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RECOVERING THE HOMOLOGY OF IMMERSED MANIFOLDS
Raphaél TINARRAGE

Datashape, Inria Paris-Saclay — LMO, Université Paris-Saclay

Abstract. Given a sample of an abstract manifold immersed in some Euclidean space, we describe
a way to recover the singular homology of the original manifold. It consists in estimating its tangent
bundle—seen as subset of another Euclidean space—from a measure theoretical point of view, and in
applying measure-based filtrations for persistent homology. We show that our construction is consistent
and stable. The proof relies on two main ingredients. First, we introduce and study the normal reach, a
notion of reach adapted to immersed manifolds. It allows to quantify the deviation of geodesics around
self-intersections. Secondly, we study the estimation of tangent spaces via local principal component
analysis, with respect to the Wasserstein distance. We illustrate our method on a few synthetic datasets,
in the context of homology estimation and transverse manifolds clustering.

Numerical experiments. A Python notebook can be found at https://github.com/raphaelti
narrage/ImmersedManifolds/blob/master/Demo.ipynb. Some animations are gathered at
https://youtube.com/playlist?1ist=PL_Fk1tNTtk1D1IFgld jM5XprlL8YsOhW4.

MSC codes. 55N31, 53C42, 53C20, 49Q15, 49Q22, 68U05.
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1 Introduction

A central challenge in Topological Data Analysis (TDA) consists in estimating the topology of a subset
A C R" based on a finite collection of points X that lie in .# or close to. By estimating the topology
of .# , we mean inferring its homotopy type, or more simply inferring its singular homology groups. In
what follows, the subset .# will be referred to as the underlying space, and X as the observation.

Inferring the homotopy type of .# may be done by constructing a homotopy equivalent simplicial
complex. A usual method consists in considering the union of balls of radius # > 0 centered around every
point of X, and in taking the nerve of this covering [1]. This simplicial complex is called the Cech complex
of X with parameter . One can also consider the Vietoris-Rips complex of X with parameter ¢, defined
as the clique complex of the underlying graph of the previous complex. The parameter ¢ is to be chosen
in accordance with the Hausdorff distance dy (X,.#) and some geometric quantities associated to .#,
such as its reach [2, 3, 4] or its p-reach [5, 6]. Several variations of this construction have been studied,
for instance by letting the parameter r vary across the points of X [3, 4], by considering ellipsoids instead
of balls [7], or by using balls rectricted to .# [4]. Besides the Cech and the Rips complex, one may
also consider the a-shape, obtained by first building the Delaunay triangulation of X, and then keeping
simplices that fit in an empty ball of radius . This construction yields a simplicial complex homotopy
equivalent to the Cech complex [8, 9]. Developments of this construction include the wimess complex
[10, 11], obtained by choosing a subset of ‘landmark’ points, or the rangential Delaunay complex [12],
that incorporates tangent space information.

Besides, the problem of inference of homology groups of .# can be solved by computing a homotopy
equivalent simplicial complex, such as those listed in the previous paragraph. However, other solutions
to this problem have been proposed. They often consist in computing the image of the map induced in
simplicial homology by a simplicial inclusion K® < K, where K* (resp. K") is the Cech or the Vietoris-
Rips complex at time s (resp. t). The parameters s and ¢ are still to be chosen in accordance with
the Hausdorff distance dy (X,.#) and some geometric quantities of .#, such as its weak feature size
[13, 14] or its convexity radius and distorsion [15].

Another point of view on inference of homology groups, that allows to avoid the selection of the
parameters s and ¢, is persistent homology [16, 17]. It consists in building from X an algebraic structure,
called a persistence module, which can be summarized in a persistence barcode. The bars of the barcode
can be interpreted as homological features of X at different scales. These persistence modules are obtained
from filtrations, that is, increasing families of subspaces built on top of X. Among the many filtrations
available to the user, the most used are the sublevel sets of the distance function to X, its simplicial
equivalent the Cech filtration, and its clique-complex version the Vietoris-Rips filtration. The main
theoretical advantage of these filtrations is their stability: small perturbations of X in Hausdorff distance
implies only small perturbations of the barcodes in bottleneck distance [18]. This stability allows to
design statistical procedures for inferring the homology groups of .# from X [19, 20, 21].

A critical problem, both in the context of homotopy type inference and homology inference, is the
presence of anomalous points in X, that is, roughly speaking, points that cause the Hausdorff distance
dy (X,.#) to be large. In presence of anomalous points, the results presented above cannot be used.
Among the attemps that have been made to overcome this issue, the filtration defined by the sublevel sets
of the distance-to-measure (DTM) introduced in [22], and some of its variants [23], have been proven to
provide relevant information. Unfortunately, from a practical perspective, the exact computation of the
sublevel sets filtration of the DTM turn out to be far too expensive in most cases. To address this problem,
the witnessed k-distance [24], the weighted Vietoris-Rips complex filtration [25] and the DTM-filtrations
[26] have been proposed.

In this paper, we address the problem of homotopy type and homological inference, by weakening the
assumptions of [2], where it is supposed that .# is a submanifold with positive reach. Here, we consider
that ./ is an immersed manifold, not embedded. That is to say, we suppose that there exists an abstract
%2-manifold ., immersed in the Euclidean space via a &2-immersion u: .#y — R", whose image is
A . As before, the observation X is a subset of R”, that we suppose close to .# in Hausdorff distance.
Throughout this paper, we will use the example of a circle immersed in the plane as a lemniscate, as
represented in Figure 1. Being an immersion, .# may self-intersect, and the sets .#( and .# may have
different homotopy types. The Cech filtration of .#, or X, would reveal the homology of .#, not that



of .. Consequently, the usual approach based on the Cech filtration no longer applies here, and new
methods must be developed.
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Figure 1: Left: The abstract manifold .#, a circle. Middle: The immersion .#Z C R2, known as the
lemniscate of Bernoulli. Right: The observation X.

Previous work. Among the works that involve immersed manifolds, let us cite [27, 28, 29], which are
set in the context where ./ is a union of intersecting submanifolds. Hence . is not a submanifold itself,
but it is an immersed manifold, coming from an abstract manifold ., made up of several connected
components. In these three works, the authors propose algorithms to classify the different components of
. In the context of the present paper, classifying the components of .# means finding the connected
components of .#y. Each of these algorithms rely on the estimation of tangent spaces, so as to separate the
set .# where it self-intersects. In other words, they estimate the tangent bundle of the manifold. This is
a point of view that we also adopt. We remark that, among these works, only [29] provides mathematical
proofs of consistency, for their Algorithms 2 and 3. We compare this method to ours at the end of this
subsection.

Another related problem is the one of dimension estimation. In many manifold reconstruction
algorithms that involve the estimation of tangent spaces, such as in [27, 12, 30, 31, 32], or in [29,
Algorithm 4], the dimension d of the underlying manifold .# is given as an input of the algorithm. If d
is not known, a dimension estimator may be used, whether supposing that the input data exactly lies on
A [33, 34], or allowing the data to be corrupted by noise [35, 36, 37, 28]. Another strategy consists
in designing tangent spaces estimators that does not require the dimension d, such as the empirical
covariance matrix [29, Algorithms 2 and 3]. In the present paper, we generalize the definition of the
empirical covariance matrix to any measure input, that we call local covariance matrices (see Definition
4.1). We show that it is a consistent estimator of the tangent spaces (Proposition 4.1) and that is is robust
to noise (see Equation (40)).

Our method is based on the stability of tangent space estimation via local covariance matrices. Such
a stability has already been studied in [38], and the stability of truncations of measures in [39].

Our contributions. In order to estimate the homology of a manifold from an immersion of it, we
propose to estimate its tangent bundle, seen as a subset of another Euclidean space. As it turns out,
in the process of estimating this tangent bundle, we will make errors, which will result in anomalous
points. This issue will be solved by using the DTM-filtrations, which require to use a measure theoretical
framework [22, 26]. Let us describe the method, in measure theoretical terms.

Let .# be a compact %>-manifold of dimension d, and py a Radon probability measure on . with
full support. Let u: .#y — R" be a €>-immersion. We assume the following genericity condition: the
immersion is such that self-intersection points correspond to different tangent spaces. In other words, for
every xo,yo € . such that xo # yo and u(xo) = u(yo), the tangent spaces dy,u(Tx,.#o) and dy,u(Ty, o)
of ., seen in R", are different. As we will explain later, this condition ensures that the problem is well-
posed (see Hypothesis 1). Now, define the image of the immersion .# = u(.#;) and the pushforward
measure U = u.lp. We consider the following problem: the input data is the measure p, or a close
measure V. Our goal is to infer the singular homology of .#{ (with coefficients in Z/27Z for instance)
from the data v. In practice, v can be given as the empirical measure on a point cloud. To answer this
problem, we will build in this paper a persistence module such that the homology of .#{ can be read on
the corresponding persistence diagram.



To get back to .4, we proceed as follows: let M(IR") be the vector space of n X n matrices, and
i: My — R" x M(R") the map

. 1
i xp— (u(xo% 2p7;¢(,(0).///) )

d+
where pr, o) is the matrix of the orthogonal projection on the tangent space T;,(y)-# = dx,u(Ty,-#o) C
R”", written in the canonical basis of R”. The term ﬁ is a technical normalization factor that will be

explained later (see Proposition 4.1). Now, define the set .# = ii(.#). It is a submanifold of R” x M(RR"),
¢!-diffeomorphic to .#. It is called the lift of .4, or the lifted manifold. The space R"” x M(IR") is called
the lift space. Figure 2 provides a representation of the lifted manifold, when the input immersion is the
lemniscate, as in Figure 1.

N

Figure 2: Two views of the submanifold .# C R? x M(R?) ~ R®, projected in a 3-dimensional subspace
via Principal Component Analysis (PCA). Observe that it does not self-intersect. The initial set .# is
represented in Figure 1.

Suppose that one is able to estimate .# from v. Then one could consider the persistent homology of a
filtration based on .# —say the Cech filtration of .# in the ambient space R” x M(R") for instance—and
read the singular homology of .# in the corresponding persistent barcode. This is represented in Figure
3.

1
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Figure 3: Left: Persistence barcode of the 1-homology of the Cech filtration of .# in the ambient space
R2. One reads the 1-homology of the lemniscate. Right: Persistence barcode of the 1-homology of

the Cech filtration of ./ in the lift space R? x M(R?). At the beginning of the barcode, one reads the
1-homology of a circle. Parameter y = 2

Unfortunately, we won’t be able to give a good estimation of . This is because the tangent spaces
Ty(xy)-# , that we compute via local covariance matrices, won’t be estimated correctly if x is too close
to a self-intersection of .#. In order to get around this issue, we adopt a measure theoretical point of
view. Instead of estimating the lifted submanifold ./, we propose to estimate the exact lifted measure
Lo, defined as the push-forward fip = i, Uo. It is a measure on the lift space R” x M(R") and has support
M.

It is worth noting that .# can be naturally seen as a submanifold of R" x “,(R"), where ¢;(R")
denotes the Grassmannian of d-dimensional linear subspaces of R". From this point of view, fly can
be seen as a measure on R" x 4,;(R"), i.e., a varifold. This point of view has already been used in



data analysis, such as in geometric inference [40, 41] or in computational anatomy [42]. However, for
computational reasons, we choose to work in the matrix space M(R") instead of ¥, (R").
Here is an alternative definition of fly: for any test function ¢ : R” x M(R") — R,

[otx)ato(a) = [

1
” ¢ (u(x0)7 MPTW(XO)E/O dpio(xo)-

Getting back to the observed measure v, we propose to estimate fly with the lifted measure V, defined as
follows: for any test function ¢ : R” x M(E) — R,

/ 0(xr,A)dV (x,A) = //) (x, Zv(x)>dv(x),

where Iy (x) is normalized local covariance matrix (see Definition 4.1). It depends on a parameter r >
0. We prove that X, (x) can be used to estimate the tangent spaces T}rz PT, ) of .Z. However, this

estimation is biased next to the self-intersection of .#, as shown in Figure 4. As a consequence, the
support of V is not close to .# in Haudorff distance.

Figure 4: Left: The set supp(lly) = M , where 1 is the uniform measure on ./ (see Figure 1). Right:
The set supp(V), where Vv is the empirical measure on X. Parameters ¥ =2 and r = 0.1.

At this point, one could use an outliers-removal procedure, so as to recover M. However, such a
procedure depends critically on a choice of parameter, and is not reliable in practice. Instead, and still
from a measure theoretical point of view, we will prove that the measure V is close to [l in Wasserstein
distance (see Theorem 4.14). This is true since only a few anomalous points are present As a consequence,
by using persistent homology for measures—such as the DTM-filtrations—the measure V can be used to
infer the homotopy type of M , that is, of . (see Corollaries 5.3 and 5.5). The barcodes of the DTM-
filtration on V are represented in Figure 5.

0 1 0 1

Figure 5: Persistence barcodes of the 0-homology (left) and 1-homology (right) of the DTM-filtration of
the lifted measure V. Observe that the homology of the circle is salient on these barcodes (one large red
bar and one large green bar). Parameters Yy =2, r = 0.1 and m = 0.01.

In order to quantify the quality of this approximation, we introduce a new geometric quantity: the
normal reach (see Definition 3.1). It has been designed to play the role of the reach, when the subset
considered is an immersed manifold. We show that the normal reach gives a scale at which an immersed
manifold can be seen as an embedded manifold (see Proposition 3.8).



As a last remark, let us compare our method to [29]. In this paper, the input dataset is a point cloud
X C R”, seen as a sample of the union of two intersecting submanifolds. Translated in our context, .#
is the disjoint union of two abstract manifolds, and .# is an immersion of it. Their Algorithm 3 consists
in estimating the tangent spaces Qy on top of each point x € X, via a variation of the empirical covariance
matrix. Then, the authors build a graph G, whose vertices are the input data points x € X, and where
an edge [x,y] is added if the Euclidean positions are close enough (||x —y|| < €) and if the tangent space
estimations are close enough too (HQX — Q},HF < n). The output of the algorithm is then the connected
components of G. Unfortunately, due to the bad estimation of tangent spaces around self-intersections,
the algorithm may treat the intersection points as a cluster of its own, hence returning more connecting
components than wanted. In order to circumvent this issue, their Algorithm 2 includes an outliers-removal
step, so as to exclude points close to the self-intersection. Under a particular choice of parameters, it is
shown that the algorithm returns exactly two clusters, accurately clustering the points away from the
intersection.

In comparison, our method has been thought to estimate the singular homology of ., not only its
connected components. In this setting, the outliers-removal procedure is a crucial step. This is because
removing too many points would cause the apparition of gaps in the lifted manifold M , which would
be complicated to fill. Instead of discarding outliers, our method incorporates a sort of hierarchical
clustering, performed by the use of the DTM-filtrations. Indeed, in the DTM-filtration of the lifted
measure V, the points are weighted according to their degree of anomalousness. This anomalousness is
quantified via their local density in the lift space R” x M(IR"). The underlying idea is the following: since
only a few points are close to the intersection, only a few points will have a bad tangent space estimation,
hence their density will be small. A careful analysis will make this idea rigorous. Another advantange of
our method lies in the use of persistent homology: the output of our algorithm is a persistence barcode.
Hence we do not need to select precise connected components, or more generally, precise homological
features. It is up to the user to read on this barcode the bars that seem to be relevant (in general, one
chooses the longest bars). This procedure is justified theoretically by Corollary 5.5, which shows that the
output barcode is stable.

Data availability. A Python notebook, containing numerical illustrations and codes used in this paper,
can be found at https://raphaeltinarrage.github.io/ImmersedManifolds.

Outline. The rest of the paper is as follows. Sect. 2 gathers usual definitions related to Euclidean
topology of compact sets, Riemannian geometry and persistent homology. We also describe our model.
In Sect. 3 we introduce the normal reach, and derive certain probability bounds based on it. In Sect. 4,
we study the tangent space estimation of an immersed manifold via local covariance matrices. We gather
these results in Sect. 5 to obtain estimation guarantees for our method.

Notations and constants. We gather in Appendix A the notations that are used. Moreover, throughout
the paper, we will refer to constants that are collected in a table in Appendix B. It is not necessary to read
this table, since the constants will be introduced along the text.

2 Preliminaries

2.1 Euclidean and Riemannian geometry

In this subsection, we give some geometry results that will be useful in what follows. Here and in the rest
of the paper, we will only consider compact manifolds and submanifolds without boundary, and measures
that are Radon measures. We refer the reader to [43] for an exposition of the notion of reach, to [44] for a
presentation of Riemannian geometry, and to [45] for a gentle introduction to geometric measure theory.

Reach. Let X be any subset of R” and y € R" a point. The distance from y to X is the quantity

dist (y,X) = inf{[|x—y|| | x € X }.
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A projection of y on X is a point x € X that minimizes the distance ||x —y||. The medial axis of X is the
subset med (X) C R” which consists of points y € R” that admit at least two distinct projections on X:

med(X)={yeR"|[Ir,x € X, x£x, [[y—x| =|y—x| =dist(y.X)}.

The reach of X is
reach(X) =inf{|[x—y| |x € X, y € med (X)}.

A useful property of sets with positive reach is the approximation by tangent spaces. For a general set X,
we define its tangent cone at x € X, denoted Tan(X, x), as:
<e}.

Note that if X is a submanifold, we recover the usual notion of tangent space. The following
characterization is fundamental in the study of sets with positive reach:

v y—x

{O}U{VER” [Ve >0, IyeXst.y#x, |ly—x|| <e¢, ||[-————
vl Ay —xll

Theorem 2.1 ([43, Theorem 4.18(2)]). A closed set X C R" has positive reach T if and only if for every
x,y € X, we have

1
dist (y_vaan(va)) < E ”y_tz :

The reach is a quantity that controls both the local and global regularity of the set X. When X = ./Z is
a topological submanifold, having a positive reach implies that .# is of regularity €' [46, Proposition
1.4]. Conversely, a ¢1-!-submanifold .# has a positive reach [43, Theorem 4.19]. Moreover, when .Z is
%, it can be shown that reach(.#) is caused either by a bottleneck structure or by high curvature:

Theorem 2.2 ([31, Theorem 3.4]). A closed €>-submanifold .# C R" with positive reach must satisfy at
least one of the following two properties:

* Global case: there exist x,y € .# with ||x—y|| = 2reach(.#) and §(x+y) € med (#),

» Local case: there exists an arc-length parametrized geodesic y: I — .# with ||7(0)| =
reach(.Z)~1.

In this paper, we will suppose that the manifold is of regularity %, so as to obtain uniform bounds
on its second derivatives (see Hypothesis 2). We do not study whether the results could be generalized to
¢! manifolds.

Riemannian structure on immersed manifolds. If u: .#y, — .# C R" is an immersion of a %>-
manifold, then .# is naturally endowed with a Riemannian structure, by pulling back the inner product of
R”. This makes u an isometry. From now on, we will consider that . is given this Riemannian structure.
We denote the (abstract) tangent space of .# at xg as Ty,.#, its image in R" as T, # = dy,u(Ty,#0),
and its orthogonal complement, the normal space, as (7, # ). The geodesic distance between two
points xo,yo € .# is denoted d_4, (xo,y0). For any xo € .4 and r > 0, we denote by & 4, (xo,r) (resp.
@‘/{0 (x0,7)) the open (resp. closed) geodesic ball of center xy and radius r of .#. Moreover, for any
vo € Ty,.#, we denote by Hr, o0 (vo,r) the open ball of center vy and radius r of Ty,.#.

For every xy € .#, one defines the second fundamental form of .4 at xy. It is a symmetric bilinear
form

Wy Teytly X Tagtly — (Ty(g) )"

Let xo € .#y, vo € Ty,.#p a unit vector, and consider an unit-speed geodesic Y: I — .#p such that
10(0) = xp and 7(0) = vo. Let us denote by y the map uoy: I — .#. The following relation can be
found in [2, Sect. 6] or [47, Sect. 3]:

HXO(V(),V()) = }/(0) (1)



In particular, any bound on the operator norm ||IL,||op of L, implies a bound on ||#(0)|. From now,
we suppose that the operator norms ||ILy, [|op are bounded by a constant p > 0 (see Hypothesis 1). For
instance, if .#( is an embedded manifold, then p can be chosen as its reach [2, Proposition 6.1]. In
general, if ./ is a compact %2-manifold, such a global upper bound p exists. Let us list a few useful
results.

