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ABSTRACT

The possibility is suggested of estimating particle size distributions (PSD) solely based on the bulk quan-
tities of the hydrometeors. The method, inspired by the maximum entropy principle, can be applied to any
predefined general PSD form as long as the number of the free parameters is equal to or less than that of the
bulk quantities available. As long as an adopted distribution is “‘physically based,” these bulk characteriza-
tions can recover a fairly accurate PSD estimate.

This method is tested for ice particle measurements from the Tropical Composition, Cloud and Climate
Coupling Experiment (TC4). The total particle number, total mass, and mean size are taken as bulk quan-
tities. The gamma distribution and two distributions obtained under the maximum entropy principle by taking
the size and the particle mass, respectively, as a restriction variable are adopted for fit. The fitting error for the
two maximum entropy-based distributions is comparable to that of a standard direct fitting method with
the gamma distribution. The same procedure works almost equally well when the mean size is removed from
the constraint, especially for an exponential distribution.

The results suggest that the total particle number and the total mass of the hydrometeors are sufficient for
determining the PSD to a reasonable accuracy when a ““physically based’ distribution is assumed. In addition
to the in situ cloud measurements, remote sensing measurements such as those from radar as well as satellite
can be adopted as physical constraints. Possibilities of exploiting different types of measurements should be
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further pursued.

1. Introduction

It is a common practice to fit observed hydrometeor
particle size distributions (PSDs) into a known distri-
bution form. A typical choice is the gamma distribution
(Ulbrich 1983; Willis 1984). One may even hope that by
fitting an observed PSD into a known function form, the
PSD may be extrapolated beyond the observed range, if
the chosen function form is physically based in a robust
manner. If such a procedure is possible, the various
characteristics for PSDs such as the total particle num-
ber and the mean particle mass would also be better
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estimated as a result. Such a possibility has led to con-
sideration for a new methodology for determining the
hydrometeor PSDs, inspired from the maximum en-
tropy principle.

The maximum entropy principle defines the statisti-
cally most likely distribution of a variable under a given
set of physical integral constraints (Jaynes 2003). This
procedure consists of the two major steps. First, a gen-
eral form of the distribution is derived under a given set
of constraints. Second, free parameters of the distribu-
tion are determined from the given physical values for
these constraints.

A basic starting point of the present study is to note
that the above second step can be taken out from the
whole procedure and be used in a standalone manner.
Here, in general, the system may not follow the most
likely distribution as defined from the maximum entropy
principle. However, whatever way it may be defined, if
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an assumed general form of the distribution is physically
based, to that extent, a finite set of physical integral
constraints would accurately determine the distribution
even without referring to an observed distribution di-
rectly. The present paper applies this idea to the ice
hydrometeor PSDs by taking these integral physical
constraints to be the total particle concentration N, the
mean particle mass 7 (or total particle mass M), and
the number concentration-weighted mean size D.

If such a procedure is possible in general, there would
no longer be a need for measuring the PSD except for
the total particle concentration. Instead, we just need to
focus on the less difficult measurements of the bulk
quantities of the hydrometeors such as the total mass per
volume. The present paper explores this possibility.

The paper is organized as follows. The hydrometeor
data to be analyzed in the study is described in the next
section. Some basic characteristics of the hydrometeor
measurements are also discussed therein. Some of the
measurement uncertainties described therein provide
the further motivations for a new PSD fitting method.
The traditional methodology for determining the PSD is
reviewed in section 3, and a new methodology is in-
troduced in section 4. PSDs are analyzed in section 5
based on both traditional and new methods, and the
results are compared. The paper concludes with a sum-
mary and further discussion in section 6.

2. Data
a. Study case

Data from the Tropical Composition, Cloud and Cli-
mate Coupling Experiment (TC4; Toon et al. 2010) are
taken for the study. TC4 was conducted over Costa Rica
and the Caribbean during July and August 2007 with a
focus on convective clouds. A flight leg on 8 August for
ice particle measurements is used for the present study.
This particular leg was chosen since it was the longest
continuous in-cloud leg during the project with cold
temperatures in a relatively dense anvil cloud. The
analysis is limited to the period of 1230-1530 UTC in
order to ensure that only the full ice phase is considered
in the temperature range from —35° to —50°C. The data
are averaged over 5-s intervals corresponding approxi-
mately to a 1-km flight segment (Fig. 1).

b. Instruments and measurements

For measuring properties of the ice particles, the
cloud imaging probe (CIP) is used for the range of
25 pm—1 mm, and the precipitation imaging probe (PIP)
for the range of 1-30 mm. These particle probes measure
the size of each observed particle. Additionally, the
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F1G. 1. Time series of (a) the observed total particle number
density N7 and (b) the IWC during the flight lag adopted for the
present study. Note that the analysis period spans 1230-1530 UTC.

counterflow virtual impactor (CVI) measures the total
hydrometeor mass per volume [ice water content
(IWCQ)] by vaporizing the ice particles within the zero-
humidity air (Ogren et al. 1985; Noone et al. 1988;
Twohy et al. 1997).
The mass m of an individual ice particle may be esti-
mated from the formula
m=aD"® (2.1)
(Locatelli and Hobbs 1974; Mitchell et al. 1990; Brown
and Francis 1995; Baker and Lawson 2006; Schmitt and
Heymsfield 2009), where D is maximum dimension
“size”” in short) of the particle. By taking a sum of all
those particle mass estimates, we also obtain the IWC.
In this manner, the particle probes can provide an esti-
mate of IWC separately from CVI (Heymsfield et al.
2004). Here, the parameters, a and b, in Eq. (2.1) are
determined in such a manner that the IWCs obtained
from the particle probes are consistent with those from
CVI. More precisely, we have determined a and b such
that the average mass over the whole analysis period
(1230-1530 UTC) from the particle probes agrees with
that from CVI, and the standard deviation of the mass
estimate by (2.1) from CVI measurements is minimized.
As a result, we obtain a = 2.056 X 10 *gem * and b =
1.878. In preliminary phase of the investigation, various
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different values for b are used, and we found no strong
sensitivity of the result on the choice of this value. Here,
in this evaluation, the errors of CVI are not explicitly
taken into account.

