional representations of U. It is naturally endowed with a structure of
Hopf algebra.

When U = U, and k = C(gq), we denote by O, C U(? Rk C(ql/D) the Hopf subalgebra
generated by the matrix coefficients of the representations associated to the objects of C (i.e
the type 1 finite dimensional U,-modules), with coefficients extended from C(q) to C(q*/?).
Thus Oy is the set of C(g"/P)-linear maps

f: Uy @3, C(g"P) — C(¢"/P)
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such that Ker(f) contains a cofinite two sided idea I C Uy, and [[,__.(K; —¢F) € I for some

S=—T

r € N and every i (Here we call a k-submodule I C U, cofinite if U, = I & M with M a free
k-module of finite rank). We denote by * the product on Oy, induced from Ug.

We can uniquely define a bilinear pairing (.,.) between U, and O, such that the following
diagram is commutative (the top arrow stands for the standard duality pairing):

(50
Oq ® (Uq Rk (C(ql/D)) - (C(ql/D)
id®Lqu

0,®U,

()

This pairing is defined by
(voy, (ax)) = w(ayv)
for every (ax) € Uy and y ¢, € O,. It is non degenerate.

Finally, we will use the integral form O4 of O, defined in [30] and [62] (see Remark 4.1 in
[30] for the equivalence of the two definitions). Let us just mention here that O 4 is an A-Hopf
subalgebra of O, satisfying O ®4 (C(ql/ Py = Oy, defined similarly as O, above but taking
maps f: Uy*® — A and cofinite two-sided ideals I C U}**. The matrix elements y, qbgj, where

X € Py, {e;} is the canonical basis By of Vy, and {e’} the dual basis, provide an A-basis of
O4, and the duality pairing O4 ®4 U4* — A is non degenerate.

4. THE LOOP ALGEBRA Lo (g)

First we recall a definition of Ly ; as the braided group dual to U, following [32] (but using
right modules instead of left ones). The merit of this definition is to be intrinsic, not given
by generators and relations.

Denote the left and right coregular actions of U, on O, by

> o= Za(1)<a(2),aj), a<dx:= Z(a(l),x>a(2)
(a) ()
for all z € U, and o € Oy, where (, ): O, @ Uy — C(¢"/P) is the duality pairing defined
in the previous section, and A(a) = 37, @) ® a(z) (Sweedler’s coproduct notation). The
actions > and < commute, and O, is a Us-module algebra for both actions, i.e for all x € U,
and a, 8 € Oy we have

v (af) =Y (zq) > o)z > B), (af) 4z =Y (a<tzn)(B<@)
(z) (z)
Denote by Ug‘)p the Hopf algebra with the same algebra structure as U, but the opposite

coproduct A®? and the antipode S~1. Consider the Hopf algebra (equipped with the standard
Hopf algebra structure on tensor product)

D, = U,@U;™.
It has a right action on O, defined by
(12) a-(zey)=Sy)>a<zx

for every z € Uy, y € U”” and a € O,, where ® denotes the algebraic tensor product. This
action extends uniquely to an action of D, on Q.
Recall the universal R-matrix R € U,®U,. Let

F .= (R/)Qg(R/)24 € (Uq®UZOp)®2
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where (R )i = ig(R'), and iy : U,0U0, — (Uq®Ug"p)®2 identifies the subalgebra U, @ 1
(resp. 1 ® U,) of U,®U, with the k-th (resp. [-th) tensorand of (Uq®UgO”)®2. The tensor F'
is invertible, and it satisfies

(13) (ep, ® id)(F) = (id ® ep, )(F) = 1
and
(14) Flg(ADq®’id) (F) = FQg(id@ADq)(F).

Put u := Z(F) F1)S(F(2))- Denote by Sp, the antipode of D, and set
(15) Af;q(x) = FA]D)q(l')F_l , S]gq(:x) = US]D)q(:L‘)U_l, z € Dy.

The maps qu, qu and the counit of D, define the comultiplication, the antipode and the
counit of a new structure of Hopf algebra on the algebra ;. It is called the twist of D, by
F. Denote it by A,. Since A, and D, coincide as algebras, the right action of D, on O, is
also a right action of A,. Define a new product on O, by

(16) aB=> (a-Fu))* (B Fg)).
(F)
Explicitly, by writing R = E(R) Ry ® Ry = Z(R) Ry ® R(y) we have

F= Y 1@RyRw) & Ry @ Ruy.

(R),(R)
Then, by using (S ® S)(R) = R we get
(17) aff = Z (R(QI)S(R(Q)) > Oz) * (R(lf) > A< R(l))
(R),(R)
and conversely
(18) axfB= Y (RoRo)>a)(S(Ru) > B <Ry)).
(R),(R)

Note that, by the expression of R and the fact that the generators E;, F; of U, act nilpotently
on finite dimensional U,-modules, there is only a finite number of non zero terms in the last
sum, which is the reason why the expression is well defined.

Proposition 4.1. The right As-module O, endowed with the product is an Ag-module
algebra. We denote it Lo1(g), or simply Lo 1.

This is checked easily; Lo1 is called the twist by F' of the D,-module algebra O,.

Proposition 4.2. The coproduct A: U, — U,®U, yields a morphism of Hopf algebras
A: Uy — Ay
See [32] for a proof.

By pulling-back the action of A, by the morphism of Hopf algebras U, — U, EN Ay,
Lo,1 becomes a right U,-module algebra. It is easily seen that the action of U, is the right
coadjoint action, defined by

coad"(x)(a) = Z S(x)) > a<zq),Vr € Uy Va € Lo
(z)
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Next we are going to recall a fundamental relation between Lo and U,. Recall that U, is a
right Uz-module algebra for the right adjoint action, defined by

ad’ (y)(x) =Y S(yay)aye), Yo,y € Uy
()

It is trivially extended to Uy, and thus defines on it a structure of right Ug-module algebra.
Denote by Z(U,) the center of U;. We have

(19) Z(Uq) = {2z € Uy, Vx € Uy, ad"(z)(2) = €(x)z}.
The set of locally finite elements of the simply-connected quantum group Uq is defined by
Ul = {z € Uy | rkey(ad (Uy)(x)) < oo}

It is is an ad” (U,)-module algebra, since the inclusion U, C U, makes U, an ad" (U,)-module
algebra. Finally, the set of coad"-invariant elements of L1 is defined by

ngl ={a € Lo1|Vy € Uy, coad” (y)(a) = e(y)a}.

Since Lo is a Ug-module algebra, EOU’ ¢ is a subalgebra of Lg .

Theorem 4.3. Define ®1: Lo1 — Uy, ®1(a) = (e ® id)(RR'). We have:
(1) @1 is a morphism of algebra, equivariant and injective.
(2) The image of ®1 is Uéf ® C(¢"P) c U,
(3) @1 induces an isomorphism from EOUfl to Z(U,) ® C(¢"P) c U,

We call ®; the RSD map, after Reshetikhin and Semenov-Tian-Shansky [68] and Drinfeld
[34], who considered it first.

A proof of Theorem can be found in [13], Theorem 3. To make a complete correspon-
dence with that statement, note that the arguments of our Theorem (2) imply that &,
takes values in U, ® C(¢"?) c U,. The difficult parts of Theorem are the injectivity of
®; and the claim (2). Note that the third claim follows from the first two and (19).

An alternative proof that ®; is an equivariant morphism is given in [32], Proposition 4.7,
based on the construction of a left ng—comodule structure on Ly 1. The equivariance of ®;
also follows from a simple computation shown in Proposition below.

Note that because the elements of the restricted dual are necessarily coad” finite, the
equivariance of ®; implies that their images by ®; are necessarily ad"-finite.

Remark 4.4. We give a simple self-contained proof of of Theorem in the sl(2) case in
Proposition [5.4}

Remark 4.5. It is a result of [51] that the ad" (U,)-module f]éf is generated by the elements
0_x, X € 2Py, where for every weight u = Y "I" | nw; we set £, = [ £;"". Moreover, there

= =171
is an Ore subset S of Uéf such that Uy is a free module of finite rank over the skew fraction
ring S_lfféf (see [52]). The set S is the Abelian group generated by the elements ¢_y, where
A€E2PL NQ4.

Finally, we provide a definition of Lo ; by generators and relations. Though well-known,
we include a proof for completeness. Let V' be an object of the category C, and define

\4 ; i
(20) M=) El@ve¢t, €EndV)® Loy
i’j
where (e;) is a basis of V, (') the dual basis, and Ef the corresponding basis of End(V),
defined by E}(eg) = d6;re;. As Lo1 and O, are isomorphic as linear spaces, the matrix
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coeflicients Vqﬁgj_ generate Lo 1. Observe that we have the naturality property, i.e if V, W are
objects of C, and f : V — W a morphism of U,-modules, then

(21) M (f@id) = (f @ id) M .

Given two objects V and W of C we write

|4 ; i
M=%, Bl@id®ve;, € End(V)® End(W) ® Lo

W , ; Vew
and similarly Mo= 3", ;id® F!'® wog,. We view M as an element of End(V) ® End(W)

by using the standard isomorphism
End(V) ® End(W) = End(V @ W).
Finally we view Ry, R'v.w € End(V) @ End(W) as elements of End(V) ® End(W)® 1 C
End(V)® End(W) ® Lo 1.
Proposition 4.6. The following fusion relation holds true in End(V) ® End(W) ® Lo1:

vew v . w PN
(22) M =M1 R'vw M2 (Ryw)

\4 w
where the product of Lo 1 is used to multiply the matrix elements of M and M. It implies the
reflection equation:

V.o, w w Voo,
(23) Ryw M1 Rvw M2 = M2 Ryw M1 Rvw.
Conversely, the naturality relations and the set of relations , for every objects V' and
W of C, are a defining set of relations for Lo,1. That is, Lo1 can be viewed as the quotient of

the algebra freely generated over k = C(ql/D) by the matriz coefficients V¢2;7 for all objects
V' of the category C, by the ideal generated by the relations and .

Proof. Let us write Ry,w = >_ ) RB(1) ® R2) = > (g) R(11) ® R(2). By a direct application
of the definitions we have . , .
(Vow)PE,oe = VO, X WO, -

Then the relation is equivalent to
Yigwt Bl © Bl @ vee, »wol, = Xy (r)igas B Ry Ry © Ry ELS(Rn) @ v, w s, -
The isomorphism V ® V* — End(V), v® f = (w = f(w)v), maps Rer @ S(R(lz))*el

to R(l)EliS(R(lz)) and e; ® (R(Q)R(2/))*ej to Ein@)R(Q/). Hence the above relation can be
written as

i o il i ko ol i Riyyet
Ykt Bl @ B @ves xwol, = (r) (R Fi @ B ® (Vﬁfﬁ%@)R@,)ej) <V¢S(}%<1/>)el> '

Now we have
Rz‘l)ek ok ol el

VOS(Ry)er = S(Ran) B> vde, ARy vOR, e = By Ry > woe,
where we use the coregular actions >, < and we denote now by R(1), R(11), R(2), Ry € Uy the
components of the universal R-matrix, instead of Ry,. Identifying the matrix coefficients
in 4, j, k, [ we recover the relation . Hence it is equivalent to the fusion relation, which
thus provides a defining set of relations for Lo ;.

Finally, note that by we have

VW WV
ovwRyw M = M oywRvw
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where oy : V@ W — W @V is the flip map. Then
v / w / —1 4 / v / -1
ovwRyvw M1 Rvw M2 (Ryw)™ =M1 Rwy M2 (Ryy) ovwRyw
W 1%
=oyw M2 Ryw M1
which implies the reflection equation. O

Remark 4.7. As usual, denote by ay or my(a) € End(V) the component of an element
a = (ay) € Uy associated to the object V' of C. The right coadjoint action of Uy on Ly can
be written in matrix form as (see eg. the proof of below for a similar computation)

(24) cont () (31) = 5= (G @ ) A (Stuay)v 90 )
(v)

Let A € P, V) the type 1 simple U;-module of highest weight A, and 7y, the associated
representation. Denote by T'ry, : End(Vy) — k the trace on End(Vy). Put

Vi . 4N
it (3) o= (v, i) (s O @) 1) € o,

v
Proposition 4.8. (1) The elements qTry, (]\/}) , A€ Py, form a basis of ﬁgj.
(2) The elements (Try, ®id) ((ry, ® id) ({ @ 1)(RR'))), X € Py, form a basis of Z(U,).

Proof. The first part is an immediate consequence of Proposition below (namely, it is
the case n = 1, so that ay(z) € Endy,(V)) is a scalar for every A € P, ). The second part is
a consequence of the first and Theorem |

Remark 4.9. Let V,,, be the fundamental representation of (7,1. The center Z (0q) contains
the elements (see [37] and [14])

(25) (Try,, @ id) ((% ® id) ((€®id)((RR’)’“))) . ke{l,....m).

These elements generate Z(U,) when g is of type A,, or Cp,; see [14] for a more precise
description in the other cases. Using Theorem [4.3] and

v
(26) (id ® 1) (M) = (my @ id)(RR)
we deduce that the elements

Vi
(27) rw = (Try,, ®id) <(7va1 (0) ®id) Mk> , ke{l,...,m},

belong to and generate Eg 9 when g is of type A, or Cy,. In particular, for g = sl(2) we have
L4 = C(q"?)[w], with

Va Va q 0
(28) w = thVQ M) = ZZ—'T“/2 KV2 M s KV2 = 0 q_l

where V5 is the 2-dimensional type 1 simple U, (sl(2))-module, and as usual Ky, is the endo-
morphism of Vs given by the action of K.

Next we define the integral form of Ly ;. Recall that O4 C O, is a Hopf subalgebra well-
defined over A = Z[q,q"']. We claim that defines an associative product on Q4. To
see this, we have to check that products of elements of an A-basis of Q4 can be expressed
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as linear combinations in this basis with coefficients in A. By equation , and using
(id® S)(R) = (id @ £)R™(id ® ™), we have

(29) aff = Z (R(Q/)K(Ril)(g)gil > a) * (R(l’) > 6 (Ril)(l)).
(R),(R™1)

Therefore, if @ = V)\(ﬁgj and 8 = qub}t;, where A\, € Py, By = {e;}, and B, = {f;}, we
obtain

Y Byl B ™) (v (R (r (B ) 108, * vl
Vi (27 (2) e; MV \ (1)) ), TV, W) fonVaPey *Vu®ry ) -
(R),(Rfl),j’,n’,n”

Applying Theorem [3.1) we see that the factors q+(’\’”) cancel the factors q*()"“) in the last
expression. Noting moreover that the matrix elements of ¢ belong to A, we finally obtain
that the coefficients in the linear combination belong to A. Thus we can set:

Definition 4.10. The algebra Eél is the A-module O 4 endowed with the product (L6]).
Clearly EDAJ ®Xa C(ql/D) =Lo1.

Lemma 4.11. The action coad” yields on Eél a structure of right U s-module algebra, and

<I>1(£64’1) is the Ua-submodule of Uq ® (C(ql/D), that we denote by Ui{, generated by the
elements £_y, A € 2P, .

Proof. The action coad” endows the A-module 564,1 with a structure of right U}**-module

algebra, dual by the pairing O4 ® 4 U}*® — A to the structure defined by ad” on U}**. We
claim that Uyg acts by ad” on U,**, so the formula (coad"(z)(a))(y) = a(ad”(z)(y)) makes
sense for every © € Uy, a € EOAJ and y € U}, and endows £(‘]4J with a structure of right
Ua-module algebra. This claim is easily checked on generators. Namely, since [l],, € A for
every 1 <i < m and [ € N, we have

K, — K E" E"
or (S50 () -t e

qi — q; 7! [r]g,!
K — K1 o o
qi — q; [T]qr [T]Qi’

Moreover E;, F; € U*°. Therefore ad" (U)(UL*) C UL™.
Given XA € P, choose a lowest weight vector my, in the Uj**-module 4V), and a dual
highest weight vector my,, in the dual module (4V))*. It exists, because the category Ca

of finite dimensional U**-modules is rigid. We just have to adapt the arguments in [13],

page 10. It holds <I>1(vx¢nml?5) = (_s), where VA¢$§Z" € Eél, and the elements of the sets
ad"(Ua)(€—2)), where A € Py, distinguish the modules 4V). By equivariance of @1, it follows
that these modules are pairwise non isomorphic <I>1(£é1)—modules. Injectivity of ®; then

*
M hw

implies Eél = 04 as A-modules, and Eél = coad" (Ua)(v, ®m;=). This achieves the proof. O

5. THE EXAMPLE OF L (sl(2))

In this section we provide when g = sl(2) a presentation by generators and relations of
Lo,1, denoted by Ly 1(sl(2)), and using it we give an elementary proof of Theorem in this
case.
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Let V. be the r-dimensional type 1 simple U,(sl(2))-module, and put

(30) ]‘\/j: <CCL 2) S End(Vz) & ﬁo,l(sl(Q)).

\%
Lemma 5.1. The algebra Lo1(sl(2)) is generated by the matriz elements a,b,c,d of M.
These satisfy the relations

ad=da , ab—ba=—(1—q ?)bd
(31) db=¢*bd , cb—bc=(1—-q ?)(da—d?)
cd = ¢*de , ac—ca= (1 —q H)dec

as well as ad — ¢*bc = 1. Moreover w = ga + q~'d is central.

Note that w coincides with the element .

Proof. The family of matrix elements of ]\‘2 for all V' spans Lo 1(sl(2)) over C(g"?), since
as a vector space it is the same as O4(sl(2)). Any finite dimensional Ug(sl(2))-module is
completely reducible, and any simple one is a direct summand of some tensor power of V5.
Hence the fusion relation (22) implies that Lo 1(sl(2)) is generated by the matrix elements
a, b, ¢, d. The relations ollow easily from the reflection equation associated to V3,
using the expression

g 0 0 0
_ 01 g—qg ' 0
RVQ,VZZQ 1/2 0 0 q 1q O

00 0 q

and they imply that ga + ¢~ 'd is central. Because Vo ® V5 admits the trivial representations
as a subrepresentation, there exist non zero intertwiners

¢:Va®@ Vo = C(g?) , ¢ :C(¢"?) = V@ Va.

Va® Vs
As a consequence ¢ o Mo 1 is proportional to the unit element of Ly 1(sl(2)). Using the
fusion relation, an easy computation provides the additional relation ad — ¢®bc = 1. O

Consider the RSD map ®;: Lo1(sl(2)) — Uy(sl(2)), a — (a®id)(RR'). A straightforward
computation using the expression shows that
®i(a) =K +q¢ (¢—q '’FE , ®1(b)=q¢ ' (¢—q )F
®i(c)=(q—q HK'E , @i(d) = K

Therefore Tm(®;) is contained in U, (sl(2)) ® C(¢*/?) C U,(sl(2)). The image of the central
element w is
(33) Q=01(w) =K +¢ 'K '+ (¢—q )’FE
which is (¢ — ¢~ ')? times the standard Casimir element of U,(sl(2)).

Next we show that the relations and ad — ¢*bc = 1 yield a presentation of Lg1(sl(2)).