Lemma 2.3. Let xo € #y and Yy: 1 — #y an arc-length parametrized geodesic starting from xqy. Let
Y=uo, v="7(0) and x = u(xy). Forallt € I, we have

L [y(t) = (x+1v) || < 22

Consequently, for every yo € M, denoting 0 = d_z,(xo,y0) and y = u(yo), we have
2. dist(y—x, Tt ) < %52,
3. (1-58)8 < [x—yl.

Concerning the immersion u: My — M, we deduce that

4. the map u is injective on the open geodesic ball % (xo, %),

5. forevery yy € By, ()c()7 %) such that yo # xo, the vector y — x is not orthogonal to Ty M nor Ty A .

The first point of this lemma can be found in [2, Equation (5)], and the other points follow directly. Note
that stronger versions of these results can be found in [47].

We now state a technical lemma. It gives how much time it takes for a geodesic to exit a Euclidean ball
(represented in Figure 6). It is a direct consequence of Lemma 2.3 and its proof is deferred to Appendix
C.

Lemma 2.4. Let xo,yo € #o and Y: I — My an arc-length parametrized geodesic with ¥ (0) = yo.
Define x = u(xo), y = u(yo), y=uoy, v=7(0) and [ = ||y — x||. Suppose that I < % and (v,y —x) = 0.

1. The map t — ||y(t) — x|| is increasing on [0, T1] where T) = %\/2 —/3+p22

Let r be such thatl <r < % and define

T, = \f\/l—pr—\/l—Zpr—&—pzlz and T, = \f\/l—pr—&—\/l—Zpr—&—pzlz.

2. Ift € (b, T3), then || y(t) —x|| > r. Moreover, T, < 2\/r* —I2.

3. Uf1=0 then Ty = 5 (1 = T=2pr) and Ty = 5 (14 /T=2pr).

Moreover, let s be such that 0 < s < r and define

a=inf{t >0]||y(t)—x|| >s} and b=inf{t>0]|y()—x| >r}.
4. b—a < V62 —s2

5. Ifl=0,thenb—a <2(r—s).



Figure 6: Illustration of Lemma 2.4 Point 1 (left) and Point 4 (right).

Last, the exponential map of .# at xo will be denoted

exp;g/" 2 Tey Mo — M.

According to [48, Corollary 4 Point 1], the map exp';g/" is injective on the open ball %, 7 (O, %) of
Ty, #y, and is a diffeomorphism onto its image % 4, (0, %) . Moreover, for any xo € .# and vy € Ty,. 4,

the d-dimensional Jacobian of exp;(/o/l" at vo is defined as

Ty = \/det (AT - A),

where A = d,, exp;fo is the differential of the exponential map, seen as a d X n matrix. As shown by the
following result, the Jacobian of the exponential map is linked with the bound p on the operator norms

(Mg flop-

Lemma 2.5. ([49, Proposition II1.22]) Let xo € .#y and vy € Ty, My such that ||vo|| = r < 2\%p' The

Jacobian J,,, of exp'x/f/O at vo satisfies
(p)*\* ‘
(1—6 <y < (1+@p)?) .

Coarea formula. For any measure T on a probability space Q and any measurable map h: Q — ', the
push-forward of T by h is the measure 5,7 defined via

hoa(A) = 1~ (A)

for any measurable set A C €. The transfer property refers to the following fact: for any integrable map

0: Q' — R, we have
/q)-dh*‘r:/q)oh-dr.

Now, suppose that .#( and .4( are Riemannian manifolds, of respective dimensions d > d’, and let %’fjlo

and jfj% denote their corresponding Hausdorff measures. The coarea formula allows to reformulate
integrals on .# as integrals on .4g.

Theorem 2.6. ([45, Chapter 3]) Let f: .#o — N be a differentiable map. For any xo € M, let Jy,
denote its Jacobian. Let ¢ : .4y — [0,40) be a measurable function. We have:

[, $t 400 = |

V3

X 'd%d—d/x >d<%”d'y '
(/XOEfl({yo})(P( 0) 473 (x0) 7 (0)

A useful consequence of this theorem is the following: suppose that . is endowed with a Radon
probability measure f that admits a density z: .#y — [0, +oo) against .7 /Z[O. Consider the push-forward



measure Vo = filp. If the Jacobian J,, of f never vanishes, then the push-forward measure vy admits a
density g: Ay — [0,+o0) against ,%’fd;, where

g0 = [ )5 A5 (o). @
0= e roop "M 4
In particular, when d = @', we have g(y0) = ¥ c /-1 (3,1 F(¥0)/5

2.2 Persistent homology

In this subsection, we write down the definitions of persistence modules, and their associated pseudo-
distances, as presented in [18]. We refer the interested reader to [16, 17] for a thorough description. Let
T C R be an interval, E = R" a Euclidean space and k a field.

Persistence modules. A persistence module over T is a pair (V,v) where V = (V'),cr is a family of
k-vector spaces, and v = (V! )s</er is a family of linear maps v4: V* « V' such that:

o foreveryr € T,vi: V! — V! is the identity map,
* forevery r,s,r € T such that r < s <t, we have v, ovi = ..

When there is no risk of confusion, we may denote a persistence module by V instead of (V,v). Given
€ >0, an e-morphism between two persistence modules V and W is a family of linear maps ¢ = (¢;: V! —
WT€),er such that the following diagram commutes for every s <t € T

VSLV’

v e
1+€

Ws+e Wste Wite
If £ = 0 and each ¢, is an isomorphism, the family (¢ );cr is an isomorphism of persistence modules. An
e-interleaving between two persistence modules V and W is a pair of &-morphisms (¢, : V! — W'€),cr
and (y;: W' — V7€), o1 such that the following diagrams commute for every r € T:

vf+2£
Vf+28 ytte

N 2D
Wt w;+2€

Wt+£

Vt

Wl+2£

The interleaving pseudo-distance between V and W is defined as

d; (V,W) =inf{e > 0|V and W are e-interleaved}.

Persistence barcodes. A persistence module (V,v) is said to be pointwise finite-dimensional if for
every t € T, V' is finite-dimensional. If this property is satisfied, we can define a notion of persistence
barcode [50]. It comes from the algebraic decomposition of the persistence module into interval modules.
Moreover, given two pointwise finite-dimensional persistence modules V, W with persistence barcodes
Barcode (V) and Barcode (W), the so-called isometry theorem states that

dy (Barcode (V) ,Barcode (W)) = d; (V, W),

where d; (+,-) denotes the interleaving distance between persistence modules, and dy, (-,-) denotes the
bottleneck distance between barcodes.

More generally, the persistence module (V,v) is said to be g-tame if for every s,t € T such that s < 7,
the map v} has finite rank. The g-tameness of a persistence module ensures that we can still define a
notion of persistence barcode, even though the module may not be decomposable into interval modules.
Moreover, the isometry theorem still holds [18].



Filtrations of sets and simplicial complexes. A family of subsets X = (X");cr of E is a filtration if it
is non-decreasing for the inclusion, i.e., for any s,7 € T such that s <7, we have X* C X’. Given € > 0,
two filtrations X = (X'),e7 and Y = (Y');cr of E are g-interleaved if, for every t € T, we have X! C Y'*¢
and Y’ C X'*€. The interleaving pseudo-distance between X and Y is defined as the infimum of such &:

d; (X,Y) =inf{e > 0| X and Y are e-interleaved}.

Filtrations of simplicial complexes and their interleaving distance are similarly defined: given a simplicial
complex S, a filtration of S is a non-decreasing family S = (§"),c7 of subcomplexes of S. The interleaving
pseudo-distance between two filtrations (S');e7 and (S5);er of S is the infimum of the £ > 0 such that
they are e-interleaved, i.e. for any 7 € T, we have S C S5 and S, C 7.

Relation between filtrations and persistence modules. Applying the singular homology functor to a
set filtration gives rise to a persistence module whose linear maps between homology groups are induced
by the inclusion maps between sets. As a consequence, if two filtrations are €-interleaved, then their
associated persistence modules are also e-interleaved, the interleaving homomorphisms being induced by
the interleaving inclusion maps. As a consequence of the isometry theorem, if the modules are g-tame,
then the bottleneck distance between their persistence barcodes is upper bounded by € [18]. The same
remarks hold when applying the simplicial homology functor to simplicial filtrations.

2.3 Persistent homology for measures

In this subsection we define the distance-to-measure (DTM), based on [22], and the DTM-filtrations,
based on [26]. Let T = R and E = R" endowed with the standard Euclidean norm.

Wasserstein distances. Given two probability measures i and v over E, a transport plan between U
and V is a probability measure 7 over E X E whose marginals are y and v. Let p > 1. The p-Wasserstein
distance between [l and Vv is defined as

. P
Wyt = (inf [ eslranie )
EXE

where the infimum is taken over all the transport plans 7. If g is such that p < g, then an application of
Jensen’s inequality shows that W, (i, v) < W, (u,v).

Distance-to-measure (DTM). Let u be a probability measure over E, and m € [0,1) a parameter. The
DTM associated to p with parameter m is the function d,, ,, : E — R defined as:

dym(x) =1/ %./O.m 8i,(x)dt  where 8y u(x) =inf{r>0|u(B(x,r)>m},

and where % (x,r) denotes the closed ball of center x and radius r of E. When m is fixed and there is no
risk of confusion, we may write d, instead of dy ,,. Among the important properties of the DTM, it has
been shown that it is 1-Lipschitz [22, Corollary 3.7]. Moreover, it is stable in Wasserstein distance [22,
Theorem 3.5]: for any probability measures i and v, we have

1
Hdu,m_dv,me Smijw2(.uav)~ 3)

If f: E — R is any function and 7 € R, we will denote the ¢-sublevel set of f as f' = f~((—oo,t]). The
following theorem shows that the sublevel sets dLAm of dy ;» can be used to estimate the homotopy type of

supp(H).
Theorem 2.7 ([22, Corollary 4.11, case u = 1]). Consider two probability measures [L,V on E and
m € (0,1). Denote K = supp(l). Suppose that reach(K) = T > 0, and that | satisfies the following

1
hypothesis for r < ()4 Vx € K, (2 (x,r)) > ar’. Suppose that W1 (11, V) < m? (- (ﬂ)é) Define

a
£= (%)é +m™IW, (1, v) and choose t € [4e,T —3¢]. Then d,, ,, and K are homotopic equivalent.
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DTM-filtrations. These filtrations have been introduced in [26] and are defined as follows: consider a
probability measure 4 on E and a parameter m € [0, 1). For every 7 € T, consider the set

Wiul= | Z(nt—dun), 4)
xesupp(p)

where & (x,r) denotes the closed ball of center x and of radius r of E if r > 0, or denotes the empty set if
r < 0. The family W[u] = (W'[u]),~ is a filtration of E. It is called the DTM-filtration with parameters
(u,m,1). By applying the singular homology functor, we obtain a persistence module, denoted W|u].
If supp(u) is bounded, then W[u] is g-tame. Moreover, it has been proven that the DTM-filtrations are
stable with respect to the input measure:

Theorem 2.8 ([26, Theorem 4.5]). Consider two measures W,V on E with supports X and Y. Let i',v’
be two measures with compact supports I and Q such that T C X and Q C Y. Then the interleaving
distance d;(V[X,d,|,V[Y,dy]) between the DTM-filtrations W [i] and W [V| is upper bounded by

WA () WA (V) WAV V) e m) eV m),
where for any measure T, we define the quantity c(T,m) = SUP,cqupp(z) dz,m(%)-

Under a regularity assumption on p, we can restate Theorem 2.8 without mentioning the intermediate
measures (' and v'. The proof is given in Appendix C.

Corollary 2.9. Consider two probability measures |1,V on E, m E (0,1) and denote w = W, (u,v).

Suppose that w < 1, and that u satisfies the following for r < (2 ) Vx € supp(u), u(2 (x,r)) > ar’.
Then
1

& (WL, WV]) < e (Z) +cimi,

with ¢ = 8diam(supp(u)) + 5 and ¢} = 2a-4.

2.4 Model and hypotheses

Model. We consider an abstract €2-manifold .# of dimension d > 1, E = R” the Euclidean space
and a ¥%-immersion u: .#y — E. We denote .# = u(Ay). Moreover, for any xg € .4y, we write x for
u(xo), Ty, o for the (abstract) tangent space of .# at xo, and T,.# for dy,u(Ty,.#), which is an affine
subspace of E. Let i be the map

i: My— EXM(E)

1
—
o ( d4 2Pt )

where pr,_4 is the orthogonal projection matrix on T;.#, and M(E) the space of n x n matrices. Note
that the map 1 is a €' -immersion since u is €2. We define the lifted manifold as .4 = ii(Apy). We also
consider a probability measure Ly on .#(, and define U = u,ly and [y = ii.to. These several sets and
measures fit in the following commutative diagrams:

My ———s A po ———— fio

N g

As explained in the introduction, the aim of this work is to estimate the homotopy type of .#), or its
homology groups, from the measure (, or from a close measure v. We detail our method in Subsect. 5.1,
and show that, by using DTM-filtrations, the problem boils down to estimating the measure fip from v.
Besides, we endow .# with the Riemannian structure given by the immersion u. For every xo €
///0, the second fundamental form of .4 at xo is denoted II,,, and the exponential map is denoted
expxo We shall also consider the map exp : To M — M, the exponential map seen in # , defined as

uo expr (dxou)

11



Notation conventions. In the rest of this paper, symbols with 0 as a subscript shall refer to quantities
associated to .. For instance, a point of .#( may be denoted x¢, and a curve on .#; may be denoted
Y. Symbols with a caron accent shall refer to quantities associated to M , such as a point X, or a curve
7. Symbols with no such subscript or accent shall refer to quantities associated to .#, such as x or 7. In
order to simplify the notations, we consider the following convention:

Dropping the 0 subscript to a symbol shall correspond to applying the map u.
Dropping the 0O subscript to a symbol and adding a caron accent shall correspond to applying the
map .

For instance, if xq is a point of ., then x represents u(xp), and X represents i(xg). Similarly, if y: [ —
My is a map, then 7y represents u oy, and ¥ represents i o ¥. Note that it is possible to have x =y but
T M # T,.# . When writing T,.# , we will always refer to an implicit point xo € .#.

Hypotheses. Throughout the paper, we shall refer to the four hypotheses listed below. The first one is
a transversity-like condition.

Hypotbhesis 1. For every xo,yo € .4 such that xo # yo and x =y, we have T, . # # T,./ . ‘

This Hypothesis 1 ensures that the €’ !-immersion i is injective, hence that it is a €' -diffeomorphism,
since its domain .# is compact. As a consequence, the lifted manifold ./ is a submanifold of E x M(E),
with the same homotopy type than .#(. This allows to recover the homology of . from .Z .

Hypothesis 2. The operator norm of the second fundamental form of .# at each point is bounded
by p > 0.

In Hypothesis 2, we consider that .# is endowed the Riemannian structure given by the immersion u.
According to Equation (1), this hypothesis implies the following key property: if y: I — .# is an arc-
length parametrized geodesic of class %2, then for all # € I, we have ||¥(¢)|| < p. In particular, we can use
the Lemmas 2.3 and 2.4.

Hypothesis 3. The measure yy admits a density fy on .#y. Moreover, fy is Ly-Lipschitz (with
respect to the geodesic distance) and bounded by fiin, fmax > 0.

In Hypothesis 3, we consider that . is endowed with the volume measure %’f‘{o, that is, the measure

obtained by pulling back the d-dimensional Hausdorff measure .7 on E via the immersion «. Note that
this may not be the uniform measure on .# (the volume is not renormalized). By assumption, g is a
probability measure, hence the integral [ fp -d%j}lo isequal to 1.

In order to state the fourth hypothesis, we need the notion of normal reach, that we will define in
Subsect. 3.1. Roughly speaking, the normal reach is a map Ag: .#y — [0, +o0) that indicates how close
the point xp is from a self-intersection. We remind the reader that we use the sublevel set notation Aj =
25 ((0,7).

‘ Hypothesis 4. There exists c4 > 0 and r4 > 0 such that, for every r € [0,74), to(A]) < car.

This hypothesis will only be used in the last part of this paper, when gathering our results about tangent
space estimation and stability of measures. Thanks to it, we will be able to subdivide .#) in two sets
that involve a different analysis: the points with small normal reach (points in Aj) and points with large
normal reach (in .7 \ A().

The following table lists which hypotheses will be invoked in each subsection of the paper.

Subsection ‘ 3.1 ‘ 3
Hyp.used | 2 |2,

2| 33 [42]43 |44 45 | 5
3 2,3123[23]1,2,3,4]1,23,4
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In Subsect. 4.3 and 4.4 we will introduce to a new set of hypotheses: 5, 6, and 7. We will show that these
hypotheses are consequences of 2 and 3. However, referring to these new hypotheses will simplify the
exposition, and will allow to state our results in a more general setting.

Concerning the naturality of the hypotheses, note that Hypothesis 1 is necessary to ensure that our
problem is well-posed. To see this, consider the subset .# C R? consisting of two tangent circles. As
depicted in Figure 7, .# may be the immersion of the abstract manifold .#; being the disjoint union of
two circles, or of ///6 being a circle. In this case, the observation of .# cannot discriminate between
My and .. However, these immersions would not satisfy Hypothesis 1. Note that, in this example, the
immersion .#; — .# is only %', but one can easily design a similar example of regularity €.

— O
My

M

oL —

Figure 7: According to Hypothesis 1, .# cannot be two tangent circle.

In the literature, works often consider submanifolds, and Hypothesis 2 is usually stated as a lower
bound on the reach 7. Our hypothesis, stated as an upper bound on the norm p of the second fundamental
forms of the immersion, is weaker. Indeed, under the assumption that the immersion is % 2 we have
p < % The advantage of our formulation is that, in the case of an immersed manifold, the reach may be
zero, hence cannot be used. Note that Hypothesis 2 is equivalent to the following property: there exists a
function a: [0, +o0) — [0, +o0) such that lim,_,o & = 1, and such that for any xo € .#, the image of the
geodesic ball u(% 4, (xo,r)) has reach lower bounded by a(r)%. The fact that Hypothesis 2 implies this
statement is a consequence of the proof of [2, Proposition 6.1], and the converse is a consequence of the
proof of Proposition 3.8.

The introduction of constants in Hypothesis 3 will allow derive explicit bounds for our method. Note
that we do not suppose that the measure (i is given as an input, but only a close measure v with respect
to the Wasserstein distance. There is no hypothesis concerning the measure v.

Last, we think that Hypothesis 4 is a consequence of Hypotheses 1, 2 and 3, but we have not been
able to prove it yet. As a partial result, we prove that it is a consequence of Hypotheses 1°, 2 and 3, where
Hypothesis 1’ is a strenghtening of Hypothesis 1 (see Proposition 3.19). We also show that Hypothesis 4
is a consequence of Hypotheses 1, 2, 3 and dim(.#) = 1 (see Remark 3.21).

3 Reach of an immersed manifold

In this section, we introduce a new notion of reach, adapted to the immersed manifolds, and derive
technical results that will be useful in the rest of the paper. As an introduction, we consider an embedded
manifold u: .#y — .# C R" with positive reach 7. Let xp, yo be two points of .Z,. We wish to compare
their geodesic distance d_ 4, (xo,y0) and their Euclidean distance ||y —x||. A first inequality is true in
general:
|y — x|l < d_4(x0,¥0)-

Moreover, if they are close enough in geodesic distance—say d 4, (x0,¥0) < 7 for instance—then the
inequality p < % and Lemma 2.3 Point 3 yields

d_z,(x0,y0) < 2[Jx—yl.

