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ABSTRACT

The ice multiplication by fragmentation associated with collision—freezing
of supercooled drops is investigated. A zero—dimensional dynamical system
describing the time evolution of the number density of the supercooled drops
and the ice crystals in a mixed—phase cloud is developed. The analytical so-
lutions of this system are derived for various asymptotic limits. Especially,
when the ice fragmentation by freezing supercooled drops is considered in
its isolation, a complete analytical solution is available, which shows that
the originally—existed supercooled drops are simply all converted into the ice
crystals multiplied by a fragmentation number per freezing. When constant
generation of both supercooled drops and ice crystals is considered, the ice—
crystal number tends to linearly increase with time with the rate given by the
sum of the primary—ice and the the supercooled—drop sources with the latter
multiplied by the fragmentation number per freezing. The study concludes
that the ice multiplication by fragmentation of freezing drops can be a cru-
cial process in certain situations. Yet its multiplication tendency is limited by
availability of supercooled rain or drizzle and by whether the freezing tem-
perature allows more than one fragment to be emitted per frozen drop so as
to allow a positive feedback with collisional raindrop-freezing. When there
is no more rain or drizzle, the multiplication stops. When there is copious
supercooled rain initially and temperatures are optimal, then this fragmenta-
tion can be more prolific than the other multiplication processes such as the

Hallett—Mossop process and the ice—ice collision process.
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1. Introduction

Coincident measurements of concentrations ice particles in clouds and of active ice nucleus (IN)
aerosols in the environment have shown a discrepancy by orders of magnitude, in clouds too warm
for homogeneous freezing (Hobbs 1969, Auer et al. 1969). This has been explained in terms of
fragmentation of ice. Several pathways of fragmentation have been observed in the laboratory, but
their relative importance has been unclear.

One possible type of fragmentation is shattering during collision—freezing of supercooled drops.
Generally the rate of freezing of a drop is limited by the rate of dissipation of latent heat. Initially,
the latent heat from freezing is converted to thermal energy of the drop, raising its temperature
close to 0°C almost instantaneously. In this first stage, needles of ice permeate the drop. In the
subsequent stage, the latent heat flows down the gradient of temperature to the surroundings, once
a steady state has been reached. The rate of dissipation to the air governs the freezing rate. The
fastest rate of freezing occurs for freezing as near as possible to the drop surface. Hence, the
freezing occurs from the outside inwards, with a shell of ice encasing the liquid core.

It is experimentally observed that as the ice shell thickens, the expansion on freezing can some-
times cause the shell to shatter (Wildeman et al. 2017). Splinters of ice can then be emitted into the
air. Many ealier laboratory experiments (Latham and Mason 1961, Brownscombe and Thorndike
1968, Dye and Hobbs 1968, Hobbs and Alkezweeny 1968, Takahashi and Yalashita 1969) mea-
sured this fragmentation for drops in free-fall: See Mossop (1970) as a review. Only a few splinters
are typically emitted per frozen drops (usually less than about 1-10 depending on temperature and
size). On the other hand, there is a positive feedback that can lead to all supercooled drops being
frozen quite quickly: as ice splinters are emitted they can grow and after a minute or so are large

enough to collide efficiently with supercooled drops, freezing them.
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Phillips et al. (2001) quantified the effect of this multiplication mechanism by raindrop-
splintering for a New Mexican convective cloud. It was found that it was less prolific than the
Hallett—Mossop (1974) process of rime-splintering between -3 and -8°C when cloud-droplets
freeze on impact with graupel. However, Lawson et al. (2015) simulated another observed case
with a spectral bin microphysics parcel model and found the positive feedback to account for the
observed ice.

Phillips et al. (2018) provided a comprehensive formulation to treat rain— or drizzle—drop freez-
ing fragmentation by pooling published data from past laboratory studies in the literature. Two
modes were represented:

e Mode 1: spherical drop-freezing when incident ice particle is less massive than the drop or due
to immersed IN activating, with an outer ice shell growing inwards and breaking;

e Mode 2: non-spherical drop-freezing when incident ice particle is more massive than the drop
and ice particles may be present in the splash.

Only mode 1 has been observed in the lab comprehensively. For mode 2 a theoretical approach
for the physics of the collision was invoked. After creating an empirical formulation for mode 1
alone, Phillips et al. (2018) applied it to a simulation of a composite case of deep convection from
the tropical Atlantic in ICE-T (Ice in Clouds Experiment—Tropical). They found observed ice
concentrations were predicted in a bin microphysical parcel model with the new schemes for an
assumed probability of 50% (-10°C) for the chance of any drop in the splash containing ice due to
partial freezing on impact.

The empirical scheme for numbers of secondary fragments per drop, N, from spherical drop-
freezing of mode 1 was expressed by Phillips et al. (2018) with a 2D phase-space of drop diam-
eter and freezing temperature. A peak of N near -15°C was observed. Construction of a zero—

dimensional (OD) model of monodisperse populations of crystals, graupel (from drop-freezing)
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and supercooled drops without fallout showed that the positive feedback with exponential growth
of ice concentrations only occurs for N > 1, which is found at diameters of 0.1 mm between about
-13 and -17°C, 0.2 mm (or 0.4 mm) between about -10°C and -20°C and 1.6 mm when colder
than -7°C. When mode 2 was included in the 0D model, the realm of instability was extended to a
wider range of temperature.

The purpose of the present paper is to extend this investigation of the efficiency of the ice frag-
mentation by spherical drop-freezing from such a theoretical point of view. A similar 0D dynam-
ical system is applied for this purpose, generalized to include a source of raindrops from coales-
cence, as presented in the next section. By taking the similar methodologies, Yano and Phillips
(2011) and Yano et al. (2016) have investigated the efficiency of the Hallett—-Mossop and the ice—
ice collision ice—-multiplication processes. Yano et al. (2016) further list the various methodologies
applicable for interpreting the behavior of a dynamical system, and in that manner, the basic nature
of a given microphysical process described by the given dynamical system can be elucidated.