Let ENOJ be the algebra generated by elements a, b, ¢, d satisfying all these relations. Denote
by

(32)

j : 2071 — £071<8l(2))
the unique morphism of algebra sending Z to x for = € {a, b, c,d}.
Proposition 5.2. The monomials a®b°¢ and d°b°&", where o, B, v, 6 € N and o > 1, form

a basis of E0,1 over (C(ql/2). Moreover, j is an isomorphism, ®1 is injective, and the center
of Lo1(sl(2)) is the polynomial algebra C(q1/2)[w].
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Proof. By inspection of the relations of Lemmal.1} it is easily seen that the given monomi-
als form a generating set of Ly ;. As for linear independence, consider the Verma Uy (sl(2))-
module M,, z € C*, with basis vectors v,, n € N, and action

FEvy =0, Kv, = zq *"v,, Fu, = vpy1.

Then

qu—n o x—lqn—l
q—q*

where € is as above. By the formulas we have

@1(aabﬁc’}’) — q*a*ﬁ(q _ qfl),3+'y(Q o qilK*l)aFﬁ(KflE)'V

Un—1, Quy, = (qx + q_lx_l)vn

Evyp = [n]q

and
Oy (d'b ) = q P (q— ¢ )T K FIKTE).

Consider a linear relation with coefficients A,g-, Bsgry € (C(ql/ 2):

S Aapn@®B + 3 By d7 ' = 0.
a,B,y 8,8' '

Applying @ o j we get (keeping the same names for the resulting coefficients in (C(ql/ H):

(34) 3" (Aapy(Q— ¢ T K Y FA (KT E) + Bygy KPS (KUE)) = 0.
B,y

By acting on the highest weight vector vg all terms on the left hand side vanish, but those
with v = 4/ = 0. Hence

Z Aapo(— ¢ P K1 FPyg + Z BsgoK 0 FF vy =0
a8 ép’
implying for each 8 the relation

> Aapolqr +q e (1= ) + D Bsgor°¢* = 0.
a é

This is a Laurent polynomial in . Since § > 1, the highest degree term in x has vanishing
coefficient, A,y = 0, and hence Bsgy = 0. So has no terms with v = 4’ = 0. Then, by
acting on v it results again that has no term with v = 4’ = 1. Iterating this argument,
an obvious recurrence implies that all the coefficients vanish, Aam = Bsgy = 0, which
implies the linear independence of the monomials @*6°¢” and d°b0’¢" and therefore proves
that they form a basis of £~071.

As a by-product we see that ®; o j is injective, and therefore j is injective too. It is also
surjective because the monomials a®b®¢” and d°b’¢” form a generating family of Lo 1(sl(2)).
It follows that ®; is injective as well.

Finally, let z be in the center of Ly1. Then ®1(z) commutes with ®;(Ly1(sl(2))), and
hence with K, E, F. Thus it belongs to the centre of U, (sl(2)) ® C(¢q*/?), which is C(¢"/?)[5).
Therefore ®1(z) = P(QQ) = P(®1(w)) = ®1(P(w)). The result follows from the injectivity of
P;. O

Remark 5.3. A consequence of this proposition shows is that the algebras Lo 1(sl(2)) and
Uq(sl(2)) are not isomorphic (over C(g"/?)). Indeed the former has the family of one dimen-
sional representations pgy (z € C, y € C*), defined by

pxy(d) =0, p:r:y(a) = x’pxy(b) = _q_ly’pxy(c) = q_ly_1~
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Then K ¢ Im(®,), for otherwise K = ®;()), and injectivity of ®; and K~ = ®;(d) would
imply Ad = d\ = 1. But this is not possible since p,y(d) = 0. In fact the family {pzy}ay
cannot be obtained by pull-back of representations of U,(sl(2)) and the category of finite
dimensional modules of Ly 1(sl(2)) is not semisimple (see [23], Proposition 9).

From the above results we can now derive an easy proof of the particular case of Theorem
for g = si(2). Note that Uéf(sl(Q)) = Uéf(sl(2)) by the result of [51] recalled in Remark
4.9

Proposition 5.4. The RSD map yields an isomorphism of Uy-module algebras
@1 Loa(sl(2)) — U (s1(2)) ® C(¢"?) C U,
Proof. That ®; is an equivariant morphism follows from the same arguments as for the
Alekseev map (see Theorem . Injectivity was shown in Proposition We prove that

Im(®,) = Uéf(sl(Q)) ® C(q"/?) by following closely the arguments of section (3.11) of Joseph-
Letzter [51]. For every integer m > 0 we have

(35) ad"(K)(EK~')™) = ¢ *™(EK~)™ , ad"(E)((EK~")™) = 0.

Moreover,
ad"(F)(EK™') = ¢?EF - FE adr(Fz)(E H=—(¢g+q¢ HF , ad(F}(EK ) =0
ad’ (E)(K™")=EK '(¢*-1) , ad (F)(K ) F(l —q7?)
ad"(E)(F) = —ad" (F)(EK™") , ad"(F)(F) =

These relations imply that EK ', K~ and F belong to Uéf (sl(2)). Because {2 is invariant
under the action ad”, the formulas imply that ®;(a), ®1(b), ®1(c) and ®1(d) belong to
Ul (s1(2)). Therefore Im(®1) € UM (s1(2)) ® C(q"/?).

These above relations imply also that ®(c) is a highest weight vector for the action ad’,
generating a copy of V3, the 3-dimensional simple U,(sl(2))-module of type 1.

Let us show by induction that ad”(U,(sl(2)))(®1(c)™) = Vam1, for an arbitrary positive
integer m. In view of (35)), it remains to prove that ad" (F*)((EK~Y™) # 0 for all integers
k < 2m, and ad” (F*)((EK~Y)™) = 0 for k > 2m + 1. This holds true for m = 1.

If this is true for a given m, then using the formula of A(F'), the g-binomial identity, and
the fact that Uy(sl(2)) is an ad"-module algebra, we get

k
w (PER ) =30 | |l e (R o (7 (B
=0 a?

_Z[ } ad" (K FFH(EK~H™)ad" (FHY(EK™Y)

since ad”"(F")(EK ') = 0 if and only if 4 > 3. By the induction hypothesis, for k > 2m + 3
each of the three terms of the sum vanishes. For kK = 2m + 2, only the term for ¢ = 2 is non
zero, which is equal to
k T - m —1\ym -
(30 | araeeEs e am,
-

By induction this term is non zero. Therefore ad” (F*)((EK~1)™) # 0 for all integers k <
2m + 2. This proves our claim.

Finally the multiplication map (@m>0Vams1) ® C(¢V)[Q) — Ulf(sl( 2)) ® C(¢"?) is
easily shown to be an isomorphism, as in [51], section (3.11). Since Q = ®;(w), and Va1 is
generated by ®;(c*™), we deduce the inclusion Uéf(sl(2)) ® C(¢"?) C Im(®1). O
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Let us make explicit the result of [52] mentionned in Remark By the relations
and Proposition it is immediate that for all x € Lo ;(sl(2)) there exist elements y,
y' € Lo1(sl(2)) such that dy = zd and y'd = dz. So {d"}nen is a left and right multiplicative
Ore set in Lo1(sl(2)). As it is made of regular elements, the localization of Lo 1(sl(2)) over
{d"}nen is well-defined (see Theorem 1.9 and Corollary 6.4 in [48]). Let us denote it by

loc['O,l (8[(2))

Proposition 5.5. The map @1 : 15.Lo1(s1(2)) = Uy(sl(2)) @C(q*?) defined by ®,(d~') = K
and the formulas (32)) is an isomorphism of Uq(sl(2))-module algebras.

Proof. Since ®1(d) is invertible, ®; extends to a morphism ;,.Lo,1(s1(2)) = Uq(sl(2)) ®
C(¢"/?) uniquely (see [48], Proposition 6.3). It is an isomorphism, because the monomials

0P with 8, v € N and § € Z make a basis of 1ocL0,1(s(2)), and they are sent by ®; to a
PBW basis of Uy(sl(2)). O

Finally consider the integral form Eél(sl(Q)). Recall that Uéf(sl(2)) = ad"(Uy(sl(2)))(K™1).

Put

U (s1(2)) = ad" (Ua(s1(2))) (K ™).
Clearly, Ui‘f(sl(Q)) C Ua(sl(2)). The inclusion is strict, for K ¢ Ui‘f(sl(Q)).
Lemma 5.6. The following holds:

1) The A-algebra L’él(sl(Q)) is generated by a, b, ¢, d with the defining relations (31)).

2) The localization of Eél(sl@)) over the set {d" }nen, that we denote by locﬁél(sl(Q)), is
generated by a, b, ¢, d*' with the defining relations (131)).

3) The RSD map yields embeddings of Ua-module algebras @ : Eél(sl@)) — quf(sl(Q))
and P : locﬁél(sl(Z)) — Ua(sl(2)), and <I>1(locﬁél(sl(2))) = U/ (sl(2)) is the A-subalgebra of
Ua(sl(2)) generated by (¢ — ¢ Y)E, (¢ — ¢ Y)F and K*'.

Proof. 1t is shown in [30], Proposition 1.3, that O(sl(2)) C O,(sl(2)) is the A-subalgebra
generated by a, b, ¢, d. This implies the first claim, since the relations make sense over
A (which is in accordance with the integrality of the product ) The second claim is an

immediate consequence of the first. The third claim follows from Lemma We use the
formulas to determine @1(loc£é1(sl(2))). O

6. THE “DAISY” GRAPH ALGEBRA L, (g)
We define Ly, as a twisted product of n copies of Ly, following [33] (but using right
modules instead of left ones).
We need to recall a few notions. Consider Hopf algebras A and B, and a bicharacter
F € B® A. By definition, F' is an invertible tensor and satisfies
(37) (AB®idA)(F) :F23F13 , (idB®AA)(F) :F12F13.
Viewing F' as an element of (1® B) ® (A® 1) C (A® B)®?, it is readily checked that
Fiao(Aagp ®id)(F) = Fas(id @ A agp)(F)
and
(caep @ id)(F) = (id ® 105) (F) = 1.
Therefore F' can be used as a twist of A ® B (endowed with the standard Hopf algebra
product structure; see for the similar operation applied to D). Denote by A @ B the

resulting structure of Hopf algebra. This construction generalizes straightforwardly to the
case of categorical completions. In particular, taking A = B = Uy, the identities for the
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universal R-matrix imply that R’ is a bicharacter of U,®U,, and that we have (compare with

(14))

A, =TU,0FU,.
More generally, given homomorphisms of Hopf algebras f4 : U, = A, fg: U, — B, the
element (fg ® fa)(R') is a bicharacter of A ® B, and by Proposition 4.2 the map

fAO fp:=(fa® fB)oA: U, » AaUse/)E) B

is a morphism of Hopf algebras. Thus, taking A = B = H, the operation ® endows the
set of all morphisms of Hopf algebras U, — H with a structure of associative monoid. One
checks easily that it has the counit as neutral element. Clearly, ® is natural in the sense that
(gaofa)®(gpofB) = (9a®gB)o(fa® fp) for any morphisms of Hopf algebras g4 : A — A’,
gB B — B

In particular, by using the family of morphisms id%:, n € N, we define Hopf algebras TUSJ"
as follows:

®0 _ 1/D o1 _
Uq _(C(q/ )7 Uq _Uq
and for n > 1,
U+ = UP"@7U,, where J = (idy, ® idf")(R').

Therefore, [[Jq@" is a twist of [U?”. By the coassociativity of the coproduct A, we have for
every k, | € N an equality of Hopf algebras

Ok+l) _ 710k o}/
Uk = U2k o U
Moreover, the maps
- ®R(k—1 - R(n—k) . 110N ®(n—1 - 1R(k—1 -1 c1R(n—k) . 110N ®(n+l
id®* D @ e @ id®™h) UO" - UMY | ig®kD @ AUTD @ jg®=k) gon - pRnt)
are morphisms of Hopf algebras. For instance, since A, = U;ﬂ and idgf = A, the Hopf
algebra A?Q = [Ué94 is the twist of A,®A, by
We are mainly concerned with the Hopf algebras A?" = U?Q". Denote by F,, the twist from
AS™ to AC™.
Definition 6.1. The module algebra Lo, := Lo (g) is the twist by F;, of the right A?"—

module algebra L£o1(g)®" (endowed with the componentwise action and product).

Hence Ly, is a right Ag”—module algebra, and it is the same as E(?f as an Ag”—module.

Let us describe its product explicitly. For every k, [ the right AqQ”—module algebra Lo, © Loy
is defined too as the twist by F(I,k) = (A® @ A9%)(R') of the A§k®Aq®l—module algebra
Lok @ Lo,. By associativity of © we have

(39) Lok ® Lot = Lok+1-

Under this factorisation, by setting k + [ = n, for every a, o/ € Loy and 3,8 € Ly, the
product of Ly, takes the form

(40) (@eB) (@)= > o Flk)e) @B Flk)q)s
(F(Lk))

where the products a(a’-F(1, k)(9)) and (8-F(l, k) 1)) 8" are taken in L j, and Lo respectively.
Moreover, for every 1 < a < n the map i,: Lo1 — Lo n, identifying Lo with the a-th factor
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of Lg’i’f by putting 1’s elsewhere (1 being the unit of L 1), is an embedding of module algebras.

We will use the notations
£{) = Im(i,) , (@) =14(a).

Taking () € ng) and (8)) e E(()b) with a < b, and F = F(1,1) € A,®A, as in (38), we

5T 5T

deduce from that (all products being taken in Lo ;)
(41) (8) ) = (o Fi) (B - Fa))®.
(F)

This commutation relation yields a presentation of Lo, by generators and relations. This
presentation is well-known (see [3|, 21], [33] and [65]), but for completeness we prefer to give
a proof. Let V be an object of the category C. Similarly to , define

\% . i
M(a>:ZEg @ (vl )@ ZEJ ® (1% V@ (y¢e) @ 190"%) € End(V) ® Lon.

|4
Note that the matrix coefficients of the set of matrices M (a), for every object V of C and
1 < a < n, generate the algebra Lo .

v
Proposition 6.2. For every a < b the matrices M@ satisfy the fusion equation , the
naturality relations (21)), and the following exchange relation (in End(V)® End(W)® Lon)

(42) Ry.w z\?ﬁa)R;}W ]\%(b) :]\% ®) Ryw J\Z(@R;}W.

Moreover, these relations determine the product of Lo,. Hence the algebra Lo, can be viewed
as the quotient of the algebra freely generated over k = C(q 1/D) by the matriz coefficients
(VCf)e )(a for all objects V' of C and every 1 < a < n, by the ideal generated by the relations

@) and (@),

Proof. The fusion and naturality relations follows from the fact that i,: Lo1 — Lo, is a
(a)

morphism of algebras. The matrix coefficients (Vqﬁe ) generate the subalgebras L’O , whence
Lo too. Conversely, by Proposition 4.6 E 6| the fusaon and naturality relations determines the

product of [,( @) Hence it is enough to show that the exchange relations and the commu-
tation relatlon ) are equivalent. Let us write Ry = Z(R )®R(2) = Z(R) Ry @R .
Then is eqmvalent to

Z R E!S(Run) ® RayRo)Ef @ (ch)i;)(a)(wclif)(b) =
(R),(R) 15,k
j ek e\ (a
> RwyE/S(Ru) ® EjRe) Ry ® (wei, )P (ves, )@
(R),(R) 1.5,k
The isomorphism V @ V* — End(V), v® f + (w + f(w)v), maps Re; ® S(R(l/))*ej to

R(l)EgS(R(lr)), R(g)R@x)@k ®e to R(Q)R(ZI)E}“ and e ® (R(Q)R(Ql))*el to ELR(Q)R@/). Hence
the above relation can be written as

(a) 6\ 0
1 (R2)Rar))"e _
E Ej X Ek ® (V¢S IR(I,) ) (W € ’ ) -

(R)v(R)7Z7]7k l
. i (@)
J ! ok ®) e
Z EZ ® Ek ® <W¢R(2)R(2/)el) <V¢S(R(1/>)6] .
(R),(R),i,j,k,l
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Now we have

vqﬁséﬁ(l,))e] = S(Ra) > voe, < Ry = ve, - (Ruy ® Ryy)
(R R o )*6k ek ek
woe, T = weh AR@Rey = wd, - (Re)Re) © 1)

eF ek ek —
W¢R(2)R<2/)el = R(2)R(2/) > W¢el = Wd)q . (1 ®S I(R(Q)R(Ql)))

where we use the coregular actions >, < and on the right hand sides we denote by R(1), R(1/,
Ry, Ry € Uy the components of the universal R-matrix (instead of Ry,). Using that
(S ® S)(R) = R, and denoting by m the product map of Ly, the above relation eventually
becomes

S B @B am ((ve))@ e (o)) - (RisRa)) =
,7,k,l
; ek i (a — e
> EloBiom((wef)? @ (vor) ) (RyRz))
1,5,k,1

Identifying terms we get the commutation relation
(wee ) (vee) @ =m (((V¢Z;)(a) @ (weh,)®) - (R14Rz4313323))
=3 (vge) ™ - F))((wee )™ - Fluy)-
(F)

where F' = Ryq R 3R, Ry = 012,34(R14R24R13R23). This is the same as , so it is equiva-
lent to the exchange relation. O

Proposition 6.3. Let us endow Ly, with the following action of U, (extending the coadjoint
action on Lo1):

(3)  coad’(y)(aV ®...®al™) =3 coad (y)) (@) @ ... @ coad” (y(n)) (™)
()

for ally € Uy and Mo, . ®a™ e Lon. Then Loy, becomes a right Ug-module algebra, and
moreover, for all 1 < a <n we have:

(44) coad’ (1) <AV4 <a>) =3 <(y(1)v ® id) M@ (S(ya)v @ id)> .
()

Proof. Because Lo, is a AqQ"—module algebra, the embedding U, — Aq®" makes Lo, a
Us-module algebra with action coad”. The last property is a trivial computation. ]

This proposition shows that the structure of U;-module algebra of L, is a by-product of
its construction by twisting. In the original papers on qLGFTs, the reflection and exchange
equations were imposed in order that this U,-module algebra structure holds.

For every 1 < a < n set
Ry, = (TI'V X ia)(R) € End(V) X U?n
where as usual R = (Rxy) € U,®U, is the universal R-matrix, my: U, — End(V) the
canonical projection, and i,: Uy — [U?” the map defined by i, (z) = 12D @ g @ 19—+,
Consider the linear map

) ¢in(a VeoblC),1<a<n &n
O 2 Vectq/p) {(V%)( ) ‘ 1< i, < dim(V) } — U,
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defined by
\%
(45) (id @ ®,)(M™) = Ron Ry,
\%
(46) (id @ ®,) (M) = (Ron - - - Roas1) RoaRb, (Ron - - - Roas1) "+, 1 < a < n.

1% - ; 1%
Since M (¥ = > Bl ® (Vqﬁzj)(“), we have (id @ ®,)(M V) € End(V) ® UZ". When n =1,
®,, coincides with the RSD map ®1: Lo1 — U;. We call ®,, the Alekseev map. It was first
introduced by Alekseev in [1].