This section is devoted to obtaining such a converse inequality when the manifold .7 is only immersed,
not embedded. In this case, the condition d 4, (x0,y0) < % has to be turned into an upper bound on
d_z,(x0,¥0) that depends on xo and y (as we will obtain in Lemma 3.4).
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3.1 Normal reach
We consider an immersion u: .#y — .# C E which satisfies Hypothesis 2.

Definition 3.1. For every xo € .#j, let A(xp) = {yo € My | yo # xo, x —yiTy///}. The normal reach of
M at xq is defined as:

Ao(xo) = inf [lx—y].

Yo€A(xo)
Observe that if xg, yg are distinct points of .# with x =y, then x — y is orthogonal to any vector, hence
Ao(x0) = ||x —y|| = 0. Hence we can define the normal reach seen in .#, denoted A: .# — R, as

A(x) = Ao(u~'(x)) if x has only one preimage,
* 0 else.

It satisfies the relation Ag = A o .

Figure 8: The set A(xg) from Definition 3.1, for two different points xo.

Note that A(xp) is closed, hence the infimum of Definition 3.1 is attained. Indeed, we can write
A(xg) = L\ {xo}, with L = {yo € Ay | x—yLT,.#}. The set L is closed since it is the preimage of
{0} by the continuous map yo > || P (x—Y) |- Furthermore, {xo} is an isolated point of A(xo), since
Lemma 2.3 Point 5 says that, for every y in the geodesic ball 2 4, (xo, %) such that yg # xo, the vector
x—y is not orthogonal to T, , hence yq ¢ L.

Example 3.1. Suppose that .# is the lemniscate of Bernoulli, with diameter 2. Figure 9 represents the
values of the normal reach A : .# — R. Observe that A is not continuous.

0

Figure 9: Values of the normal reach on the lemniscate of Bernoulli.

Remark 3.2. The normal reach Ag is lower semi-continuous, that is, for any sequence (x{}),>0 of .#
converging to a point xy € .#, we have liminf,_,., Ao (x{;) > A9(xo). Indeed, by definition, we can choose
for every n > 0 a point y{j € .#, such that xj # yg, x" —y" LTyn.# and Ag(xj) = |[x" —y"||. Moreover,
since . is compact, the sequence (y;j),>0 admits an accumulation point y such that liminf,, ... 9 (xj) =
|lx—y||. By continuity, we have x —y LT,.#. Moreover, since d_, (x§, () > % for all n > 0 by Lemma
2.3 Point 5, we deduce that xo # yo. Consequently, we have yo € A(xp), and Ao(x0) < [|x — ]|

Here is a key property of the normal reach:

Lemma 3.3. Let xg € 4. Let r > 0 such that r < A(x). Then u™" (% (x,r)) is connected.
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Figure 10: Top: the set u™' (% (x,r)), with r < A(x), is connected. Bottom: when r > A(x), it may not
be connected.

Proof. Write .4~ = .# N %A (x,r) and 4§ = u~'(.#*). By contradiction, suppose that .# is not
connected. Let C C . be a connected component which does not contain xp. Since C is compact,
we can consider a minimizer yo of {|lx—yl| | yo € C}. Itis clear that y satisfies x — y L T;,.#, otherwise it
would not be a local minimizer. Now, the properties x —y_LT,.# and xq # yo imply that ||x —y|| > A (x),
which contradicts r < A (x).

The following lemma is the counterpart of [2, Proposition 6.3] for the normal reach. It allows to
compare the geodesic and Euclidean distances by only imposing a condition on the last one.

Lemma 3.4. Let xo,yo € .#. Denote r = ||x —y|| and § = d_y,(x0,y0). Suppose that r < min (i,l(x))

2p
Then
1

:;(1—\/@).

In other words, the following inclusion holds: u=' (% (x,r)) C B4, (x0,cs5(pr)r).

0 <cs(pr)r  where  c¢s(t)

Note that, for r < %, we have the inequalities 1 < c¢s5(¢) < 1+2f < 2.

Proof. Denote .4~ = .4/ "% (x,r) and A§ = u' (.#*). Let C} be the connected component of xo in
M. Let us show that C} is included in the closed geodesic ball Z_4, (xo,cs(pr)r).

Let e >0besuchthat r < r+¢€ < ﬁ. For any tangent vector vy € Ty,.# of unit norm, consider
the unit-speed geodesic y: I — 4 with ¥(0) = xo and 7(0) = vy. According to Lemma 2.4 Points 2
and 3, for any ¢ in (%(1 —/1=2pr, %(1 + \/1—72[);')) , we have ||x—(¢)|| > r. Consequently, C; and
the geodesic sphere 0.2 4, (xo,) are disjoint. We deduce that Cj C 4.4, (xo,t). In particular, we have
Cs C By, (x0,1*), where

= %(1 —\/1=2pr)=cs(pr)r.

Besides, ./ is connected by Lemma 3.3. We deduce that .#j C % 4, (xo,c5(pr)r). In particular, yo
must satisfy d_z, (xo0,y0) < cs5(pr)r, and we deduce the result. O

Following the same idea, we can prove the following lemma. It states that normal reach Ag(xp) can
be understood as the minimal distance ||x — y|| for points yo far enough from xo in .%
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Lemma 3.5. Let xo,y0 € 4 such that ||x—y|| < ﬁ and d_z,(x0,y0) > 4||x—y||. Then there exists a
20 € Mo such that d_z,(yo,z0) < 2||x—=y|. |x—z|| < ||x—y| and x —zLT,.#. Consequently, Ao(xo) <
[l = ll-

>

Proof. Denote r = ||x —y|| and .4} = u~' (% (x,r)). Let C& denote the connected component of xo in ..
As we have seen in the proof of Lemma 3.4, Cj is included in the closed geodesic ball 2 4, (xo,cs(pr)r).
Since r < ﬁ, we have the inequality ¢s(pr) < 2, and we deduce C§ C B_4, (xo,2r). Now, let C) denote
the connected component of yg in .. Similarly, we have C) C 2 4, (x0,2r). Since d 4, (xo,y0) > 4r,
we deduce that Cg and Cjj are disjoint. Now, let zo be a minimizer of zg — [|x —z|| on C(y). We have zg # xo.
Moreover, x — 7L T,.# , otherwise z would not be a minimizer. Hence, by definition of the normal reach,
Ao(x0) < [lx—zl| < [lx—yl|. O

The following proposition connects the normal reach to the usual notion of reach, in the case where
M is embedded.

Proposition 3.6. Suppose that u: .#y — .# C E is a €*-embedding. Let T > 0 be the reach of /. We

have -
T = min <, l*) ,
Ps 2

where py is the supremum of the operator norm of the second fundamental forms of #y, and A, =
infyc_y A (x) is the infimum of the normal reach.

Proof. We first prove that T > min (i, %l*) . According to Theorem 2.2, two cases may occur: the reach

is either caused by a bottleneck or by curvature. In the first case, there exists x,y € .# and z € med (.#)
with ||x—y|| =27 and ||x —z|| = ||y — z|| = 7. We deduce that x — y_LT}.# . Hence by definition of A (x),
Ax) < lx =yl =2[x -zl <27
In the second case, there exists x € .# and an arc-length parametrized geodesic y: I — .# such
that y(0) = x and ||¥(0)|| = % But ||7(0)]] < p«, hence % < ps. This disjunction shows that 7 >
min (%7 %Min) .
We now prove that T < min (p—l*7 %l*) The inequality 7 < i appears in [2, Proposition 6.1]. To

prove T < ., consider any xo € .#. Let yo € A(xo) such that [|x —y]| is minimal. Using Theorem 2.1
and the property x —y L T;,.#, we immediately have

ke —y11” lx=yl _ A()

~ 2dist(y—x, T, #) 2 27
and the result follows. O

Remark 3.7. We can generalize Proposition 3.6 as follows: suppose that u: .#y — .# C E is a €°-
immersion (potentially an embedding) that satisfies Hypothesis 1. Let 7 > 0 be the reach of .Z. We

have -
T = min <, l*) .
Ps 2

In fact, if u is not an embedding, we can show that T = 0 and A, = 0. Indeed, if x € ./ is a point that
admits several preimages by u, we have seen that A(x) = 0. On the other hand, by Hypothesis 1, the
tangent cone Tan(.#,x) is not an affine subspace but an union of several affine subspaces. In this case,
we see that Theorem 2.1 cannot hold, hence that 7 = 0.

Note that if Hypothesis 1 is not satisfied, it is possible to have T > 0 but A, = 0. This would be the
case for any non-injective immersion u: .#y — .4 such that its image .# is a €>-submanifold.
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As shown by the previous remark, when .# is not a submanifold, global quantities such as the reach
T or the minimal normal reach A, are zero. However, as shown by the following proposition, the normal
reach gives a scale at which . still behaves well. Note that we shall not make use of this result in the
rest of the paper.

Proposition 3.8. Assume that .4 satisfies Hypothesis 2. Let x € .#y and r < min (i,l(x)). Then

ap
M OB (x,r) is a set of reach at least %.

Figure 11: The set .# N % (x,r) has positive reach.

Proof. Denote .#* = .# N% (x,r) and 4] = u~' (.#*). In order to give a bound on the reach of .#*,
we will use the characterization of Theorem 2.1. First, let us prove that for every yg,zo € ///6‘ ,

p

I o2
~3o7) llz—yl"-

dist(z—y, .4 ) < A

1
1-56

Let yo,20 € 4, and 8 = d_y4,(y0,20). Lemma 2.3 Point 3 gives 6 < lly —z||. Moreover, § <

d s, (¥0,%0) +d_z,(x0,20) < 2c5(pr)r. Hence,

1 1 1

<
1—%6 “ 1—cs(pr)pr /T=2pr’

and we deduce that |
6< ——1y—17- 5
Besides, Lemma 2.3 Point 2 gives dist (z — y, Ty.#/) < 582, and combining these two inequalities yields
dist (z— 3, T4 ) < 5oy =¥
Secondly, let us prove that

dist (z —y, Tan(.#%,y)) < —P =P, ©)

2(1—2pr

where Tan (., y) is the tangent cone at y of the closed set .#*. According to Equation (5), it is enough

to prove that Tan(.#*,y) = T,.# . We shall prove that .# does not self-intersect in % (x,r). According

to Lemma 3.4, we have .#§ C % 4, (xo, %) Using Lemma 2.3 Point 4, we get that u is injective on ./,

as wanted. To conclude the proof, it follows from Theorem 2.1 and Equation (6) that .#* has reach at
1-2pr

least — O

3.2 Probabilistic bounds under normal reach conditions

We now consider . and py which satisfy Hypotheses 2 and 3. The aim of this subsection is to provide
a quantitative control of the measure y = u, o, that is, bounds on the measure of balls and annuli (see
Propositions 3.13 and 3.14). We do so by pulling-back 1t on the tangent spaces T,..# , where it is simpler
to compute integrals (see Lemma 3.11).
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Recall that the exponential map of .# at a point xo € .# is denoted
exp;(flo 2 Ty Moy — M.

To ease the reading of this subsection, we introduce the exponential map seen in .#, denoted
expy” : Ty M — A . tis defined as

exp’ =uo exp;fo o(dyyu) "

Note that the map exp;c/// is well-defined, even if x is a self-intersection point of .# . Indeed, exp;{// will
always refer implicitely to a choice of point xp such that x = u(xp). This is consistent with the notation
conventions of Subsect. 2.4. This map fits in the following commutative diagram:

My —— A
M -
exprOT i eXpy
dyxou

Ty My —— To M

We also define the map ﬁf[ as the restriction of exp;// to the closed ball B, 4 (07 %) of Ty M .
It is injective by Lemma 2.3 Point 4, and its image is u (@ Mo (xo,%)). Moreover, for any r <

min (ﬁ,l(x)), u (@L% (xo, %)) contains .# N % (x,r) by Lemma 3.4, hence we can consider its
inverse

&p/ ) ' M B (x,r) — T M. (7)

The next lemma gathers previous results. We remind the reader that the d-dimensional Jacobian has been
defined in Subsect. 2.1.

Lemma 3.9. Let xy € .#o and r < min (ﬁ,l(x)). Denote %y = (ﬁ'x///)_l (% (x,r)). We have the
inclusions

@7}/{ (O,F) C @0 C @7}/// (0,05(pr)r).

Moreover, for all v € B, the Jacobian J, of W;{// , is bounded by

r 2\
(1 - (’;)> <A< (14002

and these terms are bounded by Jyi, = (%)d and Jyax = (%)d.

Proof. The inclusions come from Lemma 3.4. The bounds on the Jacobian come from Lemma 2.5 and
the fact that cs(pr)r < 2r < % < 2\7§p when r < ﬁ. O

We now study the measure u. By definition, it is the push-forward of o by u. By applying the coarea
formula, and in particular Equation (2), we obtain that yt admits the following density against %”2 the
d-dimensional Hausdorff measure restricted to .

=Y folx)

xo€u ' ({x})

Indeed, in this case, the Jacobian is always 1, since . has been given the pull-back Riemannian metric.
Note that if x has only one preimage by u—i.e., if A(x) > O—then f(x) = foou!(x). In the rest of the
paper, we will only use f on points x such that A(x) > 0. This is motivated by the fact that in Sect. 4 and
5, we will assume Hypothesis 4, which gives that the measure of the set {xo € .#( | Ao(x0) = 0} is zero.
Moreover, we have a Lipschitz-like property for the density f, valid as long as the points are chosen far
enough from the self-intersection of .Z:

18



Lemma 3.10. For all xo,yo € My such that ||x —y|| < min (ﬁ,l(x)), we have

[f(x) = f(¥)] < 2Lo flx— I

Proof. Recall that, by Hypothesis 3, the density fj is Lo-Lipschitz with respect to the geodesic distance:
for all xo,yo € .#, we have |fo(x0) — fo(yo)| < Lo - d._z,(x0,y0). To prove the lemma, we start with the
case where y has only one preimage by u, so that we can write f(y) = fyou~!(y). Since [|x —y| < A(x)
by assumption, we have 0 < A (x), hence x also has only one preimage. Now we have

1f ()= f3)| = [foou ' (x) = foou ' (y)|
< Lo-d.g(u”" (x),u” 1 (y))
<2Lo[lx—yl,

where we used Lemma 3.4 on the last inequality. Now we prove that ||x — y|| < min (ﬁ,l(x)) implies

that y has only one preimage. Let r = ||x—y||, and suppose by contradiction that yy, y;, are two distinct
preimages. According to Lemma 2.3 Point 4, d_, (yo,;) > % But Lemma 3.4 says that u=! (% (x,r)) C

B, (x0,2r) C By, (xo, %) , which yields the contradiction d_, (yo,Y) < d.4,(y0,X0) +d_z,(¥:X0) <

1
p -

We now state the key lemma of this subsection, that allows to go from a measure on .# to a measure
on./Z.

Lemma 3.11. Let xg € .#p and r < min (ﬁ,l(x)). Consider L, the measure i restricted to B (x,r),
define By = (ﬁf/ ) - (@ (x, r)) and the push-forward
—1
Vy = (Wx/ff )* My,

where (ﬁ;{/{ )~ has been defined in Equation (7). The measure V, admits the following density against
the d-dimensional Hausdorff measure on Ty M :

g(v) = F(&D7 (v) - Jy - 155,().

Moreover, for all v € B, the map g satisfies |g(v) — g(0)| < c7r, where ¢7 = 4LoJmax + %pfmax.

M

Figure 12: Measures involved in Lemma 3.11.

Proof. The expression of g comes from the coarea formula (Equation (2)) applied to the map

(&xp)~': M N B (x,r) — B, and the measure V, = (exp;” );] L. To prove the inequality, observe
that we can decompose

8(v) —g(0) = f(expy” (v))Jy — f (expy” (0))Jo

= [ f(expy” () = (expy” (0)) [+ (4 —Jo) £ (expy” (0)).
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On the one hand, using Lemma 3.10, we get
£ (55 ) — £ (55 0)) ] < 210

< 214) : d///o (%;5/0 (V),X()) = 2L0 HVH .

&by (v) - &% (0)|

uo exp;:o/fo (v)—uo exp;c/glo (0) H

On the other hand, Jo =1 and (1 — @)d <J < (1+ (rp)Z)d yield |J, —Jo| < d(pr)* < pr. Using
the triangle inequality we see that

d d
|g(v) _g(0)| <2Ly ||V||Jmax+fmax§pr < (4L01max +fmax2p> 7,

as wanted. O
Remark 3.12. In the same vein as Lemma 3.11, define ﬁfo to be the map exp}fgfo restricted to
@Txo///o (0, %) For any xo € ., let “go be the measure (g restricted to % My (xo, %), and define

the measure
———M\—1,,%
Vo = (eXpy*) " My

Using the area formula, one shows that v admits the following density over the d-dimensional Hausdorff
measure on Ty, .#o:

00~ (50) 415,030

Now we can use the density g of Lemma 3.11 to derive explicit bounds on pt. We remind the reader
that V,; denote the volume of the unit ball of R?.

Proposition 3.13. Let xo € .#p, r < min (ﬁ,ﬂl(x)) and s € [0,r]. We have

1. u (@(x, r)) > cord,

2. [MFad p)] <cr,

3.1 (Bx,r)\B(x,5)) < cior’™(r—ys).
with ¢9 = fmindminVa, 8 = 7 +fmameaxd2dp and c1p = dzdfmax-]maxvd-

Figure 13: Representation of Proposition 3.13 Point 1 (left) and Point 3 (right).

Proof. Consider the map (exp;”)~! defined in Equation (7) and the measure v, = (exp,” );] Ly as
defined in Lemma 3.11. In the following, we write T = T,.#, and %, = (exp;”) - (B (x,r)).
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Point 1. By definition of v,, we have u (2 (x,r)) = v,(%o). Writing down the density g of v, yields

v (%) = /@ 2 ().

Ho

According to the expression of g in Lemma 3.11, we have g > fiinJmin. Therefore,

_ g(V)d%d(V) > fminJmindf%/ﬂd(V) = fminJmin%d (@0)
330 92()

Besides, since @0 > Br (0,r), we have

H(Bo) > A (Br (0,r)) = Var'.
We finally obtain v (%B0) > fminJminVar.
Point 2. Observe that [, f(x)dA#(v) = f(x)Var?. Hence

‘u(% (e.1)) — F()Var

L st [ pwar)

Br(0.r)

< + gdA ). (®

/j (F(x) — g(v))dr (v)
P7(0,r)

A B

‘/EO\QT (0,r)

To bound Term A, notice that g(0) = f(exp;? (0))Jo = f(x). Hence we can write:

L o (1@ —gmare)
#r(0,r)

<[ PNCOROLEACE

Now, Lemma 3.11 gives |g(v) — g(0)] < ¢7r, and we eventually obtain the inequality
Jr 00 (£ = 80 (0) | < errVir.

~ On the other hand, we bound Term B thanks to the inclusion PBo C Br(0,c5(pr)r). Denote & =
PBr(0,c5(pr)r)\ Br (0,r). We have B\ Br (0,r) C o, hence

d d d
/@0\%(07,&(”)“% (v) < /dg@)d% (V) < fnaxImax ().

Moreover, we have
A (o) = A (Br (0,¢5(pr)r)) — A4 (Br (0,7)) =V, (cs(pr)d -~ 1) .
We can use ¢s5(pr) < 1 +2pr < 2 and the inequality a? — 1 <d(a—1)a?""!, where a > 1, to get
(es(pr)? 1) <d-(es(pr)=1)-eslpr)® < d-2pr- 27",

We finally deduce the following bound on Term B:

L — g(v)djfd(v) < fmameadel’dd'przd.
ﬂo\ff?r(o,r)

Gathering Terms A and B, we obtain

(B (x,1) = f@Var

<r (C7 + FraxImaxdp2¢ ) Vard.
Point 3. Let us write

W (2 (x,)\ B (x,5)) = vo((&5) " (B (x.1)\ B (x.5)))

= L g(v d?(v).