The most basic strategy is to develop an asymptotic expansion by assuming a certain physical
parameter to be small. We emphasize that a given physical parameter may not be necessarily small
arithmetically, but it can still be introduced as a small parameter in order to obtain insights to the
basic behavior of the system. This most basic strategy is systematically applied in the present
study. After introducing a formulation of the problem in the next section, theoretical analysis
considers first the ice fragmentation process of mode 1 in its isolation in Sec. 3 and the feedbacks
are quantified. General analyses are presented in Sec. 4. Obtained results are further discussed in
Sec. 5.

2. 0D Model

a. Basic Assumptions
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We consider a cloud at subzero temperatures consisting of supercooled drops, ice crystals, and
graupel. Their number densities are designated by 7,, n;, and ng, respectively. Collisions between
ice crystals and supercooled drops cause freezing to the latter leading to formation of graupel,
associated with N (up to 10-100) secondary fragments of ice emitted by each frozen drop. The
rate that supercooled drops freezes by collision of ice particles may be given by Kn,n;, where K is
a coefficient describing the product of the collision efficiency and rate of geometric sweep-out of
air volume per second (collection kernel, m3 sec™ ).

We further assume constant generations, c¢g and ¢;, of supercooled rain and ice crystals, respec-
tively. We also assume that the supercooled rain is lost by fall with a characteristic time scale of
Tr. Some of those additional processes may be turned off in the following as required.

Here, being consistent with our earlier studies (Yano and Phillips, 2011, Yano et al. 2016,
Phillips et al. 2018), no spatial dimension is considered.

b. Mathematical Formulation
From the physical assumptions just introduced above, the mathematical description of this mi-

crophysical system is presented by

nr=co—Knmnj—n, /¢ (2.1a)

nj= ci—I—KN'n,ni (2.1b)

Note that the drop—freezing is initiated by capture (loss) of an ice particle, and leads to a gain of N
ice particles by fragmentation so that N' = N — 1 more ice particles are found after drop—freezing
in total per drop frozen. This means that for some conditions of drop size and freezing temperature
(as reviewed by Pruppacher and Klett 1997), there can be N’ < 0, such as at diameters less than
about 0.1 mm near the optimum of -15°C and 0.5-1 mm at temperatures several degrees warmer

or colder than this. For a monodisperse population of drops, when N’ < 0, then there is capture
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of splinters causing a decrease with time of the crystal concentration with incomplete freezing of
the population of drops. This corresponds to a situation in reality with a continuum of drop sizes
in any cloudy volume but with insufficiently numerous large drops to cause any explosion of ice
concentration (Sec. 1).

Additionally, the time evolution of the graupel number, ng, is presented by
ng = Knni—ng/7,

also assuming that the graupel is lost from the cloud-microphysical system by fall-out with a
characteristic time—scale, 7,. However, the graupel number, ng, does not affect the subsequent
evolution of the remaining part of the system. Thus, in the following, the evolution of n, will not
be considered.

c. Nondimensionalization

Nondimensionalization is crucial to ensure a systematic investigation of a given system, be-
cause it reduces the parameters characterizing the system to a smaller number of nondimensional
parameters, thus a parameter space for the investigation is much reduced.

In the following, we add the subscript * to the nondimensional variables in order to distinguish
them from the dimensional variables. Here, we introduce an unspecified time scale, 7, for nondi-
mensionalizing the time. Although the fall time—scale, 7¢, of rain is a natural choice for the scale,
we retain a certain freedom for the model analysis in this manner. Thus,

d 1d

—=——. 2.2
dt tdt, 22)
The particle number densities may be nondimensionalized by
n; = ni*/K‘L', (238.)
n, = n../KN't. (2.3b)
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By substituting the expressions (2.2), (2.3a, b) into Egs. (2.1a, b), we obtain a nondimensional-

ized system:

s = Co — KNjshys — EMipy, (2.4a)

Rjx = 61' + knr*ni*- (24b)

Here, we have introduced the following nondimensional parameters:

éo = KN't°cy, (2.52)
& = Kt2c;, (2.5b)
& =1T/15. (2.5¢)

Note that ¢y and ¢; are the nondimensional generation rates of liquid and ice; & measures the
magnitude of the rain sedimentation rate. Furthermore, the dimensionless tag, K, is introduced,
multiplying the freezing—fragmentation terms so as to indicate a contribution of this process to the
solutions. Formally K = 1 by nondimensionalization when this process is present and may be set
zero otherwise. Note that the time scale, 7, is defined by Eq. (3.5) below in retrospect.
3. Basic Analysis: Freezing—Drop Fragmentation Process in Isolation

As the simplest case, the shattering of ice particles by freezing drops is considered in isolation

away from the other processes. We obtain this situation by setting, &y = ¢; = & = 0 in the above

general system (2.4):

Ry = —Knysnis, (3.1a)

Ris = Kyt (3.1a)

Here, the tag, K, for the ice fragmentation process is still retained. Note that there is no nondi-

mensional parameter controlling this system. Thus, even in numerical terms, the interest of the
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investigation of this system only depends on the initial condition. As seen below, the initial con-
dition can further be normalized, because the characteristic time—scale, T, of the system remains
arbitrary due to the absence of rain sedimentation.

a. Full Solution

We identify two equilibrium solutions in this system: either n,, = 0 or n;, = 0 and the other
number density remains an arbitrary finite value. As suggested by Yano and Phillips (2011), as
well as Yano et al. (2016: See especially their Sec. 6.2), the standard procedure would be to
perform the linear perturbation analysis against these equilibrium states for inferring the tendency
of the system away from these equilibrium states.