We can represent (id @ ®,)( ]\‘2 (@) by the oriented colored braid shown in the figure below,
where we use the standard graphical encoding of invariant operators of ribbon categories (see
[71]). In this figure, the vertical strand with label a carries the a-th factor of US™, and the
one with label V carries End(V). Positive crossings carry the operator R = o o R, where
o(x ® y) =y ® x as usual, and negative crossings carry the operator RL

Xn
Uq
—_—

Y \ \

1 a n Vv

4
Figure 6.1 : the colored braid representing (id @ ®,)(M@).

Let us endow [Uff” with the following action of U,

(a7) ad () (2) = 3 A (S () rA™ (yr)
)
forally € Uy, = € [U;@". Then TU?" becomes a right U,-module algebra.
The next result is due to Alekseev [I].

Theorem 6.4. The Alekseev map yields an embedding of module algebras
O, Loy — U™ @ CqVP) c U™

Moreover it satisfies

(48) (id® )MV ... M™) = (my © AP V)(RR).

Proof. Let us extend ®,, (by keeping the same notation) in the natural way to the algebra
freely generated by the matrix coefficients (ngg;)(“).

By Proposition n ®,, induces a well-defined algebra morphism Lg, — [U;@" if it preserves
the fusion and exchange relations. Using the graphical encoding recalled in Figure 6.1, this
is shown in the next two figures in the case n = 2, which generalizes immediately to any n.
The symbol = means equality up to isotopy. Similarly, the relation is proved by the
third figure.
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|
|
NI

L
\%

L.
o

v

Figure 6.2 : the colored braid identities representing the exchange relation (top),
the fusion relation (22)) (middle), and the relation (bottom).

The linear map defined by ]\‘2 (@) sy Roq R}, on the C(q /D )-vector space spanned by all the
matrix coefficients (y ¢¢ ) , for every 1 < a <n and object V of C, is injective by Theorem
. It differs from ®,, by a hnear isomorphism (induced on the a-th tensorand by conjugating
with Rop, ... Roa+1), so @, is injective.

That ®,, maps Lo, to (7(;@” ® (C(ql/ b ) C U?” is an immediate consequence of Theorem
4.0l

Finally, let us show that &, is a morphism of U;-modules. Since both multiplications
in Lo, and [Uff” commute with the respective actions of Uy, it is enough to check this on
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generators. For those given by the matrix coefficients we then have to show that

(49) (id ® @) (coad’”(y) ( ]\VJ(“)>> — (id ® ad' (1)) <(7Ld © ) ( J\V4<a>>>

for every object V'in C, 1 < a <n and y € U,. In the case a = n, ®, has the same expression
as the RSD map. Hence follows from the statement of equivariance in Proposition
This can also be proved easily:

(id ® ad’ (1)) ((id ® @) (JW)) — (id ® ad' ())(my © id) (RonRhy)

= Y m((BR)1)Sya)(RR) 2@
(RR'),(y)

= > mlymSwe)m (RR)1)S(yeE) (RR) @)y
(RR'),(y)

= > mvlya) v (BRR)a)mv (S(ye) (RR)2) S (y@) v
(RR'),(y)

= > mlya) v (RR)q)mv(S(Ye)) (RR) @
(RR'),(y)

= (id ® ®,,) (coadr(y) <J\‘2("))> :

where we have used [RR/, (S ® S)(A(y))] = 0.
More generally, by writing the actions explicitly, that result implies as well the relation

(50) > ((mv(ya)) ® DRoaRe (v (S(y2)) © 1)) = > (181a(S(y1)))) Roa R (10ia(y(2)))-
) ()

Now set

R = Rq, ... Rogt1
and denote by 14, : U?”_a — 1% g U?”_a C TU?" the identification map with the final n —a
tensorands. Then

1® ) (eoad%y) (Ma))) = 5 ) (v (00y) © DR Ry Ry, RO (v (S(ya))) @ 1)

=2 (v (ya)) ® 1)R@ Roo Ry,
X (1@ ian (A" (S (y2))y)) R (mv (S(ywy)) @ 1)
—_———
=e(y(2))
= Z(y) (mv(ya)) ® 1)R(a)(1 ® ian(A("fafl)(S(y(z)))))
X Roa Ry, (1 ® ian(A(niail)(y(B))))R(ayl(FV(S(y(4))) ®1).
Since RA = A'R in [U;@z, we have Z(y) R_l(y(g) ®ya)) = (ya) ® y(g))R_l and then
D (1@ Sya))Rye) @ 1) =Y (ya) @ DR(1 S(y@))
(v) (v)

D (Sya) @ DR 1@ ye) =Y 1®yq1)R (S(ye) ®1)
(¥) ()
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by applying id ® S, and using (id ® S)(R™') = R. We deduce recursively

> (v (yay) @ DR (1 @ ign (A7 D(S(y)))) =
(1® ian (A" (S (1) R (v (y(2)) ® 1)
and
Z(y)(l ® ian(A(n_a_l)(y(l))))R(aH(WV(S(?J(Q))) ®1)=

(mv(S(y1))) @ DR (1 @ ian (A" (y o).
So

(1® ®,) (coadr(y) <J\V4(a)>>

=3 ) (1 @ ian (A D(S(yqy)))) R (v (y(2)) © 1)

X RoaRp (v (S(y(s))) ® DR (1 @ ian (AT (y(y))))
= 3 () (1 @ tan (A= D (S (y1))) R (1 @14 (S(y(2))))

X RoaR,(1®1a(y(3)) R (1 @ ian (A" D (yy)))
= 3 () (1 @ (A= (S (y))) (1 @ 1a(S(y(2))))R(a)

X RoaR R (1 @ ia(y3) (1 @ tan (A" D (y4))))
=Dy (1 ® 010 (A (S(y1)))) R Roa R R (1 @ 1010 (A (y(2))))
=2 y(1® A= 1)(S(y(1))))R(a)R0a bR (1@ Aln=D (¥(2)))

where we use in the second equality, and the others follow from trivial commutations
between elements lying on different tensorands, and the property (S ® S)A’ = AS. This
proves . The relation has been proved with a picture which encapsulates the following
simple computation:

\% |4
(51) (id @ ®,) (MM ... ™) =
(52) = [[((Ron - - Roat1) RoaRby (Ron - - - Roas1) ")
(53) = Ron...Ro1R); ... R, = (my © AP D)(RR).
This concludes the proof. a

Consider the subalgebras (Lo ,)Y" and (U®")U‘1 of invariant elements of the U,-module
algebras Lo, and TUSZ’ respectively. We have:

Proposition 6.5. The restriction of the Alekseev map to invariant elements affords an iso-
morphism @, : (Lon)Y — (U[;@n)U‘l ® C(¢"/P).

Proof. By the previous theorem ®,,((Lo,)"") C (Uggm)Uq ® C(¢"P) (U?”)U‘l and ®,, is
injective. We have to prove surjectivity. Recall that U?” is endowed with the structure of
Ug,-module algebra (4 , denoted ad;,. We can consider another action of U, on U®” defined

as the n-fold tensor product of the adjoint action of U, on U®" which we denote (adT)®" It
is defined as follows:

(ad) () (@ ®...®a™) = ad"(ya)) (@) ... @ ad (y)(@™).
(v)
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We first show that these two actions on U(;@" define isomorphic modules. We give the proof
for n = 2, the generalisation to any n being straightforward. Consider the map v : U?Q —
U?Q, a®@b— R (a®1)Ri2(1 ®b). We claim that 1 intertwines (ad”)®? and adj. This is
seen by a small variation of the previous proof. Indeed we have

ady(y)(Y(a®@b)) = > Slye) B HaaRayye @ Syay) (R @ Reybyw
),(R),(R71)
= > (RTH0SWa)aRmyeE @ (B 2)S (@) Reybya
®),(R),(R™1)
= > (B H0SWaayeRay ® (R @) Re)S(ye)bya
),(R),(R~1)
= ¢((ad")**(a®b))).
It is easy to show that v is an isomorphism. Now, let z € U,;@"(X)(C(ql/D) be ady-invariant, that
is, z € (Ufm)Uq ® C(¢"/P). Since 1p~(z) is invariant under (ad”)®?, it is in particular locally
finite for this action. By the main theorem of [57], the set (U, (;@2)” of locally finite elements of
Uq®2 for the action (ad”)®? is equal to (Uq)if®(Uq)lf. Therefore ¢~ 1(2) € (U,)Y @ (U,)", and
from the surjectivity of the map ®; onto (Uq)lf, we deduce that z = ¢O¢§<>2 (t) where t € Egﬁ.

But because of the identity Rl_21R01R61R12 = R02R01R61R0_21, which is a consequence of the
Yang-Baxter equation, we obtain that z = ¢ o ®T?(t) = ®(¢) where we have identified the
two vector spaces Ly 2 and £68ﬁ. This shows that &5 is a surjection. O

Remark 6.6. This last result is a generalisation to n > 1 of Theorem (3).

By the integrality property recalled in Section (3| the factors qi()"“) cancel each other in
the exchange relations , when V = V) and W =V, \,u € Py are endowed with their
canonical basis By, B,,. Therefore these relations hold in A, and we can set:

Definition 6.7. The A-algebra L’én is the quotient of the A-algebra freely generated by the

matriz coefficients (VA¢§;)(a) by the ideal generated by the relations and , for every
A€ P oand 1 <a<mn, where By = {e;}.

Clearly Eén ® (C(ql/D) =Lon-

Lemma 6.8. The action coad” yields on E(in a structure of right Ua-module algebra, and
the Alekseev map restricts to an embedding of U-module algebras ®,,: Eén — 0%”.

Proof. The first claim follows immediately from the case of E‘Oq,l (see Lemma , since
£én = (£é1)®" as an A-module. For the second claim, one simply note that Theorem
implies that Roy, ... Rog+1 € EndA(AVA)@)U'%”, for every A € Py and 1 < a < n, and use that

id ® ®,, is defined on generators of Ends(4V)) ® Eén as id ® ®{" followed by conjugations
with matrices of the form Ry, ... Roqt1- O

Proposition 6.9. Ly, and therefore its subalgebras Lén and (Eén)UA, does not have non
trivial zero divisors.

Proof. Because of the injectivity of ®,, it is sufficient to show that (7[;@” and [7%” have no
zero divisors. We note that Ua(g)®" = U4(g®"). Then the result for UT" is a consequence
of Corollary 1.8 of [27] applied to g®". Note that in that paper it is assumed that the Cartan
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matrix is indecomposable but their method, which consists in proving that an associated

graded algebra is quasipolynomial, does not use this assumption. It applies as well for
ugr,uen O
) q *

In the case of g = sl(2) we can restrict the target:

Proposition 6.10. The Alekseev map ®,,: Lo, (s1(2)) — Uy(sl(2))*" @ C(q"?) takes values
in Uy (sl(2))®" @ C(¢'"?), and yields an embedding of U4-module algebras ®,, : Eén(sl(Z)) —
Ua(sl(2))®™.

Proof. The second claim follows from the first and Lemma Consider the first claim.
For every 1 < a < n and object V of C we have Ry, R, € End(V) ® Uéf(sl(2))®” by
Proposition We have to show that conjugating by Ry, . .. Roa+1 € End(V)®@U,(sl(2))*"
maps End(V) ® Uéf(sl(Q))(Xm to End(V) @ Uy(sl(2))®". Tt is enough to prove it for V = V5,
and for the conjugation by Rpy,+1 only (the general case follows from this one by an easy
induction). Recall the expression of R in . Using that E, F' act nilpotently on Vo with
order 2, and R™! = (S ® id)(R), we get

. 18 ¢7? (q—q 1@ ¢"2F
(54) Rogt1 = (1, ®iay1)(R) = ( 0 §® q—H/)2
- . ~ 1o aH? _glg— a1 oqd2F
(55) R0a1+1 = (M, @ iap1)(R7Y) = ( 0 4 1 ;(ZH/ZQ 1&g

where ¢f/2 ¢ Ug4(sl(2)) is defined in section |3 and for each matrix entry we write only the
components in the a-th and a + 1-th tensorands of U,(sl(2))®" (the others being 1’s). With
this convention, let

u®1 v®1
(56) = < wel 761 > € End(Va) @ Uy(sl(2))®"™.
Then
u® 1+ q_l(q — q_l)w ®F —(q2 —1u® KF — qf(q — q_ll)w @ KF?
_ + K - —q KF
R0a+1AROa1+1 = ve Kt g-a)Te

we Kt —qg-¢g Hhw e F+z®1

This matrix has entries in U,(sl(2))®" if the matrix entries of A belong to U,(sl(2))®".
Conjugating recursively Ro,Rp, with Ro;, for i from a+ 1 to n, by the same computation we
deduce that ®,, takes values in Uy (sl(2))®". O

We are now going to define a localization of Lo, (sl(2)), which will satisfy a generalization
of Proposition We need the following lemma. For every u € U, (sl(2)), denote by u¥ the
element of Uy(sl(2))®" with u in the i-th tensorand and 1’s elsewhere. Analogously to (30,
for every 1 <1¢ < n, put

i)

Vo i CL(Z) b( i
(57) MY = <c<i> d@')) € End(Va) @ Lon(s1(2))D.

Lemma 6.11. For every 1 < i < n, @‘?”(ﬁg%(sl@))) is contained in the subalgebra of
U, (s1(2))®™ generated by Im(®,,) and the elements KD K™,
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Proof. The case i = n is clear, as @?”(ﬁ&z(sl@))) = @n(ﬁéﬂ(sl@))) by definition. We

argue by decreasing induction on i € {1,...,n}. Take
vz
A= (ido &P") (M)

in (56]). The entries of A generate the algebra @?”(ﬁ&: 2 (s1(2))). By the formula of Ro, ARy,
we have @, (™) = w® K~'. Hence w® 1 = (w® K~ ')(1® K) belongs to the algebra
generated by ®,,(Lo(sl(2))) and K™, Since ¢ Hqg—q¢ HA®F) = @i@”(b(”)) = @, (b™),
the same is true of —q(q — qil)fw ® F', and hence eventually also of z® 1, u® 1 and v ® 1 by

using again the formula of ROnARgnl. This proves the statement for ¢ = n — 1. Inducting on

i, using the matrix A of generators of Eg;zl(sl(Q)), the same reasoning proves the result for

all values of 3. O

Put 6™ = d™. Since ®,(6™) = (K~")™ generates a multiplicative left and right Ore
subset of U, (sl(2))®", the same is true of 6 in Lo, (sl(2)). Hence we can define the localiza-
tion of Lo, (s1(2)) over {6/} ,cn; denote it (m)Lon(sl(2)). As in Proposition there is a
unique injective morphism of algebras ®;,: () Lo, (s1(2)) = Uq(sl(2))®" extending the Alek-
seev map. It satisfies @, ((60)™1) = K™, whence 1((n)Lo,n(sl(2))) is the subalgebra of
U, (s1(2))®™ generated by Im(®,,) and K™, or equivalently by Im(®,,) and 1" "D e U, (s1(2)).
The module structure of Lo, (sl(2)) extends to (,)Lon(sl(2)) by transporting the action of
U,(sl(2)) on K™ via ®,, which thus becomes a morphism of module algebras. By Lemma
and the fact that @i@”(d(i)) = (K~YH® for every i =n —1,...,1, we can continue this
process recursively by decreasing values of i:

e define 6 ¢ i+1)Lo.n(s1(2)) by ®,(60) = (K~ H®),
e define (;Lo,(sl(2)) as the localization of (;,1)Lon(sl(2)) over the set {6OFY e,
and set

tocLon(81(2)) == (1)Lon(sl(2)).

Proposition 6.12. The elements (5(1), e ,(5(") commute and satisfy the relation
. Vo, Vi
(58) 5O .5 = (Af@ ... ppm),,

where 22 denotes the lower right matrix element. Moreover, the monomials sk ...5(")k",

ki,...,kn € N, form a multiplicative left and right Ore subset of Lo (sl(2)), and the local-
ization of Loy (sl(2)) by this subset coincides with 15.Lon(s1(2)).

Proof. That the elements s , §(" commute is clear by definition. As in we have
: OIS /
(1d @ ®p) (M"Y --- M) = Ron...RoiRy; ... Ron
= (my, ® 12070 @ A=D)(RR).

The lower right matrix element of (my;, ® id)(RR') is equal to K~'. As a result, by applying
A e obtain

Vo % . . ,
(59) B (MWD - M ™)g0) = 120D @ AP=)(K1) = (K~HD ... (k1))
By injectivity of ®,, this proves . The last claim follows at once from the facts that
§W ... 5™ commute and each set {5(i)ki}kieN is a multiplicative left and right Ore subset

of Lo.n(s(2)). 0
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We can define the localization locﬁén(sl@)) of the integral form Eén(sl(Z)) in the very
same way. Let
(pn: loc'CO,n(Sl(2)) — Uq(5l(2))®n

be the unique morphism of module algebras extending the Alekseev map.

Proposition 6.13. The extended Alekseev map ®p,: 15cLon(s1(2)) — Uy(sl(2))®™ is an
isomorphism of Ug-module algebras. It restricts to an embedding of Ua-module algebras
D, locﬁén(sl(Z)) — Ua(sl(2))®", which becomes an isomorphism by adjoining to A the

inverse of ¢ — q .

Proof. All claims are clear by the previous results, except surjectivity in the first and

third claims. For the first, it follows from Lemma [0.11} since the algebra generated by
@?"(ﬁ(z) (s1(2))) and K@ is Uq(sl(Q))(i) (the i-th tensorand). For the third, it follows from

0,n

Lemma (3). O

-----

subset of Lo ,(sl(2)), so it is not clear how to define an algebra extension of Lo, (sl(2))
containing inverses of the elements d”, replacing 1ocLon(s1(2)). This is the reason why we
are led to define the elements 6.

Next we go back to the general situation of Eén = £én (g) for an arbitrary g. We need the
following fact, proved in [33] for O, but which extends immediately to Oa:

Proposition 6.15. The iterated coproduct APV 0,4 (’)f", considered as a linear map
Eél — Eén, is an algebra morphism and satisfies the following commutative diagram.:

A ATD gy
Loy — Lo,

") |

Ua %A(nil)ﬁfn.
Proof. The main point of the proof is that
% v v
(60) (id @ A1) (M) =MD ™,

as can be seen by a direct application of the definitions. But Proposition [4.6] implies that
A1), Eél — Eén is an algebra morphism if and only if the matrix on the left hand side
of satisfies the fusion relation, which is easily shown to be true of the right hand side
by using the exchange relation recursively. This proves the proposition. It shows as
well that A(”_l)(ﬁél) is the algebra generated by the set of matrix elements of in the
basis of V' extracted from the canonical basis By, A € Py. The commutativity diagram is a
reformulation of . O

Consider now the algebra of invariant elements,
(Eén)UA ={ac€ L‘énwy € Uy, coad" (y)(a) = e(y)a}.
Eg‘; = {a € Lo,|Vy € Uy, coad” (y)(a) = e(y)a}.
Note that E([)]";L = (L’én)U“ ®4 Clg*P).

Proposition 6.16. The algebra (Eén)UA is the centralizer of A("*l)(ﬁél) in Eén. As a
corollary we have Z(Lén)UA = Z(Eén).
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Proof. Clearing denominators it is enough to give the details for Eg ¢ . First note that an
element z of f]gz’" is invariant under the right adjoint action of U, if and only if it commutes
with A(”*l)(x) for every x € U,. Indeed, we have

A (g Zzs 2 AT (@g) = ()2 A"V ()
()

= Z AP () AP (S () 2 ALY Z A (g 1)) ad" () (2).
Hence zA1(z) = > @) (:vl)s( 2))2 = A= (z)z if 2 is an invariant element. Con-
versely, if z commutes Wlth A(” D(x) for every x € Uy, then
ad" (z Z AP (S(z0))) A (219)) 2 = APV (e(2))z = e(2)z.