/(exp;f’) (B )\ B ) ()ar)
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In spherical coordinates, this integral reads

b(v) J—1
/ g(tv)r?™ drdy, 9)

t=a(v)

g = |

(&0 ) " (Bx.r)\B(x.9)) ved Zr(0,1)

where a(v) and b(v) are defined as follows: for every v € T.# of unit norm, let 1 be an arc-length
parametrized geodesic with 15(0) = x and 75(0) = v, and set a(v) and b(v) to be the first positive values
such that ||y(a(v)) —x|| = s and ||y(b(v)) — x| = 1.

Figure 14: Tllustration of a(v) and b(v) in Equation (9).

For any v € d%r (0, 1), Lemma 2.4 Point 2 gives b(v) < 2r, hence

b(v) i b(v) -1
/ g(tV)f dr < / fmameaX(zr) dr.
t

=a(v) t=a(v)

Moreover, according to Lemma 2.4 Point 5, we have b(v) —a(v) < 2(r —s), hence

b0) -1 -1
| o o Gr) 1 = (6(3) —a(0) w21

<2(r—s) fmaxJmax (2r)d71.

From these last two equations we deduce

/vea%(m) ./tbiv()v) S didy < 2(r =) frasFmax (27) /veage(o,u @
=2(r —5) fmaxJmax (2r)* ' dV,.
Going back to Equation (9), we obtain
W (B (x,r)\ B (x,5)) = 2'dVi fnaxmax (r = 5)r" "
which concludes the proof. O

In Sect. 4, we will study the estimation of tangent spaces of .# thanks to the normal reach. By using
the previous proposition, we will be able to give precise bounds around points x € .# with large normal
reach A (x). However, for points with small normal reach, we won’t be able to use it. Therefore we need
a version of Proposition 3.13 without normal reach condition. This is the aim of the following result.

Proposition 3.14. Let xo € 4y, r < ﬁ and s € [0,r]. We have
1. (B (x,r)) > cor?

2. w(B )\ B(x,s)) <curH(r—s)}
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with ¢ = frninJminVa and cyy = Jpmes L£—=)1d2*!V3.

]

Note that Point 1 is similar to Proposition 3.13 Point 1, and that Point 2 is a weaker form of Proposition
3.13 Point 3. There is no equivalent of Proposition 3.13 Point 2 without normal reach condition.

Proof. Let M~ = M NP (x,r) and A§ = u~'(A*). Lemma 3.4 does not apply: it is not true that
MF C By, (x0,c5(pr)r). However, we can decompose .7 in connected components C}),i € I. They are
represented in Figure 15.

Figure 15: The connected components C., i € I.

For every i € I, let zj) be a minimizer of zg — ||z —x|| on C}. We have x —z' L T,;.# . Following the same

proof as Lemma 3.4, one shows that C6 is included in the geodesic ball % My (zf), %) Hence we can

consider ), the measure L restricted to Cj), and define V), = (%fo);lu{), as in Remark 3.12. The
measure Vj, admits g;, as a density over the d-dimensional Hausdorff measure on sz My, where

(1) = fo(&pL00) A1 ).

(&) (C)
Point 1. By definition of i, can write

(% (x,r)) = po(u™ (B (x,r))) = ) Ho(C)-

iel

Denote by 0 € I the index of the connected component of .#j which contains xo. We have Cg D
B 6 (X0,7). As in the proof of Proposition 3.13 Point 1, we deduce that

) > / 0.d?
HO( O) = (m%lo)fl(cg) 80
2 fminJmin%d<(W;flo)71 (Cg)) = fminJmianrd~
Therefore, it (% (x,7)) > fmindminVar.
Point 2. For any i € I, define Diy = Ci Nu~1(% (x,r)\ % (x,s)). Let us show that

to(D)) < frnaxmax2? " 1V6dV, - 11/ r2 =52, (10)

As in Equation (9), we write this measure as
i d ' bV d—1
dz = / / tv)t“" drdy,
/( ﬁ,j(o)_l(%)go(y) ») co#0) hoat) go(tv)
4
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where a(v) and b(v) are defined as in the proof of Proposition 3.13 Point 3: for every v €C T;.# of unit
norm, let ¥ be an arc-length parametrized geodesic with ¥,(0) = z{, and %(0) = v, and set a(v) and b(v)
to be the first positive values such that ||y(a(v)) —x|| > s and ||y(b(v)) —x|| = r. For any v € d %7 (0,1),
Lemma 2.4 Point 2 gives b(v) < 2r, and Lemma 2.4 Point 4 gives b(v) —a(v) < v/61/r2 —s2. We deduce
that

b(v)
/t fmaxjmax(zr) 71dt < \[\/ —s? ‘max/max 27)

av

Therefore,
b(v) .
/ / gb(tv)td_ldtdv <Ve6vr:— szfmameaX(Zr)d_ldVd,
ved#(0,1) Jr=a(v)
which yields Equation (10). ' o o .
We now gather the connected components Dj). Since u~! (% (x,r)\ & (x,s)) = Uje; Di, we have
W(%B (x,r)\ B (x,s)) Z Uo(D
iel

Using Equation (10) we get
(B (x,r)\ B (x,5)) < | frnaxmax2® " V6dV, - 1471/ r2 = 52,

where |I| is the cardinal of /. Let us show that |I| < fJiVl(%)) , with a = v/4 — /13, which will
conclude the proof.
Let i, j € I such that i # j. We first show that d 4, (zo,zo) . Let y: [0,T] — ., be a geodesic

from ZO to ZO. Consider the map ¢ : 1+ ||y(¢) —x]|. Since C0 and C(]) are disjoint connected components,
there must be a t* < T such that ||y(r*) —xg|| > r. Moreover, according to Lemma 2.4 Point 1, ¢ is

increasing on [0, T;] where T} = ‘/5\/ —+/3+ p2i2. Since ¢(T) < r, we deduce that T is greater than
T;. Note that the assumption r < 5~ y1elds T, > 0‘ . Hence we obtam the bound

d///o(zf),z(j;) =T>T >

‘O\sz

This implies that the geodesic balls % My (zf), %), i € I, are disjoint. Therefore,

o o d
1 > ﬂO(U%///O <Z672p>> > I|fminJmian<2p> )

and we deduce that || < fmmlmde (ZP) ' )

3.3 Sublevel sets of the normal reach

In this subsection, we assume the Hypotheses 2 and 3, as well as Hypothesis 1°, stated in the next
paragraph. This last hypothesis can be seen as a strengthening of Hypothesis 1. Our goal is to give
an upper bound on o (Aj), the measure of the set of points xo € .#( with normal reach not greater than ¢
(see Proposition 3.19). This proves a result announced in Subsect. 2.4: Hypothesis 4 is a consequence of
Hypotheses 1°, 2 and 3. We close this subsection with a remark concerning generalizations of this result.
Since Hypothesis 4 trivially holds when the immersion is an embedding (with r4 = min Ay and ¢4 = 0),
we shall also suppose that u is not an embedding.
First, we say that a finite collection A of linear subspaces of E is in general position if

codim( (V) = Y codim(V)

VeA Vea
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where we define codim(V) = dim(E) — dim(V). Now, we say that the immersion u: .#y — 4 is self-
transverse (also called completely regular in [51]) if for any point x € .Z, the collection of tangent spaces
{T, M | yo € My, x =y} is in general position. Suppose that u is self-transverse, and denote by .4 be
the self-intersections of .#:

Mo = {x0 € My | yo € My, X0 # Yo, x =y}

Its image is denoted 4" = u(4). Equivalently, .4 is the set of points with zero normal reach, that is,
Ao =25 ' ({0}). We also have .#" = A~1({0}). In general, .4 and .#" are not submanifolds, but only
(closed) immersed manifolds. The subset .4 can be decomposed as a disjoint union

M= A" where A = {xo €y | Ju” ({x})] =i},

i>2

and where |-| denotes the cardinal. In other words, </V0<i) is the set of points of .#p whose image is
shared by exactly i distinct points of .#. Each %<l) is a submanifold of ., not necessarily closed, of
dimension idim(.#) — (i— 1) dim(E) [51, Lemma 2.3]. Moreover, the tangent spaces of .4 () = u(%(’))
can be described as: A

/= ( L. (11)

yocu~1(x)

In order to state the proofs of this subsection, we shall make the following assumption: the immersion u
only has double points, that is, .4 is equal to %(2). We shall refer to this assumption as

Hypothesis 1°. The immersion « is self-transverse, and only has double points.

In this case, .49 is a submanifold of .#, of dimension 2dim(.#) —dim(E). Most of the examples we
will consider later in the paper satisfy this assumption. They are curves in the plane (Examples 5.1, 5.4
and 5.6) or surfaces in the space (Examples 5.2, 5.7).

We will also need a few quantities related to the immersion. Let % be the set of critical points of the
Euclidean distance on .#, that is,

Do = {(x0,y0) € Mo x Mo | x0#y0, x—yL Tyt and x—ylTo M }. (12)
Also, let %, be the set of double points of .Z:
6o = {(x0,y0) € Mo x Mo | x0 # yo and x =y}, (13)

Note that the projection of % on the first coordinate is .4). Moreover, we have %y C %, and these sets
are compact. Since %y is an isolated subset of 2 by Lemma 2.3 Point 4, we have that % \ 6 also is
compact. Consider the quantity

A=inf{|[x—y| | (x0,y0) € 20\ %0} - (14)

The constant A can be understood as the minimal length of the nonzero bottlenecks of .#. From the
compactness of 7 \ %y we deduce that A > 0. Moreover, we define

Ao =inf{|[x—y|| | x0 € A, yo € Mo, x#y, x—y LT\l }. (15)

It is a measure of regularity around the self-intersections of .#. Using Lemma 2.3 Point 5, one proves
that this infimum is taken over a compact set, hence that Ag > 0. Last, we will need a measure a similarity
between linear subspaces. If U,V denote two linear subspaces of E, let their minimal angle be

Z(U,V) :inf{arccos <|I<T|’|T>:|) lueU,veV, uyve (UﬁV)L},
ul| ||v
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where inf@® = 0 by convention. Note that Z(U,V) > 0 when U # V. Now, define
© = inf { L/(Tett , T, M) | (x0,50) €0} - (16)

According to the self-transversality hypothesis and the compactness of %), we have ® > 0. These
constants are represented in Figure 16.

M

Figure 16: The constants A, Ag and ® associated to .Z .

In order to bound the measure 1 (1)), we will prove that the sublevel set A} is included in a thickening
of 45. By bounding the measure of this thickening, we will obtain the main result (Proposition 3.19).
We start with a lemma which describes the situation around self-intersection points of ..

Lemma 3.15. Let (x9,y0) € 60 (defined in Equation (13)). Let Y: I — 4y (resp. Y)) be an arc-length
parametrized geodesic starting from xo (resp. from yo), and denote v = y(0) (resp. v/ = 7(0)). Let

0 = arccos(|[(v,V'}|) be their angle. Let §,6' > 0 such that §' < § < %. Then we have

sin(0
[n(6) 75 > T
As a consequence, if v is orthogonal to T, NTy.#, then the distance from ¥(8) to u(%8.4, (yo,8)) is
lower bounded by w&

0.

Proof. Let us introduce ¥ = x+ 6v and y = y + &'V, as represented in Figure 17.

Figure 17: Situation in Lemma 3.15.

The triangle inequality yields

[7(8) =¥ (8")|| = |7 =3Il = (&) ==l - || (8") -]

According to Lemma 2.3 Point 1, we have [|y(8) — x| < 5% and [|y/(8') —y|| < %5'2 < £8%. Moreover,
||x— || is not lower than ||X —z||, where z is the projection of X on the line spanned by V. Elementary
trigonometry shows that ||¥ — z|| = sin(0)d. Hence the previous equation yields

, . p p : p
17(8) =7 (8")]| = sin(6)5 — 787 — 2 6% =sin(6)$ (1 - sm<e>5) ’

and we conclude with 6 < %. O
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The following lemma shows that, around .4, the immersed manifold .# is a union of two
transversally intersecting pieces.

Lemma 3.16. For any r < min ( Ao) and x € N, the set u=' (% (x,r)) is made up of two connected

1
2p°
components, and we have

u! (A (x,r)) C U @ﬂo (yo,2r).
yoeu~!({x})

Proof. Consider .43 = u~'(% (x,r)) and C}, i € I, its connected components, as represented in Figure
18. Let us denote Cg the connected component that contains xo.

Figure 18: Situation in Lemma 3.16.

For any i € I'\ {0}, let y{, be a minimizer of yo ~ [y —x| on Cj. It satisfies x —y' LT,;.#. Since
r has been chosen lower than A (defined in Equation (15)), we must have y' = x, that is to say, yf) €
u~'({x}). Using that u~! ({x}) consits of two elements, we deduce that ./ is made up of two connected
components.

Now, as we have seen in the proof of Lemma 3.4, these connected components satisfy Cé -
B.u, (i, cs(pr)r). The result follows from cs(pr) < 2. O

We can now connect the normal reach to the distance to .4). We first prove that, close to a self-
intersection point, the normal reach is lower bounded by the geodesic distance to that point.

Lemma 3.17. Let xo € .# and denote by & = d_,(xo,49) the geodesic distance from xo to Ny. Suppose
that 6 < min( L sin(®) AO). Then Ay(xo) > %5.

2 2

Proof. Let y be a projection of xo on .4, that is, a point that minimizes the geodesic distance d_ 4, (x0,0)
with yo € Ap. Let y: I — .4 be a geodesic from yg to xp, and denote vy = Jp(0). Note that v_L T4,
otherwise yo would not be a minimizer. Denote r = ||x — || and . = u~! (% (y,2r)). Let also y), be the
other point of .# such that y’ = y.

First, let us show that Ag(xp) < r. According to Lemma 3.16, ///8’ consists of two connected
components, Cy that contains yo, and C;, that contains y;. Now, consider a minimizer of zo — ||z —x||
on . This point satisfies x —z L T..# and xo # zo. Thus,

Ao(x0) < [x—zl| < [lx—yll <,

as announced. Moreover, using the inequality % (x,r) C % (y,2r), we deduce that  realizes the normal
reach of x, that is, Ag(xp) = ||x — 2]

To conclude, consider the geodesic ¥y defined above. We have seen that v is orthogonal to the tangent
space Ty.4 . Since TN = Ty.# NT,.# by Equation (11), we have v.L(T,.# NT,.#), hence we can
apply the consequence of Lemma 3.15 to get

o) = Izl = (8) 2l = S5

as wanted. O

g,
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The following lemma is a converse of Lemma 3.17: points with small normal reach are close to the
self-intersection submanifold .4;.

Lemma 3.18. Let xg € .#y such that A(xp) < min(sm(@) Si“(“Q)Q,AOST(G),A) Then Ay(xp) >

8p
20y (x0,45).

Proof. Put r = 2(xo), and denote the sublevel set AJ = A,'([0,7]). Let Cy denote the connected
component of xg in Aj. We have seen in Remark 3.2 that the normal reach Ag is lower semi-continuous.
Hence Cj is closed, and A attains a minimum on it. Let yy be a minimizer of Ay on Cy. Let us prove that
Ao(yo) = 0 by contradiction. Suppose that Ao(yg) > 0, and let zo € .#) be such that zo # yo, y — z LT, #
and Ao (yo) = ||y —z||- These points are represented in the following figure.

M

Figure 19: Situation in Lemma 3.18, supposing by contradiction that Ay(yg) > 0.

Since ||y —z|| = A0 (y0) < Ao(x0) < A, where A has been defined in Equation (14), the vector y — z is
not orthogonal to T},.#. Let vy € Ty,,.# such that (v,z—y) > 0, and consider an arc-length parametrized
geodesic y: I — .4y with %(0) = yo and %(0) = vo. We will show that Ay(y0(€)) < Ao(yo) for € >0
small enough, contradicting the minimality of yy.

On the one hand, for € > 0 small enough, the bound (v,z—y) > 0 yields

lz= (@)l < llz=yl = 2 (v0) (17

On the other hand, Lemma 2.3 Point 5 and y — zLT;.# gives d_4,(z0,y0) > % Together with the
assumption Ag(xg) < %

enough, we also have

< %, we deduce that d_ 4, (z0,y0) > 440 (xo). By continuity, for £ > 0 small

d_z,(z0,7(€)) > 4Ao(x0). (18)

Now, we deduce from Ag(xo) > Ao(yo) and Equation (17) and (18) that d_,, (z0, % (€)) > 4|z —y(€)|.
Therefore we can apply Lemma 3.5 on zg and 9 (€) to get

Ao(10(€)) < [lz— (&)l < Ao (v0),

which contradicts the minimality of yp. We conclude that Ay(yg) = 0.
Next, let yp: [0,T] — . be a path from yy to xg in Cy. Let us show that, for all z € [0, T],

sin(©®
Jo(e)) = ¥ ((e).5). (19)
According to Lemma 3.17, it is enough to show that d_4, (%(t),-4) < ¢, where ¢ = min (#, Sin§®) %) .

By contradiction, suppose that d 4, (%(t),-49) > ¢ for some ¢. Since d_,, (¥(0),-40) = d_4,(y0,-4) =0,
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we can consider the first value # € [0, 7] such that d 4, (Y(t),-4) = c. Lemma 3.17 then gives Ao( (1)) >
%c. Besides, by definition of Cp, we have A9(10()) < Ap(x0). We deduce that

sin(@) . 1 sin(®) A
-min | —, y—
2 4p’ 2 2

Ao(xo0) >
which contradicts the assumptions of the lemma. We now obtain the result from Equation (19) at t =
T. O

We now prove the main result of this subsection.

Proposition 3.19. Suppose that the immersion u satisfies Hypotheses 1°, 2 and 3. Let ot = dim(E) —
dim(.#p). For every r < ry3, we have

to(Ag) < ci3r® + O(r*t1),

i i . a ,
where ri3 = min (SH;;(’)@) 7 s1n(4®)2 7 Ay SI:(@) 7A) and cj3 = (ﬁ) Vafmax%f/l/o (A0).

Proof. Let d’ be the dimension of .4(, and « its codimension in .#p. Since dim(.4g) = 2dim(.#p) —
dim(E) by Hypothesis 1°, we have a@ = dim(E) — dim(.#). Besides, according to Lemma 3.18, the
sublevel set A is included in the geodesic thickening .4’ of .4, where t = %r. According to Weyl’s

Tube Formula [52, Theorem 9.23], the volume of .4/ is
HY (N) = Vo HG () 1%+ 0 "),

where jiff}[lo (Ap) is the d’-dimensional volume of .44, and V,, the volume of the unit ball in R*. Using
the density of po given by Hypothesis 2, we can write po (4 ) < fmax,%’f/‘}lo (). Hence

_2_,
nu()(%t) < fmax%/dﬂo(%z) :fmaxff;/o (%Sm(@) > 7

and the result follows. O

Remark 3.20. It seems reasonable to think that Proposition 3.19 is still valid when replacing Hypothesis
1’ with the weaker Hypothesis 1, at least with o = 1. In this case, the quantities A, Ay and O are still well-
defined, and Lemmas 3.16 and 3.15 hold. However, Lemmas 3.17 and 3.18 may not be true anymore. An
illustration of this is given by the two following intersecting surfaces of R*:

MV ={(a,h,0,0)|a,peR} and 4% ={(a,0,c,d®)|a,c eR}.

These submanifolds intersect at .2 N.7?) = {0}, but their intersection is not transverse, since their
tangent spaces does not span the fourth canonical basis vector of R*. The distance from a point x =
(a,0,0,az) of #® to .#Y is a?. Besides, for small values of a, the geodesic distance from x to 0 on
M s approximately a. But there is no constant ¢ such that a*> > ¢ -a. Hence Lemma 3.17 does not
hold anymore. Nonetheless, the subset of point of .# (2) at distance at most r from .21 is

{(a,07c,a2) et |a*+3*< rz}.