Arguably, a major function of the particle probes is to
count the total number of hydrometeor particles.
However, these instruments do not “‘count” the parti-
cles in literal sense. First of all, these two particle probes
do not have the same sample volume: the CIP has a
quarter of the sample volume of the PIP. Furthermore,
the effective sample volume depends on the particle size
owing to the optics of the instrument and the way that
partially imaged particles are handled, especially those
that touch an edge of the image area. Thus, each particle
count contributes to the total particle number with a
weight inversely proportional to its effective sample
volume. In this manner, the uncertainty of the particle
size estimate also affects the estimate of the particle
concentration. For further basic technical issues of the
particle probes, see Heymsfield and Parrish (1978).

The particle size range recorded by the probes is typi-
cally from 25 um to several centimeters in size. However,
the probes do not measure all particle sizes with equal
accuracy. Measurement uncertainties are higher for
smaller particles, and measurements below 100 wm in size
are particularly unreliable owing to the effects of shattering
(Korolev et al. 2013) and optical limitations. Reported
concentrations of smaller particles are often unrealistically
large for these reasons. Larger particles are often only
partially seen in the image area, and those above a certain
size need to be excluded.

With these considerations, all the measurements be-
low 100 wm are excluded from the present analysis. The
remaining measurements from both probes are tabu-
lated by dividing these ranges into 34 bins. The first three
bins have the size ranges of [100 um, 150 um], [150 pwm,
200 pwm], [200 wm, 250 um], and the last bin considered is
[16mm, 18 mm]. The bin sizes increases roughly loga-
rithmically with the increasing size. Furthermore, in the
analysis of section 6, the three particle size ranges are
considered: (i) the full range, 100 pm-18 mm; (ii) the
medium range, 150 um-10mm, which excludes least-
reliable measurements; and (iii) the narrow range
(550 wm-5mm), in which only the most reliable measure-
ments are retained. In the small-size limit, depth of field
uncertainty is reduced beyond 150 um and shattering
uncertainties are reduced beyond 550 um, since most
shattered particles are smaller than this. In the large-size
limit, a 5-mm limit stays within the array width of the
PIP (6.4mm), and 10mm includes particles where a
reasonable size may be estimated from a partial image.

The basic principle of the CVI is to sublimate or va-
porize all the condensed water within a zero-relative-
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humidity environment, and thus the total condensed
water content (IWC for the present study) is obtained.
However, not all the hydrometeors are captured into the
inlet. First, the inlet diameter is 5.8 mm; thus, any par-
ticles larger than this size would not fully enter the inlet,
and large particles of comparable sizes are not sampled
effectively, either. We, rather arbitrarily, assume the
maximum size that enters the inlet to be 2mm in the
following analysis. Particles must also have enough in-
ertia to penetrate the counterflow at the probe inlet,
preventing very small particles from entering the in-
strument (Ogren et al. 1985). We assume the minimum
size to be 7 um. By comparison with the particle imaging
probes, the IWC values less than 0.01gm > were re-
moved from the analysis so that the errors from residual
vapor/condensate in the CVI plumbing after exiting
cloud are much reduced. Furthermore, CVI measure-
ments saturate above the upper limit of the instrument’s
capability to fully evaporate the liquid water, at about
2gm > (Heymsfield et al. 2009). By limiting the data in
this manner, the total of 1427 samples is considered in
the present study.

¢. Basic characteristics of the measurements

A major issue with the particle probes is that the
particle count is not very reliable right at the edge of the
resolution of the probe (25um in the present case).
Uncertainties are also introduced into mass estimation
owing to ambiguities in estimating the particle size at the
resolution limit and with out-of-focus ice particle im-
ages. The cutoff at larger sizes makes the data more
reliable. However, a deeper cutoff leads to a further
“undercounting’ of both particle concentration and the
total mass (IWC). Here, note that the IWC is defined by
an integral over a finite size range [Eq. (4.6) below].
Examining this effect is important for understanding the
uncertainties in estimating PSDs.

Figure 2a plots the frequency distribution of the
fractional particle number counted when the cutoff sizes
are increased from 100 to 150 (solid) and to 200 um
(long dashed). It is most likely that the total particle
count decreases by about 30% by increasing the cutoff
size to 150 um. A substantially long tail in the distribu-
tion suggests that undercounting could be substantially
worse. A further increase to 200 um clearly loses more
counts and the most likely fractional number retained is
about 50% with a fairly wide distribution.