This proves our claim. Now, let a € £ " Then @, () is an ad" (U,)-invariant element of
U ®" by Theorem 6.4, By the claim above and the fact that commuting with elements of
U, or U, is the same, @, (o) commutes with the matrix coefficients of (my ® A~ DY(RR),
for every object V of C. By the injectivity of ®, and the relation , « commutes with the
matrix coefficients of for all objects V' of C. These generate the algebra A("_l)(ﬁo,l), SO
Eg ¢ lies in the centralizer of the latter.

Conversely, the same reasoning shows that if « lies in the centralizer of A(”_l)(ﬁo,l), then
®,, () commutes with the matrix coefficients of (my @ AP™V)(RR'), for every object V of
C. From Theorem H we deduce that ®,(«) lies in the centralizer of A("fl)(ﬁéf ). This is
the same as the centralizer of A("_l)(f]q) by Remark (1), so as above we deduce that

®,,(e) is an invariant element of Uq®", and by injectivity and equivariance of ®,, that « is an
invariant element of Lg .
The corollary is immediate, because a central element of Ly, necessarily commutes with

A(n_l)(ﬁél), so it is invariant. O
We now give an explicit basis of the algebras of invariant elements in term of intertwiners.

Let n be an integer greater than 1. For every 2 < k < n we denote by S(k) € U,*" the
element defined by

S(k) = id®*=? g (id ® A<"—k‘>) (R).

Let Ai,..., A, € Py, and V),,..., V), the type 1 simple U)**-modules of highest weights
A1, ..., Ap respectively. Put [A] = (A1, ..., \n), and consider the U;**-module

v = ® Va;-
j=1

N A N vy .
Define M€ End(V)y)) ® Ly, by M=M if n =1, and if n > 2 by

AN Wy

n Vi 2
(61) M= ] (S(k»ﬁl,.‘.,m M‘k(’“)) [T 5®ms,...0n
k=n

k=2
For example for n = 2 we have

AV
M= M1V R Mz( )Ria
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and for n = 3,

[)‘] V/\l V)\Q V)\
M= 1V (id @ A)YR™Y) MA@ (R Vo M3 @ Ros(id ® A)(R).

(A
The reason for considering the matrices M comes from the two following propositions. The
first generalizes the identity .

(A
Proposition 6.17. The right coadjoint action of Us on the matriz elements of M can be
written in matriz form as

(62) cout (5) (1) = > (v 00 ) M G (o)) )
Yy

Proof. We show it for n = 2, since the general proof follows from it by an easy induction
on n. We have

N 1% 1%
coad’ (y) (M) = coad"(y) <ﬁ1(1)R121 ]\222(2)}312)
= Z(y(l))l Ml(l)s(y@))lngl (Y(3))2 MQ(Z)S(?J(4))2R12

= ) ()t M1V (Ye)2R1 (S(ye))1 Mo S (yay)2Riz

™M) pe1 D2 (o)
= ) (@ ye) M1YR, Mo (S(ys) ® S(ya))Ria
()

VM V)‘Q
= > () ®ye) M1V Ry M2 Ria(S(ywy) ® S(ys))
(y)
N .
= 5 (v o) ) Bl (v (ST ) 01
(v)

All equalities are clear but the third and fifth, which follow from (id ® S™')(R) = R,
RAR ' = AP AoS=(S®S)oA, and the fact that S is an algebra antimorphism. The
result follows. O

(Al

X 4
Denote by ([e]i) and (‘e") the canonical basis of Vjy (the tensor product of the canonical
basis B),) and the dual basis.

Proposition 6.18. The elements ([é}j ®id) I[\\)/\J]I ([ ] ; ® zd) of EOn, where [\] € P, i labels the
basis of V5 and j the dual basis, form an A-basis of 'CO,n' Equivalently, for every x € Cén
there exists a unique family of endomorphisms apy(x) € Enda(Vyy), [N € P, which is zero
except possibly for a finite number of terms, such that

63)  z=> (Try, ®id) ((m(e)aw( ) @ id) M ) ZqTTVM<a[A r) ®id) K&)
A\

where as usual € is the pivotal element and vy, (£) is the endomorphism of Vi given by the
action of L.
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Note that 7y, (¢) is introduced in in order to simplify the statement of the next
proposition.
Proof. We show the first claim of the proposition for n = 2; the general proof is similar.
In this case it is sufficient to prove that the set of matrix elements of the tensors
V)\ V)\ VA V)\
MR Mo =3 (Ray)a MY MoPS(Ray1 [N € Py,
(R)
is a basis of 564,2- Note that we use R~! = (S ® id)(R) = > (r) S(Ra)) ® R(y) in the above
equality. Let T = (S ® S™1)(R™'), that we denote as usual by T = > Ty ® Tz)- From
the identity 1® 1= (S @ id)(R™'R) = Y () (1) S(R1))T(1) ® S(T(2y) R2), we obtain
M) 2.2 TR 2@
M1 Mo2™ = ZS(T@))? M1V Ry M2 (T
(T)

Vi Va
The conclusion follows from this, since the set of matrix elements of ]\41 M ]\/[2 2(2), [A] € PJQF,

is a basis of ﬁéQ.
The second claim is a trivial consequence of the first one. O

By combining the two previous propositions we obtain the following characterisation of
the invariants elements.

Proposition 6.19. An element x € Eén belongs to (Eén)UA if and only if for every [\] € P}
we have ajy(z) € Endyres(Vy). Therefore, the elements

[\

k k

(64) (aff)) =ty (aff) 1),

where {agf])}k is any A-basis of Endyres(Viy), make an A-basis of (Eén)UA.

Proof. We have z € (Eén)UA if and only if coad”(y)(x) = e(y)z for every y € Uy, or
equivalently for every y € U4**. From Proposition Proposition and the fact that
S%(y) = Lyl™!, this is equivalent to > S*I(y(g))vmam (@) (Y1) = €(®)apy(z) for every
[A] € P, which is also equivalent to yv;, apn(2) = apy(2)yv,- O

In the case of g = sl(2), let us state the following result. It is a direct consequence of
Theorem and the fact that the skein algebra K:(X) is finitely generated and Noetherian,
which is proved in [67], Theorem 3, by topological means. The method relies on the fact that
ﬁén has a natural filtration, and consists in proving that the graded algebra associated to

(Cén)UA by this filtration is finitely generated and Noetherian. We expect the same result
holds true for the invariant algebras (Eén)UA associated to any g.

Theorem 6.20. The algebra (Eén(sl@)))UA(Sl(g)) is finitely generated and Noetherian.

Next we turn to the centers Z(Lo,) and Z (Egy 1) of Lo, and [,[[)]7 . The basis we find
clearly form A-basis of Z (ﬁ(‘in) and (Z (Eén)UA) too.

Proposition 6.21. The Alekseev map affords an isomorphism from Z(Loyn) to Z(U;@")
Moreover, the elements

. V.
aw® = qTry, <z\2(’)) AePyie{l,... n},
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belong to the center Z(Loy) and the family of elements ;- )\iw(i), where A1,...,  Ap € Py,
form a basis of Z(Lon).

Proof. We have ®,(Z(Lon)) = Z(®n(Lo,n)) by Theorem We claim that if = € ngm
commutes with ®,, (Lo ), it is central. Indeed, x commutes with @n(ﬁéﬁ) =180V g ﬁéf,
and hence with 1%~ ®Uq, and the matrix coefficients of R(jfnl by Remark (For instance,
when g = sl(2), K = ¢ and qH/ 2 commute and are diagonalizable on objects of C, and since
x commutes with 12"~ g K, it commutes with 1801 g qH/2 too, and the conclusion
follows from and (57)). Using that  commutes also with q)n(ﬁ(()%_ 1)), and hence with
the matrix coefficients of RgnROn_lR{)n_lenl, we deduce that it commutes with the matrix
coefficients of Ron_lRf)n,l, and hence with every element of 18(n=2) & Uq ® 1. Continuing
in this way recursively, we get that z € Z (f]q®”), which proves our claim. It implies that
O, (Z(Lon)) C Z(TI).

Let us prove the converse inclusion. Put R@ .= Ron ... Rogy1. For every 1 < a < n we
have

V.
(65) ®, <qTTVA (zvfﬂ“’)) = (Trys  id) (703 (0) @ id) B Ro, B, R

= (T?‘VA & Zd) ((71'\//\ (5) X Zd) ROQR6Q)

i (1 (o (1))

where ®; in the last equality is the RSD map, and the second equality follows from R~ =
(S ®id)(R) and S*(a) = fal™" for every a € U,. By Theorem and Proposition the
family of these elements, when A spans P,, forms a basis of the center of the a-th tensorand
of (7q®". By injectivity of ®,, this proves the second claim of the statement, as well as the
inclusion Z (U (;@”) C ©,(Z2(Lo,n)). By our first claim they eventually coincide. The conclusion
follows. O

In particular, recall from that for g = sl(2) and every 1 <1i <n we put

Va i CL(Z) b(z) i
0 = (c<i> d<i>) € End(Va) @ Lon(s1(2))7.
Set
@) — gq® 4 g—1q(® Vi)
w =ga +qd"Y =qTry, | MY ).
By we have

@, (w) = QW)
that is, (¢ — ¢ ')? times the Casimir element of the i-th tensorand of U,(sl(2))®", and
Z(Uy(s1(2))%™) = C(¢*?)[QW), ..., Q™). Then the proposition implies
(66) 2(Lon(s(2))) = Clg2) .., )]

More generally, by the same arguments and the results recalled in Remark there is an
analogous description of Z (L ,(g)) as a polynomial algebra for an arbitrary finite dimensional
complex simple Lie algebra g of type A, B,C or D.

For every A € P, denote

§
= Ty, (ﬁw . M<n>> |
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In the specific case of g = sl(2), let us put

\% Vz
Lemma 6.22. Z(Cg";l) contains the commutative algebra generated over C(q*/P) by the ele-
ments Alw(l), .. .,,\nw(”) and \n for all \,\1,..., A\, € Py.
Proof. Clearly Z(Lg";) contains Z(Lo,,)Ys, whence the elements aw o, w™ for every

A1, ..., Ap € Py, by Proposition [6.21{ and Proposition |6.16 Moreover, by this result Eg 1 is
the centralizer of A(”*l)(ﬁg,l) in Lo . Therefore Z(ngjl) D A("*l)(Z(ﬁo,l)). By Proposition

and the relation (60)), the elements yn, A € Py, form a basis of A("_l)(Z(Co,l)). The
result follows. O

Note that the (C(ql/D)—algebra generated by the elements Alw(l),...,Anw(") and »n for
all A, A\q,..., A, € P4 is just the polynomial algebra generated by these elements when
A, AL, - -5 A are fundamental weights. We have even a much better result:

Theorem 6.23. Z(E((i‘;) is equal to the polynomial algebra generated over C(ql/D) by the

elements ,\lw(l), . ,Anw(”) and \n for all fundamental weights X\, A1, ..., A\n. In particular,
when g = sl(2) we have

Z(Lon(s1(2))V412)) = C(g?)[wV, ..., w™ p].

This is a consequence of the following lemmas, which are interesting by themselves. Denote
by Uy := Up(g) the Hopf algebra over C|[[h]] generated topologically (in the f-adic sense)
by E;, F;, H;, where i = 1,...,m, satisfying the relations [H;, H;] = 0, [H;, Ej] = a;E;
[H;, Fj] = —ai;F; and , and @, where K; is replaced by qu" and ¢; by e”. By the
same formula as with Uj in place of Uy, Uy acts on U 7?” by the right adjoint action. Let
Z(Uy) be the center of Uy.

Lemma 6.24. The h-adic completion of A" "V(Z(Uy)) Rc([A] Z(Up)®", considered as a
subalgebra of U™, is the center of (Ug@“)U”’.

Proof. Denote by U = U(g) the envelopping algebra of g, and by Ay its canonical coproduct.
We have Uy /AUy, = U. As shown in [69], Lemma 3.10, a direct application of Theorem 10.1 of
[55] proves the result for 2 = 0, i.e for U. Because g is finite dimensional and semisimple, Drin-
feld’s results in [34] show that there exists an isomorphism of algebras ¢ : Uy — U[[A]], equal
to the identity on the quotient Uy/hUp, and there exists an invertible element J € U®?[[]]
such that Vo € Up, (¢ ® ¢)(A(z)) = JAo(¢(x))J ' By using J one can easily define an
invertible element J, € US™[[h]] such that Vo € Uy, (¢=)(ATD(z)) = J,A ™ (¢(z)) ]
As aresult the map 1 : (UZ™)Un — (UE)V[[H]], ¢(x) = J, ' (¢®"(x))Jn, is an isomorphism of
algebras. We obviously have ¢(Z(Uy)) = Z(U)[[h]]. The lemma follows after having checked
that ¢~ (Z(U)®"[[1]]) = Z(Un)®" and ¢~ (AF* Y (Z(U)[[A]]) = AP (Z(U)). O

Lemma 6.25. The center of (U(;@")U‘l is Z((Uf”)Uq) = A" D(z(U,)) Rc(q) ZUg)®".

Proof. By Lemmal[6.22]it only remains to prove the inclusion “C”. Let ¢ : Us®4C[[R]] — Uy
be the morphism of algebras defined by ¢(K;) = e"ili o(E;) = E;, p(F;) = F;. Let z €
Z((U(;@")Uq). Up to multiplication by an element of A we can assume that z € Z((U$")Y4).
Because ¢®"(z) centralizes ¢®"((U§™)Y4 @4 C[[h]]), it centralizes its h-completion. Com-

bining Proposition and Proposition [6.19| we get that the elements @n(v[k](ag\?) make an
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A-basis of (UE?")UA. These results still hold by working with U and the topological version of
Lo,n defined over C[[A]], so ®"(®y, (v]y (a [f]))) is a C[[h]]-topological basis of (UZ")"r. We de-
duce that ¢®"(z) centralizes (U")U#, and therefore ¢®"(z) € APV (Z(Uy)) ®cip Z(Un)®"
by Lemma This proves z € A""1(Z(U,)) Rc(q) Z(Ug)®". O

Proof of Theorem|6.25 We have an isomorphism ng"; = (U(?”)Uq ®C(¢"P) by Proposition
and Z((U(?”)Uq) = AD(z(T,)) ®c(q) Z(U,)®" by the last lemma applied to U, instead

of U,. But ®,'(Z(U,)®") is the vector space generated by aw o w™ for Ap, .. A, €
P, (by Proposition , and @;I(A("fl)(Z(ﬁq))) is the vector space generated by \n for all
A € Py (by Proposition and the relation ([60)). O

7. CENTER OF UNRESTRICTED SPECIALIZATIONS AT ROOTS OF UNITY
Let € € C*. We defined the unrestricted specialization U, of U, in (1I). Similarly, the
unrestricted specialisation of Eén at e is the U.-module algebra

where C. = C as a vector space, and as an A-module, ¢ is evaluated on C, by €. By Lemma
the Alekseev map yields an embedding of Uc-module algebras

D, LG, — [Z@n
By Lemma [£.11] when n = 1 we have an isomorphism

(69) Oy : L5, - U @aC.

When € is a root of unity, U, is a free module of finite rank over its center (see eg. [25],

Section 9.2). Hence U 'Y = U.. On another hand, U Af ®4 C. is strictly contained in U.; for
instance it does not contain the elements K;.

Finally, recall that (ﬁén)UA is the centralizer of A(”_l)(ﬁél), see Proposition By the

same arguments ( Byn)UE is the centralizer of A(”*l)(ﬁal). We have obvious inclusions

Z( B,n) C ( B,n)U6 ’ (ﬁén)UA ®A (CE - (ﬁan)UE
and the multiplication map
((Lo)" ©4 Ce) ® Z(L ) — (£5,)""
is a morphism of algebras. In the rest of this paper we will simplify notations by setting
(Eén)gA = ('Cén)UA ®4 Ce.

Since (Eén)UA is a free A-module, (£én)UA ®z C is isomorphic to (Eén)g“‘ ®c Clg, ¢~ '] by
mapping the elements vy, (aff\)h)?eﬁned in to a basis of (Eén)gf‘. Moreover, by the same
6.9

arguments as of Proposition taking ¢ = €, we have:

Proposition 7.1. The algebra Lj ,, does not have non trivial zero divisors, and therefore the
subalgebra (Eén)g*“ too.
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7.1. Center of L, (sl(2)). From now, we stipulate that g = sl(2) and e is a primitive [-th
root of unity, with [ > 3 is odd. We omit g from the notations of the various algebras, and
denote Uc(sl(2)) by U, etc.

As above define

(70) locﬁ(e)m, = locﬁén KA (Ce-

By Lemma (3), Proposition and Proposition the Alekseev map yields embed-
dings of Uc-module algebras

@y : LGy = Ue, O LG, — UE"
and isomorphisms of U,.-module algebras
Dy : locﬁal — Ue, @y : locﬁg,n — U€®n

Arguing as in the proof of Proposition working with (L’én)UA instead of (Lo,)Y, one
obtains that the restriction of ®, to the invariant subalgebras is an isomorphism,

(71) 1 (L5)7 = (UEM)

By the relations and , ©1(L5,) = ﬁi‘f ®Ra4Ce = Ui‘f ®4 C. is the algebra generated
over C by Q, EK~ !, F and K~'. Adding the generator K gives U.. By results of [27], the
center Z(U,) of U, is the C-algebra generated by E', F', K™ and Q satisfying the relation

l
72 —c; —eWIE P+ K'+ Kt —2
]

where ¢; = ¢/ + ¢ 7. Let Z(Ue) be the subalgebra of Z(U,) generated by E', F' and K*'.
It is a sub-Hopf algebra of U,, with

AR =KH oK  AEY=E oK +1E , AF)=K'eF +F'®1
S(EY =-E'K, S(F'y=-K'F' |, S(K*) = KT
e(BY =¢e(FHY =0, e(KY) =1.

Consider the sequence of polynomials T}, k € N, defined recursively by
(73) To(x) =2, Th(z) =z, Ty(z) = aTj—1(x) — Tj—2(x) for k> 2.