This is approximately the rectangle {(a,O,c,az) e ||a| </, e < r}, whose volume is r2. We
see here that Proposition 3.19 holds with o = %

Remark 3.21. We can also see that Proposition 3.19 is true under the following conditions: Hypotheses
1, 2, 3 and dim(.#) = 1. Indeed, in this case, the self-intersecting manifold .4; is a finite subset of .#.
Knowing this fact, the proofs of Lemmas 3.15, 3.16, 3.17, 3.18 and Proposition 3.19 can be used without
modification. In this case, the result reads po(A}) < c137+O0(r?).

29



4 Tangent space estimation

We now come back to our original setting: .# is a manifold of dimension d > 1, immersed in E = R”
via u: My — # . Moreover, .4 is endowed with a measure . The push-forward measure is denoted
W = u.lo. In this section, we show that one can estimate the tangent spaces of .#, based on the measure
U, or a close measure V, via the computation of local covariance matrices.

4.1 Local covariance matrices and lifted measures

We remind the reader that the aim of this work is to estimate the homotopy type of .#, or its homology
groups, from the measure v. As explained in the introduction and in Subsect. 2.4, our strategy consists in
estimating the lifted manifold

. 1
M= {(xa MP&//) |X0€///0},

where pr,_, is the matrix of the orthogonal projection on the tangent space 7./, seen as an element
of M(E), the space of n x n matrices. The normalization term d#” has been chosen in accordance with
Proposition 4.1, stated in the next subsection, and makes our method independant of the dimension d.
Note that the set ./ can also be described as the image of .# under the map

1
in: xg —> <x, d—|—2pT"'///> .

Using Hypothesis 1, we deduce that M is diffeomorphic to .#(, hence that their homotopy types and
homology groups coincide. Adopting a measure theoretical point of view on the problem, we will actually
estimate the exact lifted measure, defined as the push-forward [ly = i, llo. We explain in Subsect. 5.1 how
one can infer the homotopy type and homology groups of .# from [iy. Note that this measure can also
be defined as

(20)

1
dTrZPTx//}

by disintegration of measure. Here is another alternative definition of fi: for any smooth ¢ : E x M(E) —
R with compact support,

fio = (u-410) (o) @ { &

[ oteraiatea) = [[o (). 5 pr ) dbaloo) @

In order to approximate [iy, we have to propose an estimator of the tangent spaces. We consider the
following construction. If x in any vector of E = R”, seen as a row vector, the tensor product is defined
as the n x n matrix x®2 = x' - x.

Definition 4.1. Let v be any probability measure on E. Let r > 0 and x € supp(Vv). The local covariance
matrix of vV around x at scale r is the following matrix:

_ ez vh)
ZV(x)*/%,r) (-)° V(@ (x,r)

We also define the normalized local covariance matrix as L (x) = rizZv (x).

Note that Xy (x) and X (x) depend on r, which is not made explicit in the notation. The normalization
factor riz of the normalized local covariance matrix is justified by Proposition 4.1. Moreover, we introduce
the following notations: for every r > 0 and x € supp(V),

* v, is the restriction of v to the ball Z (x,r),

eV, = ; @tm)) V, is the corresponding probability measure.
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Thus the local covariance matrix can be written as £y (x) = [ (x —y)“*dvi(y).

We note that such notions have already been studied in the context of Topological Data Analysis.
The collection of probability measures {Vx}xesupp(v) is called in [39, Sect. 3.3] the local truncation of
v at scale r. The map x — X, (x) is called in [38, Sect. 2.2] the multiscale covariance tensor field of v
associated to the truncation kernel.

We now propose an estimator of the lifted measure [ly, inspired by Equations (20) and (21).

Definition 4.2. For any measure v on E, we denote by V the measure on E X M(E) defined by

V=v(x)@ {8, }-

It is called the lifted measure associated to v. In other words, for every smooth ¢: E x M(E) — R with

compact support, we have
/q)(x,A)dv(x,A) — /¢ (x,Zv(x)> dv(x).

In accordance with the local covariance matrices, the lifted measure v depends on the parameter r which
is not made explicit in the notation.

In order to compare these measures, we consider a Wasserstein-type distance on the space E x M(E).
Fix 7> 0, and let |-[|,, be the Euclidean norm on E x M(E) defined as

1Ge, A5 = %l + 7 1A (22)

where ||| represents the usual Euclidean norm on E and ||-||; represents the Frobenius norm on M(E).
Let p > 1. We denote by W, ,(-,-) the p-Wasserstein distance with respect to this metric. By definition,
if a, B are probability measures on E x M(E), then W, y(¢t, B) can be written as

1
7
Wop(ap)=int ([ ) - 0B)gan(a), ) ) @3
where the infimum is taken over all measures 7 on (E x M(E))? with marginals o and 3.

The parameter ¥ of the norm ||-|,, has been designed to balance the importance given to the Euclidean
information (E-coordinate) and matrix information (M(E)-coordinate) in E X M(E). The more 7 is large,
the more the matrix information will be relatively important. Since there is no canonical choice of 7, it
will remain as a free parameter in the rest of the paper. In the experiments of the next section, we will
choose the value Y =1 or 2, for it seemed relevant in practice. For a discussion about how this parameter
may influence the persistent homology of the lifted manifold M , we refer the reader to [53, Subsect. 4.4].

We subdivise the rest of this section in four subsections. They respectively consists in showing that

* Consistency: if o is a measure satisfying the Hypotheses 2 and 3, then W, ,(flo, 1) is small
(Proposition 4.2),

* Stability of the localized measures: in addition, if v is a measure on E such that W, (u, V) is
small, then so is W (fLy, Vy) (Lemmas 4.7 and 4.8),

* Stability of the lifted measures: consequently, W, , (i1, V) is also small (Proposition 4.11)

* Approximation: under the previous hypotheses, W, ,(fio, V) is small (Theorem 4.14).

These measures fit in a commutative diagram:

My —— s EXM(E i, L
0 xM(E) Ho o oV
\ % \ // T(M*
u (fu )« \%
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where the maps g, f, and fy: E — E x M(E) are defined as

g x—> (x, C@PT%/{) , fuixr— (x,Z,J(x)), fvix— (x,):v(x)>.

Note that the map g is well-defined only on points x € .# that are not self-intersection points, i.e., points
x such that A (x) > 0. Under Hypothesis 4, g is well-defined p-almost surely. The maps fy, and f, are
defined respectively on supp(it) and supp(V).

4.2 Consistency of the estimation

In this subsection, we assume that .# and po satisfy Hypotheses 2 and 3. We first show that the
normalized covariance matrix approximates the tangent spaces of .#, as long as the parameter r is
chosen smaller than the normal reach. A similar result appears in [29, Lemma 13] in the case where
A is a submanifold and u is the uniform distribution on .#. Based on this result, we deduce that the
lifted measure [l is close to the exact lifted measure fiy. The quality of this approximation depends on
the measure of the set of points with small normal reach, i.e., points where the tangent spaces are not
well-estimated.

Proposition 4.1. Let xy € .4y and r < min (l (), ﬁ) Denote by pr,. 4 the orthogonal projection matrix
on the tangent space Ty M. We have

< cur,
F

1
T araln

iu (x)

where c14 = 6p +4—1— 4 _Imx_odgp 4 s

fminJmin fminJmin fminJmin ’

Proof. According to [29, Lemma 11], the matrix rzﬁ Pr..« 18 equal to

E.= / yo2. 0
QTX///(OJ) Vdi‘d

Hence the proposition reduces to ||Z, (x) 72*”}: < cpyr’. Let us write T = Ty, B = P (x,r) and
Bo = (exp” )" (#), where (exp;”)~" as been defined in Equation (7). We consider the following
intermediate matrices:

- [ ((pﬂ ) <x’>)®2dux<x'>,
Zzz/%g(O) ®2-dj|i::|(y),
2. 4t (y)

The triangle inequality now yields:

120 (6) — 2ol < (50 () = [+ 21— Zallg + Z2 — Zallg + 125 — Z. . (24)

A B C D

Term A. By definition of the local covariance matrix, we have

Zu(x) = /@(x’r) (x—x’)mm(x').
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We use the upper bound

(=) = <(pr/ )’1 (x’>>®2 de/)
(x_x/)(xz_ ((exp){”)_l ()/))@2

Letx' € .4 N2% (x,r). According to Lemma 3.4, we have H (expy) )
and Lemma 4.3, stated in the following subsection, gives

(=) (o) )

Now, let us justify that

=) -l < [

PB(x,r)

< sup
X' €MNB(x,r)

F

< 2r. Moreover, ||x—x'|| <r,

®2

W) - (s0) " )

(25)

<(r+42r)
F

W) (=) W)

< %dj,o (x0,))>. (26)

If we write ¥’ = y(8) with ¥ a geodesic such that ¥(0) = x and & = d_4, (x0,x)), then (exp;* )_1 () =
67(0), and we get

W0 (m0) W)

= [17(8) — (x+87(0)) | < 282,

where we used Lemma 2.3 Point 1 for the last inequality. Hence Equation (26) is true. Combined with
Lemma 3.4, which gives d_z, (x0,x,) < 2|lx—x'|| < 2r, we obtain

N (G

We now use Equation (25) to deduce ||Z,, (x) — i || < (r+2r)2pr* = 6pr’.

®2

< %(Zr)2 =2pr.
F

Term B. By transfer, we can write ¥ as

= /ﬂ((exp{l )_l(x/))@dﬁ:(y) = /ggog(y)y@@z-dﬁi'(y ),

We deduce the upper bound

d
1= 22l < [ 160) g0 2] Z1 -

According to Lemma 4.3, ||y*2|| = ||y||* < (2r)?, and Lemma 3.11 gives |g(y) — g(0)| < c7r. Therefore,

7 (%)

|

121 — Z2lg < 4r% - cqr-

To conclude, note that |f| > fuminJmin?? (%) by Proposition 3.13 Point 1, hence we obtain
121 — Zollp <421,

JiminJmin

Term C. As for the previous terms, we use the upper bound

At (y)

82
OB

2 =Zalle< [
JBr(0./\ %y
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8(0)-y*?|| < 8(0) 2 < finaxr?, and we get

A (B 0.0\ Fo)

22— E3lg < fnax??
|| HF fma |‘I.Lx|

On the other hand, since 2y C Zr (x,cs(pr)r), we have
A (Bo\ Br (0,r)) = (cs(pr)r)Va —r'Vy.
The inequality a? — 1 < d(a— 1)a?~', where a > 1, gives
(es(pr)r)* Va—riVy < Var® - d(es(pr) — 1)247 1.
Combined with the inequalities ¢5(pr) < 1+ 2pr and |iy| > fuinJminVar?, we get
Smax
J,

minY'min

%2 — E3lp < ——2%pr.

Term D. Let us write * as

> :/ yor. il 40)
Bre.w(0.r) Vard | e

Hence we have

|.ux| ®2 %d(y)
s =2l < /<>‘Vr" (x)’Hy LT

x dd(y
\li \ 4 f(x )’ o< /2 and f?r o) \#r(}) <
3. We deduce the result by summing Terms A, B, Cand D. [

. Therefore, ||X3 — X, ||F <

fmm min fmm min

We now deduce a result concerning the lifted measures [i and fly (defined in Subsect. 4.1). We
remind the reader that the notation A" refers to the sublevel set A ~!([0,7]). Hence the quantity (A") is
the measure of the set of points x € .# such that A (x) <t

Proposition 4.2. Let r < ﬁ Then

1
Wyl o) < 7(20(7)7 +crar)

Proof. Define the map ¢: .4y — (E X M(E)) x (ExM(E)) as

¢:x0._>((x,2u(x)>( dJlrsz" >>

and consider the measure @ = @, y. It is a transport plan between [I and fly. By definition of the
‘Wasserstein distance,

Whfio) < [ (1)~ (¢.7) | am (7). (7.7).

hence we can use this transport plan and write

. 1 1 p
Whotioio) < f | (5 5500 = (s 5o )| auto)
Y
[ - e an
7’)/ rZN d+2pTx FIJ"x‘
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We split this last integral into the sets A =A" and B=FE\ A".

On A, we use the upper bound %22“ (x) — d'?pTx%HF <

25|+ lkaprale <1410

obtain »
1 1
=X - d <27u(A).
[0 | duto <27wia)
On B, we use Proposition 4.1 to get
Lm0 o ane < @ury
gl 2" d 2P F Hx) = Renr)™

Combining these two inequalities yields W} (i1, fig) < y”(2P1(A) + (c14r)?). Using the inequality (a +
b)ll7 < a% —i—b%, where a,b > 0, we deduce

v v 1
W (it fio) <7 (2u(A)7 +crar),

which is the result. O

4.3 Stability of localization of measures

This technical subsection is dedicated to proving stability results for localization of measures. Throughout
the subsection, we consider two measures ( and v on E. We show that, under some hypotheses on (, an
upper bound on the Wasserstein distance W, (i, v) gives an upper bound on the the Wassertsein distance
Wi (1L, Vy) between their localized measures (see Lemmas 4.7 and 4.8). We close this subsection with a
comment about the sharpness of our bounds.

The results of this subsection only rely on the following hypotheses about u:

Hypothesis 5. 3¢9 > 0,Vx € supp(u), V¢ € [0, %),

(A (x,1)) > cot.

Hypothesis 6. Ic1o > 0,¥x € supp(ut), IA(x) > 0, Vs, € [o,min (A(x), ﬁ)) sts<t,

w(A(x,0)\ B (x,5)) < crot! (1 —s).

Hypothesis 7. 3¢ > 0,Vx € supp(u), s,z € [0, ﬁ) s.t. s <t,

(% (x,)\ B (x,5)) < et 2 (1 —5)2.

Note that these Hypotheses 5, 6 and 7 are consequences of the initial Hypotheses 2 and 3. Indeed, as
stated in Propositions 3.13 and 3.14, these new hypotheses hold with A (x) being the normal reach of .#
at x, and with the constants c9 = fiinJminVa, €10 = d24 JmaxJmax Vs and

d2*V/3.

C11

d
_ JSmaxJmax p
JSmindmin 4-4/13

In order to state the results of this subsection in a more general setting, we will only invoke the Hypotheses
5, 6 and 7. We first state a lemma that will be useful in what follows.

Lemma 4.3. For every x,y € E, we have ||x®* — y®2||. < (|lx][ + [[y]I) x— ]I
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Proof. We apply the triangle inequality to x'x —y'y = (x —y)'x+ ' (x — y):
[¥x =Y ¥lp < =) %l p + 1 =) [ < e =Yl + Iyl e =yl
= ([lxl| + 1) [lx = Il
which gives the bound. O

Next, let us compare a measure and its submeasures. If i is a measure of positive mass (potentially
with |u| # 1), we remind the reader that the notation I refers to the corresponding probability measure
ﬁ . Moreover, a submeasure of (t is a measure y’ such that for all measurable set A C E, we have

W(A) < pu(A).

Lemma 4.4. Let | be any measure of positive mass, and let U be a submeasure of | with 1’| > 0.
Suppose that supp(W) is included in a ball 2 (x,r). Then

1
N
w24’

P 1
In particular, if W is a probability measure, then W, (,u,u’) <2(1—|y|)rr.

Proof. We start with the second inequality. Consider the intermediate probability measure @ = y' +
(1 —|u’|)dy, where 6, is the Dirac mass (represented in Figure 20). We shall use the triangle inequality

W, (1, 1) < W, (1, ) +W,(o,u1). We can write
cpu=p+E-—p),
s o=+ 1- s,

cp = ().

!

ft w [t

Figure 20: The measures involved in the proof of Lemma 4.4. A hatched area represents the support of
the measure, and a point represents a Dirac mass.

Observe that y and @ admits g’ as a common submeasure of mass |it’|. Therefore we can build a transport
plan between p and @ where only a mass 1 — || of u is moved to x. In other words,

1
W, (1. @) < (1 [w/])7r

==

Similarly, one shows that W, (@, ") < (1 —[u'|)
Now let us prove the first inequality. Since p’ is a submeasure of y of mass |y’

r.

, then ﬁ uisa
submeasure of [T = “17‘ u of mass ﬁ |1’|. We then apply the previous inequality. O

We now compare the localized measures of , (defined in Subsect. 4.1).
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Lemma 4.5. Let x € supp(U). Suppose that x satisfies Hypotheses 5 and 6 with r < min (l (%), i) Let
y € E such that ||x —y|| < 7. Then || >0, |uy| > 0 and

Wi (B, By) < cis flx =yl

cg ”

with s =2 (1+4%;" ) <0

Proof. 1t is clear that || > 0 since u(% (y,r)) > u(% (x,r —||x—y||)) and x € supp(i). Let us show
the inequality W (I, y) < c15[]x — || by studying the measure u on the intersection % (x,r) N % (y, ).
Let 1,y be the restriction of u to % (x,r) N A (y,r), and [i,, the corresponding probability measure. The

triangle inequality gives:

Wi (e, Tiy) < Wi (T, Fy) + Wi (T Hy) - 27
A B

Term A. Let us show that W ([Ly, fix,y) < 22 [[x — y||. Note that fiyy is a submeasure of L. According to
Lemma 4.4, we have

Wl(mvﬂx,y> <2 (1 - |NX7)|> r

s || — |1y -
||

|

We know from Hypothesis 5 that |ti,| > cor?. On the other hand,

|t = [ty = 1 (2 (x,r)) — (B (x,r) N % (y.7))
<u(Z(x,r) = (2 (x,r = [lx=ylI)),

—|try| < c10r7 " |lx —y||. We finally obtain

X, r
X, r

hence we can apply Hypothesis 6 to get | L,

d—1
— cror’” x—yl| 1o
Wi (I, xy) < ZTV = 25 [l =yl

Term B. Similarly, Lemma 4.4 yields

|iy| — |l'1x-,y|r'

e |y

Let us show that we still have |pt,| > a'r? and |py| — |y < 5’741 ||x —y|| with the constants a’ = (3)%co
and b’ =2(3)9"!¢yg. The first inequality comes from Hypothesis 5:

W(B (1)) = (B (x,r— =) = co(r—[lx—y[))

and ||x — y|| < 7. The second inequality comes from Hypothesis 6:

W(Z (v,r) = (B (x,r) N B (v,r) < W(F (x,r + [lx = y]1)) — 1(F (x,r = [lx =)
< cio(r+[le=y[)* "2 x|

and ||x — y|| < 4. To conclude,

2 M e =y 5 e
N <2 4 r= X — 3
W Fiy) < 2= el
We obtain the result by summing Terms A and B. O

The following lemma is the counterpart of Lemma 4.5 when replacing Hypothesis 6 with the weaker
Hypothesis 7.
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Lemma 4.6. Ler x € supp(U). Suppose that x satisfies Hypotheses 5 and 7 at x with r < ﬁ Letye E
such that ||x —y|| < §. Then ||, |uy| > 0, and

S 1 1
Wi (L, By) < crer? [Jx—yl|2,

with ci16 = (2—|—225 ) aL,

9

Proof. The proof is similar to Lemma 4.5 with slight modifications. We still consider

A B

Term A. We have W (T, i) < 2%r. Hypothesis 5 still gives |t| > cor?. But Hypothesis 7 now
yields

[t = [they] < (B (x,7)) = (B (x,r = |lx = y1)))
<enrH eyl
We eventually obtain W (I, ILy,,) < 2‘” ra lx— 2. 3

Term B. In order to bound W (ILy, ILy,) < 2'“)” “‘l“‘r Hypothesis 5 still gives || > (%) cor?, and
Hypothesis 7 yields

[yl = lptey| < (5B (x,r+ e = yl1)) — (2 (x,r = [lx = yI]))
-1 1
<cu(r+lx—y 2@l -yl)2,

which is not greater than ¢ (%r)d’% (2 ||x—y|\)%. We finally get

_1 1 5 1
Cll(%r)d 2(2lx—yll)2 <275d*7€11

1 1
r r2 ||lx—y||2

Wi (l'Ty? “ny) <2

and we obtain the result by adding Terms A and B. O
We can now compare the localized measures of two probability measures.

Lemma 4.7. Let w =W, (1, V). Let y € E. Suppose that there exists x € supp(lL) such that ||x—y|| < o

. Assume that

with & = (75 )2 and that U satisfies Hypotheses 5 and 6 at x with r < min (l( ), 5

w < min (co, 1) (§)41. Then

»2p

Wiy, vy) <cira,

1 _ 24! 1254 ejg+1 | Ha+3 (37 erot!
with c17 = =; 2 g +2 = .