Figure 2b shows the ratio of the IWC estimated by the
particle probes to that measured by CVI [see also Fig. 3
of Heymsfield et al. (2013)]. Recall that the full particle
probe data are tuned to provide an average IWC iden-
tical to that from CVI. This fact is confirmed by the
maximum frequency corresponding to the ratio of unity
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FIG. 2. Various characterizations of the observations during the flight leg adopted for the present
study. (a) The frequency distribution of the fractional particle concentration relative to the full data
with the cutoff sizes 150 (solid) and 200 um (long dashed). (b) The frequency distribution of the
IWC ratio: IWC,/IWC,,. Here, IWC,, is IWC based on the particle probe measurements, and
IWC,, is IWC based on CVI. The three curves are for IWC,, with the cutoff size: 100 (solid), 150
(long dashed), and 200 wm (short dashed). (c) As in (b), but for the number of cases against the total
number of the counted bins. (d) Asin (c), but for the mean total particle concentration N7. (€) Asin
(c), but for the mean IWC. (f) Number of cases as a function of the maximum size measured.
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when the full data are considered (solid curve). A long
tail toward the small ratio, IWC,/IWC,,, may also be
worthwhile to note. This long tail may partially be ex-
plained by the tendency of the CVI measurements to
smooth out the time series due to the hysteresis, as well
as the saturation of the instrument. Here, coincidentally,
the three IWC ratio curves corresponding to the three
cutoff sizes match the other relatively well, though the
curves shift leftward with increasing cutoff sizes (as
they should).

To perform a reliable PSD estimate, the available
number of particle bins must be large enough. In Fig. 2c,
the solid curve shows a number distribution of the
counted number of particle bins during the flight leg.
The most frequently found bin number is 10, with the
range of 8-18 fairly frequent. A few flight segments
contain only one particle bin measurement, whereas the
maximum number of bins counted is 30. No flight seg-
ment counted all the possible particle bins. When the
size range is slightly limited to [150 um, 10mm] (long
dashed), the distribution simply shifts to the left by
about the two bins. However, when the size range is
further limited to [0.55mm, Smm] (short dashed), the
frequency simply decreases with the increasing total bin
numbers (with an exception of a minor peak at 17 bins).
See Hallett (2003) for discussions on the errors associ-
ated with a particle number counting per bin.

To see a possible reason for missing measurements at
given bins, the mean for total counted particle number
N7 (cm %) is plotted as a function of the total measured
bin numbers for the full (solid), the medium (150 pm-
10 mm: long dashed), and the narrow ranges (0.55 pm-
Smm: short dashed) in Fig. 2d. Regardless of the cutoff
sizes, the total particle concentration presents a clear
trend of increasing with increasing available bin num-
bers. This leads to the natural interpretation that a low
number of counted bins typically occurs when the total
particle concentration is also low. Under such a
situation, a particle is counted at a certain bin by chance,
and not in the others by chance, because the turbulent
flow within the cloud stirs the particles intermittently
in a random-looking manner (Ottino 1989). As a result,
interpolating the counted bin values may even not be a
good idea. Note that the number of missing bins can be
reduced by taking a longer averaging time for sampling,
but at the expense of reduced spatial resolution.
Figure 2e shows the same, but for the IWC.

Similar statistics can be taken as functions of the maxi-
mum particle size D,,x measured. Figure 2f shows that
most of the flight segments correspond to the maximum
size of the range from 0.2-0.3 to 2-3 mm. Recall that the
maximum ice particle available for a measurement is
18 mm. We further find that the available fraction roughly
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monotonically decreases with the increasing maximum
measured size. When the maximum size is larger than
3 mm, the missing fraction may be larger than 10%.

3. Traditional PSD estimate method

Traditionally, the determination of the PSD is
considered a curve fitting problem. A common tech-
nique used in the literature (Ulbrich 1983; Willis 1984) is
to adopt a gamma distribution

N(D) = N D" exp(—AD) (3.1)
as a general form of the PSD as a function of the size D.
The observed PSD is fitted to this general form by ad-
justing the three constants: Ny, u, and A.

Is it mathematically known (e.g., Durrett 2010) that the
moments can completely characterize a distribution in an
analogous manner as the Taylor-expansion coefficients
for the analytical functions. Thus, a natural choice is to
estimate a distribution form by a set of moments:

Dmax
M, (q) = JD N, (D)D?dD (3.2)

min

from the observed PSD Nus(D). Here, D i, and D a
are the minimum and the maximum sizes of the particles
measured. A standard procedure (e.g., Kozu and
Nakamura 1991; Heymsfield et al. 2002; Zhang et al.
2003; Schmitt and Heymsfield 2009) is to choose three
moments from the above for estimating the three un-
known constants in the gamma distribution.

Here, McFarquhar et al. (2015) emphasize the im-
portance of explicitly considering the finite size range for
the measurements as explicitly stated in Eq. (3.2). On the
other hand, a common custom is to take the limit of
D, =0 and D,,,x — + so that the moments under the
gamma distribution can be evaluated by an analytical
formula:

M(g)= 0 _T(u+q+1).

SR (3.3)
Here, I'(x) is the gamma function. By comparing Egs. (3.2)
and (3.3), we obtain a general constraint on the gamma
distribution from the observed distribution given by

N,
)\M—;)HF(M +q+1)=M_, (q). (3.4)

Thus, once any three moments are known from the
observed PSD, Eq. (3.4) can be used, in principle, for
evaluating the three constants of the distribution. The
choice of the set of moments remains rather arbitrary.
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However, by following Heymsfield et al. (2002), we take
q = 1,2, 6. These first two moments anchor the small end
of the gamma fit. We also adopt the sixth moment, be-
cause it is found to be desirable to use a sufficiently high-
order moment in order to anchor the large end of the fit.