However, in the present case, a full analytical solution is available for Egs. (3.1a, b). This is
realized by noting that the sum of the two particle number densities is conserved, as seen by
taking the sum of Egs. (3.1a, b):

d

g(m* +ni) =0. (3.2)

In dimensional terms, the above conservation law is

d
o (N'n, +n;) =0.
Thus, more precisely, the sum of the number densities, weighted by the ice—fragmentation number,

N’, on the rain water number density, n,, is conserved with time.

From Eq. (3.2), n;, can be written in terms of n,, by
Nix = N — Hpx, 3.3)

where ng = n,,(0) +n;,(0) is the initial total particle number. By substituting the above expression
into Eq. (3.1a), we obtain a differential equation solely in terms of n,.. It can be readily solved to
obtain:

s = (1p4(0) +13:(0)) (1 + 7i<(0) eKnoty =1, (3.42)
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Further substitution of the above solution into Eq. (3.3) leads to a solution for n;,:

i = (nr+(0) + 1, (0)) (1 + —’:lf gg; e~ Knot-) =1, (3.4b)

Note that the time-scale, 7, introduced above for non-dimensionalising the system remains ar-
bitrary. Thus without loss of generality, we may set the initial condition to ng = 1, which implies
that

=K Y(N'n.(0) +n;(0)) ! (3.5)

by referring to Eq. (2.3a, b). Note that the dimensionless characteristic time-scale for the expo-
nentials of both n,, and n; is just 1/ng in Eq (3.4a, b). This characteristic time-scale becomes T
when dimensionalised. In other words, the initial particle number dictates the characteristic time—
scale of the system, as shown by Phillips et al. (2018). Furthermore, the behaviour of the system
can be investigated systematically by solely changing the initial condition for 7, as a result. The
examples of time evolution for those normalizations are shown in Fig. 1.

It may also be worthwhile to note that the solutions (3.4a, b) are given in dimensional terms by:

ni(O)

ny = (n,(0) +ni(0)/N')[1+ me’“w"’(o)*”f((’))’]" (3.6a)
N'n.(0) _gn , _

The result shows that regardless of the initial condition, the system exponentially approaches to a
state only with the ice crystals, n; = N'n,(0) 4+ n;(0) by converting all the supercooled drops into
the ice. As a result, we also see that the state with n, # 0 and n; = 0 is unstable, and that with
n, = 0 and n; # 0 is stable against small perturbations.

Finally, the IE factor, f (1) = n;(t)/ni(0), evolves as

_ 1+N'n,(0)/ni(0)
" 14N, (0)/n;(0) e KNn-(0)+ni(0))e

f(t)
and the eventual ice enhancement reaches the maximum f = 1+ N'n,(0) /n;(0) as r — oo.

10
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b. Perturbation Analysis
A particular interest here is how the ice-number evolution is modified by slightly modifying its
value by n/,. As a result, the rain—water number is also perturbed by, say, ... In this isolated

setting, the total number density is conserved, thus we may set
", = —,. (3.7)
The pertubation equation for n/, is given by
i, = K (nisny., + ey,
or by substituting the number—concentration constraint (3.7),

. !
Ny _)Lni*a

where

A =K1y —njy) (3.8)

may be considered a feedback parameter characterizing this perturbation evolution. We see that
at the initial stage when the rain—water is relatively abundant, n,, — n;, > 0, and the feedback is
positive (splintering feedback), whereas when the ice number has substantially multiplied, 7, —
nix < 0, and the feedback becomes negative (drop—depletion feedback)

For any system in general, a feedback parameter may be defined as the rate of change of a
forcing, Q, of system evolution with respect to its response (a change in its state variable, x) with
A =dQ/dx. Here, A > 0 for a net positive feedback and A < 0 for a net negative feedback. The
forcing may be a function of variables quantifying several processes (Q = Q(x,X1,X3,...X,,)). By
performing this derivative as a partial derivative with respect to only one process variable, then the
derivative quantifies the feedback from that process (A; = (dQ/9dX;)(dX;/dx)). The total feedback

parameter is the sum of partial derivatives corresponding to all the processes by the chain rule:

11
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A =Y, A;. Thus the net feedback parameter has contributions from all the positive and negative
feedbacks of the system.

One can regard the above evolution equation (72, = I?nr*n,-*) for ice crystal number as arising
from two separate processes: splintering of freezing drops, controlled by #n,,, and depletion of
drops by collision with crystals, controlled by n;.. The evolution equation of the system (Eq. 3.8)
may be viewed as a special case of a more general equation, 7r;, = Q where Q = Q(njx, 1y ),
with rain and ice concentrations being hypothetically ‘independent’ contributions to the forcing Q
causing a response in ice concentration. The feedback strength has contributions from both pro-
cesses: A =dQ/dn;, = dQ/Ini + dQ/Inydn,./dni. = Ay + A, and with dn,./dn;, expressing
the linkage between rain and ice concentrations by the evolution equation for the drop deple-
tion process. Considering Q = Kn,.n;,, the feedback parameter thus has the two contributions,
A = dQ/dn;, = Kn,,, > 0 measuring the feedback from splintering (a positive feedback) and
Ay = 3Q/dn,.dn,, /dn;, = Knj, x (—1) < 0 measuring the feedback from drop depletion (a neg-
ative feedback). Thus, we arrive again at the same equation as above, A = A, + A, = K (Mps — Nix).-

The identified characteristics of the system is summarized in the phase-space of (1,4, n;) in
Fig. 2. Positive and negative feedbacks (A > 0 and A < 0 ) are realized over the regions of insta-
bility and stability (separated by the thick line, n;, = n,,), where splintering and drop-depletion
feedbacks prevail respectively. The system travels along the trajectory (line with arrow, in which
Ny« + nix. = ng) from one equilibrium point that is unstable (n,. = ng) to the other that is stable
(njx = ng). While travelling along the trajectory, the system goes from the realm of instability
(n,+« > n;,) to that of stability (1, < njs).