Note that Tj(x)/2 is the k-th Chebyshev polynomial of the first type in the variable x/2.
One has Tj,(u+u"1) = u¥ +u~F, from which one derives easily that Tj(z)—2 = Hé‘:1($ —cj).
Therefore, the relation can be written as:

(74) Ti(Q) = (e —e HW!EF + K' + KL

Since [ is odd, it is also equivalent to
!
75 Q4¢)=(e—eHYIEF + Kl + K7 42,
5)
7=1

By we have
(76)  @1(w) =Q, D1(B) = (e — e ) F, @y(d) = (e—e H(EKY, &y(d) =K.
Hence

(77) Ti(w) =bdd +d~ + d.
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Using that ®; is equivariant, injective, and surjective when extended to the localization, we
deduce

Z(ZOC 8,1) = C[W, bl7 cla dil]/z
Z( 6,1) = C[w7 bl? Cla dl]/I
where Z is the ideal of Z(Lf ;) generated by (T;(w) — dYd' — b'd — 1. Moreover, we have
(Uilf ®4C)Ve = Z(Ui‘f ®4 C¢) by the arguments of Corollary m for n = 1. Therefore
€ — l o\ € o
2(£6,) = @7 (U @4 C)™) = (£6,)"™
We can now define a notion of quantum Frobenius homomorphism for £j ;, similar in spirit
to the one defined for O, in [66], which is a map O; — Z(0O,). Consider the specialization E(l)’l
of Lo at ¢ =1. We have L(l)’l = 01 = O(G) as commutative algebras (with G = SL(2,C))).
Denote by a,b,c,d the images of the generators a,b,c,d of Lo under the specialization
map Lo1 — 5(1)71. They satisfy ad — bc = 1. Let us define Q; € C[X,Y] by Q;(X,Y) =
Ti(eX + e 1Y) — X' —Y'. Recall that a and d commute. So we put:

Definition 7.2. The Frobenius map F'r : E(l)’l — Z(L§ ) is the homomorphism of algebras
given by

Fr(a) = d + Q(a,d) = Ti(w) — d', Fr(b) =V, Fr(c) =d, Fr(d) =d".

We shall denote
% V; ! AR,
(78) MQ: ( > and FTM2: (a +Czll(a’ ) dl> .

SWIS

[NiS)

Note that :
1%
o det <Fr]\j) —1=(Tj(w) — d")d" — bl — 1, ie. the generator of the ideal Z.

. T <qT7" <J\V4>> . (Frz\v4> .

The notions above can be developed similarly for every £f,, n > 1. First, recall the
additional generators D=1 of the localization locLo n, defined after Lemma
Proposition 7.3. We have

Z(L§,) = Clw®, p@ Ol g0 i =1 n)/(TD,i=1,...,n),
Z(106L ) = Cla®, b0 O g0 (O~ =1, n]/(ZW,i=1,...,n)
where T is the ideal generated by the element (Tj(w™) — dDHd@t — pMlO _ 1

Proof. First we prove that ®, (6", &, (), &,(d) € Z(U®) for every i = 1,...,n.
By injectivity of ®,, it will follow that b®*!, ! gl ¢ Z(L5,,)- By the claim is true
fori=n. Let 1 <i<n—1, and denote R := Ry, .. Rpi+1 € End(Va) ® Uq®", with ¢ an

@) @) @) )

indeterminate, as in the previous sections. Define ry{, ry5, 75, 59 € Uq®" by

- (4 )
Ta1  T22
and mgil), m%), mgl), m(;g) e 1901 g Uéf ® 189 by

, ‘ @) 36) (@) (4)
idv, @ <1®(171) e 1®(TH)) <Z(i) 2(0) - (m%zl) m%%)
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where as in (57) we put

4 @) pl@)

@ (@ (l)
M = (c(i) d(i)) € End(Vs2) ® Ly

By Proposition m§z1)7 mg, mgzl), mgg) generate the subalgebra 1201 & Uéf ® 1809
of ngm. These elements satisfy the relations , with mgil), mgg), gl), mgg replacing a,
b, ¢, d respectively, and they commute with rgil), r&), rél), 7'512), since the non trivial tensor
components of the latters do not lie on the i-th tensorand of U q®". Denote i, : U®(”*i) — IU?"
the identification map with the last n—i tensorands. We have R® = (7, ®ijn OA(” “=)(R)
by the relation . So the formulas — yield

4 . o (i)—1 (@)
i i i 7 i) (7 7 1) (i i)— r —qr
i) =0, r5) =7 e = gl ) =AY and RO = ( K uiQ)
11
where
(79) ] =i 0 ACTID(@IR) | FE) =i 0 AT (g — g F)
Therefore
R (z’d 2 (1®(i—1) 2® ® 1®(n—i))> al? p RO-1 _
Va 1 D g -
7 7 7)—1 7
<m§1) +( )§2)2 g)() mgl) (i)—1 (;k () (')) '
i1 Mo —q91{ Tia3Mgi + Moy

Note also that, by definition,
dv oo (@) PN Z R0 (4 s (196D g @, @ 12m-0)) (@ BN gt
(idy, @ @) NOROY A (l V2®< QKPR >> ORI .
Hence
@n(d) = —qgly " ri3mf + mf3.

Let now take the specialization ¢ = € as above, a primitive [-th root of unity where [ > 3 is
odd. We have

i 1)— i 7 l 7)1l
(80) () = () 2mi) = )

7 i)— 7 2)—1 (2)1 7
(81) &, (dD) = (—er) 7 HmE) + mi)t = e S+ ml)

by using mgl) mgg) =€ mggmgl) , the g-binomial formula (see eg. [53], Proposition IV.2.2), and

the vanishing at ¢ = € of the ¢-Gauss polynomials [{],/[k]4[l — k]4, 0 < k < I. Now
mgl' = (e~ e Y17 o (K71 B) @ 19070, 47 =iy 0 AT (5,
These are central elements of US", so ®,,(cV") is central. As
TS = 0 =0 AT (e = ) FY
and Zy(U,) is a Hopf algebra, rgz) lr%) is a central element of US". Again, mgl)l and mggl
being central in US™, &, (d") is central.
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Finally, recalling that [,(()Z;)n is isomorphic to Lo 1, by specializing g to € we get

(82) ANy (W@ — g2 — 1 = pDL

We know that w® e Z(L§,,) and we just proved that dD! O ¢ Z(L§,,)- Therefore, for
every x € Ly, we get b eDlg = @O = pDlg e 5 o (pODg — zpON D = 0, ¢ is not
a zero divisor, we deduce bz — 6@ = 0. Hence b is central in LG -

A formula of ®, (b)) can be obtained as follows. Recall that implies

(83) ®, (w®) =),
This can also be checked by using the above formulas:
20(w?) = g20(a) + g7 (@) = q(mi) + 7 Fmi) + 7 (my — afiymi))

= qm{ +q 'my).

Then, by applying ®,, to the relation and using , and , one finds

(84) (0 = —ri) vy (1QD) - 2miy") + i — i) i)

We can now achieve the proof. Note that Clw™, ... w(™] = Z(E{in) ®4 Ce by (7.1). The
inclusion Z(ﬁén) ®a Cc C Z(Lj,) is clear, and the natural embedding L§,, — 10:£(,
maps Z(Lg,,) into Z(j0cL5,). By the case n = 1 the elements w® O O gL generate
Z( Bm(i)), with ideal of relations Z(”. The set of these ideals for i = 1,...,n provide all the

relations in Z(Lj,,), for there are no others in Im(®,,) (as shows eg. Corollary below).
Therefore one has inclusions

Clw®, b D gl i =1, n]/(ZW,i=1,...,n) C Z(L£§,) C Z(10eLn)-

The conclusion follows at once, since by their very definition the elements SO are central
in 4oc L5 ,, and @, maps the algebra generated by them and the left-hand side isomorphically
to U™, O

Recall that we denote (Eén)UA ®4 Cc by (ﬁén)eUA.

Corollary 7.4. The algebra L, is a free Z(Lj ,,)-module of rank 1", Moreover the multi-

plication map (Eén)gA ® Z(Ly,) = ( an)Ue is surjective.

Proof. By Proposition and the identity ¢ = ¢ '(w — ¢~'d), the monomials dovP e
(B, v, 6 € N) form a basis of Ly over C(¢"/?)[w]. Then Proposition and the linear
isomorphism £, — (£8,1)®n imply that the products [[;., dD%ipBi (v where 5, v,
9 € {0,...,1 — 1}, form a basis of Lj, over Z(Lf,). This proves the first claim. By
Proposition such products are C-linear combinations of elements vw(aw) defined as
in (64), but with afy € Endc(Vy). Expanding the elements of (ﬁan)Uf as Z(L§ ,)-linear
combinations of these elements vy (afy), and arguing as in Proposition we get for each
of them that ay) € Endy, (V]y) = Endyres(Vjy) ®a Ce. Hence the multiplication map is
surjective. O

Analogously to the case n = 1, recalling that 5(1)71 = O(G) we put:

Definition 7.5. The Frobenius map Fr : (5[1)71)‘8" — Z(L5,,) is the homomorphism of
algebras given by

Fr(a®) = aP + Q;(a®,d™), Fr®W) =" Fr(®) =D Frd®) = qd@t,
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We shall denote

Vo (g B Vo (g O g0y 0
G _ (2 =z (@) _ (@ + Ql(a s )
(85) M"Y = < ) d(i)> and  FrM™ = < oY 20

where we recall that o' + Q;(a¥,d?) = Tj(w®) — dV!. We can express ®,, o (")~ on
the center as follows. Set

(i)l (i)l
i T T
(86) RO — ( 11 r(%)g_z)

MO = (186D g ¢, ¢ 190-) ( Pr ij)

(Tlm(%—mé?l m@l)
= (i)l (@)l
where we use the notations in the proof of Proposition These matrices belong to
End(Va) ® Zo(U)®" and End(Vg) ® Zo(U.)®" respectively. Here we note that Z(U.) is

generated by Q, E!, F! and K 3 satisfying the relation (72) (or (75)), and we define Z(U,)
as the subalgebra generated by E', F' and K 3,

By using , , and it is easy to check that:
Corollary 7.6. The map ®,, o (F")™': Zo(U)®" — Zo(U.)®™ is given by
(idy, @ (B, 0 (@P™) 1)) (MD) = ROMORO-L,

We will find useful later to have explicit formulas. Let us introduce the following generators
of ZO (UE):

(87) ( )lElel Ly = ( . fl)lFl il _ Kil
Similarly, denote by ZO(U ) C U, the subalgebra generated by z, v, z and
= K*3,
For every a € {a:,y,zﬂ} put a® = 120D ¢ ¢ @ 190 We can view Zo(U)®™ as a

polynomial algebra in the variables 2, y®, (zil)(i), and Zy(U.)®" as a polynomial algebra
in 2,y (z’il)(i). Then
: ()Y _ (=1 (4) () (1 — £0),® (i)
G _ (Ti(Y) = (277) Y _ (A =2y) oy
(88) MY = ( 0 -y ) = 0 (- )
Also,
(89) i = (HIN L™

n—i—1

(90) T%)l = (Z’*l)(iﬂ)m( - 1) z+1) + Z z+1 ”(zfl)(iJrj)y(iJerrl)
yields
(91) D, () = riz) él) = 20 HEHD | (mhH)

1
(92)  Du(dV) = mfy' —m§)'r{) 7]y’

n—i—1
= (271D 4 2O [0+ 4 Z (z7HEHD [ (z7 )y i+
j=1



UNRESTRICTED QUANTUM MODULI ALGEBRAS OF PUNCTURED SPHERES, I 45

One can readily express ®, (b)) = §) §2) (T1(Q®) — 2m(i)l) 4 (D2 2 O g
7))

. 22 1 Mg 12 Mo
well as a polynomial in the variables ac( yO) | (zF1H ),

In [66], Parshall-Wang showed that the quantum Frobenius homomorphism O; — Z(0O,)
they defined is a morphism of coalgebra. As we now explain, our quantum Frobenius homo-
morphism Fr : E(lJ,l — Z(L5,1) satisfies a similar property.

Recall the algebra morphism A1 £é1 — Lén (see Proposition . Denote again

by AP . 01 — L£§,, its evaluation at e. For every 1 < i3 < ... < iy < n we define
Liy,..in * £ox — L0 to be the identification map of the j-th tensorand of L , with the i;-th
tensorand of £8m, 1<j<k.

Lemma 7.7. For every 1 < i1 < ... < i <n we have

Va . Va .
(93) m, Ly 0 AE 1>(FrM> Fraf) .. Fraf®.
Proof. First we show in the case k =n = 2, that is

\% \% \%
(94) A(FrM) = FrifY Frp®.

The commutation relations of ]‘\2 M) and ]\Vj ) being complicated, we cannot compute the
matrix components directly (which is the way used in [66] for their quantum Frobenius
homomorphism O; — Z(0O,), where such computations reduce to the g-binomial identity).
Instead, we first use the Alekseev map. Indeed, because ®, is an algebra embedding, it is
sufficient to show that holds after having been composed with ®,. We have :

—1 N
(I>1(Frﬁ) = <(6 F;(Zl))l—(E.f(Kl)l (€ _;(4) F > .
Therefore is a consequence of the following four equations in U®? :

A(K ) = By (¢l 4 g2

A((e = HEET) = 2oV (@® + Qi(a®), d®)) + a1

Alle = Y FY = 05((aV! + Qula?), d“>>>b< " + b“) de)

A(Ti(Q) = K1) = @2((aV' + Qo) dD)) (' + Qu(a®), d®)) + V' c®N).

We listed them in order of complexity. The first equation, using the explicit expression of ®9
on components, is rewritten as:

AEK ) =(-eHY ! K'EeK )1 F)+(K'@l-ee—e V2K 'EF) (10 K™).

This relation holds thanks to the g—binomial identity. The other three relations, although
more complicated, are shown similarly by a direct computation and using the expressions

@9, B1). (3) and (B4
Vs

1%} Vo, . Vo, .
Because the relative commutations relations of A7, ..., A7® and A7), ... A% for
general sequences i1 < ... < i} are the same, the proof of follows immediately from the
case where 7; = j, for 1 < j < k. This, in turn, follows from by induction on k. This
concludes the proof. |

The following consequence of the Lemma will be a key tool in Section [9]

Proposition 7.8. For every 1 <11 < ... <1 <n we have

T, (qTr (J\Vj(’” . J\Vjﬁk))) =Tr (Frz\vj@ﬂ . ..Fm\vj@v)) _

In particular, this element is central in L,
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Proof. Let vy, 4+ L4, — L5, be the identification map of the j-th tensorand of Lj ; with
the i;-th tensorand of £f,,, 1 < j < k. We have

o )t )
RICEG))
= (i 0 AETD 1 (z<qTT< )>)

- (Lil, i 0 A= 1)) (Ti(w)) -

In the first equality we used the formula , the second and fourth equalities follow from
definitions, and the third comes from the fact that AK=1) . ﬁél — L'ék is a homomorphism
of algebras. By the identity and the fact that Zo(U,) = C[!, ¢!, d*'] is a Hopf subalgebra
of U, we have A*D (T)(w)) € Z(loa£8,1)®k~ This and Proposition [7.3[imply that the above
element is central in £ ,. Moreover

Ve
v © AED (Ty(w)) = 14y g, 0 A (Tr (FM>>

\%
=1 <<Zd ® big,esig © A(k_1)> (FT]\E->)
Vo, . Vo .
=Tr <F7‘M(“) . .FTM(““)>

where the first equality follows from the observations we made before Proposition and
the others from the previous Lemma. O

7.2. G-invariant central elements and SL(2,C)-characters. We are going to relate
Z(L§,,) with the algebra of regular functions on the variety of SL(2,C)-characters of the
sphere with n 4+ 1 punctures, endowed with the Atiyah-Bott-Goldman Poisson structure.
This is achieved in Section To this aim we recall a few preliminary results in the next
section.

7.2.1. The quantum coadjoint action for U.. We refer to [27, 28, [29] for details about the
material discussed in this section. It can be formulated for any of the quantum groups U.(g),
but we restrict to Uc(sl(2)) as we shall need Proposition in Section

Consider the sets Spec(Z(U,)) and Spec(Zy(U.)) of algebra homomorphisms from Z(U.)
and Zy(Ue) to C, respectively. They are affine algebraic sets. An element of Spec(Z(U,)) is
called a central character of U. The inclusion Zy(U.) C Z(U,) induces a regular (restriction)
map

(95) 7: Spec(Z(Ue)) — Spec(Zo(Ue)).
Since Zy(Ue) is a polynomial algebra, any x € Spec(Z(Ue)) is entirely defined by its values
(T, Yy 2y) € C? x C* on the tuple (x,y, z) of generators of Zy(U,) defined in . By —
, any x € Spec(Z(Ue)) is entirely defined by its values (xy, yy, 2y, 2y) € C%2xC*xC on
the tuple (z,y, z,Q) of generators of Z(U,), solutions to one of the equivalent equations

!

H X?Lcj xxyxzx+zx+z;1¢2
j=1
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where ¢; = ¢/ + ¢7. Hence 7 has degree I, and Spec(Z(U,)) is a branched covering of
Spec(Zy(U,)) = C*x C* of degree I, a hypersurface in C* x C* x C with quadratic singularities
at the points (0,0,+1,+¢;), j = 1,...,(l —1)/2. Because Zy(Uc) is a commutative Hopf
algebra, Spec(Zy(U,)) has a canonical group structure defined dually by

(96) xixe(u) == (x1 ® x2)Au) , x7 () :== x1(S(w)) , e(u) := e(u)

for any u € Zy(Ue) and x1, x2 € Spec(Zy(Ue)), where e € Spec(Zy(U,)) is the identity
element. In formulas:

_ -1 _ -1 _
Txixa = Tx1 T 2y, Txa s Yxaixe = Yxa T Yxa?x; > ZX1X21 = Zx1%x2
(97) Ty1 = =2y Ty 5 Yyl = —YyZy 5 Zy-1 = 2y
Ze=0,9=0, z.=1.

This can be formulated as follows. Put G = SL(2,C), and let G* be the group formed by
the pairs of matrices

<<g ab1> ’ <ac1 2)) € SL(2,C)? x SL(2,C)

where SL(2,C)° is SL(2,C) endowed with the opposite multiplication. Set

/ / /—1
o((5 24).(5, ) —nn

Identifying Spec(Zy(U,))) with C* x C* by mapping x to (@, Yy, 2y) defined as above, it is
readily checked that this defines a surjective morphism of algebraic groups

P G* — Spec(Z0(Ue)))
with kernel the subgroup generated by —(I, ), where I is the 2-by-2 identity matrix. Put
G* = G*/{£(I,I)}.
We will denote the quotient isomorphism by
Y: G* — Spec(Zy(Uy))).
Let us endow the ring of regular functions O(G) with the Sklyanin-Drinfeld Poisson bracket
{, }, associated to the classical r-matrix

1
t:ZH®H+E®F cg®g.

Recall that it can be given the following expression (see eg. [70], or [2], [25] for a setup close
to ours). First note that it is entirely determined by its values on the matrix coefficients
(coordinate functions) l11, 112, l21, l22 of the fundamental representation of G on C2. Put

2
(98) L= (;; Zz) =Y E @l €End(C*®0(G).
r,s=1

12 12
Denote by {L, L} and LL the tensors in End(C?) ® End(C?) ® O(G) defined by

2 2
1 2 12
{L, L} - Z Eﬁ & Ezl & {lr57 ltu} 3 LL= Z E;f X Etu & lrsltu

r,s,t,u=1 r,s,t,u=1
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1
and as usual put L= Z?,s:l

fundamental representation is

S 1/1 0 1 0 0 1 00 2 2
v= <0 1) ® (0 1) + <0 0) ® <1 O> € End(C*) ® End(C?)
which we identify with t® 1 € End(C?) ® End(C?) ® O(G). Then the bracket { , } on O(G)
is defined by the identity

2
EE®1®ls, L= Ziu:l 1 ® B} ® lyy,. The r-matrix in the

12 12 12 12
(99) {L,L}=[v,LL]=t LL— LLc.
The group G with the bracket { , } is a Poisson-Lie group. As such, it admits a dual Poisson-

Lie group, which is precisely the group G* defined as above. Its Poisson bracket { , }g~ is
defined by

1 2 1 2 1 2 1 2
(100) {L:E7L:t}G* = [t7 LZ‘:L:E] ) {L+7L—}G* = [ta L+L_]

where (L4, L_) is the pair of matrices of coordinate functions on G* C SL(2,C)?xSL(2,C).
We will denote by {, }&« the induced bracket on G*. The push-forward ¥,{ , } g+ is a Poisson
bracket on Spec(Zy(U,)) that can be defined directly via the quantum coadjoint action, that
we now recall.