See Smith and Kliche (2005), Kliche et al. (2008), Mallet
and Barthes (2009), Smith et al. (2009), and Handwerker
and Straub (2011) for discussions on the sampling errors
associated with the standard estimate method.

4. New PSD estimate method

In the present study, on the other hand, we consider
the determination of the PSD more as a physical prob-
lem. As pointed out in Yano et al. (2016), any physical
system may be constrained by a set of conditions

4.1)

Dmax,/
C - [ F(N,D)dD

min,/

for/=1, ..., n. Here, F;(N, D) are any functions of the
number density distribution N(D), and the particle size,
D (or any other physical variables), that define forms of
physical constraints. A generality of the form of the
function F; introduced here is hardly overemphasized,
which is not restricted to the moments or anything
similar (cf. section 6d). The constraint constant C; is
estimated from observation. We may take different in-
tegral ranges [Dmins, Dmaxs] for different constraints
based on the instrument constraints.

When a general distribution form of the problem

N(D)=N(D;A,,...,A,), 4.2)

defined in terms of the n parameters A, (=1, ..., n) is
known, a set of the constraints (4.1) is sufficient for
determining a distribution. Note that in order for this
methodology to work well, the general distribution form
(4.2) must be physically based in a certain sense so that
its universality is guaranteed. Here, we do not count the
normalization constant ny as one of the parameters to be
determined, because once all the other parameters are
known, this is defined simply from the normalization
condition (see appendix).

More specifically, the maximum entropy principle sug-
gests, as explicitly shown in Yano et al. (2016), that under
these constraints, the most likely distribution is given by

& OF,
N(D) = n, exp (— ;Ala—]\]’) (4.3)
with the constants A; (I =1, ..., n) defined by the con-

ditions (4.1). This distribution (4.3) may be considered a
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particular case of the more general principle just
outlined.

A mathematically straightforward procedure to sat-
isfy the n conditions given by Eq. (4.1) is to minimize the
quantity

2
1 Dmax,[
e= [1 1 J F(N,D) dD} (4.4)
=1 C D

[ min,!

against the given parameters A; (/=1,..., N) for a
given general distribution form (4.2). This is the pro-
cedure also adopted herein. The numerical procedure
for the minimization is described in the appendix, sep-
arately. Note that the particular adopted numerical
procedure is merely for the purpose of demonstration. A
different numerical scheme may be sought in opera-
tional implementations, especially for improving the
success rate of the estimation (cf. section 5a).

To some extent, a set of the constraints (4.1) may be
considered a generalization of the moment constraints
given by Eq. (3.2) in the last section. However, this
generalization is associated with two major implications.
First, the constraint itself can be generalized in any
possible manner. The exponent in the moment may not
be necessarily constrained to integers, and a fractional
power may be considered. The total mass constraint
introduced below is such a particular example. Though
we do not consider any further generalizations in the
present paper, we should also emphasize that the func-
tion F; for the defining a constraint can take any form,
even a one not at all related to a moment in a remote
sense, as further discussed in section 6d.

The second implication stems from the maximum
entropy principle (Jaynes 2003): it is desirable to
constrain a distribution in a physically meaningful
manner, rather than just considering it as a simple curve
fitting problem. In other words, the choice of the con-
straint function F; should better be based on physical
considerations, but mathematically in a more general
manner, rather than a purely statistical consideration
that may lead to a choice of a type of moments. A spe-
cific choice of the constraints below is also based on this
consideration.

From a point of view of observational measurements,
we may further insist that a distribution is best con-
strained by an available set of measurements. Use of the
CVImass measurement is a particular example considered
here. It further leads to a perspective that in order to
estimate a PSD, no information on the PSD itself may be
necessary, but only the observational information on the
bulk integrated constraints C; (/ = 1, ..., N) is required, as
long as the assumed PSD Egq. (4.2) is well physically based
so that a certain universality can be expected.
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As specific constraints we take the mean size D and
the total mass M of the particles per volume; that is,

Dmax
C, = J 'p(D)DdD, (4.5a)

ming

C,= JD"”XZ p(D)m(D)dD, (4.5b)

Dminz

and C, =D, N;yC, = M, where Ny is the total particle
number density, and m(D) is the particle mass defined
as a function of the size D. Furthermore, the distribution
density p(D) is introduced by p = N/N7.

Here, the total particle concentration N7 is estimated
from the particle probe measurements based on the formula

Dmax
N, = JD N(D)dD.

min

(4.6)

As a result, the distribution density p(D) is
normalized as

DanlX
J p(DYdD =1.

min

As a rule, the integral range [Dmins, Dmaxy] ( = 1, 2)
in Egs. (4.5a) and (4.5b) is the same as the range,
[Dimin, Dmax], considered for the particle probe data. As
discussed in section 2, three ranges are considered: full,
medium, and narrow. An exception to this rule is when
the CVI measurement is used for estimating the con-
stant C,. In the latter case, the range [Dmin,» Dmax, ] 1S set
to the range of the validity of the CVI measurements,
7 pm-2 mm, as discussed in section 2.