4. General Analysis
When the general case with &y # 0, ¢; # 0, & # 0 is considered, a full analytical solution is no

longer available, thus various asymptotic expansion methods are called for.

12



xs . Feedback Analysis

2«7 Probably the most useful starting point is to note that both the supercooled—drop and ice—particle
xs number densities, n,, and n;,, can evolve independently in absence of the drop freezing and the
20 subsequent ice fragmentation. We may consider this as a leading—order behaviour of the system

o (Eq2.4) by setting K = 0:

)
~

. oy  ©

1 = (n,.(0) — 8—°)e &l 4 8—0 (4.1a)
A) \)

% = ni, (0) + &1t (4.1b)

273
=+ The ice—fragmentation process is introduced as a process at O(K). Here, taking K as a per-
s turbation parameter for the asymptotic expansion is merely a device for analytically inferring the
2 behavior of the system. Recall that in fact, K=1 by definition. However, in this manner, we
2z can investigate how the evolution of the system is modified in the presence of ice fragmentation.
s Physically, this amounts for investigating the feedback to the system due to a presence of ice
s fragmentation.

=  Thus, a full solution may be approximately obtained by adding an O(K)—contribution to the

= above leading—order solution:

e =00 4+ RnlD) (4.22)

i =10 + RnD (4.2b)

284

=s  The O(K)-equations are given by

) = —n W0 — gl (4.3a)
Al = nOn. (4.3b)

288

(0)_(0)

= Here, note that the first term, n,,'n; ~, in the left-hand side of both equations represents the feed-

=0 back to the system due to the ice—fragmentation process. It may also be important to note that this

13
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term is nonlinear, but sicne this term is given, the above equations can readily be transformed into

an integral form

ts
n&') = —e_gft*/ ngg)n(o)egstdt*, (4.4a)
0

1
ntl) = / nn\Vdt. (4.4b)
0

1%

By substituting the leading—order solutions (4.1a, b) into the above, and performing the integrals,

we obtain
1 _ o Gi o Ci 2\1 e
e = | (nix(0) — —) — «(0) — =) (nix(0) 1t + =15 .
n [eg<" (0) 85) (nr+(0) 85)('1 (0)1 + 1)
¢ Ciy | 4
— S (n(0) = =) + 6, (4.5)
€ &
(l) 0 _6_0 nl*<0) 1_ —&slx
) = (0) = )M (1 - )
¢ Co.. 1 1 et ¢o i o
—(n4(0) = =) [— = (— +¢, 4+ —(ni (0)t + =17). 4.5b
e (1 (0) = D)= = (106754 D (O)r+-51) (@.5b)

We see that apart from the exponentially decaying tendency associated with the sedimentation, the
feedback is merely algebraic with no obvious destabilization tendency to the system.

The solutions may be further simplified by setting the initial condition to n,.(0) = é/¢&, and

nix(0) = 0:
coCi 1, _
np) = =0 (78 — 1) 41, (4.62)
€2 ‘g
1y 1&co
V== te. 4.6b
nl* 2 gs % ( )

The solution by this feedback analysis would be indicative of the evolution of the system at onset
of ice fragmentation. Note that the solution for n,. may further be approximated to

(1) _Léif o
2 °

4.7)

to the limit of # — 0. We see that the dimensionless concentrations of rain water and ice crystals

decrease and increase at the same rate, initially. This is consistent with the splintering positive

14
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feedback of ice multiplication (noted above for the simplest system) being boosted by the rates

of primary generation of crystals and drops, as well as by the fall-out time of drops being long

(compared to the characteristic time for glaciation). Fall-out of drops has a damping effect on the

splintering positive feedback.

b. Taylor—Expansion Solution

The feedback analysis of the last subsection suggests that the initial tendency of the system due

to the ice fragmentation is merely algebraic. It further suggests that an exact initial tendency of the

system may be obtained by directly applying the Taylor expansion to the solution. Thus, we set

Npsx = Z nr*,jtﬂjq
Jj=0

(o)
_ J
Njyx = Z ni*,jt*-
Jj=0

(4.82)

(4.8b)

In substitution of these Taylor expansions into the original full equations (2.4a, b) leads to a solu-

tion. In deriving the solution, we note particularly

oo j )

_ J

NpsNjy = Z an*,lni*,jfl ty.
=0 |i=0

With j =0, we obtain

Npg 1 = Co— Knr*,Oni*,O — &Ny 05

Nis.1 = €+ Knpy oniy 0.
Here, n,, o and n;, o are defined by the initial conditions. With j = 1, we further obtain

Npsx 2 = _K(nr*,Oni*,l + nr*,l"i*,O) — &Mk 15

Njx2 = K(nr*70ni*7l +nr*,1ni*,0)~

15

(4.9a)

(4.9b)

(4.10a)

(4.10b)
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Njx = éi(t* +
€

perturbation treatment.

Nps 1 = 0,
Njx,1 = Ci,

. CiCo
Npsx2 = —K )

&
~ CiCo

nixp =K .