Proof. Let 7t be an optimal transport for W »(1, V). Define , to be the restriction of the measure 7 to the
set Z(y,r) x B (y,r) C E x E. Its marginals p;,m, and p,,m, are submeasures of u, and v,. We shall
use the triangle inequality:

Wi (.LTH‘Ty) <W, (I’Tyapl*ny) +W; (pl*ﬂ)’ap2*7ty) +Wi (pZ*ﬂyv‘Ty) (29)
A B C

Before examinating each of these terms, note that we have

— w
70 = pr. | = 192, = 0B - @) - = (30
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Wl <p@nr+a)+ G31)

— w
Wl > u(@(r— ) - = (32
The first equation can be proven as follows:
W(#(yr—a)) = (A (y,r— ) xE)
= E(@(yﬂ"f (X) Xg(%r)) +71'-(@(}]3"7&) X@(yvr)c)

On the one hand, 7(% (y,r— &) x B (y,r)) < n(#B(y,r) x B (y,r)) < |my|. On the other hand, Markov
inequality yields

(B, r—a)x B(y,r)) <n({(z7),||:-Z|| > a}) < /||z—sz7rzz

and Jensen inequality gives

—/||z Z||dn(z,2) < (/sz”pdnzz) =z
P

We deduce that u (% (y,r —a)) < |7y| + &, which gives Equation (30). Equations (31) and (32) can be

proven similarly. In addition to these preliminaries, note that the assumption w < min (co, 1) (§ )4+ yields
r
a< — 33
<7 (33)
W co (r)d
<2 (L 34
o~ 21\2 (34

We now study the Terms B, A and C.

Term B. Since T, = \%I is a transport plan between p1, 7@, and p;,7,, we have

dmy(
Wi (pr. 7y, p2.7ty) < /HZ* || >|EZ|Z |n|/||z Z Hdﬂ: z,7)

Moreover, Jensen inequality yields [ ||z —Z'||d7z(z,Z) < w. Hence

w

W (p1*717y,p2*75)) = ‘7'[: ‘
Yy

Let us prove that |m,| > 5 (5)?. According to Equation (30), |7, > (2 (y,r — &) — £. Now, note that
WA (y,r—a)) > 50 4. Indeed, using Hypothesis 5,

W(B (yr—a)) > p(% (x,r — o~ [lx=yl) > eo(r—a—[lx—y)?,

and we conclude with |[x —y|| < & < 7. Now, using Equation (34), we get
@(yar_ ))_

>0 (5) =5 (5 )d>9(£)d~

-2 \2
1

. . (w2 , .
Finally, since o0 = ( s ) and o < 7, we obtain

|7y > u(

w - w 7 2d+1 a21 - 2d—1
L €D N R A

Wl(Pl*nyapz*”y) S a.

NI~
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Term A. According to Lemma 4.4, we have

_ 1= |p1.m
Wl(.uyvpl*ny) <2Wr' (35)
y

We can use Equation (30) to get

w
[yl = p1amy| < (B (7)) — (B (7 —0)) +

< W@ (rr+ [x =)~ p(B (rr— = lr=y]) + =

Moreover, by Hypothesis 6, we have
W(P (x,r+ x =) = (B (x,r — ot = x =) < cro(r+ x =y 2l =yl + o),

which is not greater than c19(3r)?~'3a since ||x — y|| < & < §. Besides, % = r*~' o, and we obtain

5 d—1
‘“y‘_|P1*7Ty| < 3(4) clo+1 rd—la.

Finally, thanks to Hypothesis 5, we write
luy| = 1(Z (y,r) = u(Z (x,r = |lx—yll))
3\ ¢
> ol sl 2o (3)

and we obtain

il —lpem| _ (BE e+ DA 1125 e 11
|y B C9(%)drd r 3dcg

Combined with Equation (35), we deduce

12.54-1 1
Wi (. proy) < 20t g

3dcqg
Term C. It is similar to Term A. First, one shows that
S Vy| — T,
Wl("yaPZ*ny) S2|y||‘|/p|2*y|r (36)
y

Using Equations (30) and (31) we get
R w — w
I~ P2y | < W 7+ )+ = — p(B (7 — @)+ =
R J— w
S (A r+llx—yll+ @) = p(B o r—a—[x=yl)) +2_-
By Hypothesis 6, we have

u(# (e r+lx =yl +a)) = u(#B (x,r—o—[x=y))
<cro(r+ =yl + ) 2 x -yl +2a)

which is not greater than c1o(3r)?~ 40 since [|x —y|| < a < 4. Moreover, ¥ = r4~ 1o, and we obtain

3. _
[Vy| = p2.my| < (4(§)d 1ClO‘*'2>”d 'at.
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‘We have seen that

vyl > (B (y,r — @) —

RI=
vV
|8
N
N~
N—

QU

Hence

Vol = P75 < (4(%)617]0104—2)%7105 ! 2d+2wa
|Vy| B %(%)d r C9 ’

and we deduce from Equation (36) that

3\d—1
(f) C]()+1a.

Wl(l'T}‘JPI*”y) < 2d+3 co

To conclude, summing up the Terms A, B and C gives W ([,Ty,VV) < c1700 with

2071 12.547 e+ 1 3 e +1
cp = +2 C]0+ +2d+3 (2) 10

C9 3dC9 C9

)

as wanted. O

As before, we prove a version of Lemma 4.7 where Hypothesis 6 is replaced by the weaker Hypothesis
7.

Lemma 4.8. Let w =W, (1, V). Let y € E. Suppose that there exists x € supp(l) such that ||x —y|| < a
with a = ( rd”ﬂ] )% and that | satisfies Hypotheses 5 and 7 at x with r < %. Assume that w <
min (cg, 1) (§)4™1. Then

S 1 1
W1 (uy,vy) <cigr? oz,

Ll g1 L (3yd-3
202 43257204472 | 5 ga2en(3)T 241

with c1g = o 3eg 30eg

Proof. The proof is similar as Lemma 4.7. Let us highlight the modifications. Since o < 7 and ¢ =

1o, we have the inequalities
1 1
Ot% Sir% and ggird_%a%
We still write the triangle inequality:
Wi (ty, Vy) < Wi(ly, pr.7y) + Wi (P17, P2, 7y) + Wi (P27, Vy) (37
A B C
where 7 is an optimal transport plan for W, (1, V).
Term B. The argument to obtain W (p1,7,, p2,. ) < 2‘: o is unchanged, and we use oz < %r% to get
24y
Wi (P17, P2, Ty) < ?a””

Term A. Using Hypothesis 7, we have

W(B (x,r+ [x—y]) — 1 (Z (x,r— ot — |lx =)
<en(r+llk—y)* 2 @lx -yl +a)?

d—1
5 2
<cii (4r> 32¢2.
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b

And since 2007, we get

— — w

Iy = p1.7) < B (xr+ = 1) — BB (57— @~ v =yl) +
e (3) 3 )t
slenlz +§ r .

lyl = (B (3,7)) = 1(B (x,r = [lx = yI]))

3 d
> eo(r— [l =) = co () y

Finally, we use

to obtain

_ 1,1
|‘uy‘—|171*717y\ < ((Cll(%)d 232 + .
I R

and we deduce

1 1 1
S = |pramy| _ 4-375%2¢ +4977 1

\%% <2 < 22,
l(l’,'yapl*ﬂ:_)) — |IJ}| V_ 3dC9 r

Term C. We use Hypothesis 7 to get

w( (x,r+|lx— || + @) — (B (x,r — ot — [x—¥|)))
< e (r+ x—yll+ o) 2 2|lx—y| +2a)?

1
3 \42
<2cqy (2}"> az.

1 1
< lrd’iocf, we get

D=

And since ¥

— — w

Wyl = Ip2.my| < (% (x,r + [l = yll + @) = (B (e r — = [lx =yl])) +2
3

< (2611 (z) +1)rd5a5.

ly| = 1(# (y,r) = u(Z (x,r = |lx—yll))

Finally, we use

to obtain

1

_1 1
|y = [P1,7] < Cen(3) 2+ 1
“’Ly‘ - C9(%)drd r% 3d69

and we deduce

_1
M,<2,4dw 11

Wi (1, <2
l(uyapl*ny) = |‘uy‘ 3dC9

We finally obtain the result by summing Terms A, B and C.
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Remark 4.9. Let us comment the inequality of Lemma 4.7 with p = 1, valid for all r such that Wy (u,v) <
min (a, 1) (ﬁ)d“ :

w1<u,v>>%.

WI(I-T)HVT) <crr <rdl (38)

If r is assumed to be constant, the behavior of Wi (fiy, Vy), when W (1, V) goes to 0, is W (ILy, Vy) <

i

Wi (u, v)%. On the other hand, if r is supposed to follow the worst case, i.e., r is of order Wy (i, v) @+,
1
then W (L, V) is of order W (11, vy) S Wi (U, v) @+,
A similar stability result already appears in [39, Theorem 4.3], where u and v are two probability

measures on a bounded set X, and u satisfy the following condition: Vx € X, Vs,r < 0s.t. s < r, we have
wAr) o (£)4. The theorem states that, denoting D = diam(X), for all x € X,

WA(xs)) —

1 N4
W (. 75) < (1+27) M+<1+W> _1
D

When r < D and W (u, V) goes to zero, we obtain that W (ILy, Vx) is of order

Wi (7)< (1+2)D° (W) g

The exponent on r is greater here than in Equation (38).
Let us show that the order we obtained, (%)%, is optimal. More precisely, let us show that, for

every d > 1, r > 0 and € > 0 fixed, there exists measures { and v on R that satisfies the assumptions of
Lemma 4.7, but such that

1
_ Wi(u,v)\2
Wi (Hy, Vy) > ca (lrﬂ(/jl)) —€

1

with ¢; = T«lH (%) ® . We consider the following example. Let = %’ﬁ 1 be the Lebesgue measure

on the hypercube [0, 1]¢. Denote y = (%, - %) its center, B = % (y, r) the open ball, and A the annulus
defined as

A=RB(y,r+e)\ZA(,r)

where 0 < € <r < %. In the following, r stays fixed, and € will go to zero. Consider the probability
measure

d—1
[0,1]4\A + Sdfll’dfl %(@(y,r)'

Let 11, and v, be the localized probability measures associated to p and v with parameter r. We shall
show that
Wi(u,v)isoforder “~'e? and W, ([, Vy) is of order €

when € — 0. These measures are depicted in Figure 21.
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H v Fy Yy

Figure 21: The measures involved in the example. A hatched area represents the d-dimensional Hausdorff
measure ¢, and a bold circle represents the (d — 1)-dimensional Hausdorff measure 7274~

Step 1: Study of Wi(u,v). An optimal transport plan between { and Vv is given by transporting

d Vy(r+e)d —vrd d—1
the submeasure 7" of u onto the submeasure 7# =5, Byr) of v via the map x — HXH

Consequently, the Wasserstein distance is

Va( r+8 —Vyr? d
Wi(u,v — —x|| ———————d(x).
)= f - g 5 T s
A change of coordinates shows that
/ v Ll drt(x / / YA (1) d A (1),
A 9B(0,1)

Let us split the integral as

r+¢€ "r+-€ "r+-€
/ (t—r)tdfld%”'(t):/ tdd%'(z)—/ @t (r).

On the one hand, we have

/rr+ 1A (1) = ((r+e)d+' —rd+1)

d+1
d d pA—1g2
=rle+— SrE +o0(€%),
where the Little-O notation refers to € — 0. On the other hand,
r+¢€ d 1
/ rt? 1 d! ®=r <rd1£ + 5 pd—2g2 +o(e )2>
-

d—1
=rle4+—— 5 ré- 182+o( €%).

We deduce that [/7*(r —r)r¢=1d#" (t) = 1r?~1e? +-0(€?), and

J

dVy d—1
27

r
X— —X

] 0 = S e o),
X

2

In other words, W;(u,v) = e +o(e?).

Step 2: Study of W1 (ILy, Vy). Consider the measures

S g 1 Va(r+e)! =Vyr'\ 4

Hoe= Vdrd B \Valrred " Vilrte)ydved ) B
B 1 0 Var+e) vyt

Y Va(r+e)d (% Sg_1rd-! Kot



Let us compute the Wasserstein distance W (fly, Vy). As before, an optimal transport plan is given by
Vd(}’+8 le‘d %d

transporting the submeasure Valrre)TVyrd of 1, onto the submeasure %%‘ljé " of v,.
We have:
Wi (i, vy) = x‘m H Vil r+8 dVdrd d%ﬂ (x)

A change of coordinates yields

d%d( ) Sa—1 d+1.

a d(d+1)

J

Vd(r—|—£)d—Vdrd _ dle’dilg-f—O(Sz) d €

Besides, we have

= =— 0(?).
Vd(rJrs)dVdrd Vd(r+£)dVdrd Vdrd“—i_ ( )
We deduce that
S — Sdfl d 2 d
\\% Vy) = —————€+0(¢€ ——e+0(e
i) = gy v, €T OE) = e+ ot -
dVd -1

Step 3: Comparison of the distances. Using W (i, v) =
0(€?), we get

e? +o(e?) and W1 (15, 7)) = e+

2
Wi (/. %) 1 (z51) 2d
= 10) h = = )
W1 (V) Ca g1t () where ¢4 v, T 1),

Together with W (1, v)% = O(¢g), we deduce the result:
Wi (.LTya‘Ty) =c?

4.4 Stability of the estimation

In this subsection we study the stability of the normalized local covariance matrix operator [ — f“(~)
(see Definition 4.1) with respect to the W, metric on measures.

As an introduction to the problem, let i and v be two probability measures, x € supp(i) Nsupp(V),
and consider the Frobenius distance ||f‘1 (x) —Zy(x) HF between the normalized local covariance matrices.
One shows that this distance is related to the 1-Wasserstein distance between the localized probability
measures L, and Vy via the following inequality (see Equation (41) in the proof of Lemma 4.12):

50 3) Sy < 2 W1 1,72,

Without any assumption on the measures, it is not true that Wy (I, V) goes to 0 as W (u, v) does (see
Remark 4.10). However, if we assume that u satisfies the Hypotheses 5 and 6, that x satisfies A (x) > 0
and that r is chosen such that

1
Wi\
4<min(09,1)> <r<min (l(x),2p>,

then we have seen in Lemma 4.7 that

1
W 2
Wi (B, V7)< 17 (‘rf,“lv)) . (39)
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As a consequence of this inequality, estimating local covariance matrices is robust in Wasserstein distance:

Hfu(x) _EV(X)HF <217 (rd+1

We point out that another result of this kind bounds the distance ||, (x) — Zy (x)||, with the co-Wasserstein
distance W (i, V) [38, Theorem 3]. Namely, if u and v are fully supported probability measures with
densities upper bounded by / > 0 and supports included in X C R?, denoting D = diam(X), we have

120 (x) =Zv (¥) || < 1AW (i, V),

_ 4 (D) D) (D) | 24 (r+D)*?
where A = 705 53 A Tdm e pa

Remark 4.10. In general, for x € supp(ft) Nsupp(V), it is not true that ||Z, (x) — Xy (x) ||F goes to zero as
Wi (u,Vv) goes to zero. To see this, one can consider € > 0, and the measures on R defined as

p=15(%+8) and  v=21(8+3d1e)

where 0, denotes the Dirac mass on x. Choose the scale parameter r = 1. Restricting the measures u and
v to the ball %(0,1) of R gives Tig = 3 (8 + 1) and V5 = &. According to Definition 4.1, we deduce
that the local covariance matrices are

2, (0) = $1%2 and  X,(0)=0.

Hence [|Z,(x) — Xy (x)HF = 1, independently of €. But, on the other hand, we have W (i, v) = 1,
which goes to zero.

Similarly, W, , ({1, V) does not have to go to zero when W (i, v) does. Indeed, a similar computation
shows that the local covariance matrices at 1 are

Tu(l) = $192 and  Z,(1)=0,
and we deduce that the lifted measures are
. 1

=7 (5(0,%@2) +5(151®2)) and V=5 (800)+11e0))-

Using the optimal transport plan 7 between i and V that sends 6(0 }1e2) to §(0,0) and 6(1 }1e2) 10 &(14£,0)>

we get
w2 (i, v) = <[ (0, 2192) — (0,0 LG R S (14 e0
p,Y IJ'a - 2 ’ 2 I ’ 2 ’ 2 ’
14
1 Y\P 2 1?2 }/)P
= — —_ —_ > — .

2((2) +<8 +7'24) ) > (3

Again, we see that W) (f, V) is lower bounded, independently of €. Hence W, ;(fi,V) does not go to

zero as W (U, v) does. However, under regularity assumptions on 1, the following proposition states that
it is the case.

p

Y

Proposition 4.11. Let 1 and v be two probability measures on E. Suppose that | satisfies Hypotheses 5,
6 and 7. Define w = W,(U, V). Suppose that r < min (ﬁ, 1) and w < min (co, 1) (5)*™!. Then

1 1

. w2 ALl owo Nz
Wpy(fL, V) < 2w+ e (ﬁ) " yclon(A)r (m) '

with c19 = 4(1+c29) and ¢y = 4cis.
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Proof. According to Lemma 4.12 stated below, we have

Wit <27 (142 w25 2 ([ Wi man(e))
’ r

r

1
Let o = (%) * Lemma 4.13, also stated below, gives

1
P p—1
( / Wl(ux,vy)dﬂ(x,y)> "< <clgr% w(A") ot +C20a>
Combining these inequalities yields

Wpﬁy(ﬂa‘v/)fzpp w27 l(w+2p” Czoa)+(2 ”) lClsr%.u(lr)voﬂ
r r

a L /o2

§2w+2-2y(%+2m7)+22~2yclgu(7v)p (%)

p=1 . .
where we used 2 » < 2. Beside, since r < 1, we have w < 1, and

1 1

_ (W )2 4t wo\2
w={g7) r*w (fdfl) =a.

=
IA

Consequently, we have

. p=1 p=1 p=1 o p=1y\2
Wﬁﬂpy)gznxw+2p2y@+az>qg +(2p) 2ye1su (A7)

r

<
/N
~| R
N———
S

1
2

We obtain the result by replacing ¢ with (%) . O

Let us interpret the inequality given by Proposition 4.11:

1 1
.. W,(u,v)\?2 , L (Wi, v)\?4
W y(f,V) <2W, (1, v) + yeig (‘;Sffl)) +yciolt (A7) P (‘;((ffl)) )

The lifted measures [ and V are defined on the lift space £ x M(E). Hence the Wasserstein distance
W,,.»(It, V) may witness a difference with respect to the Euclidean coordinate (E-coordinate) or the matrix
coordinate (M(E)-coordinate). We can interpret this inequality as follows:

o the first term 2W, (i, v) is to be seen as the initial Euclidean error between the measures (1 and v,

1
e the second term Ycjo (Wi’d(ffv))z corresponds to the local errors Wi (L, Vy) in M(E) when

comparing the normalized covariance matrices of points away from the self-intersections of .#,

1
. 1
* the third term yc|ou(A")? (W) * stands for the error in M(E) on points close to the self-

intersections of .#. The quantity of such points is measured via ((A"), the measure of the r-
sublevel set of the normal reach.

As a consequence of this proposition, the map y — [1, seen as a map between spaces of measures endowed
with the Wassertein metric, is continuous on the set of measures u which satisfy Hypotheses 5, 6 and 7
with 55 > r.

We now give the lemmas used in the proof of this Proposition 4.11.