To perform the integral (4.5b), the particle mass m(D)
must also be specified as a function of the size D. In
practice, the mass—size relationship differs from one
particle habit to another, and estimating the optimized
relationship for a given dataset is an important subject in
its own right. In the present study, however, we simply
follow the Eq. (2.1) introduced by Heymsfield et al.
(2002), as discussed in section 2, but with different co-
efficient values introduced earlier. In the next section,
we will consider two cases: the first fully considers the
two constraints (4.5a) and (4.5b), and the second only
the single constraint (4.5b). The assumed PDF forms for
each case are discussed in the reminder of this section.

a. Under two constraints

As for distributions under the two constraints, we
consider two additional possibilities:

p(D) =njexp(—A,D — /\ZD”) and  (4.7a)
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p(D)=n,D"'exp(-=A,D —A,D")  (4.7b)
along with the gamma distribution introduced by Eq.
(3.1). These additional distributions are obtained by
applying the general result from the maximum entropy
principle [Eq. (4.3)] with the mean size and particle mass
[Egs. (4.5a) and (4.5b)] as the constraints and by taking
the particle size D and mass m, respectively, as a re-
striction variable (Yano et al. 2016). Thus, the contrast
of the results between the gamma distributions and
these two serve as a further test of applicability of the
maximum entropy principle to PSDs.

b. Under a single constraint

An ultimate goal of this study is to seek the possibility of
estimating a PSD based only on bulk characteristics of the
hydrometeors, which are measured by other instruments
independent of the particle probes. The IWC measured by
CVI is an example. The mean size D on the other hand,
does not fall into the category of bulk characteristics, be-
cause the value is obtained only by averaging over all the
particle measurements for a given flight leg segment.

Thus, the possibility of constraining a distribution
only by mean content [Eq. (4.5b)] is to be considered.
For considering this possibility, we further simplify the
distributions by setting u =0 in Eq. (3.1) and A; =0 in
Egs. (4.7a) and (4.7b):

p(D)=nye™*?, (4.8a)
p(D)=n, exp(—/\sz), and (4.8b)
p(D) = n,D" " exp(=A,D"). (4.8¢)

The last two distributions are obtained under a single
constraint with the mean mass [Eq. (4.5b)].

5. Analysis

In presenting the results in this section, we show the
number density N(D) rather than the distribution den-
sity p(D) in order to enable a direct comparison of the
results with those from the standard method described
in the last section. The former is obtained from the latter
simply by multiplying the total particle number density
NT: N(D) = NTP(D)

We measure the PSD-fit error under a double-
logarithmic scale by

Dmax,o 1 2 172
J 5[logmN(D)flogmNUbs(D)] dD

min,0

eIr =

10ng max,0 1Ong min,0

(5.1)
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FIG. 3. The mean success rate of the minimization of Eq. (4.4) as a function of the total bins
assuming the PSD forms (a) NoD* exp(—AD) [Eq. (3.1)], (b) ngexp(—A1D —A,D?) [Eq.
(4.7)], and (c) no D~ exp(—A; D — A, D) [Eq. (4.7b)]. The curves are for the full (solid), the
medium (150 wm-10 mm: long dashed), and the narrow ranges (0.55 um—5 mm: short dashed).
The cases with the total mass density (IWC) M based on particle probes in red, and those based
on CVIin blue. (d) Summary for (a)—(c): fits to the PSD forms [Eq. (3.1): solid], [Eq. (4.7a): long
dashed], and [Eq. (4.7b): short dashed] for the full range (100 um-18 mm) with IWC also
measured by the particle probes. The green curve is under the traditional method.

Here, the integral range, [Dmino, Dmaxo], is taken to
the full available size range, 100 wum-18 mm, regard-
less of the range adopted for fitting PSD. The integrals
are approximated by a sum of the values at each size
bin multiplied by a bin size, as presented by, for ex-
ample, Eq. (1) in Heymsfield et al. (2013), and a bin
for a missing observation is simply omitted from
the sum.

Note that the error measure (5.1) is designed to
directly quantify the degree of the fit under the
double-logarithmic plot (as shown by Figs. 6, 7, 11,
and 12 below). As pointed out by McFarquhar and
Heymsfield (1997), different error measures provide
qualitatively different results. Recall that we mini-
mize Eq.(4.4) for obtaining the PSD N(D). Equation
(5.1) is used merely for evaluating the errors of the
obtained PSD.

a. Under the two constraints

Here, the PSD forms are optimized under the two
constraints: the mean size D and the IWC M. The min-
imization procedure introduced in the last section does
not always work, possibly partially because of a specific
numerical procedure, especially owing to the initializa-
tion of the iterations (see appendix). The success rate of
the procedure is shown in Fig. 3 as a function of the total
measured bin number. In all three cases, the success rate
tends to cluster around the choices of a mass measure-
ment method: estimates based on particle probes tend to
present higher success rates than those based on the
CVLI. The success rates for the former is most of the time
above 70%, whereas for the latter is often less than 60 %,
and even remains close to 50% with the gamma distri-
bution fit (Fig. 3a). An exception to this rule is when the
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FIG. 4. As in Fig. 3, but for the fitting errors. Furthermore, the errors under the traditional
method are added as a green curve in all the frames.

narrow size is used with the CVI (blue short dashed):
the success rate becomes comparable to the cases
with the particle probe-based mass. This is possibly
coincidental, owing to a tendency that the largest par-
ticles only partially enter the CVI inlet. Another no-
ticeable feature is that the narrow range cases (short
dash) both with the particle probe— (red) and CVI-based
IWC (blue) perform relatively well, but only when the
total bin number is above 8.