&

Putting them together, the initial tendency of the solution is given by

o, o
npe= (1 —Rep?) +---

&
Ké
tf) 4+

S

c. Feedback Analysis with Distorted Physics

fragmentation to the hydrometeor types. Thus, we re—write Eqs. (2.4a, b) as

Rpe = €0 — K1 Njshps — ENps,

fli* =Cj +K2nr>kni*-

In order to simplify the expressions, again, we set n, o = ¢o/€& and n;, o = 0. Then we obtain

(4.11a)

(4.11b)

This solution (4.11a, b) may be compared with (4.7) and (4.6b) obtained in the last subsection. We

see that the feedback analysis underestimates the effect of the ice fragmentation by half due to its

A variation to the feedback analysis in Sec. 4.a is to differentiate the strength of the ice freezing—

(4.122)

(4.12b)

Here, we may artificially assume that the freezing fragmentation is negligible for the supercooled

w drops, thus K| < 1, and the effect of freezing—fragmentation is only felt by the ice particles to the
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leading order, assuming K> = O(1). Thus, we solve the problem with the following asymptotic
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expansion:

np =y + Kyt -

e+ Ry

Though such an assumption is hardly justified from a physical basis, this procedure provides a
useful insight into the evolution of the system during ice fragmentation. For this reason, we shall
call this method the feedback analysis with distorted physics.

The leading—order solution for n,, is, thus, given by Eq. (4.1a), whereas we solve the full prob-

lem for n;o, to the leading order:
d .

(5~ ko)) = éi,

(0)

This equation is linear in respect to n;,”, and its solution can easily be written in an integral form:

te o . [k
ng}) = [ni*(O)-i-/ 6iexp(—/ Ron'Qar"ydr!] exp(Kz/ nVdr,)
0 0 0

The second integral is readily performed and we obtain

1 1 A A
/ ngg)dt* = 8_(nr*<0) - @)(1 —e B+ C_Ot*
0

s & &

However, the first integral

L .t L K A K¢
| ek [ n@aiar. = [ expl- 22 (0) = D)1 —e )~ ZDn
0 0 0

A) SS A)
is not readily integrable, thus we focus on the two limits, 7, ~ 0 and ¢, — o.

(i) When 1, ~ 0, noting 1 — e~ 5" ~ g,, the integral becomes

1 “ ti 1 . ©)
/ exP(—Kz/ nDar’)dt, ~ T(l _ o Ron Oy,
0 0 Kzn,-* (0)

and the solution is
G ykon G (4.13a)
fon? (0) fon?(0)
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(i1) When ¢, — oo, the integral asymptotically approaches to:

2 L R Y. Kot 1
| exp(-Re [y 2 expl- 2l (0) ) - 20—
0 0 K>¢o & & & Kon,,/ (0)
thus
& K co.  Koé &
n = (1 (0) + g expl > (n2)(0) = %)+ =200, - 2L (4.13b)
Konyy' (0) & & & K>¢o

It is seen that in both limits, the ice—crystal number increases exponentially with time when the
decrease of supercooled drops by freezing is neglected.
We now turn to O(K7) in order to see the modifications of the both particles numbers by the

exponential ice—fragmentational multiplication:

(L1 enll) = V0, (4.14a)
dr.
(L _ K2 0,00 _ K2, 0 (4.14b)
dr. K, I3

Though it is possible to explicitly write down the full asymptotic solutions for the same two
limits as considered for the leading order, the expressions are lengthy, and not particularly illu-
minating. For this reason, we focus on the case with n,.(0) = éy/¢& and n;.(0) = 0. Note that
coincidentally, in this case, the two leading—order solutions (4.13a, b) agree. We also focus only
on the most dominant exponential term in the solution of Egs. (4.14a, b), neglecting the various
exponentially—decaying terms that follow.

After these simplifications, the first—order modification to the supercooled rain density, n,., due

to the freezing is given by:

(1 _ &¢Ci (Rado /)t
& . S/ (4.152)
Kz(KzC()—l—Ssz)

The result shows that as the first—order effect, collision freezing exponentially depletes the su-
percooled water due to the exponential multiplication of ice. If this result is taken literally, the

supercooled water would be completely depleted over a finite time. In reality, as the supercooled
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water begins to deplete, the ice fragmentation also slows down, thus it is more likely that super-
cooled water will be depleted in slower rate.

In turn, the first—order modification to the ice—particle number is:

A A %) 25 A 4 A A A
n(l) ___ CoG K565+ &K 60+ € CoCi ‘ ]el(zn(,g> (0)z. 4. (4.15b)
: — & A NN NN A~ A * .
l* K>Co+ 8s2 &K ¢y (K2CO + 8s2) K>Co+ 8s2

We see the exponential ice multiplication tendency is first, suppressed by the constant factor (the
first term), and further decreases linearly with time (the second term). Thus, the dominant expo-
nential term becomes negative over a finite term, and the only remaining positive contributions are
neglected exponentially—decaying terms. We interpret that the result suggests that though the ice
multiplies with time, the growth is weaker than exponential.
d. Asymptotic Tendency towards t, — oo

The analysis of the last subsection suggests (though it does not show) that the supercooled water
would deplete with a rate slower than exponential, and also the ice multiplies by fragmentation
with a rate slower than exponential. The most likely case is that the supercooled water decreases,
and the ice particles increase both algebraically with time. Thus, to the asymptotic limit towards

1, — oo, we may set

Nypsx ~ nr*Ot*_a7 (4.16a)

Miw ~ Nisot? . (4.16b)

Here, both o and 3 are expected to be positive constants, and the symbol ~ suggests that we are
only concerned with the asymptotic tendency toward ¢, — .

Substitution of the asymptotic expressions (4.16a, b) into Egs. (2.4a, b) leads to

+1)

—(a A D —a+ -
— O 40l ( ~ Co — Knjwonp«ot« F_ EsNrs0l Ot, (4.17a)

Brisot? ' ~ i + Knpuoniots P (4.17b)
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In order this asymptotic expression to be valid, the most dominant terms in terms of the power in
t, must balance.

n Eq. (4.17a), we find ¢, <Lt L, , thus the dominant expected asymptotic balance
is:

o — Rnzonots TP ~ 0. (4.18)

This balance is achieved when —o + B = 0, or @ = 3. It may be important to note that in asymp-
totic limit of 7, — oo, the equation for the supercooled rain number becomes quasi—stationary (i.e.,
the temporal tendency in the left hand side does not contribute to the leading order), and also the
sedimentation no longer plays a leading role (i.e., the 3rd term is the right hand side does not
contribute to the leading order).