Lemma 4.12. Let 7w be an optimal transport plan for W,(u,v). Then

2 p=12
D)Wt +27 2 ([ Wi wente )

.o -1
Wy (i, v) <27 (H'
r
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Proof. We first prove the following fact: for every x € supp(tt) and y € supp(V),
[ 2 () = v ()| < 27 ([Ix = ¥l + Wi (Fx, %)) - (41
Let p be any transport plan between [i, and V. We have
Za6) = 2v() = [ (=) mdux / ()
= / X — x — /) ) 42)
For any ¥’ € % (x,r) and y’ € % (y,r), we can use Lemma 4.3 to get
2 2
| =)= =) 2| < (U=l =Y

Therefore, Equation (42) yields

22 (0) —Zv ()| < /Zr(llx—yll+HX’—y’H)dP(X’,y’)
<2r([lx =yl + Wi (i, vy)) -

Now, a transport plan 7 for W, (1, v) begin given, we build a transport plan 7 for (fi, V) as follows:
for every ¢ : (E x M(E))?> — R with compact support, let % satisfy

[ oA B A = [ 6 (6Tu(x). 50 ) dy)
We have the upper bound
Why (%) < [ 1064) = 0.B) d(x,A.3.B)
= [ (s P[5 -2 ) amte)
< [ (=314 78l = 209 ) dm(.) @)

Besides, Equation (41) gives

150 ) 20 < 5 1500~ 200 < 2 Qe —3ll+ Wi (5, 75)).

We can use the inequality (a + b)? < 2r-1 (aP +bP), where a,b > 0, to deduce

(1 =311+ Y2 = ZuO)le)” < (1472 (=3l + W75 )

2y 2 P
s2ﬂ1(<1+ >x yll) 4or! (rywl(ux,vy) .

By inserting this inequality in Equation (43) we obtain

Wit <27 [ (142 peoyt) (2w 7)) ante)
2 (142 Wy 2 ()] [wim wane),

which yields the result. O
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Lemma4.13. Letw =W ,(u,Vv) and define ot = (%)% Suppose that r < ﬁ andw <min (cg, 1) ()

Let 7 be an optimal transport plan for W, (u,v). Then

(/Wi wonten )

1 1 1

-1
<27 (Clsﬂﬂ(lr)‘

Q\
+
—~
)

S

B
+
)
>
2
+
S
3
~—
Q
+
+
)
2
~

If we suppose that r < 1, then

_ % p=1 1 11
( / W‘f(ux,v»dn(x,y)) <2 (cwrtu(i)rab +exna)

with coo =3+ c15+c16+c17.

Proof. We denote w =W, (11, v) and & = (1) 2. Let us subdivide the integral as follows:

J W@ Ran(ey) = [+ [+ [ Wim ()
where

s A={(xy) | lx=y[ = a},
* B={(x,y)|[x—yl <a and A(x)>r},
* C={(xy)|lx—yl <o and A(x) <r}.

Term A. We use the following simple upper bound:

Wi (e, vy) < Wi(I, &) + Wi (6, 8y) + Wi (8y, Vy)
<r+lx—yll+r

to obtain W/ (i, vy) < 277! ((Zr)’7 + HX—}’HP) and

| W@ dn ) < [ 277 (@07 4 =] )d(ny)
<2 @y ma)+ [ 277! =y dney)
=201 (2r)P I (A) + 20w

Besides, Markov inequality yields

w

7(4) = 2({(03) | vl > @) = 2 ({e) | Iv—ol” > ) < (£)".
Therefore,
/A W (H, Vy)dz(x,y) <2771 (2r)? (g)” +2r7 P
=2r1 2 a)P + 27" TP,

where we used r2 = r? o on the last line.

Term B. On the event B, we write

Wi (E7‘Ty) < Wl(mvl’Tv) +W; (.lTyv‘T))
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Since A(x) > r, Lemma 4.5 and Lemma 4.7 give W (I, Iiy) < c15[|x —y|| and W1 (T, Vy) < c17a. We
deduce that

[ W )an(xy) <27 [ (ers e yl)7 + (ero)Pdn(ny)
< 2r—1 (ClSW)p _,'_21171 (C17(X)p.

Term C. We proceed as for Term B, but using Lemmas 4.6 and 4.8 instead of Lemmas 4.5 and 4.7. This
yields

Wi (e, vy) < Wi (I, y) + Wi (i, Vy)
< 0167'% Hx—y||% —|—018r%06%,
and we deduce that
. _ 1 1\P
Wi T an () < 2071 (ciort e lF) am(ry)

p
—|—2p71717(C) (Clgr%a%) . (45)
On the one hand, we have [ |jx— || 5 dr(x,y) < [pupllx —}’”g dm(x,y), and by Jensen’s inequality,

L =l amtey) < ).
ExXE

On the other hand, by definition of C, we have n(C) < u(A"). Hence Equation (45) yields

/Wl(E,Vy)dﬂ(x,y) <or-! (msr%w%)p—k?’*lu(lr) <c1sr%a%)p~
c

To conclude the proof, we write
JWi @y = [+ [+ [ Wi e
<2r1 (ZrdOC)p 427 yP 4 or- ! (c15sw)? 42071 (cr7a)?

P P
+2r1 (clér%w%) —|—2p71[¢l(lr) (C]gr%ot%> .

We use the inequality (a + b)% < a% + b%, where a,b > 0, to get

(/Wi manten )

p—1

<2%

11 1 11
20+ w+cisw+ 170+ creriw? +u(A")rcgr? a2>

d+l

1
<2 clgr%y(lr)ﬁa% + (Zr"—s—cmr iy +cl7) o+ (1 +615)W>7

(
“

1 1 d+1 . .
where we used c1gr2w?2 = cigr 2 o on the the last line. This proves the first result.

. .. d+1 d—1 1 .
If we suppose r < 1, we can use the inequalities M <r 7 <landw=arz w2 < a to obtain the
simplified expression

==

E n—1
(/W](,ux,vy)dn(x,y)) <25 <clgr%u(;v) a5+(3+c15+c16+cl7)a>,

as wanted. O
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4.5 An approximation theorem

We are now able to state that the lifted measure V is close to the exact lifted measure [ly, that is, V is a
consistent estimator of fiy, in Wasserstein distance.

Theorem 4.14. Assume that .#y and Wy satisfy Hypotheses 1, 2, 3. Let v be any probability measure.
Denote w =W (i, V). Suppose that r < min (Zp 1) and w < min (co, 1) (4)?"!. Then

1

1 1
WiV, flo) < Year (A7) + yerar + yero (%) 2w

where co] =2+ %c’lg.

Proof. By using the triangle inequality W, (V, flo) < W, »(V, i1) + W, 4 ({1, fip), we see that the result is
a direct consequence of Propositions 4.2 and 4.11. O

Remark 4.15. The quality of the bound given by Theorem 4.14 is balanced by the contributions of
Propositions 4.2 and 4.11. According to the first one, the quantity W, ;(fl, fip) is minimized when r
is as small as possible, and according to the second one, the distance W, ,(V, [1) is minimized when r is
chosen large. Roughly speaking, to optimize the bound given by the theorem, we have to pick a r given by

equating the terms r and ( T ) , thatis, r = W3 . We will make this choice in the following corollary.

Remark 4.16. In the case where . is embedded, we have seen in Proposition 3.6 that the normal reach
A is bounded below by reach(.#) > 0. In particular, p(A") is zero for r small enough. In this case,
Theorem 4.14 reads

1
v v w 2
W, y(V, flo) < Ye1ar+yeio (rdﬁ) " ow

We deduce an approximation result: if (v;);>o is a sequence of probability measures such that w; =
W, (1, Vi) goes to zero, and if we choose a sequence of radii (r;);>o such that (r;);>o and (w, / rd+1)
go to zero, then W, (V;, fly) goes to zero too.
More generally, W, (V;, flp) goes to zero if we only assume that .# satisfies Hypothesis 4. This
is stated in the following corollary, which is a weaker version of the theorem, that we shall use in the
following section to simplify the results.

i>0

Corollary 4.17. Let r > 0. Assume that My and Wy satisfy Hypotheses 1, 2 and 4. Let v be any probability
measure. Denote w =W, (U, V). Suppose that r < min (ZP J 4, l) and w < min (co, 1) (§)?™3. Then

WiV, i) < (14 yez2)r?

1
with ¢y = ¢ (6‘4) ? +c19 +C14.
Proof. According to Theorem 4.14, we have

1

Y, r 1 w 7
Wpy(V,fio) < Year (A7)7 +yerar +yero (W) +2w.

1

Note that the assumption w < ( )d+3 yields (,d+1 ) ’ <r. Besides, r < 1 yields w < (ﬁ)d+3 < % Finally,
Hypothesis 4 gives t(A") < c4r, and we deduce the result:

1

W,y (V, o) < yeai(car)? + Yerar+ yeror+r
1 1
< (7621 (ca)? +ycr1a+yero + 1) re
1

where we used to the weak upper bound r < r7 on the last line. O
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5 Topological inference with the lifted measure

Based on the results of the last section, we show how the lifted measure V can be used to infer the
homotopy type of .# or its homology groups.

5.1 Overview of the method

Let us recall the results obtained so far. Assume that the immersion u: .#y — .# and the measure g
satisfy the Hypotheses 1, 2 and 3. Our goal is to estimate the exact lifted measure iy on E x M(E),
since its support is the submanifold A, which is diffeomorphic to .#y. To do so, we suppose that we are
observing a measure v on E. No assumptions are made on v. Our results only depends on the Wasserstein
distance w = WI,(/VL7 V), where [t = u,lly. Recall that the measure Iy is defined as (see Equation (21)):

1 .
TPt }

fio = (s t0) (x0) © { 8

To approximate iy, pick a parameter r > 0 and consider the lifted measure V built on v (see Definition
4.2):

V=v(x)® {%V(x)}.

Choose y > 0. Endow the space E x M(E) with the norm |[-[|,, (see Equation (22)), and consider the
Wasserstein distance W, y(-,-) between measures on E x M(E) (see Equation (23)). We quantify the
quality of the approximation by the Wasserstein distance W, ,(flo, V). According to Theorem 4.14, we
have

1
2

v o~ 1 w
WiV o) < Fea (A7) + perar+ yers (g ) 42
as long as the parameter r satisfies

w a+ 1
4 —¥ <r < min|—,1).
min (cg, 1) 2p

Under Hypothesis 4, Corollary 4.17 gives a weaker form of this result. We have

Wp”(f/,ﬂo) < (1 —&-’)/622)}’1]7’

as long as the parameter r satisfies

1
T3 1
Y <r < min( == rl).
min (cg, 1) 2p

In the following subsections, we show how these results lead to consistent estimations of .#; and its
homology. Namely, we can estimate the homotopy type of .#, and hence of .#, by considering
the sublevel sets of the DTM dy ,, , (see Corollary 5.3). The notation dy,,, corresponds to the
DTM, as defined in Subsect. 2.3, with measure Vv, parameter m, and seen in the ambient space
(E xM(E), || ||y> Besides, we can estimate the persistent homology of the DTM-filtration Wy/[fi] with

the filtration W,[V] (see Corollary 5.5). Here, W,[-] corresponds to the DTM-filtration in the ambient
space (E * M(E), H-Ily)~

Example 5.1. Let .# be the lemniscate of Bernoulli of diameter 2. It is the immersion of a circle .#j.
We observe a 100-sample X of .# (Figure 22). Experimentally, we computed the Hausdorff distance

dy (A ,X) ~ 0.026. Let u be the Hausdorff measure on .# and v the empirical measure on X. We
choose the parameter p = 2. Their Wasserstein distance is approximately W, (i, v) ~ 0.015.
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Figure 22: Left: The lemniscate .. Right: The set X, a 100-sample of .Z .
For each point x of X, we compute the normalized local covariance matrix Xy (x) with parameter r = 0.5
and 0.1. This matrix is used as an estimator of the tangent space 7,.#. In order to observe the quality
of this estimation, we represent on Figure 23 (first row) the principal axes of X (x) for some x. On the

second row are represented the distances va (x) — ﬁ pTx//;HF. One sees that » = 0.1 yields a better
approximation. However, the estimation is still biased next to the self-intersection points of .Z .

an....' ......l 1 1
* " 0 0
r=0.5 r=20.1

Figure 23: First row: The eigenvectors of X, (x) for some x € X, weighted with their corresponding
eigeinvalue. Second row: color representation of the distances HEV (x)— dlﬁ DTt HF

Now we choose the parameter Y = 2. For r = 0.5 and 0.1, we consider the lifted measures built on v,
respectively denoted V%> and V0!, They are measure on the lift space R?> x M(R?), which is endowed
with the norm |-[|,.. We computed the Wasserstein distances:

Way (f10, V%) ~0.674  and  Way (fig, VO') ~ 0.200.
In comparison, even with a small parameter r, the Hausdorff distance between their support is still large:
dy (A4 ,supp(V*?)) ~ 1.142  and  dy (A, supp(V*!)) ~ 1.273.

These sets are represented in Figure 24. Observe that, at the center of the graphs, the measures V°-> and
V91 deviate from the set .# .
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Figure 24: Left: The lifted lemniscate M, projected in a 3-dimensional subspace via PCA. Center: The
set supp(V") projected in the same 3-dimensional subspace. Right: Same for supp(v%!).

Example 5.2. Let u: .#y — .4 be the figure-8 immersion of the torus in R>, represented in Figure
25. It can be parametrized by rotating a lemniscate around an axis, while forming a full twist. The
self-intersection points of this immersion corresponds to the inner circle formed by the center of the
lemniscate. These are the points x of .# such that their normal reach A (x) is zero.

.|

Figure 25: Left: The immersion .# of the torus. Right: A section of .#. One sees the inner lemniscate.

Let .# be the lift of .#. It is a submanifold of R? x M(R3) ~ R!2. One cannot embed .# in R> by
performing a PCA. However, we can try to visualize .# by considering a small section of it. Figure
26 represents a subset of M, projected in a 3-dimensional subspace via PCA. One sees that it does not
self-intersect.

Figure 26: Left: A section of .# . Right: The corresponding section of M, projected in a 3-dimensional
subspace via PCA. Observe that it does not self-intersect.

In order to fit in the context of our study, let u be the Hausdorff measure on .#. We observe a 9000-
sample X of .#, and consider its empirical measure v. The set X is depicted in Figure 27. Choose the
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parameter p = 1. We compute the Wasserstein distance W;(u, V) = 0.070 and the Hausdorff distance
dy (#,X) = 0.083. Let r = 0.09. In order to observe the estimation of tangent spaces by local
covariance matrices Xy (x) with parameter r, we represent on Figure 27 the points x such that the distance
||fv (x)— %ﬂ DT, ||F is greater than 1. Observe that the estimation is biased next to the self-intersection
circle of .Z .

Last, let us choose the parameter ¥ = 2, and consider the lifted measure V. We have Wi (fip, V) ~
0.986. In comparison, the Hausdorff distance between their support is large: dy (//Z , supp(\vl)) ~2.188.

Figure 27: Left: The set X, a sample of . Right: The set X, where x € X is colored in magenta if
=) = Fzprals = 1.

5.2 Homotopy type estimation with the DTM

In this subsection, we use the DTM, as defined in Subsect. 2.3, to infer the homotopy type of M from
the lifted measure V. We shall use the DTM on V, which lives in the space E x M(E) endowed with the
norm ||-[|,. Itis denoted dy , y-

In order to apply Theorem 2.7 in our setting, we have to consider geometric quantities associated to
the submanifold .#. Note that the map i itself satisfies the Hypotheses 2 and 3, since the immersion u
does. Hence we can consider the following quantities: for every ¥ > 0, we denote by

» reachy(.# ) the reach of .# (for the norm 1[I,
* Py lv,o,y, fmin_y and fmax,y the constants given by Hypotheses 2 and 3 applied to M,
* C3y= fmin#]mian the constant given by Proposition 3.14 Point 1 applied to fly.

According to Subsect. 2.1, a sufficient condition for .# to satisfy reachy(//lv ) > 0 is that it is a €>-
submanifold. This would be the case if . and u were €. Also, we point out that the constant Py cannot
be deduced from p: the first one can be arbitrary large or small compared to the second one, even with y
being fixed. This remark holds for the other constants.

These constants being given, we propose a way to tune the parameters r, ¥, m and ¢ in such a way that
the ¢-sublevel set d@,_’m,y of the DTM captures the homotopy type of M, or equivalently, of .Z.

Corollary 5.3. Assume that #y and Uy satisfy Hypotheses 1, 2, 3 and 4. Let v be any probability measure
on E. Denote w = W (UL, V). Choose r >0, y> 0and m € (0,1) such that

1
W d+3 . 1
b 4(m> §r§m1n<ﬁ,}’4,l)

23,y

() 7 and

cmS
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\ 1
I 1 ( reachy (.4 i
o (14 1yen)r2 <m?2 (redc g( ) (CZY) )

Define € and choose t as follows:

1 1

m d r\2 .
£= (523#) + (14 ye2n) <%> and te [46,reachy(///) - 38} .

Then the sublevel set of the DTM dtV,m# is homotopy equivalent to .

Proof. In order to fit in the context of Theorem 2.7, we have to consider the usual Euclidean norm ||-||
on E x M(E). It corresponds to the norm ||||, with ¥ = 1. For a general parameter ¥ > 0, consider the
dilatation map iy: E x M(E) — E x M(E) defined as

iy: (x,A) = (x,YA).
A computation shows that, for every probability measures @, 8 on E x M(E), we have
Woy(a,B) = W2<(i)/)*05a (i)/)*ﬁ)v

where W, denotes the 2-Wasserstein distance on E X M(E) endowed with the usual Euclidean norm ||-|.
Corollary 4.17 then reads

o 1
W (i)l (i) ¥) < (14 7en)r?,
where (iy)«flo and (iy).V are the push-forwards of [l and V by the map iy. Besides, consider the set
My =iy(M) ={(x,YA) | (x,A) € A }.
It is clear that
reachy(.# ) = reach(.4y),

where we recall that reachy(.#) is the reach of ./ with respect to the norm (|~ and reach(.#y) is the
reach of ,//Zy with respect to the usual norm |[|-|| on E x M(E). Finally, consider the DTM d;, ).y, With
respect to the usual Euclidean norm. Observe that, for every ¢ > 0, the sublevel sets of the DTM d(,»y)*vym
and dy ,, y are linked via

&} = iy (d50)

In particular, they share the same homotopy type. Now we obtain the result as a consequence of Theorem
2.7 applied to the measures (iy).flo and (iy).V. Let us verify that the assumptions of the theorem are
satisfied. Our assumption about m ensures that

1
v <0
23,y 20y

1
hence by Proposition 3.14 Point 1 we get [io(% (x,r)) > &3 47 for all x € supp(fio) and r < <v’" )d.

€23y

. 1
Moreover, the assumption about (1 + Ycp2)r2 ensures that

<reachg(//z) - (CZ) é)

is satisfied, since Wa ((iy)«flo, (iy)«V) < (1+ }/czz)r% by Corollary 4.17. O

D=

W, ((iy)*.‘vl{)z (iy)*‘v/) =m
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Example 5.4. Let .# be the lemniscate of Bernoulli, as in Example 5.1. Suppose that u is the uniform
distribution on .#, and Vv is the empirical measure on a 500-sample of .#Z. We choose the parameters
Y=2,r=0.03 and m = 0.01. Let V be the lifted measure associated to v. Figure 28 represents set the
supp(V), and the values of the DTM dy ,, , on it. Observe that the anomalous points, i.e., points for which
the local covariance matrix is not well estimated, have large DTM values.

0.7

—0

Figure 28: Left: The set supp(V) C R? x M(R?), projected in a 3-dimensional subspace via PCA. Right:
The set supp(V) with colors indicating the value of the DTM dy , 5.

5.3 Persistent homology with DTM-filtrations

In this subsection, we aim to estimate the DTM-filtration of [ly, as defined in Subsect. 2.3, from v. We
shall use the DTM-filtration on V, denoted W,[V], with respect to the ambient norm |[-[|, on E x M(E).
We use the notations Py and ¢»3 , of the previous subsection.