Figure 3d summarizes the performance of the fit to
these three PSD forms by choosing the case with the full
range with the IWC based on the particle probes. The
success rate for the traditional approach is also included
with a green curve: it is almost perfect for the total bin
numbers above 5. The fits to the PSD forms [Egs. (4.7a)
and (4.7b)] defined under the maximum entropy prin-
ciple succeed more than 95% of times for the range of
the total bin numbers 2-22. The fit to the gamma dis-
tribution only has a success rate about 70%.

The fitting error (5.1) under the traditional method is
shown by the green curve in all the frames of Fig. 4 as a
reference: the mean error is always less than 0.5 for all
the total bin numbers under the traditional method.

There is a great deal of contrast with the errors associ-
ated with estimates based on the proposed new method
as shown in Figs. 4a—c by the other curves. In all cases,
the error increases rather dramatically above about 16
total bins, with the increasing bin numbers. We will
further discuss the implications in section 6c.

As for the success rates (Fig. 3), the errors are clus-
tered by the choice of the mass measurement methods:
IWC based on the particle probe systematically provides
(red curves) better fit than those based on CVI (blue
curves). This is rather expected, because CVI-based
IWC s not consistent with the PSD data provided by the
particle probes. Nevertheless, the relative success with
the CVI-based fit may be considered encouraging. We
also note that the change of the fitting range does not
represent any consistent tendency for deteriorating the
fitting error, although the fitting error itself is defined for
the whole size range.

A summary of these results is given in Fig. 4d: the
traditional fitting method (green curve) always performs
well independent of the total bin number. Below total
bin number 12, the proposed new method also works
equally well, but above the total bin numbers 12, 16, and
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FIG. 5. As in Fig. 4, but as functions of the maximum size.

20, respectively, the error suddenly increases for the
forms (4.7b), (4.7a), and (3.1). The gamma distribution
also fits the best to data even under the new method.

Figure 5 is as in Fig. 4, but for functions of the maxi-
mum size. Though the correspondence is not one to one,
we see qualitatively the same results, because the mean
maximum size generally increases with increasing
available bin numbers. In particular, the error suddenly
begins to increase above the 2-mm maximum size with
the new fitting method.

Finally, two examples of the actual curve fit results
when the full range is used are shown with the particle
probes and CVI for IWC, respectively, in Figs. 6 and 7.
Here, we have chosen particular cases that the four curve
fits diverge well enough so that we can see differences. In
many cases, those four curves fit together rather well, as
the statistics in Figs. 4 and 5 above suggest.

The first example (Figs. 6a and 7a) is with a relatively
narrow size range with a maximum size of 2mm. Thisis a
case where the traditional gamma fit (double-chain
dashed) substantially underestimates (overestimates)
the PSD in the small (large) size limit compared to the

observation (solid). In this case, the new method
provides a much better fit overall, with the exception of
the gamma distribution fit with the IWC constrained by
CVI (long dashed in Fig. 7a). The second (Figs. 6b and
7b) is a typical example when a large number of bin
measurements is available: the gamma distribution can
fit to the data (solid curve) well based on traditional
(double chain) method. The fit based on the new method
works less well for all the three distributions forms
considered. The performance with the all three forms is
also fairly comparable when the IWC is constrained by
CVI (Fig. 7b). On the other hand, the gamma distribu-
tion fit performs clearly the best, and the distribution
with Eq. (4.7a) the second, when the IWC is constrained
by the particle probes (Fig. 6b).

b. Under a single constraint

Here, the distribution forms (4.8a), (4.8b), and (4.8¢c)
are optimized solely based on the constraint of the total
mass (IWC) M after a normalization in terms of the total
particle concentration N7. Arguably, an estimation of the
mean size D is statistically explicitly dependent on an
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FIG. 6. Two examples of fit of PSD measurements (solid) into prescribed forms:
NoD* exp(—AD) [Eq. (3.1): long dashed], ngexp(—A;D — X, D") [Eq. (4.7a): short dashed],
and ngD® ! exp(—A; D — A, D?) [Eq. (4.7b): chain dashed] based on the minimization method,
and the gamma distribution under the traditional method (double-chain dashed): (a) a case
with 8 bin measurements and (b) a case with 30 bin measurements. Here, IWC is constrained

by the particle probe measurements.

observed PSD. Thus, the idea to be tested here is to esti-
mate the performance of the new methodology by ex-
cluding the more explicitly PSD-dependent information.

Figures 8-10, respectively, show the corresponding
results as for Figs. 3-5. A reduction of a number of pa-
rameters clearly facilitates a procedure for identifying
the minimum, and as a result, the success rate overall
increases: all the cases have almost 100% success rate
above the total bin number 8 and D,,,x = 0.1 mm. In
spite of the decrease of the number of free parameters,
the deterioration of the fit to the observations is not
dramatic: the deterioration is the least with the gamma
distribution (Figs. 9a and 10a), but the deterioration
becomes gradually more apparent to the order of the fits
to Eqgs. (4.8b) and (4.8c¢).

(a)10’
WOO [
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1107
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2107
107}
107
107"
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Examples of a fit are shown in Figs. 11 and 12: the
same cases as for Figs. 6 and 7 are shown. Comparison of
the two pairs suggests that a reduction of fit performance
due to a reduction of the number of the parameters is
relatively small as suggested above.