By substituting o = 3 into Eq. (4.17b), we find
Briot? ! ~ & + Rnpuonivo.

Since the right hand side is positive definite, it must be balanced by a constant growing tendency

of the ice number, thus
ﬁ =1,

and also v =1 as a result.
Constants, n,.0 and n;.9, may be determined in a more straightforward manner by considering

the conservation of the total particle number, which is obtained by taking the sum of Egs. (2.4a, b):

_(nr* +ni*> = o+ C; — Enyy.

dt,

As t, — oo, n.,. — 0, thus the above conservation law asymptotically approaches to

s ~ Co + Ci. 4.19)
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Substituting Eq. (4.16a) into Eq. (4.19) with 8 = 1, we immediately obtain n;,g0 = éy + ¢;. By
further substituting this result into Eq. (4.18), we find 1,0 = éo[K (éo+¢&;)] ! Thus, the asymptotic
solution towards ¢ — o0 becomes

A

C() -1
My~ 1 4.20a
N G (4.20a)
His ~ (804 &)ty (4.20b)

In the limit of the long time scale, the ice crystals multiply by fragmentation linearly with time
at a rate defined by the sum of the supercooled—drop and primary—ice sources.

Finally, the asymptotic solution becomes when dimensions are included:

CQ 1
np~—————t 4.20a
" RK(N'co+ci) ( )
n; ~ (N'co+ci)t. (4.20b)

The definition of IE ratio, f = n; * (%) /n; (%) (tx), is the ratio of the total ice concentration to
the primary ice concentration. Thus it is a measure of the extent of secondary ice production.

So in the general case, if ¢; is non-zero and t — oo:

f=WNco/ci+1)/(ni(t =0)/(tc;) +1) = 1+N'co/c; (1)

The maximum IE ratio is approached on a timescale of n;(t = 0) /c;.

Otherwise without continuous primary ice nucleation, ¢; = 0 implies:

f(t) = N'eot/ (ni(t = 0))

taking the dimensional expressions for the source terms. Now there is no upper limit on the 1E

ratio, and it increases with time at a constant rate of N'co/n;(t = 0).
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The supercooled—drop number decreases only weakly with time at a rate ~ 7! maintaining a
quasi—stationarity with the generation rate balancing with the collision freezing rate. The rain
sedimentation does not play a leading role.

e. Perturbation Analysis

Finally, the perturbation analysis considered in Sec. 3.5 may also be performed for the full
problem. However, the procedure is more involved with the fact that the source and the sink terms
are involved in the full system, thus the total number density is no longer conserved, and it is no
longer possible to invoke a simple constraint as Eq. (3.7). Instead, we have to consider explicitly

the two perturbation equations for both r,., and n},:

i, = —(Knj + &), — Kny.n' (4.21a)

i*)

l’l;* = Ie("ll*n;* + nr*n;*) (4.21b)

The analysis of this system is further involved due to the fact that the linear operator in the right—
hand side also evolves with time. However, the problem can be simplified, as implicitly assumed
in Sec. 3.b, when the evolution of the reference state, (n,,n;s), is considered much slower than
that of the perturbations. In this case, the time derivative in the left—-hand side may be replaced by
an eigenvalue, A, and the above problem reduces to that of finding the eigenvalues for the linear

operator in the right hand side, which is determined from
12— (K — Knjy — £)A + R2njn. — (Knjy + &)Kn,, = 0.

Solving it for A, we obtain the two eigenvalues (adding the subscripts 1 and 2 for distinction):

(Ien,* — kni* — 8s) 4£sknr* 1/2
A = 1+4{1+— = / )
! 2 [ { (Knr* _Kni*_gs)z} ]
(I?nr* — I?ni* — Ss) 48slenr* 1/2
l = 1 - 1+ A A / M
2 2 =1 (Kny. — Knj, —es)2} ]
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The first eigenvalue reduces to Eq. (3.8) in the limit of & — 0, whereas the second reduces to
A2 = 0. The latter is simply interpreted as a manifestation of the conservation of the total particle
number number (3.7).

When a finite sedimentation rate (& # 0) is considered, the threshold from the positive to neg-
ative feedback for A; reduces by & (i.e., bias towards a negative “feedback™). Thus, the neutral
line shifts from n;, = n,, to nj, = n,, — &: the critical ice number density becomes smaller in the
presence of sedimentation. Some examples of the neutral lines are plotted in Fig. 3a for selective
sedimentation rates, &. In the presence of sedimentation, however, the neutral line no longer sep-
arates between the stable and the unstable regimes, but the stable regime upper left of the neutral
line identified in Fig. 2 also destabilizes due to the second eigenvalue, A,. Most importantly, in
these general situations, the perturbation evolution of the system is no longer interpreted in terms
of a single “perturbation” parameter, but the actual perturbation evolution is determined by a linear
combination of two exponential tendencies characterized by two eigenvalues, sensitively depend-
ing on the initial perturbation. Trajectories in the phase-space are shown in Fig. 3a for the special
case of & = 0 and ¢; = 0 by numerical integration of Eq (2.4), with primary ice only implicitly
represented by an initial nonzero value of ice concentration, n;.(* = 0) = 0.001. The simulations
are integrated until £+ = 10°.