The specialization morphism ev,: Us ®C[q, ¢~ 1] = Ue, q — e, is surjective, with kernel the
subalgebra (ql—q_l)UA®(C[q, ¢~']. Given an element z € U., let us denote by Z € ev. ! (x) any
preimage of z. For every a € Z(U.,), u € U, we have [a, 4] = ati—ua € (¢! —q¢ Y Ua®Clg, ¢ }].
So, let us put
(101) Dy(u) = —lim a € Zy(Ue).
It is easy to check that the maps D,: U. — U, are well-defined (they do not depend on the
choices of @ and @), and that they are derivations of U, preserving Zy(U,) and Z(Uc). Hence
they define algebraic vector fields on Spec(Zy(Ue)). Since € is central in Ugy(sl(2)), D, is the
zero map when a € C[Q].

Let us introduce the elements e, f defined in [27] by

(102) e=-2z=(e—e V)VE f=—yz=—(e— e ) FK".
Direct computations from the definition and the fact that D.2 = 0 imply the formulas:
1 1
(103) D,(K)=0, D,(F)= _TZE , D,(F) = 7ZF,
1 1

(104) De(K) = 7K, De(E) = 0, De(F) = = (e = e HFK; 1E,

1 1 - _
(105) Dy(K) = =7yK, Dy(F) = 0, Dy(E) = S (e — e ) [K; —1]F,

Ke™ — Kfl —r
where [K;7] = %,r €Z.
€—¢

A Poisson bracket { , }qca is defined on Z(U,) by
{CL, b}QCA = Da(b)

With this Poisson bracket Z(U.) is a Poisson algebra, Zy(U.) being a Poisson ideal. The
Poisson structure on Zy(U,) is completely defined by the formulas

(106) {y,2lqa=—1+ay+22, {z,2}qa = —22 , {2, y}qea = y2
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which can be straithforwardy checked using the definition. From them it is easy to show that
the Poisson center of Zy(U,) is the commutative algebra generated by —xyz + z + 2z L
Let us introduce the family of automorphisms of U,(sl(2)) defined as follows. Let r € Z,

and 7,, T, the automorphisms of Uy(sl(2)) defined by:

(107) (K)=K,7(E)=K'E,7.(F)=FK™"

(108) T.(K)=K ' T.(F)= -FK ", T,(F) = —-K"E.

Note that T, = 7. o Ty and T3 is the braid group automorphism. We have
T (z) =y, Ti(y) = 2*x.

These automorphisms of U,(sl(2)) define automorphisms of the specialisation U, and we will
keep the same notation for them. If T"is any automorphism of the type 7. or 7., it is easy to
show from the definition of D, for a € Z(U,) that

Dr(a)oT =T o D,.

Denote by G° the big cell of G = SL(2,C). It consists of the matrices with non vanishing
lower right entry, and satisfies G° = B, B_, where By and B_ are the subgroups of G of
upper and lower triangular matrices. We have an unramified 2-fold covering

c: G — G

(109) (by,b) +—> bybl.

It induces a diffeomorphism B
5: G* — G
Setting z := 22 and

Z/ Z/y z/—l 0
1 v=o (6 51) (5 2)
we have
we (o n)
—-x oz
Consider the Poisson bracket { , }rr on O(G) defined by
12 12 12, 2 ,1 1 2
{L,L}rr=tLL—LLY+ LY L—LtL
where t' is t post-composed with the flip map a ® b — b ® a. The bracket { , }rg has
been introduced in [70] and generalized in the work of Fock-Rosly [46] (which explains our
notation). Note that O(GY) is the localization of the algebra O(G) with respect to the matrix
coefficient l99 in . As a consequence, the Poisson bracket {, } rg being quadratic, it can

be extended to O(GY).
The next result sums up the relationships between the brackets { , }rr, { , }¢+, and

{ ) }QCA:
Theorem 7.9. (1) (|28, 29]) The map ¥: (G*,{ , }a:) — (Spec((Z0(Ue)),{ , }qca) is an

isomorphism of complex Poisson-Lie groups.
(2) ([70) The map : (G*,{ , }a) — (G°.{ , }rr) is a diffeomorphism of complex

Poisson manifolds.

The first claim is proved in [28] 29] for the simply-connected quantum groups U (g), where
g is a complex finite dimensional simple Lie algebra (see Remark below). We state it
rather in the case of Uc(sl(2)), the adjoint quantum group for g = sl(2), where it follows
from straighforward computations using the formulas and . The second statement
follows as well from straighforward computations. Namely, by using the identities and
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0*(L) = LyL~', and the fact that v+ ¢/ is ad-invariant, one can identify the formulas of
{ s } FR and

1 2
o({ s }e)(L® L) ={c"(L),0"(L)}c*.
We leave the verifications to the reader.

The next statement summarizes the results of De Concini-Kac-Procesi on the quantum
coadjoint action. Recall the elements e = —zz, f = —yz of Zy(Ue) (see (102)). Let us identify
Spec(Zo(U.)) with G° using the map & o ¢! of Theorem and hence the derivations D,
Dy, D, of Zy(Ue) with algebraic vector fields on G° (and hence on G). Denote by H, X, Y
the left-invariant vector fields on G associated to the generators H, X, Y of sl(2), where

(3 0) = (0 =0 0)

Denote by ég(Ue) the vector space of power series in the generators z, y, and 2% of Zo(U,)
whose sums converge when evaluated on any y € Spec(Zo(U,)) = C? x C*, X = (2y, Yy 2y)
(thus defining holomorphic functions). Set

(111) Ue = Ue ®zy 0, 20(Ue) , 2(Ue) = Z(Ue) ®zy(0.) Z0(Ue).

Theorem 7.10. ([28,29]) (a) We have D, = zH/2, D, = —2Y, Dy = zX.
(b) For every t € C the power series exp(tD.), exp(tDy) converge to automorphisms of U.
preserving Zo(Ue) and Z(U.), and fixing C[€].

A

Denote by Gpok the subgroup of Aut(U,) generated by the 1-parameter groups (exp(tDe))tec
and (exp(tDy))iec. 1t acts dually by holomorphic transformations on Spec(Zy(Uc)) and
Spec(Z(U)) by defining g.x on u € ﬁo(Ue), for every g € G and x € Spec(Z(U)), by
u(g-x) = (¢~ u)(x). Then:

(c) The diffeomorphism & o 1p~: Spec(Zy(Ue)) — G maps the action of Gpox on the
tangent spaces of (0,0,£1) € Spec(Zy(Ue)) to the coadjoint action of G on sl(2,C)*, the
tangent spaces of +I € G°.

(d) For any conjugacy class T in SL(2,C), (¥ o (T NG°) is a (non empty) Gporx -
orbit in Spec(Z0(U.)), and 771 of this orbit has | connected components, all of whose are
Gpck-orbits in Spec(Z(Ue)).

(e) An element a € Z(U.) is Gpox-invariant if and only if a € C[Q]. Dually, the sets
of fized points of the action of Gpcx on Spec(Zo(Ue)) and Spec(Z(Ue)) are respectively
(0,0,+1) := (Yo~ ")({£1}) and

D= T_l((0,0, +1)) = {(0,0,£1,%¢;), j=1,...,(l—1)/2}.
(f) The Gpc -orbits on Spec(Z0(Ue)) and Spec(Z(Ue)) are the symplectic leaves of { , }qca-

Remark 7.11. In the statements of Theorem [7.9] and Theorem [7.10] we use our conventions,
which differ from those in [28] 29] in the following ways:

(i) Theorem [7.9] (1) for the simply connected quantum group U, (sl(2)) instead of U, (sl(2)),
as in [28, 29], states an isomorphism of (G*,{ , }q+) with (Spec((Z0(U.)),{ , }qca); as we
take opposite comultiplications on 06(51(2)), we get opposite multiplications of G* (whence
G* for U(sl(2))).

(ii) Our derivations D, differ by a sign, which we introduce in order to get the equality of
«{, }a- with { , }rr in Theorem [7.9[ (2);

(iii) In [27, 28, 29], the matrix M in is different because they use the opposite
coproduct on U(sl(2)); their braid group automorphism 7 is in our notation 7";, which
satisfies T_1(e) = f.
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It is easily checked that the identities imply
(112) DM = EE,M] DuM = [-2'X, M] , D;M = [y, M].
where M is defined by . Hence we get
(113) D, = gg , D, =—2"'X, D, =z"'Y.

This is the content of Theorem (a) expressed in terms of the derivations D, D, D,.

In Theorem (b), U, is enlarged to U, in order to define the automorphisms exp(tD,),
exp(tDy) because the derivations D, Dy are not nilpotent.

For reasons that will be explained in Remark we will need a result analogous to
Theorem [7.10] but based on different derivations. This leads to substantial differences in the
details, so we give all proofs.

Consider the following derivations on U:

(114) E=2Dy, F=—2Dy,H=-2""'D,.

Lemma 7.12. The deriwations £, F and H satisfy the following commutation relations,
generating therefore the Lie algebra sl(2):

(115) [H,E] =2&,[H,F|] = —2F,[E,F] =H.
Proof. Straightforward computation using . O
For any C-algebra A and endomorphism V € End(A) we can define
exp(tV): A — A[[tﬂn
a +— 7%;) %V”(a).

If V is a derivation, exp(tV) is a morphism of algebras. It admits a unique extension (by
continuity for the t-adic topology) exp(tV) : A[[t]] — A[[t]] which is an automorphism with
inverse exp(—tV).

We now give expressions of exp(tF), exp(t€): Us — U[[t]]. For every a € C consider the
following elements of C[[t]]:

(1+t)a:Z%t”a(a—l)---(a—n+l),
n>0

1= 3 st )=

n>1

(1—t)2—1

For any a € Zy(U,), we can similarly define elements (1 + ta)®, ¥ (ta) € Zo(Ue)|[t]]-
Lemma 7.13. The action of exp(tF) is given by:
exp(tF)(K) = (1 — tyz) V'K, exp(tF)(K™') = (1 — tyz) 'K~
exp(tF)(F) =F
exp(tF)(E) = B — (e — € )72 (Ke ttayy (tyz) + K etz y(ty2)) F'
Proof. From we have
(116) F(K) = %K F(F)=0,F(E) = —(e — e—l)l—1§[K, _q)F-L,
Iterating this, a straightforward computation proves the lemma. O
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Lemma 7.14. The action of exp(t€) is given by:
exp(t)(K) = (1 — tez) V'K, exp(tE) (K1) = (1 — taz) /' K}
exp(t€)(K'E) = K'E
exp(t€)(FK) = FK + (e — e_l)l_z(Ketzw_l/l(txz) + K_le_ltzwl/l(txz))(K_lE)l_l

Proof. This is a little trickier than the previous proof, because it is D, which appears
in (105) and & involves D,. We therefore use the automorphism 7_; which is such that

T_1(y) = —x. As a result, by applying it to (116)), we obtain

1
(117)  Dy(K™Y) = —%K”, Do(K™'E) = 0, Do(FK) = (e = )7 S[K 1] (K B)™!
which imply

(118)  &(K) = ZK,&(K'E) =0, &(FK) = (e — e’l)l’1§[K, 1)(KE)

l
Iterating this, a straightforward computation proves the lemma. O

Because £ and F leave invariant Z(U,) and Zy(Uc) they define maps exp(t€), exp(tF) :
Z(Ue) — Z(U.)[[t]] and Zo(Ue) — Zo(Ue)|[t]]-

Proposition 7.15. We have
exp(t€)(z) ==, exp(t}')( ) =y, exp(t€)(Q) = exp(tF)(Q?) = €,
exp(t€)(z) = (1 —tzx) 2, exp(tE)(y) = y + t(—wyz + 2 — 271 + t?a,
exp(tF)(z) = (1 —tzy)~ 1z , exp(tF)(z) =+ t(—xyz + 2z — 27 1) + t2y.

Proof. Rather than using the explicit action of exp(t€)and exp(tF) on U, we remark that

from (112 we have

(119) exp(t€)(M) = exp(—tX)Mexp(tX) ,exp(tF)(M) = exp(—tY ) Mexp(tY).

The announced expressions follow by writing the matrix elements of these equations. O

Let G be the free product of (C,+) with itself; it can be equivalently seen as the group
generated by elements ¢s, 15, where s € C, with the relations ¢y = dsts, Vsthy = Vsyg
for every s,s’ € C.

We can define a partial action of G on Spec(Z(U)) and on Spec(Zy(U,)), in the sense of
[35]. Let s € C, and denote by D(¢s) the set of x € Spec(Zy(U,)) such that for all u € Z(U)
the series (exp(s€)(u))(x) is normally convergent in a small neighborhood of s. Equivalently

D(¢s) = {x € Spec(Zo(Ue)), |sxy2y| < 1}. We define an action of ¢s on D(¢s) by

(120) u(gs-x) = (exp(—sE)(w))(x)-

Similarly, put D(vs) = {x € Spec(Zo(Ue)), |syy2y| < 1} and define an action of ¥, on D (1))
by

(121) u(ts.x) = (exp(—sF)(u))(x)-

The domains D(¢s) (resp. D(w)s)) cover Spec(Zy(U,)) as s varies in C. By results of Exel
([35] and [36], Examples (1) and (4)), the set formed by the local actions (resp. (121))
on the domains D(¢s) (resp. D(vs)) defines a partial action of the one-parameter group
(¢s)sec (resp. (¢s)sec) on Spec(Z(Uc)), and combining the two we get a partial action of
their free product G on Spec(Z(U,)). Similarly we get a partial action of G on Spec(Z(U,))
by replacing Zy(U.) by Z(U,).
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We call them the partial quantum coadjoint actions of G. Orbits (called partial orbits in
[35]) are defined as for group actions: the G-orbit of a point x € Spec(Z(U,)) is the set of
points g.x, for every possible g € G such that g.y is defined.

The next result states the analogs of Theorem (¢)—(f) obtained by replacing Gpox by
G. In particular, it describes the G-orbits.

Theorem 7.16. (a) The diffeomorphism o~ maps the action of G on the tangent spaces
of (0,0,%1) € Spec(Zo(Ue)) to the coadjoint action of G on sl(2,C)* = T (GO).

(b) For any conjugacy class T in G, (¢ o a )(I' N G°) is a (non empty) G-orbit in
Spec(Zo(U.)), and 7~ of this orbit has | connected components, all of whose are G-orbits
in Spec(Z(Uy)).

(¢) An element a € Z(Ue) is G-invariant if and only if a € C[Q]. Dually, the sets of fized
points of the partial G-action on Spec(Zy(Ue)) and Spec(Z(Ue)) are respectively (0,0,+1) :=
(Yo H({£I}) and

D:=7(0,0,4£1)) = {(0,0, %1, +¢;), j=1,...,(1—1)/2}.
(d) The G-orbits on Spec(Zy(Ue)) and Spec(Z(U.)) are the symplectic leaves of { , }qca-

Proof. (a) Using 6~ * 0 4* to identify Zo(U.) with O(G®), this is a direct consequence of
and the fact that M = £1 at the fixed point.

(b) That T'N G? is non-empty and connected is classical. Then so is (¢ o 5 1)(T'N GY).
Take a point y € (¢ o 5 1)(I' N GY). Evaluating at x shows that G - x is contained in
(Yo ) (T'NGY). We claim that G - x is an open and closed subset, so by connectedness
of (o5 1) (' N GY) it coincides with it. Indeed, it is an open subset because any point
of Spec(Zy(U.)) (whence of G - x) belongs to the domains D(¢s) and D(ts) for s small
enough. Since the one-parameter groups (¢s)sec and (¢s)sec are obtained by integrating
the derivations £ and F, it follows from Lemma that G - x contains a neighborhood
in (¢ oa 1)(T'NGY) of each of its points. By the same reason any limit point of G - x in
Spec(Zy(U,)) has a neighborhood where the partial G-action is defined and which intersects
G - x. Therefore it belongs to G - x, which shows that G - x is also closed in (¢ o5 1) (I' NGY).
Because the covering map 7 is unramified of degree [, the result for Spec(Z(U,)) follows at
once.

(c) Any x € Spec(Zy(Ue)) belongs to the domains D(¢s), D(1)s) for s small enough. Solving
the equations ¢s(x) = x and 1s(x) = x by using the formulas in Proposition imposes
x = (0,0,£1). This gives the fixed point set of Spec(Zy(U)); the result for Spec(Z(U.))
follows immediately. As for the first claim, note that for any conjugacy class I' of maximal
dimension the set I' N G° contains a diagonal matrix, and that the union of such sets forms a
Zariski open and dense subset of G. Hence (b) above implies that a central invariant element
is completely determined by its value at points (0,0, zy, €2, ). Therefore it is non zero if and
only if it belongs to C[€2].

(d) The groups G and Gpck are obtained by integrating the derivations &£, F, and Dk,
Dy respectively, and the Lie algebras generated by these two pairs of derivations have the
same span at every point of Spec(Zy(Uc)) or Spec(Z(Ue)). Then the conclusion follows from
Theorem (f). O

Remark 7.17. A difficulty with the group G is that its elements act only on subsets of
Spec(Z(U)): in the formulas (119, the parameter ¢ € C must be such that the lower right
entries of the computed matrices are non zero. However it has various merits as compared
to the group Gpck of Theorem [7.10}

(i) G is finite dimensional, associated to the Lie algebra si(2) (by Lemma [7.12)), whereas
Gpck is infinite-dimensional.
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15|), whereas Gpc i is a subgroup of Aut(U,), acting on Spec(Z(U,)) by holomorphic (entire)
transformations.

(iii) G can be generalized straightforwardly to L’an, whereas Gpcx does not. This is our
main motivation for developing this construction. We do it in the next section.

ii) The partial action of G on Spec(Z(U,)) is by birational transformations (by Proposition
‘

Remark 7.18. We think useful to have in mind the following description of Spec(Z(U.))
(see [27]). Denote by G//G the affine variety with coordinate ring O(G)¢, the ring of regular
functions on G invariant under the coadjoint action of G. We have an isomorphism

(122) G//G=C*/(t~t1).

In fact, denote by T the torus of G formed by the diagonal matrices, and by O(T) its
coordinate ring. Then T = C* and O(T) = CJt,t" '], where t is the coordinate function of
the upper left entry of elements of 7. The Weyl group W of G acts on ' by inversion, and

(123) oG =zomW =Ct+t71).
Consider the maps
(124) p:G— G//G, pr: G//G— G//G,

where p: G — G//G is the quotient map, and py, is induced by the k-th power map g — g,
g € G, k € Z. Note here that on coordinate functions we have py(t + t_l) =tF 7% so
is just realized by the k-th Chebyshev polynomial T}. Consider the fibered product of p and
P, that is, the affine variety

(125) G xgyc GG ={(g.[t])) € G x G//G | p(g) = mu([t])}-
Set
(126) G =G xgyq G//G, G =G’ xg,6 G//G.