6. Discussion and conclusions
a. Proposed basic principle

The present study has proposed the determination of
the PSD as a physical problem rather than as a mere
curve-fitting procedure. The study has been inspired by
the maximum entropy principle (Yano et al. 2016),
which can define the most likely distribution of a
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FIG. 7. As in Fig. 6, but using the CVI-based IWC.
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FIG. 8. As in Fig. 3, but for the cases under a single constraint.

variable when a set of physical integral constraints are
known. The constants (parameters) of the derived dis-
tribution are determined from an imposed set of integral
constraints. The main starting point of the present study
has been to realize that this last procedure can be used in
its standalone manner. A general distribution form must
be prescribed in a certain manner but not necessarily
based on the maximum entropy principle. The present
study provides a proof of this concept by analyzing the
ice particle measurements from the TC4 campaign
(Toon et al. 2010).

The conventional wisdom would be that in order to
determine the hydrometeor particle size distribution
(PSD) observationally, the particle sizes must be
directly measured, say, with optical probes. Un-
fortunately, collecting in situ particle size distribution
data is expensive. In this respect, the proposed meth-
odology is potentially powerful, because it suggests
estimating the PSD solely based on the integrated
physical characterizations of the hydrometeors instead
of counting every hydrometeor. As a result, the task of
the particle probes reduces to that of carefully counting
the total particle concentration.

Integrated constraint can be alternatively provided,
for example, by the total mass measured by the coun-
terflow virtual impactor (CVI). To see this possibility
explicitly, the CVI data are also used in the present study
as an alternative source for the total mass constraint. The
overall fit error increases with use of the CVI data, owing
to the discrepancy between the CVI and particle probe
data for the IWC, but only by a relatively minor degree.
Arguably, this method may even self-correct the PSD form
by providing a more reliable IWC measurement.

We may further argue that bulk quantities such as mean
size and total mass are likely to provide more reliable in-
formation than the individual counting of hydrometeors.
The new methodology proposes to exploit this bulk in-
formation more fully. This general approach also permits
us to focus on a narrower range of the particle sizes where
the measurements are more reliable. If the prescribed
general form is ever “physically based,” a proper fitting
procedure would allow us to extrapolate the result.

The bulk information that can be adopted under this
methodology is completely general so long as they are
expressed in terms of a general integral form (4.1), an
integral of the PSD weighted by a certain function.
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FIG. 9. As in Fig. 4, but for the cases under a single constraint.

b. Test study

In this study, the total particle concentration, total
mass (IWC), and the mean particle size are adopted as
the integrated physical constraints of the problem. The
gamma distribution and the two distributions obtained
under the maximum entropy principle by taking the size
and the particle mass, respectively, as a restriction var-
iable are adopted as distribution functions to fit. The
fitting errors [Eq. (5.1)] of the PSD for these prescribed
distributions with the proposed method [Eq. (4.4)] are
comparable to those based on the measurements, es-
pecially when the observed maximum particle size is less
than 2mm. The same method is further applied to the
case when distributions are constrained only by the total
particle number concentration and the mass (IWC). In
spite of a further decrease of free parameters for the
distribution form, it is found that the proposed method
still works relatively well.

Among the three possible distribution forms adopted for
fit, the gamma distribution consistently leads to better re-
sults than the other two distributions derived under the

maximum entropy principle. Though a physical reason
for a superior fit of the gamma distribution is yet unclear,
the result suggests an inherent limitation of the maximum
entropy principle for estimating the hydrometeor PSDs.

An obvious issue left out of the present study is that of
evaluating both the data and the estimation reliabilities
as well as associated errors in a more objective manner.
In general, when narrowing down the analysis range for
the size of hydrometeors, data reliability increases, but
the uncertainties associated with the estimation of the
PSD form also increases. The optimal analysis range
should be ultimately decided based on a compromise
between these two opposite tendencies.

c. The tail issue

The test with the new proposed methodology has
encountered an inherent difficulty of obtaining a good fit
to the tail part of the PSD.

The highest moment that we could identify under
this principle was the total particle mass, which only
roughly corresponds to the second moment, or the
third moment when the particles are spherical. As a
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FI1G. 10. As in Fig. 9, but as functions of the maximum size.

result, the proposed fitting method faces an inherent
difficulty in accurately fitting the PSD to data in the
tail part compared to the traditional method, in which
the PSD is constrained by the sixth moment. As a
result, the fitting error inevitably increases as a mea-
sured size range increases, and rather dramatically
when the observed maximum particle size exceeds
2mm. This difficulty may be overcome if we adopt
radar reflectivity as an additional physical constraint,
for example. Possibilities of exploiting different types
of measurements should be further pursued.

On the other hand, as the most basic premise of the
present study, if an assumed PSD form is physically
based in robust manner, a given set of integral con-
straints must be sufficient for estimating the PSD ac-
curately, to the extent that the observed integral
constraints are accurate enough. From this perspec-
tive, an alternative possibility is that the introduced
PSD forms from the maximum entropy principle do
not describe the tail part of the observed PSD well,
and that is the real reason why we have inherent dif-
ficulties for an accurate fit in the tail part. One

specific possibility is that the tail part distribution is
strongly controlled by transient sedimenting ice par-
ticles, which are not properly described in the maxi-
mum entropy principle due to its transient tendency.
This alternative possibility would worth further
investigations.

d. Further perspectives

The idea proposed here may appear to be not funda-
mentally original in a practical sense: the traditional
methodology (e.g., Kozu and Nakamura 1991;
Heymsfield et al. 2002; Zhang et al. 2003; Schmitt and
Heymsfield 2009) also fits the observed PSD into the
gamma distribution solely based on certain integral
constraints called moments. However, the original
rationale for using moments for fitting the PSD is that
the former well quantifies the latter from a statistical
point of view.