The evolution over time of the IE ratio, f, for the same trajectories is shown in Fig. 3b. Two
stages of the glaciation are evident. First, there is the usual exponential growth of the ice concen-
tration by an IE ratio of up to 107 in a dimensionless time of 7+ < 1-10. During this stage, the
rain concentration is depleted almost to zero. If the integration of the corresponding dimensional
equations were performed, this initial stage would correspond to the time-scale of explosive frag-
mentation noted above of 7= 1/(K(n;(0)+n,(0)N")). Second, there is the subsequent exponential

relaxation to the asymptotic solution when ¢+ > 1-10, coinciding with a balance between supply
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of fresh drops (¢p > 0) and their depletion by fragmentation and collisions with ice splinters. In
this second stage, the rain concentration decreases steadily, inversely proportional with time.

5. Discussions

a. Efficiency of the Ice Multiplication Processes

Our theoretical investigation reveals that the ice multiplication by fragmentation of the freezing
drops is not always as potentially effective as the two other ice multiplication processes examined
by Yano and Phillips (2011), and Yano et al. (2016): Hallett—Mossop and ice—ice collision pro-
cesses. As shown in the Appendix C of Yano and Phillips (2011), the ice multiplication rate by the
Hallett—Mossop process is linearly proportional to the existing graupel number density. This leads
to an exponential multiplication of ice with time, assuming that the system is in quasi—equilibrium
between the ice particles and graupel, and also the supercooled cloud—droplets are re—adjusted to
an equilibrium number as graupel sweeps them through as the latter falls. As carefully analyzed
in Yano et al. (2011: see the Appendix especially), the ice multiplication by ice—ice collision is
fundamentally nonlinear, being proportional to the square of the ice-number density. In the ideal-
ized state with infinite water—vapor supply, this leads to an explosive increase of the ice number to
infinity within a finite time.

Compared to those rather strong multiplication tendencies found with these two processes, the
ice multiplication by fragmentation of freezing drops often tends to be rather modest. This stems
from the fact that this process relies on a number of supercooled drops available in the system,
and it essentially limits the possible number of ice fragments that can be generated. When the
ice fragmentation by freezing drops is considered in its isolation, as in Sec. 3, this conclusion
is especially clear: the final total number of ice fragments found is simply N'n,.(0) + n;(0) with
N = N’ + 1 the number of secondary ice fragments generated per freezing collision, and n,(0),

n;(0) are the initial numbers of supercooled drops and ice crystals, respectively.
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When both supercooled—water rain and primary—ice sources are added to the system, as in Sec. 4,
the behavior of the system becomes more involved. However, in the limit of the long time—scale,
the ice fragmentation number simply increases linearly with time by the rate that both supercooled
water and primary ice are supplied. We see that such a multiplication tendency is, generally, much
weaker than any of those found in Hallett—Mossop or ice—ice collision process.

However, in some observational situations, fragmentation of freezing drops does become a pri-
mary process of ice multiplication, especially when there is copious supercooled rain initially and
temperatures are optimal. A case during the ICET is such an example.

b. Comparison with the Observation

A quantitative observational comparison with the present theoretical results is provided by Law-
son et al. (2015), who present the measurements during ICET over U.S. Virgin Islands in July
2011. Their flights measuring cloud properties were performed in ascending order so that a
Lagrangian interpretation of data following the convective updrafts can be developed. The La-
grangian interpretation would also be further facilitated by considering the ice—fragmentation pro-
cess in its isolation as in Sec. 3.

In this framework, the key conserved quantity is the total particle number with the supercooled
drops multiplied by the fragmentation number per collision freezing. It also follows that the total
water content, as a sum of liquid and ice, is also conserved. Hence, the scatter plots for liquid and
ice values, both in terms of the number density and the water content would form a linear line with
a negative slope. The scatter plots using the measurements for varying heights (temperature levels)
averaged over various convective cores for both quantities in Fig. 4 clearly present a negative
correlation both for the number density (a) and the water content (b), being consistent with the

theory presented in Sec. 3, though the distributions are hardly aligned to any line.
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The strong scatter may be understood by two reasons: 1) the plots are hardly form a single
convective event, but a collection of many convective cores, though all of them are in similar
regime; 2) the source and the loss terms for both liquid and ice, neglected in the theory, would not
be negligible in practice. Considering those two caveats, these two scatter plots would rather be
considered a good support for the idealized theory presented in Sec. 3.

A rather surprising result from their data analysis is a fast glaciation process: they found that
3-5 g m—3 supercooled liquid are almost all glaciated over 3 min time at an elevation of 1-1.5 km
higher within an updraft core. Here, this rapid glaciation rate is easily explained by the theoretical

analysis in Sec. 3. Note that the collision efficiency is defined by
K= nrﬁvT

in terms of the radius, ry, of the supercooled drops, and the differential vertical velocity, vr,
between the supercooled drops and ice crystals. Assuming, ry ~ 10> um~ 10~% m, vy ~ 1 m/s,
we obtain

K ~rivy ~1078m3/s
Also setting n, ~ 1 cm 3 ~ 109 m—3, N’ ~ 1, the characteristic glaciation rate is estimated by

N'Kn, ~10711/s,

and the characteristic time scale is T ~ 10 sec by following the definition (3.5). Noting from
Fig. 1 that it typically takes about ten characteristic time scales for completing the glaciation, a
time required for completing the glaciation is also only 10? sec, being fairly comparable with the
observational estimate of 3 min.
c. Asymptotic Expansion Approaches

The present study has employed various asymptotic—expansion methods in order to elucidate

the basic behavior of the system for ice fragmentation by collision freezing of supercooled drops.