Then Spec(Z(U,)) is isomorphic to G°. In fact, by Theorem and the defining relation ([72)
we know that Zo(U,) is isomorphic to O(G), and that Z(U.) = Zo(U.) ®z,wncie) C[2]. By
the quantum Harish-Chandra homomorphism, see [27] for details, C[Q] = C[K + K !] and
Zo(U) N C[Q] = C[K' + K7!]. Let us identify C[K, K] with O(T). Then C[Q] = O(T)"
and C[K' + K~!) = O(T /)", where y; is the subgroup of T corresponding to the Ith-roots
of unity under the isomorphism 7' = C*. Hence

Z(Ue) = O(G°) @or/uyw O(T)W.
The isomorphism of Spec(Z(U,)) with G* x ya G//G follows by duality.

7.2.2. Extension to Lj,,. The results of the previous section extend naturally to £f ,. First
we consider the generalization of Theorem [7.9

The bracket { , }rr on G has been extended to G" by Fock-Rosly [46]. From its very
definition, it is readily checked to be defined by

G0N JOLIONIN-IONE SOME SO0

—_

2

1, 2,
(127) (L9, LD} pp =1
i DG4 1O e FWeLO_ [ ]G

1,. .
(128) {L(’), (J)}FR:t

N
where L) = MZ(” (see (85)), i,5 € {1,...,n}, and i < j.
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The formula (101]) extends naturally to define derivations Dy : 10cL5 ,, — 10c£0 ,, Preserving
Z(10¢Lh ), for every a € Z(j0cL,,). Hence we can define a Poisson bracket { , }qca on
Z(10¢L5 ) (keeping voluntarily the same notation as on Z(U,)) by

{a,b}qca = Da(b)
for every a,b € Z (locﬁan). As @, is an isomorphism of algebras, both derivations and Poisson
bracket can be defined and computed by means of their pushforwards on U®". Indeed, for
any a € Z0(10cL5 ), Pnla) € Zo(UE™), so the derivation D, (q): US" — UZ™ is defined and
we can put D, = @;ID%(G)@)W For every a € Z(Lj,,), by the inclusion £, C 10cL5,, it
yields a derivation Dy : Lj,, — L, preserving Z(Lg ;).

Denote by Zo(Lj,,) (resp. Zo(10cL5,,)) the subalgebras of Z(Lf ,,) (resp.Z(10cL5 ) gener-
ated by p®!, (D gt (resp. b DL gl and 5(i)il) fori =1,...,n (hence removing the
generators w(®). Recall the Frobenius morphism Fr : (E(l),l)@m — Zo(L5,,) (see (BF), and
the identification 5(1)71 = 0(G).

Theorem 7.19. The map
© = (670" 0 8P (Z0(10cLh ) {  Yaea) = (O(GY)*",{ . }rr)

is an isomorphism of Poisson algebras, and ®~1 restricted to O(G)®" C O(G)®" coincides
with the Frobenius homomorphism. Hence Fr: (O(G)*",{ , }rr) — (Z20(L5,,){ , Yaca) is
an isomorphism of Poisson algebras.

Proof. The map 6% o *: (Zo(Ue),{ , }qen) — (O(G®),{, }rg) is an isomorphism of
Poisson algebras by the results recalled in the previous section. Since @ : locﬁél — Uy is an
algebra isomorphism by Lemmal5.6] when specializing at ¢ = € it yields a Poisson isomorphism
between (Z0(10c£6.1)5 1 > Jaca) and (Z0(Ue),{ ; }aca). This proves the case n = 1.

When n > 2, the map is well-defined because Zo(10cL6 ) = 10c20(L5 ) (the localization by
the powers 0 k e Z), Z( o) = Z0(L£51)®" by Proposition and ®9" extends from
Z0(LH.n) 10 10c20(LG,,) for obvious reasons (the algebra being commutative). On another
hand, since ®,,: locﬁoA,n — Uff" is an equivariant algebra isomorphism and @n(w(i)) = Q(i),
when specializing at g = € it yields a Poisson isomorphism between (Z0(10¢£( ) { » faca) and

(Z0(Uo), { , Yaca)®™, ie. the algebra Zo(U.)®™ with the product Poisson structure. Hence it
is enough to prove that

Do, (Z0(Ue). {, }aen)®" = (O(GNH*" {, Yrr)

is an isomorphism of Poisson algebras. This can be checked on generators, which is most
easily done by using the inverse map. Put II = idy, ® (P, o (q)i@”)_l). By Corollary [7.6| we
have

(129) I (Mu)) — RO pMORO-1.

Moreover, and (T10)) show that 5~ * 01)* identifies the matrix coefficients of D1 (Z20(L£51))
in the fundamental representation Vs of U,, and the matrix coefficients of the fundamental
representation of G on C2. Therefore it is enough to check that

1, 2 . 1, 2.
(130) (I (L), (LN = {19, LV} pp

for every i,j € {1,...,n}, where IT* (L(i)) is the pull-back of L via II, ie. its expression as
a function of the matrices M@ . Now we have

(131) MD = pmO a1
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. 1(%) (%), ,(2) . 1(3)—1
@ _ (2 2y @ _(* 0
MY = < 0 Z/(i)—l)’ M = <Z/(¢)$(z’) Zl(i))'
Note also that — imply
(132) RO = M MU,

where

Using the map o~ ¥ o¢)* to identify M(i), M(f) with matrices L, L_ of coordinate functions
in G*, we see that they satisfy the bracket identities . Since G* is a Poisson-Lie group,
products of matrices L4 have the same bracket as L. In particular this applies to R(i), and
we can write
I (L@) = ROMIMO T RO

where all matrices in the product have known brackets. Then can be straightforwardly
compared with —, using the Leibniz rule for simplifications, and the fact that r 417’
is ad-invariant. We leave the verifications to the reader.

The equality of ® ! with Fr on O(G)®" follows immediatly from the fact that &~ 1* o ¢*
identifies matrix coefficients, as discussed above. The image of F'r is Zo(L ,,), by Proposition
This achieves the proof. O

Next we turn to our generalization of Theorem [7.16] First we define a partial action of
the group G on Spec(Zo(10cL5 ) and Spec(Z(10cLg ,,)) by generalizing the method we used
in the n =1 case.

Recall the derivations Dg: 10cLh, — 10c£0 ,, defined for every a € Z(j0Lf,,). Denote

by ﬁ:(i),gj(i), 20 ¢ Z(10¢L) ) the inverse images by ®, of the elements x(i),y(i), 20 and let
5(i),.7:(i),7—[(i) be the derivations of ;,.Lj,, defined by

(133) W =20D o  FO =—:0D, ) HD = —2:071D .

Note that because of the relations and the definition of §”) we can obtain simple formulas
for 2 and 2, namely:

n

(134) sOEL = 5OFL 20 — _ O H sk =1
k=i+1
Set
(135) EA = Zg(i) JFA = Z}“(i) JHA = ZH@'
i=1 i=1 i=1

Proposition 7.20. (1) The derivations EX, FA and H” satisfy the following commutation
relations, generating the Lie algebra sl(2):

[H2,E8] =262, [HA, FA = —2F 2[5, F2 = 1A,
(2) The power series exp(t€2), exp(tF2) define morphisms of algebras from 1oLy to
locLonltl], sending Z(100L5 ) to Z(10cL5 )[t]] and fiving the elements w® . Moreover

exp(t®, (E2))(MWD) = exp(—tX )M exp(tX)
exp(t®, (F2) (MDY = exp(—tY)MD exp(tY).

As a result exp(t€®) and exp(tF2) are sending Z0(10cL0 ) to Z0(10cLo ) [[2]]-



UNRESTRICTED QUANTUM MODULI ALGEBRAS OF PUNCTURED SPHERES, I 57

Proof. (1) Straighforward from and from the local Poisson-commutativity, i.e the
property that {a,b} =0 when a € {x(i y®, z(i)}, be {:L‘(j),y(j),z(j)}, i j.

(2) The first claim is straightforward, the second is a direct application of and the
local Poisson-commutativity. O

As in let s € C, and denote by D(¢{")) the set of points x € Spec(Zo(10cLh,,)) such
that for all u € Zo(10cL5,,) the series (exp(s€ @) (u))(x) is normally convergent in a small
neighborhood of s. Thus D(¢(") = {x € Spec(Zo(1oc 0.n))5 |s§:§f)z‘>(j)\ < 1}. Define an action
of the element ¢fj> on D(qzbgi)) by

(136) u(@$.x) = (exp(=sEW) () (x)-
Similarly, put D(p(V) = {x € Spec(Z0(10cLHn))s |sg}>(<i)2)(f)| < 1}, and define an action of ¢{?)
on D(y{") by

(137) u(@.x) = (exp(—sF)(u)) (x)-

Denote by G the group generated by qﬁgi),wgi),s € C. It is isomorphic to G. Denote by
G the direct product of the groups g(i), and by G* the subgroup of G generated by
the diagonal elements ¢2 = (o1, ..., ¢) (resp. ¢v2 = (WM, ..., ™). These elements
act on D(¢2) = N, D(¢M), (resp D(¢2) = NI, D(1)), by acting dually with the series
exp(s€2) (resp. exp(sF2)).

As in the case n = 1, the results of Exel [35] 36] imply that and define partial
action of the group G* = G" and G* = G on Spec(Zy (10cL5 5))- We call the first one the total
partial quantum coadjoint action and the second one the diagonal partial quantum coadjoint
action.

Next we need the following result of Fock-Rosly. Recall that we denote by X (X) the
variety of G-characters of the sphere ¥ with n 4+ 1 punctures, and by { , }goq the Goldman
Poisson bracket on X (). Denote by G"//G the algebraic quotient of G" by the adjoint
action of G. It is the affine variety with coordinate ring O (G”)G, the ring of regular functions
on G" invariant under the coadjoint action of G. The points of X (X) are in one-to-one
correspondence with the trace equivalence classes of representations 71 (%) — G. Therefore,
choosing a basepoint and generators of the fundamental group of ¥ affords an isomorphism
of algebraic sets

¢: Xg(2) — G"//G.

Theorem 7.21. ([46]) The adjoint action of the Poisson-Lie group (G,{ , }) on the Poisson
manifold (G",{, }rr) is a Poisson map. Hence { , }rr defines a Poisson bracket on G"//G.
Moreover the map ¢ is a Poisson isomorphism: ¢.{ , Ygoa ={, }Fr-

The theorems and m relate Zo(Lg,,) with O(G™) and O(G™MY with O(Xg(X)). We
need to “lift” these results to the whole center Z(Lj,,) and corresponding rings of regular
functions.

At first, recall the isomorphism O(G°) = Z(U.) of Remark It maps O(T)" to C[Q],
the G-invariant subalgebra of Z(U.). Composing it with ®; ", we get an isomorphism of
O(G°) with Z(10¢L5 1), mapping the subalgebras O(G) and O(G) to Z(L§,) and Z0(LH1)
respectively. It follows straightforwardly from the arguments of Theorem that Fr extends
to an isomorphism

Fr: (O(G)*" {, }rr) = (2(£50).{ , Yaca)
mapping the n copies of O(T)W associated to the factors of (’)(éf‘) to ClwM],...,Clw™].
Note in particular that { , } pg extends trivially from O(G)®" to O(G)®™. Also, the restriction



58 STEPHANE BASEILHAC, PHILIPPE ROCHE

map (keeping voluntarily the notation of )
(138) 7: Spec(Z(L5 ) — Spec(Z0(Lj ),

which by Proposition is a regular map of degree (", corresponds under F'r to the projection
map G" — G".

Now, let us identify as above G™ with the space of representation R (X) = Hom(m(X), G)
(fixing a basepoint and generators of 71 (X)). The conjugation action extends trivially from G"
to G™. Then the projection map G™ — G™ provides an identification of G" with a branched
covering space R'G(E) of Rg(X), endowed with the conjugation action of G. The points of
R/ (%) are given by representations p: m1(X) — G endowed with a choice of solution z € C
of the equation Tj(x) = Tr(p(y:)), 1 < i < n, where v1,...,7, are the n chosen generators
of m1(¥). Taking algebraic quotients yields a branched covering map X5 (%) — Xg(X) of
the same degree {", and one can lift Theorem to an isomorphism (with, again, { , }gou
trivially lifted from X¢(X)):

c: (X&(E)v{ ’ }Gold) - (én//G7{ ) }FR)‘
We can now state and prove our generalization of Theorem [7.16] When considering the
(partial) action of G on Spec(Zy(Lj,,)) it will always be meant to be the diagonal action, by

means of § A

Corollary 7.22. (1) The dual diffeomorphism F'r*: (Spec(Zo(L5 ,,)),{ ; }aca) = (G",{, }Fr)
maps the action of G on the tangent spaces of (0,0,41)" onto the coadjoint action of G on
sl(2,C)™™.

(2) For any conjugacy class T in G™, (Fr*)~Y(T') is a (non empty) G-orbit in Spec(Z20(L5 ),
and 771 of this orbit has I™ connected components, all of whose are G-orbits in Spec(Z(L5,,))-

(3) The map Fr ot ™ takes values in Z(Ean)g, and therefore affords an isomorphism of
Poisson algebras

ﬁOE_l*: (O(X/G(E))a{ ) }G’old) - (Z( B,n)gv{ ) }QCA)'

(4) The orbits of the group G*" in Spec(Z(L§,)) are the symplectic leaves of { , }qca-
These project onto the symplectic leaves of { , }qca in Spec(Z(ﬁan)g).

Proof. (1) Using as usual the isomorphism &~ 1* o ¢* to identify Zy(U,) with O(G®), it fol-
lows easily from (129), and that the automorphism ®,, o (&7 1)®" of O(G?)®" is
equivariant with respect to the coadjoint action of G. Since ®1*((0,0,£1)") = (£I,..., £I),
the formulas in Proposition (2) show that d®,,1* maps the action of €2, F on the tan-
gent spaces of (0,0,+1)" to the coadjoint action of X, Y on si(2,C)*. Post-composing
@, 1* with (&7)®" o ®*, Proposition (1) proves that &~ maps the action of G on
the tangent spaces of (0,0,+1)" € Spec(Zo(10cL),)) onto the coadjoint action of G on
sl(2,C)™" = T(*:tl,...,il)(GO)n' The result follows, Fr* being an extension of & 1*,

(2) This is an integrated version of (1) above. It follows from the arguments used to prove
Theorem (c), by replacing with the formulas in Proposition (2), and Lemma
with Proposition (1).

(3) It is enough to prove that Froc™!* establishes a Poisson isomorphism between O(Xg(X))
and Zo(ﬁa’n)g. By Theorem |7.19, F'r = @6(Gn): O@®",{, Yrr) — (Zo(ﬁg’n),{ , Jaca) 1s
an isomorphism of Poisson algebras. By (2) above F'r maps invariants functions to invariant
functions. That the bracket { , }qca is well-defined on Z( Bm)g is an immediate consequence
of its definition and the structure of module algebra of Lj ,,. Then the conclusion follows from
the last claim of Theorem [7.21]
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(4) The first claim follows from Theorem (d), and the facts that ®, is a Poisson
isomorphism from (Zo(10¢£5 ), { 5 taca) to (20(Ue), { , }aea)®™ (see the proof of Theorem
, and that & 1* maps the partial action of G on Spec(Z20(L5,,)) to the partial action
of G" (the n-fold direct product) on Spec(Zy(U.))™ (by the definition of G*). The second
claim follows from the first one in Theorem [7.21] O

8. TOPOLOGICAL FORMULATION

8.1. The Wilson loop functor. Recall that we denote by C4 the semisimple category of
finite dimensional U}**-modules of type 1, and that C4 ® Z[ql/ D g=1/D | is a ribbon category.
Recall also the following notions (see [71]). Denote by Ribc, the category whose morphisms
are the isotopy classes rel(d) of oriented ribbon graphs in [0, 1]% colored over C4 (ie. with each
component labelled by an object of C4), with boundary segments (if any) in |0, 1[x{1/2} x
{i}, where i € {0,1}. The objects of Ribc, are the tuples ((V1,e1),...,(Vi,ex)), where
€1,...,6k =+ and Vq,..., V; are objects of C4. The source and target object of a morphism
of Ribc, thus correspond to tuples of segments in ]0, 1[x{1/2} x {i}, i € {0,1}, endowed with
normal co-orientations specifying the associated signs . We denote by RT the corresponding
Reshetikhin-Turaev functor,

RT: Ribe, — Ca ® Zg"?,q~ /7).

Now, fix points p; < --- < p, in ]0,1/2[, and define Rib,c, as the category with the
same objects as Ribc, but morphisms the isotopy classes rel(9) of oriented ribbon graphs in
0,13\ ({p1,---,pn} x {1/2} x [0,1]), colored over C4 and with boundary segments (if any)
in ]1/2,1[x{1/2} x {i}, i € {0,1}. The following picture shows an example.

i

=

A

Figure 8.1: a morphism of Rib, ¢, .

p1 P2 P3

The composition of morphisms of Rib, ¢, is defined as for Ribc,. That is, given morphisms
T, Ty with a same pattern of co-oriented boundary segments on the bottom of 77 and top of
Ts, Ty o T, is obtained by placing 17 atop 15, gluing the corresponding boundary segments,
and deforming the result by isotopy into [0,1]*\ ({p1,...,pn} x {1/2} x [0,1]). Identifying
[0,1]* with the “right half” cube [1/2,1] x [0,1]% in [0,1]* \ ({p1,...,pn} x {1/2} x [0,1])
yields an obvious faithful functor

t: Ribe, — Rib,c,.
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The morphisms of Rib, ¢, are obtained by composing morphisms of Ribc, and elementary
morphisms as shown in the following picture, for a = 1,...,n.

Figure 8.2: a generating morphism of Rib, ¢, not in Ribc,.

Recall that we denote by ¥ the sphere with n+1 open disks removed. Denote by L¢, (X) the
A-module freely generated by the empty set and the isotopy classes of closed oriented ribbon
graphs in ¥ x [0,1] colored over C4. The stacking product L.L" of elements L, L' € L¢, ()
is defined as the isotopy class of the disjoint union of representatives of L and L', pushed in
¥ x [0,1/2] and ¥ x [1/2, 1] respectively. The stacking product makes L¢,(X) an A-algebra.
Since ¥ is diffeomorphic to the closure of [0,1]*\ ({p1,...,pn} x {1/2}), Lc,(X) can be
identified with the A-algebra generated by the morphisms () — () of Rib,¢,, the stacking
product being the A-linear extension of the composition of morphisms.

Define a new category C A(Eén) with objects the couples (n, V'), where V' is an object of

Ca® Z[ql/D, qil/D], and with spaces of morphisms
Hom((n,V), (n,W)) = (Homu=(V, W) & ZIg"/?,¢7/7]) & £,

where the composition is the tensor product of the product in Eén and the composition of
U’**-homomorphisms of modules.