Corollary 5.5. Assume that #y and Wy satisfy Hypotheses 1, 2, 3 and 4. Let v be any probability
measure. Denote Wy (L, v) = w. Choose r >0, y> 0 and m € (0,1) such that

1
w d+3 . 1
4(m) SrSmln(E,m,l),
23y
« \d’
(2py)

1

. (1 —H’sz)ﬂ < %.

omg

Then we have a bound on the interleaving distance between the DTM-filtrations:

1 1

d; (Wy[ﬂo],Wy[\v/]) < 5117(1 + ’J/C22)7}’l1771’Z -I-CV/LYm%,

1
where ¢1 , = 8diam(.# )+ 8y+5 and CV/LV =2 (5237,,)73.

Proof. As in the proof of Corollary 5.3, let iy be the map iy: (x,A) — (x,YA). Let W[-| denotes the DTM-
filtration on V with respect to the usual Euclidean norm. That is, the filtration W[-] corresponds to W]
with y = 1. A computation shows that the filtration W([(iy). V]| and W,[V] are linked via

W((iy). V] = iy (Wy[V]) .

Now let w = W ((i%)+flo, (i7)+ V). We have w = W» y([lo, V), hence Corollary 4.17 gives

< (14 ye) 1. (46)
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Moreover, we can apply Corollary 2.9 to ut = (i¥).fip and v = (i?),.V to get

v 2

OV Bl W) < 17 (2 )81 @)

g 1
where ¢y = (8diam(.#) +5) and &y=2 (¢23,7) . Note that

5 1 2\ 2
diam(.7) < (diam(///)z—HfZ (22> ) < diam(.Z)+7y

. . 1 1 _ 1 . 523‘7
since the matrices T PTon have norm H T PTa HF = a2 < 5. Our assumption m < (2V ) - ensures that

Py
the condition flo(Z% (x,r)) > 523,7,#1 of the theorem is satisfied. Similarly, the assumption (1 + yczz) r3 <
}L yields w < %.
Combining Equations (46) and (47) we get
7y~ 7 < LI N R |
di (W[(i") ko], W[(i7) . V]) < &1 (14 yea) *m 2 r% 48 yma.

Now, by using the definition of an interleaving of filtrations, one proves that

di (Wy[fiol, W 1V]) = s (W[ ol WI(ET). V)
and we obtain the result. O

Example 5.6. Say that u is the uniform measure on the union of five intersecting circles of radius 1. We
observe v, the empirical measure on the point cloud X drawn in Figure 29. It consists of 300 points per
circle, and 100 anomalous points. Let p = 1. Experimentally, we have W (i, v) = 0.044.

.
- . - * ”~»

.
.
. . .
.
. . ,
. o , \
. .
.
.
. % .
. . o .

.

Figure 29: Left: the set .# = supp(u). Right: The set X = supp(Vv).

Let y = 1. Observe that the barcodes of the DTM-filtration of the exact lifted measure Wy/[flo], represented
in Figure 30, reveal the homology of the disjoint union of five circles—which is the set .#. Only bars
of length larger than 0.1 are displayed. We consider the construction of the lifted V with parameter
r = 0.03, and the DTM-filtration with m = 0.01. The barcodes of the DTM-filtration Wy [V] are close to
the barcodes of Wy/[fly]. To compare, we also plot the persistence barcodes of the usual Cech filtration on
supp(V). Observe that the five connected components do not appear clearly anymore.
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Figure 30: First row: Persistence barcode of the 0- and 1-homology of the DTM-filtration on [ly. Second
row: Same for V. Third row: Persistence barcodes of the usual Cech filtration on supp(V).

At this point, we can propose a clustering procedure based on Wy [V]. First, select a ¢ € [0,40). Then,
extract the connected components of the set Wy[V] of the DTM-filtration. We show in Figure 31 the
components we obtain for several values of 7. We see that there exists a value for which the five circles a
well clustered (f = 0.2). Besides, observe that small values of ¢ (resp. large) may lead to more connected
components than wanted (resp. less).

VA\YWARN :
N

t=0.13 t=0.2 t=04

N

Figure 31: Components obtained by the clustering procedure, where each color correspond to a cluster.
The clusterings consist respectively in 21, 5 and 2 clusters.

From an algorithmic viewpoint, this clustering can be obtained by computing the connected components
of the nerve of the set Wf,[\vi] or, equivalently, the connected components of its underlying graph G. As we
see from the definition of the DTM-filtration (Equation (4)), the vertices of G are the points X € supp(V)
with DTM value dy ,, (¥) not greater than ¢, and where an edge [X,] is added if

||x _y” +d\7,m,7(i) ""_d\v/,m,y()\;) <t.

Example 5.7. Consider the immersion of the Klein bottle in R? represented in Figure 32. Note that the
self-intersection of this immersion forms a circle. We consider a 22'092-sample X of it.

Figure 32: Sample of the Klein bottle immersed in R3.
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Let v be the empirical measure on this point cloud. We build the lifted measure V with parameters
r=10.08 and y = 3, and we consider the DTM-filtration W, [V] with parameter m = 0.0001. The barcodes
of this filtration are depicted in Figure 33, with coefficients in two finite field: Z/2Z and Z /3Z. We also
plot the barcodes of the usual Cech filtration of X in R3. Only bars of length larger than 0.4 are displayed.

W) V]

Cech filtration

'_— '_—
0 1 0 1

over Z /27 over Z/3Z

Figure 33: First row: Persistence barcode of the 1-homology of the DTM-filtration on V. Second row:
Persistence barcodes of the usual Cech filtration on X.

We see that the barcodes of Wy[V] over Z/2Z and 7 /37 differ. This is a consequence of the homology
of the Klein bottle itself, which depends on the field of coefficients. Over Z/27Z, its first homology group
is (Z/27)%, while over Z/37 it is Z/37. These homology groups can be read on the right part of the
barcodes. In comparison, the barcodes of the usual Cech filtration are the same.

Example 5.8. As a last example, we consider two datasets that do not satisfy the hypotheses we studied.
Hence the present paper does not provide theoretical guarantees, although our method gives interesting
results. The first point cloud, denoted X;, is sampled on the unit cube of R3. It is made up of 6 x 2000
points. It can be seen as the immersion of six squares. Note that this immersion does not satisfy the model
considered in this paper since the squares are manifolds with boundaries. The second point cloud, X>, is
sampled on the union of three spheres and a circle. It is made up of 4 x 2000 points. This subset can be
seen as the immersion of the disjoint union of three spheres and a circle. Again, this does not fit in our
model, since these manifolds have different dimensions. These point clouds are represented in Figure 34.

Figure 34: Left: X; is a 12/000-sample of the cube. Right: X; is a 8000-sample of the immersion of three
spheres and a circle.

We represent on Figure 35 the 0-persistence diagrams of the DTM-filtrations of their lifted measures. We
choose the parameters r = 0.05, y =2, m = 0.01 for X;, and r = 0.2, y =2, m = 0.01 for X;. Observe that
the first barcode contains six long bars, corresponding to the six faces of the cube. Similarly, the second
barcode contains four long bars, corresponding to the three spheres and the circle.
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Figure 35: Left: Persistence barcode of the 0-homology of the DTM-filtration of the lifted measure built
from X;. Right: Same for X,.

In Figure 36, we apply the clustering procedure described in Example 5.6. For t = 0.35, X is clustered
into 83 connected components. We see that there are six main connected components, represented by the
faces, and a few outliers. Similarly, we chose t = 0.6 for X, and obtained 20 connected components, four
of them representing the four underlying objects.

Figure 36: Left: the clustering procedure applied to X; att = 0.35. Right: Same for X, at# = 0.6.

6 Conclusion

In this paper we described a method to estimate the tangent bundle of a manifold .#, immersed in a
Euclidean space, based on a sample of its image. This estimation is stable in Wasserstein distance. Using
the DTM, we are able to estimate the homotopy type of .#y. Moreover, via the DTM-filtrations, we
can define a filtration of the space R” x M(R") whose persistence module contains information about the
homology of .#.

The robust estimation of tangent bundles of manifolds opens the way to the estimation of other
topological invariants than homology groups—such as characteristic classes—a problem that will be
addressed in further works.

Also, as we pointed out in Subsect. 5.2, it would be interesting to understand the geometric quantities
associated to the lifted manifold .# (such as Py, lv,g,y, fmin# and fmaw) as a function of those associated
with the initial manifold .# (p, Lo, fimin and fax)-

Acknowledgements. I would like to thank Frédéric Chazal, Marc Glisse and Théo Lacombe for fruitful
discussions and corrections. I also thank the anonymous reviewers for their precious corrections and
suggestions.

A Notations

We adopt the following notations:
* n,d > 0 are integers.

e If x,y € R, min (x,y) is the minimum of x and y.
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* I is the interval [0,+-c0) or [0,7] for T > 0.

* E = R" is the Euclidean space, M(E) the vector space of n x n matrices, ¥, (E) the Grassmannian
of d-planes in E.

* Ais asubset of E, med (A) denotes its medial axis, reach(A) its reach. For every x € E, dist (x,A)
is the distance from x to A.

 For x,y € E, x Ly denotes the orthogonality of x and y
s Ifx,y € E,x®y =x'y € M(E) is the outer product, and x*? = x®x.

* ||-|| is the Euclidean norm on E and (-, -) the corresponding inner product, |- || the Frobenius norm
on M(E), |||, the y-norm on E x M(E) (defined in Subsect. 4.1).

* W, is the p-Wasserstein distance between measures on E, W, , is the (p,y)-Wasserstein distance
between measures on E X M(E) (defined in Subsect. 4.1).

o % is the d-dimensional Hausdorff measure on E or on a subspace T C E (not renormalized).

o If u is a measure of positive finite mass, |¢t| denotes its mass, [t = ﬁ U is the associated probability
measure, {1 denotes the associated lifted measure (introduced in Subsect. 4.1).

¢ 14 is the indicator function of a measurable set A.
e If T is a subspace of E, pr denotes the orthogonal projection matrix on 7.

* % (x,r) and & (x,r) denote the open and closed balls of E, d.% (x,r) the sphere. V; and S;_;
denote .#%(2%(0,1)) and 71 (0% (0,1)) (note that Sy_1 = dV,,).

* . is a Riemannian manifold, and 2. 4, (x,r) and 2 4, (x,r) denote the open and closed geodesics
balls. For xo,yo € 40, d_y4,(x0,y0) denotes the geodesic distance.

o If T is a subspace of E, %y (x,r) and %7 (x,r) denote the open and closed balls of T for the
Euclidean distance.

« If f is a map with values in R and ¢ € R, f* denotes the sublevel set f' = f~1 ((—oo,1]).

)

B Table of constants
In the following table, each constant is preceded by the result where it appeared first. If a constant

is defined from the others, it is indicated here. The indices are arbitrary and only reflect the order of
apparition of each result.
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Index Result Constant

| Corollary 2.9 a, ¢ =8diam(supp(ut))+5, ¢, =2a"7
2. Hypothesis 2 p
3 Hypothesis 3 Lo, fmin»  fmax
4. Hypothesis 4 c4, T4
3. Lemma 3.4 c5:t— % (17\/@)
6. Lemma 3.9 Join = (34, Jmax = (3)¢
7 Lemma 3.11 ¢7 = 4LoJmax + 4P fnax
3. Proposition 3.13 cg=c7+ fmaXJmadedp
9. Proposition 3.13, Hypothesis 5 ¢9 = findminVa
10. Proposition 3.13, Hypothesis 6  ¢jo = d24 fmaxJmax Vi
11. Proposition 3.14, Hypothesis 7 ¢11 = % ( 4pm>4d22dﬁ
12. Subsect. 3.3 A Ay, O
13. Proposition 3.19 r13 = min (Sig(pe) , Sin(4®)2 e Si:(@) ,A)
et = (5257) Valwan 2 ()
14. Proposition 4.1 c14 =6p+ m (407 +fmax2ddp + Cg) s
15. Lemma 4.5 15 =2(l—|—45§—;]) %
16. Lemma4.6 Cl6 = <2+ 2%227% ) o
17. Lemma 4.7 c17 = % 2% +2d+3(%)d_cl%+l |
L | _
18. Lemma 4.8 clg = zi;z 4'375{173742'9] 42 +2-44 2611(%3:9 cha
19. Proposition 4.11 ci9 =4(14c2), clg=4cis
20. Lemma 4.13 c0=3+ci5+ci6+cr17
21. Theorem 4.14 c21 :2+%c’19 =2(1+cy3)
22. Corollary 4.17 2 = o1 (64)% +c19+cCla
23 Subsect. 5.2 By fings €237 = FrninyIminVa
24. Corollary 5.5 ¢1y = 8diam(.#) +8y+5, ¢ ,=2 (¢23,9) ~

C Supplementary material for Sect. 2

Proof of Lemma 2.4. The proof is based on the following observations. We can use the triangle inequality,
then the Pythagorean Theorem with (v,y —x) = 0 and Lemma 2.3 Point 1 to get

17(8) = x|l < [[v+2v) = xl| +[[7(2) = (+2v)|

2 2, P2
S Vvl + lly =27+ 51

= t2+lz+gt2.

63



For any r < %, consider the equation

r2+12+’; ?=r (48)

By squaring this equality, we get %) (1+ pr)t> + (r> —t*) = 0. By considering the polynomial
T+ (%)2 T? —(1+pr)T + (r* —t?), whose discriminant is 1 +2pr+(pt)? > 0, we see that the solutions
of Equation (48) are

T = \f\/l+pr1/l+2pr+p2l2 and T| = \f\/1+pr+\/1+2pr+pzlz.

Following the same ideas, one obtains

() —x|| > V2 + 12— ”2

Moreover, the equation
V2 + 12— gtz =r (49)

admits the following roots:

= \f\/l—pr—\/l—Zpﬂrpzlz and Tj = \f\/l—pr+\/l—2pr+p212.

We now prove the five points successively.

Point 1. Observe that ¢ (t) =2 (7(¢), y(t) — x), and that
6(1) =2(7(0), 7(1)) + 2 (¥(1), y(t) — x) .
)

By Cauchy-Schwarz inequality, (¥(z),y(t) —x) > — ||#(t)|| ||7(t) — x||. Note that (y(¢),7(¢)) = 1 since y
is parametrized by arc-length, and that ||¥(¢)|] < p by Equation (1). Hence we get
(1) = 2(1—p |ly(r) —xI)). (50)

Consider Equation (48) with r = %. We see that ||y(¢) — x| < % when ¢ is lower than

V2
1 =—1\/2—4/3+p2.
1 o p

In this case, ¢(¢) > 0 according to Equation (50). Since ¢(0) = 0, we deduce that ¢ is increasing on
[0,T1].

Point 2. As we have seen with Equation (49), we have || y(¢ ) x|| > rwhent € (T»,7;). In order to give
an upper bound on T5, we use the inequality v/b — \/a = NN \f(b a) < \f(b a), where a < b, to get

1—pr—y/1-2pr+p22 < 1 !

\/7 Since r < 55, we obtain 7> < 2v/r? — 2,
Point 3. When [ =0, algebraic mampulatlons show that 7> = %( 1—/1—=2pr)and Ty = %(1 +/T—=2p7).

202 2
prp(r )

and we conclude that 75 <

Point 4. Consider the map ¢ : 7 — ||7(r) —x||*. By definition of b, for all € (0, 5), we have || y(t) — x|| < r.
Hence Equation (50) gives ¢(t) > 2(1 — pr). It follows that ¢ (¢) > 2(1 — pr)t, and that

/¢ dt>/21—prtdt

— (1-pr)(B>—a).
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Note that r = ¢(b). Besides, s> = ¢(a) or s> < ¢(a), depending on whether s > [ or s < [. In both cases,
we have 2 — s> > ¢ (b ) — ¢(a), and we deduce that

2 —5*>(1—pr)(b*—d?).
Writing 2 — s* = (r+s)(r—s) and b* —a* = (b+a) (b —a) leads to

boa< r+s 1
b+al—pr

(r—s). (51)

Now, let us give a lower bound on b. According to Equation (48), b is lower bounded by T} =

§\/1 +pr—+/14+2pr+p2i2. Using the inequality v/b — \/a = ﬁﬁ(b —a)> ﬁ(b —a), where

a < b, we get
1
1 —/1+2 22> ———_p*(rt-12
+pr +2pr+p?l =305, )p (r- =1,

and we conclude that b > (1 + pr)~ RV ey Injecting b+a > b > (1 + pr)*%\/ r2 —s2 in Equation
(51) yields

b(v)—a(v) < (ll—HZ)rjz r2

2p,wegetbfa§ V6vVi2 —s2.

Point 5. When [ =0, we have b(v) +a(v) > r+s. Hence Equation (51) yields b(v) —a(v) < - (r—s).
Using r < %, we obtain b(v) —a(v) <2(r—s). O

— 52,

Under the hypothesis r <

of Corollary 2.9. We shall first study an intermediate quantity. Let u be a probability measure on £ = R”,
€ (0,1), and d s the corresponding DTM. Consider the quantity ¢(u,m) is defined as

c(u,m)=sup dyn(x).
xesupp(u)

Suppose that u satisfies the following for r» < (%) Vx € supp(u), (% (x,r)) > ar?. Let us show that
c(u,m) < Cmia with C =a~ 1. By definition,

8us(x)=inf{r>0|p(#(x,r)) >t} and dim(x) 1 Om627

Using the assumption p(% (x,r)) > ar? for all x € supp(u), we get 8, (x) < (%)5, and a simple
computation yields
d /t\i _/t\i
Gt < 755 (5) < (@)
m(0) < 5 <\

We can now prove the corollary. Let 7 be an optimal transport plan for w = W3 (i, v). Denote ot = w2
and D = diam(supp(tt)). Define 7’ to be 7 restricted to the set {x,y € E | ||x—y|| < a}. We denote its

. . . 2
marginals 4’ and v'. By Markov inequality, 1 —|7'| < *5 = w, where we recall that | 7| denotes the total

which yields the result.

mass of /. Consider the probability measures u’ = ﬁ u' and v/ = I\}—,Iv’ . Let us show that we have
W, (1, ') =2Da, Wo (W, VvV)<a  and W (v,V/) <2(1+D)a. (52)
The first inequality is an application of Lemma 4.4:

W (u,1) <2(1—|u')2D =2(1 — |7'])2D < 2w D.
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To obtain the second inequality, we write

— — — dn’(x,y
WGV) = [ le-ylPamn) = [ eyl T

1
< 1 | Ieyllantey)

Hence Jensen inequality leads to W (1, V) < ﬁ Since 1 — || < w, we have ﬁ < 7, and the
% %

assumption w < % yields ;- < a. This proves the second point. Finally, we obtain the third inequality
by applying the triangle inequality:

W, (V,W) <W; (V,[J) +Ws (.l'LvW) +W, (va) .
Next, let us deduce that
c(i',m) < e(u) +m~22Da
c(v/,

and (v',m) §c([.l,,m)+(m_%+m_%2D+1) o. (53)

The first inequality follows from the stability of the DTM (see Equation (3)):

c(Wm)= sup dy(x)< sup  du(x)+m TWo (1, p),
xesupp(u') xesupp(u’)

and we conclude with W, (,u,ﬁ) = 2Da. In order to prove the second inequality, we also use Equation

3):

c(Viim)=sup dy(x) < sup d(x) FmTIW, (u',v').
xesupp(V/) xesupp(V/)

Since 7’ has support included in {x,y € E | ||x—y|| < a}, we use the fact that the DTM is 1-Lipschitz to
obtain

sup dy(x) < sup dp(v)+a=c(u,m)+a
xesupp(V') x€esupp(i)

and we deduce
e(V,m) < et m) +ac+m~2Wa (17, V')
<c(u,m)+ (mfé +m 2D+ e
We can now conclude with Theorem 2.8. In our context, it reads
di(WIL],WV]) <m Wy (1, 1) +m~3Wy (W, V) +m~ "Wy (v, V) + (', m) + (v, m)
< (m 24D+ 1) +4(D+1)) e+ 2¢(u,m),

where we used Equations (52) and (53) on the last line. Since m < 1, we can simplify this expression into
1
dy (W[u],W[v]) <m~2(8D+5)a+2c(u,m).

We conclude the proof by using the inequality c(p,m) < a~amd shown at the beginning of the proof. [J
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