26



586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

Here, we emphasize that not all the asymptotic solutions presented herein are equally useful. Some
of them are not precise even in asymptotic sense, but merely for providing qualitative insights.
Nevertheless, they help to identify more rigorous methods for deriving more precise solutions.
For example, the feedback analysis in Sec. 4.a suggests the initial tendency of the system is alge-
braic in time, that further motivates us to determine the exact initial tendency by the Taylor expan-
sion method (Sec. 4.h). Though the exact Taylor—expansion result demonstrates that the feedback
analysis halves the initial parabolic tendency, at the same time, without support of the feedback
analysis, the Taylor—expansion solution is justified only in a strong limit of + — 0, because in
general, the presence of an exponentially growing tendency invalidates the Taylor—expansion so-
lution very rapidly in time. Another example is an approach of distorted physics considered in
Sec. 4.c. Again, though this analysis is not quantitatively accurate, the result suggests to consider
an algebraic tendency of the solution in the long time—scale limit, as considered in Sec. 4.d.

Asymptotic analyses presented herein are hardly exhaustive either, because some asymptotic
analyses are not particularly illuminating. For example, it is possible to consider the modification
of the solution presented in Sec. 3 by adding the sources, ¢y and ¢;, as perturbation terms. However,
such an analysis hardly elucidates a rather drastic change of the system behavior by adding finite
sources, as considered in Sec. 4.

Some of the analyses turn out to be rather subtle. For example, an alternative feedback analysis
by another assumption of distorted physics, K» < K; ~ 1, may also be considered. In this case, the
system exponentially approaches new equilibrium states up to first order. Yet it is rather difficult
to draw any physically meaningful conclusions from this solution.

d. Stochasticity of the Ice Fragmentation Process
Finally, we should keep in mind that the fragmentation number, N’, of ice per collision freezing is

not a fixed number even when a collision between a drop and an ice particle with fixed diameters
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is considered. One reason is that the number of fragments per spherically frozen drop (mode
1) varies by orders of magnitude depending on temperature. Vertical motions due to sloped in-
cloud drafts combined with sedimentation create variability of the ambient temperature. Equally,
even for identical conditions of freezing temperature and drop size, the number of drop fragments
varies dramatically from drop to drop. Macroscopically, it may be assumed to be probabilistic.
Kolomeychuk et al. 1975 observed that about 10% of all drops in their experiment (1.6 mm)
emitted about 90% of all the detected splinters. Considering only drops freezing between -15°C
and -18°C, 90% of the splinters were from a third of the drops.

Details of the collision process are complex for the most purposes of cloud microphysical mod-
eling, and the outcome of the fragmentation number by collision freezing may simply be consid-
ered a random number (cf., Kolomeychuk et al. 1975). As a result, the ice fragmentation may be
considered a stochastic process. This is an aspect, where further investigation may be warranted.
Here, we present short general theoretical observations for facilitating further studies.

As a whole, the contribution of stochasticity would also be best understood by adding this com-
ponent as a perturbation, say, SN’. In the general case considered in Sec. 4, under the asymptotic
limit to the long time scale, the ice—particle number, n;, asymptotically evolves solely depend-
ing on the strength of the two hydrometeor sources. This asymptotic tendency is not affected,
even when the fragmentation number fluctuates randomly. The latter effect only affects the time
evolution of the supercooled—drop number, n,. It can be shown that the resulting fluctuation, n/,
is dictated by a Brownian motion induced by white noise, N’, under a linear drag with a drag
coefficient linearly increasing with time.

On the other hand, when the ice fragmentation process is considered in isolation, as in Sec. 3, we

find that stochastic fluctuations, 8N, of fragmentation induce multiplicative noise. As found the
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case for an analogous problem with ice—ice collision multiplication by Yano and Phillips (2016),

this multiplicative noise process may contribute to the whole system in a nontrivial manner.
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Fig. 2.

Fig. 3.

Fig. 4.

*LIST OF FIGERES Time evolution of the particle number densities with various

initial conditions when the ice—fragmentation process is considered in its isolation: for (a)
supercooled drops, n,«, and (b) ice crystals, n;,. All the variables are nondimensionalized
as described in the text.

The stability characteristics of the system when no source and sink is considered as in
Sec. 3. .

The stability characteristics of the system in the general case: shown are the neutral lines
with selective choice of the sedimentation rates: & = 0 (solid), 0.25 (long dash), 0.5 (short
dash), and 0.75 (chain dash). Note that in the general case, the system is unstable at both
sides of the neutral line, with a weak instability to the upper left of the neutral line when
the sedimentation effect is small. Some examples of trajectories are also shown based on
the asymptotic solution (4.20) with & = 10~! (blue), 1072 (green), and 1073 (red): the
system evolves in the direction of decreasing n,, and increasing 7;,. e

Scatter plots between the liquid and the ice values observed during the ICE-T campaign.

The values marked by + symbol are measurements for updraft cores: (a) particle number
density (1/cm?), (b) water content (g/m?®). Data is from Table 1 of Lawson et al. (2015).
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695 FiG. 1. Time evolution of the particle number densities with various initial conditions when the ice—
es fragmentation process is considered in its isolation: for (a) supercooled drops, n,«, and (b) ice crystals, n;,.

ez All the variables are nondimensionalized as described in the text.
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F1G. 2. The stability characteristics of the system when no source and sink is considered as in Sec. 3.
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F1G. 3. The stability characteristics of the system in the general case: shown are the neutral lines with selective
choice of the sedimentation rates: & = 0 (solid), 0.25 (long dash), 0.5 (short dash), and 0.75 (chain dash). Note
that in the general case, the system is unstable at both sides of the neutral line, with a weak instability to the
upper left of the neutral line when the sedimentation effect is small. Some examples of trajectories are also
shown based on the asymptotic solution (4.20) with ¢y = 107! (blue), 1072 (green), and 1073 (red): the system

evolves in the direction of decreasing n,. and increasing 7;,.
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704 FIG. 4. Scatter plots between the liquid and the ice values observed during the ICE-T campaign. The values
75 marked by + symbol are measurements for updraft cores: (a) particle number density (1/cm?), (b) water content

26 (g/m?). Data is from Table 1 of Lawson et al. (2015).
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