The following result follows from the arguments in Section 6.1-6.2 of Faitg’s PhD thesis
[38], to which we refer for full details. These arguments generalize and simplify those of
[22]. In these works only the Wilson loop map W was considered, but the extension to W is
straightforward.

Theorem 8.1. There is unique functor W : Rib, ¢, — CA(ﬁén) such that on objects we have
W((Vise1), -y (Viser)) = (n, ViP ® ... @ V.F), where V;r = Vj and V;” = V" (the dual of
Vj), and on morphisms:

o W((T')) =RT(T) ® 1 for every morphism T of Ribc,,;

\4
o W gives the value M@ to the morphism shown in Figure 8.2, in the case where there
s a single ribbon colored by V := V1.
Moreover the morphism of algebras W: L¢,(X) — Eén®Z[ql/D, ¢~ YP] obtained by restricting
W to L, (X) takes values in the invariant subalgebra (Eén)UA ® Z[g"/P, ¢ V/P.

We call W the Wilson loop functor, and W the Wilson loop map. By construction, for
every element T' € L¢,(X), and any morphism T of Rib, ¢, obtained from 7" by cutting open
ribbons with colors Vi,..., Vg, setting V =V; ® ... ® Vi we have

A

(139) W(T) = qTry (W(T)).
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Here is an alternative way of defining W, purely in terms of RT. Define a category C A(Uf”)
with same objects (n, V') as C A(Eén) but with spaces of morphisms

Hom((n, V), (n,W)) = (Homu=(V, W) & ZIg",q7/P]) & 05"

where the composition is the tensor product of the product in Uf" and the composition of
Homyres (V,W). The Alekseev map being a morphism of algebra, it defines a functor

(I)n : CA(L’én) — CA(UER)

by setting ®,,(f ® a) = f @ ®,(a) for every a € ﬁén, f € Homyres(V,W). To any morphism
T of Rib,c, we can associate a colored oriented ribbon graphs in [0, 1]3,

T = (Ui [pi — 0,9 + 0] x {1/2} x [0, 1)), U T,

where § > 0 is small and the cores of the ribbons [p; — §, p; + 6] x {1/2} x [0, 1] are oriented
from {p;} x {1/2} x {1} to {p;} x {1/2} x {0} and colored by the regular representation of
Ua. Denote by Ribc, the category with morphisms given by the ribbon graphs T B clearly
the map T — Tt yields a functor

f: Riby,c, — mn,CA'

Associating oo (id® mv)(RT): End(V)®Us — Us® End(V) to crossings of index +1 colored
over C4 and Uy, in the same way as o o (my @ my)(RF!) is associated by RT to crossings
colored by objects V., W of Cy4, extends RT to a functor

RT: Ribyc, — Ca(UT™).

The next fact is a direct consequence of the definition of ®,,, and its representation by Figure
6.1. Note that ®,, being injective, it defines W uniquely from RT.

Proposition 8.2. We have a commutative diagram of functors:

o
Riby,c, Riby,c,

ol [

o, ~on
Ca(Lyy) — = Ca(UZ").

8.2. The Wilson loop isomorphism. Define a one-coupon multicurve as an element of
Lc, (X) that can be represented by a (oriented, C4-colored) ribbon graph embedded in ¥ x {0}
and having a single coupon. An example of graph in ¥ X [0, 1] representing a one-coupon
multicurve is shown in Figure 8.3, where ¥ is the four-holed sphere (ie. n = 3).
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Figure 8.3: a one-coupon multicurve in ¥g 4 x [0, 1].

(A
Recall the peculiar expression of M. Let apy € Endyres(Viy), [N € P?, and denote
by L(apy)) the one-coupon multicurve in Figure 8.3. It is clear that

(A
(140) W(L(a[/\])) = qT’I“V[/\] <a[/\} M) .
This generalizes immediately to any n. Using Proposition [6.19| we deduce:
Lemma 8.3. The Wilson loop map W: L¢,(X) — (Eén)UA ®A Z[ql/D,q_l/D] is surjective.

In the sequel we assume that g = sl(2).

Set ¢ := ig"/?, and denote by Le(X) C Le, (Z)®Z[¢,¢ 1] the subalgebra freely generated as
a Z[¢, ¢~ Y-module by the empty set and the isotopy classes of oriented ribbon links in ¥ x [0, 1]
colored by the fundamental representation V5. Recall that the Kauffman bracket skein algebra
K¢(X) is the Z[(, ¢ ~1-algebra obtained from L¢(X) by forgetting the link orientations, and
taking the quotient by the ideal generated by the relations

(141) L = (Ly+(¢ 'L
(142) LUO = —(+¢AL

where in the second identity () is the trivial ribbon link in a ball disjoint from L, and in the
first identity L, L4, L_ € L¢(X) are identical up to isotopy except in a ball in which they
look like (the strands representing flat ribbons on a meridional projection disk):

A2

Figure 8.4: skein related ribbon links.

The following result is essentially an integral version (ie. over the ring A) of a combination
of Theorem 10 of [19] and Theorem 1 of [20]. For completeness we give a proof, by using the
notions we have introduced.
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Theorem 8.4. The linear map defined by W(L) = i* W (L), where L € L:(X) and k(L)

is the linking number of L, descends to an isomorphism of algebras (where ¢ := iq1/2):
W: K(() = (£5,)"* @4 Z[¢,¢7Y)-

Proof. The facts that the values of W do not depend on the link orientations, and that
W maps to 0 the ideal of L£¢(X) generated by the skein relations —, follow from
Proposition injectivity of ®,,, and the properties of RT and the R-matrix Ry, y, proved
eg. in [56], Lemma 3.18, Theorem 4.3 and Corollary 4.13. We stress that the skein relations
require the choice of variable ( := iql/ 2 and the normalisation by i*(L) " Therefore W
descends to a module map defined on K¢(X). Since the stacking product is induced from
L:(X), W is a morphism of algebras.

To show that W is an isomorphism we use the following basis of K¢(X) (see eg. [54], 60]).
Let I' be a trivalent ribbon graph onto which ¥ retracts by deformation. Recall that an
admissible coloring of I' is an assignment of a nonnegative integer to each edge, called the
color of the edge, so that the colors adjacent to each vertex form admissible triples. A triple
of colors (a, b, c) is admissible if a < b+¢, b < a+c,c < a+band a+b+ciseven. There is a
skein I, in K¢(X) corresponding to every admissible coloring v of I', obtained by replacing an
edge with color m by the m-th Jones—Wenzl idempotent and vertices with Kauffman triads
(these being defined in eg. [60], page 136 and Fig. 14.7). Because I is a spine of ¥, the set
of skeins I'y forms a basis of K¢(X).

By an isotopy of ¥ x [0,1] 22 [0, 113\ ({p1, ..., pn} x {1/2} x [0, 1]) we can deform T' (keeping
the same notation) so that a neighborhood of the vertices lies inside a coupon embedded in
]1/2,1[x{1/2} x [0,1], and the n ribbons forming the portion I of T' outside the coupon
are attached to its left side, encircling {p;} x {1/2} x [0,1], for i = 1,...,n. Let v be an
admissible coloring of I'. Put I = '\ T, and denote by I, I') the graphs I"', T with edges
colored by ~. Denote by e1,...,e, the edges of I ordered by increasing height, by ~; the
color of e; plus 1, and fix some orientation of the edges of I' so that each e; is oriented from
top to bottom. In order to fit with the standard framework for computations with RT, let
us rotate the cube [0, 1] clockwise by an angle of 7/2 around the axis {1/2} x [0,1] x {1/2}.
Then, using Theorem and the fact that the m-th Jones—Wenzl idempotent projects V2®m
onto a subspace isomorphic to V11, we see that

Vi

v,
W) =MYe...0 M®,
which is an element of @i, (V;, ® V) ® E(‘in by identifying End(V) with V ® V*, and
W(I) € Homyres (®72; (Vy, @ V) 1) @4 Z[C, ¢V

By definitions we have W(I'y) = W(T'7)(W(I",)), and the map v — W(I'J) maps the admissi-
ble colorings of I' to a basis of the space of invariant elements of ®;_,, End(V,)* ®4 Z[¢, (]
for the action (ad”)®". Therefore the set {W(I',),v admissible} is a basis of the space of
invariant elements of (Eél)@m ®4 Z[¢,¢ 1] for the action (coad”)®™. By applying to it the
linear isomorphism @, * o) o & (Eél)®” — Eén, with 1 the intertwiner of (ad”)®" and

ad,, defined in the the proof of Proposition we get a basis of (Eén)UA ®4 Z[¢,¢Y. This
concludes the proof. O

(A
Remark 8.5. Above we can replace W(F%) with M, where [A] = (71,...,7), by “parsing”
the ends of ey, ..., e, as do the strands just above the coupon apy) in Figure 8.3. Correspond-

ingly W(I'Y) becomes an element of Homgres (1, (®7_;V5,) ® (L, V5,)") ®a ZC, ¢, With
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these choices, the pairing of W(I",) and W(I'}) is equivariant with respect to the actions coad;,

and ad;,, and it puts in duality the product of Eén and the comultiplication map constructed
in [19]. O

8.3. The threading map and §-invariant central elements. A multicurve on ¥ is a
union of disjoint simple non trivial (ie. not bounding a disk) closed curves considered up to
isotopy. Any multicurve - is a stacking product Hle v;", where 71, ... ,7y are disjoint (hence
commuting) non-isotopic simple non trivial closed curves on X, and ~;*, ¢; € N, consists of ¢;
parallel copies of ~;.

Denote by §(X) the set of multicurves on ¥. Recall the normalized Chebyshev polynomials

Tk, k € N, defined in (73). For v € S(X), v = Hle Vit set

T(y) = [Ti=y Tei()-
It is standard that S(X) is a Z[¢, ¢ ']-basis of K¢(X) (see eg. [67], Theorem 7) and that
{T}}x is a basis of Z[X]. Therefore {T(y),y € S(¥)} is a Z[¢,( ']-basis of K (¥). It is
called the Chebyshev basis (see [44] and the references therein).

Theoremﬂimplies that {W(T(7)),v € S()} is a Z[¢, " ]-basis of ([,én)UA ®AZ[C, Y.
Note that it is a peculiar instance of the basis obtained in Proposition [6.19] by taking powers
of V3 in place of the colors A\; € Py (as explained in the proof of Theorem below), and
an A-basis of the Temperley-Lieb algebra for the coupons.

Now let as usual [ > 3 be an odd integer. Define §;(X) C S(X) as the set of multicurves
of the form 4 Hle 7v;*, where 7 is peripheral, ie. a monomial in the skein classes of the
boundary components of 3, «; is a non peripheral curve, and [ divides ¢; for every i €
{1,...,k}.

Let € be a primitive root of unity of odd order I. Recall Z( B’n)g and the derivations
Dy : L§,, — LG, a € Z(L5,,), defined in Section

Theorem 8.6. (1) The set {W(T'(7)),v € Si(X)} is a C-basis of the algebra generated by

Z( Bm)g and n. In particular, it is a central subalgebra of (ﬁén)g’*.

(2) The derivations Dg, a € Z(ﬁan)g, act on (Eén)eUA.

Proof. (1) First note that for every v € S(X), v = s Hle ;" with 75 peripheral, we have

k
(143) W(T(7)) = W(T(v9)) [ [ Te. W)
=1

Denote by 01, ...,0,+1 the boundary components of ¥, ordered so that the diffeomorphism
identifying ¥ with the closure of [0,1]2\ ({p1,...,pn} x {1/2}) maps 9,41 to A([0,1]?), and
0; to a small loop encircling (p;,1/2), 1 <i < n. By (139) we have

\% Vi Vo . .
(144)  W(0n41) = ¢I'r <]\42[(1) . ﬁ(")> =n, W(0;) =qTr (]\/2[(’)) =wW 1<i<n.

Therefore the elements W(T'(75)) form a basis of Clw(), ..., w™ 5], which is a central sub-
algebra of (Eén)gA (see Theorem . We can give formulas of the other terms as follows.
Deform a ribbon neighborhood of 7 in ¥ x [0, 1] so that for every i € {1,...,k}, 7; is repre-
sented by a one-coupon multicurve like in Figure 8.3, the coupon being filled with r simple

arcs (possibly pairwise intersecting), for some r € N. Since ~; is colored by Va, we see that

(1140) takes the form
(145) W(i) = qTryer (a(yi)M(v:))
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A

where a(~;) € EndU;‘es(V2®r), and M(v;) is defined as M, replacing the modules V) ,..., V),
associated to the sequence [A] = (A1,...,An) by V5 or the trivial module V; (this latter case
happens when the module labels a strand which has to be removed to get the one-coupon
multicurve representing ;). In order to get simultaneously a simple expression of all the
elements W(71),..., W(7), note that each ~;, being a simple closed curve, separates ¥ in
two disks with punctures. We can choose the above diffeomorphism of ¥ with the closure
of [0,12\ ({p1,...,pn} x {1/2}) so that the ordering of pi,...,p, makes 7; bounding a
punctured disk D; C [0, 1]2 with successive punctures p;,, pi;+1,- .-, Di;+n;—1. Lhen, for every
i€ {l,...,k} we have

Vo . Vo .
(146) W(i) = qTrv, <J\§<“> - 1\2<“+"i—1)> :

The algebras (Eén)UA ®a Z[¢,¢Y, and therefore the expressions of W(y;), associated to
different presentations of 3 as above are related by isomorphisms induced by the mapping

class group of .
Now assume that v € §;(2), so [ divides ¢;, 1 <i < k, in (143)). Put ¢, := ¢;/l. Then

Te; W) = Tey (Ti V(7))

Vo, Vo,
(147) - T, (TT (ij(n) o Fr]\j(u+nil)>>

where we use the standard identity T,, = Tc; o1} in the first equality, and Proposition in
the second. By the First Fundamental Theorem of classical invariant theory for SLsy (see eg.
[58]) and the Cayley-Hamilton identity, the set of trace functions

til i1l tng—1 ¢ (]‘\/}(1)7 s 7]‘\/42'(71)) = Tr (]‘\/42'(11) ce ]‘@(i1+ni_1)>

for all possible tuples (i1,...,i; +n; — 1) are generating functions of O(G™)“. By they
are sent by F'r to T; (W(;)) for some ;. By Corollary (3), Fr is an isomorphism from
O(G™)% to Z( &n)g, mapping O(G™)¢ to Zo( fm)g, and the n copies of O(T)" associated
to the factors of O(G™) to Clw™W], ..., Clw™] c (Eén)gf‘. Therefore Z fm)g is spanned over
C by the elements W(T'(v)) with v € §(X) and 79 a monomial in 0y, ...,d,. In particular
Z( Bm)g is a (central) subalgebra of (Eén)gA.

(2) It is enough to show that the derivations D,, a € Z( 87n>g7 restrict to endomorphisms
of ([,fin)gf“. This follows from the inclusion Z( fm)g - (Cén)gf‘, since [a,u] € (Eén)UA
for every a,u € (Eén)UA (564,71 being an U4-module algebra), which by the definition of D,
implies that Da((ﬁén)EA) C (Eén)g“‘ when a € Z( Bm)g. O

Remark 8.7. (Threading T;(V5)) For every 1 <i <n, 0 <k <n —i we have
T <qTTV2 <J‘\/§ 0 76+ 3 “*’”)) = ¢T3 (TZJ%)(") RGN Tl(]\?)(iw))

where T7(V3) is the virtual representation in the Grothendieck ring of U**-modules, obtained
by plugging V5 in the [-th Chebyshev polynomial T;. Indeed

Va Ty (V)
(a1 (31) ) = a5
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because (using eg. the second picture in Figure 6.2)

T (M) - (e (i)

This and the computations in the first half of the proof of Proposition prove our claim.

Remark 8.8. By a result of [43], the set {T'(y),y € S/(X)} is a C-basis of the center of
K (X). Therefore the proof of (1) shows that Z(Ean)g and 7) generate Z((Eén)gf‘).

Remark 8.9. As in the proof of (1), denote by 01, ..., 0,41 the boundary components of 3,
and fix the generators of 71 (X) to be 04, . .., 9, (for some choice of basepoints). Consider the

fiber product (with the notations of Remark
G" %Gy GJIG = {((G1.---.30). 1) € G" X GJ/G | plgs---g0) = mi([t]) }

As before Corollary one can identify G" X ¢ /¢ G//G with an [-fold branched covering
space Rg(X) of R5(X), whose points are given by representations p: 71(X) — G endowed
with a choice of solution = € C of the equation Tj(z) = Tr(p(0;)), for every i =1,...,n and
i = n+ 1. Taking algebraic quotients yields a branched covering map Xg(¥) — Xg(X) of
degree "1, and one can lift Froc¢*~! to an isomorphism from O(X¢(X)) onto the algebra
generated by n and Z( B,n)g-

9. APPLICATIONS TO SKEIN ALGEBRAS

In this Section we use Theorem to reformulate some of our results on (Cén)gf‘, in the
case of g = sl(2).

In [67] it was proved that K (X) does not have non trivial zero divisors, and its center was
computed by topological means. On the contrary the proof we give below of these two facts
is purely algebraic, based on properties of (Eén)UA proved in Section @ that hold true for
any complex finite dimensional simple Lie algebra g.

Corollary 9.1. The skein algebra K:(X) does not have non trivial zero divisors, and its

center is the polynomial algebra over Z[C,C_l] generated by the classes O1,...,0n+1 of the
boundary components of 3.

Proof. The claims are direct consequences of Theorem the formulas (({144]), and Propo-
sition and Theorem [6.23|in the case of g = sl(2) (the basis of 5(()]7’;1 described there being
indeed a basis of its A-sublattice ([,én)UA). O

Next we deduce from the results of Section [7] some properties of the center of the special-
izations of K¢(¥) at roots of unity of order 41, I > 3 odd. Let € be such that (¢')? = —e.
Define

Kef(E) = Kc<2) ®Z[C7<71] CE/
where C, = C as a vector space, and as an A’-module, the action of ¢ on C. is by multi-
plication by €. Note that ¢ is a primitive root of unity of order 4l, and that W yields an
isomorphism of algebras
Wi Ko (2) — (L{,)74.
Since K¢(X) is a free Z[¢,(]-module, the sets S(X) and {T'(y),y € S(X)} are C-basis of
Ko (%).

Denote by Z(K (X)) the center of K. (3). Theorem and Theorem (1) imply

immediately:
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Corollary 9.2. The set {T'(v),v € Si(X)} is a C-basis of a central subalgebra Z' (K. (X)) of
Z(Ko (X)), which is generated by n and the image of the embedding

Chy =W o Froe ! O(XL(2)) = Z(Ku(X)).

Therefore Z' (K. (X)) is endowed with a natural Poisson bracket, the image of { , }Goid, which
extends to an action by derivations of Z' (Ko (X)) on Ko (2).

In fact Z'(Ko (X)) = Z(Ko (X)) (see [43]). One can check that Chyy is a version of the
threading map Ch: K 2 (¥) — Z(%) of Bonahon-Wong (see [15], and also [44]). The point
is that it affords an explicit realization of Ch in classical invariant theory terms (via the

formulas (143), (144]) and ((147)), and pulls the geometric tools of Section [7| onto K (X). A
more symmetric statement is obtained by extending Chyy to the ring O(Xg (X)) of Remark

so that 9,1 belongs to its image.
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