On the other hand, the present study considers these
constraints from the physical basis and also emphasizes
an importance of directly adopting the quantities that
can be measured, preferably separately from the particle
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FIG. 11. Examples of fit of SPD measurements (solid) into prescribed forms: n e P [Eq.
(4.8a): long dashed], ng exp(—A,D?) [Eq. (4.8b): short dashed], and nyD?~! exp(—A,D?) [Eq.
(4.8c): chain dashed] based on the new minimization method, and the gamma distribution
under the traditional method (double-chain dashed): PSD measurement as in Figs. 6 and 7.
Here, IWC is constrained by the particle probe measurements.

probe measurements. The IWC obtained from the CVI,
as considered in the present study, is a particular ex-
ample. In addition to the in situ cloud measurements,
potentially, remote sensing measurements such as those
from radar as well as satellite can be adopted as
physical constraints. These possibilities should be
pursued further.

There are already many attempts for estimating the
PSD from the radar measurements (e.g., Seliga and
Bringi 1976; Gorgucci et al. 2002; Yoshikawa et al.
2014), but from very different perspectives. The
proposed new methodology, on the other hand,
establishes a clear link of these attempts to the standard
PSD estimate based on the moments, by generalizing
the latter. Characteristics obtained from radar mea-
surements, for example, as defined by Egs. (4)—(6) in
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Yoshikawa et al. (2014), are considered particular ex-
amples of those general physical constraints. Unlike the
earlier radar-based PSD retrievals, under this new ap-
proach, the only preliminary requirement for the radar
data processing is to remove the attenuation effect of the
radar signal. Nonattenuated radar parameters can di-
rectly constrain the PSD form under the new method-
ology proposed. This is a particular possibility that is
worthwhile to further pursue.

An important ingredient for the success of this ap-
proach is that the adopted general PSD form must be
physically based to a good extent so that its universality
can be anticipated. The present study has not consid-
ered the issue of the “physically based” distribution
in depth but merely adopted distributions obtained
by straight applications of the maximum entropy
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FIG. 12. As in Fig. 11, but using the CVI-based IWC.
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principle. As it turns out, those distributions somehow
never overperform the standard gamma distribution.
The reason for this tendency as well as applicability and
the limitations of the maximum entropy principle are
issues that warrant further investigation. These in-
vestigations are especially important for establishing a
robust physical theory for the PSD so that the observed
PSDs are interpreted under a more solid physical basis and
more readily applied for improving the microphysical
modeling.

APPENDIX

Numerical Procedure for the Minimization

The problem at stake is to minimize an integral
e defined by Eq. (4.4) against the three parameters
in the distributions: Eqgs. (3.1), (4.7a), and (4.7b).
Here, the first parameter n, can always be estimated
in a straightforward manner under the normalization
condition

Dmax
j p(DYdD =1
0

(A1)

once the other two parameters are known. By in-
voking principle (A.1), the problem reduces to that of
minimizing e in terms of the two parameters: u and
A for the gamma distribution (3.1) and A; and A, for the
two other distributions [Egs. (4.7a) and (4.7b)]. Here,
under the following iteration procedure, every time
one of the other parameters is modified, the value of
ny is adjusted in such a manner that Eq. (A.1) is
satisfied.

In this appendix, in presenting the technicalities of
the minimization procedure, we designate these pa-
rameters as X = (x, y). Thus, the problem reduces to the
minimization of e(x) against x. Here, we avoid to
evaluate a slope (or gradient) of ¢, because our pre-
liminary test found finite-difference-based evaluations
to be numerically unreliable. For this reason, the
minimization is performed by seeking a point with the
smallest € in a sequential, iterative manner by more
directly comparing the values of e(x) at the three se-
lective points at each step. This iteration is repeated
until the range of the three points is narrowed down
enough.

The minimization is performed on the plane consist-
ing of (x, y). Visual inspection suggests that the area
with the small € is confined to a narrow “‘valley’’ on this
plane. Thus, it is effective to perform a minimization in
one direction, say in x, under a fixed y first, and then to
seek a minimum by changing y.
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Thus, the basic sequence of the procedure is as
follows:

1) Asthe initialization, choose the three points x (j = 1,
2,3) by setting the edge points for the two parameters
as xf=0, x¥=5, yF=30, and yf =100 with the
gamma distribution and x¥=0, x¥ =100, y¥=0,
and y¥ =100 with the two other distributions. We
further set x¥ = (xj + x¥)/2. These initial conditions
are optimized so that the minimization procedure
succeeds more often.

2) The minimum points in x direction is sought by an
iteration taking x = x}(j = 1, 2, 3) as initial points and
fixing y to y = y#with the order of i =1, 2, 3. We set
the obtained final minimum as x = x.(y). Before
moving to a new point in y direction, we also reset
xf=x./2, x¥ =3x./2, and x¥ = x..

3) In a similar manner, the minimum points in y di-
rection is sought by setting x = x.(y) and by taking
y=y#(j = 1,2, 3) as initial points. Note that the step
2 constitutes an inner iteration loop of this step: every
time we change y, we return to step 2 and seek

x = x.(y).

More precisely, the iteration procedure in x direction
is performed in the following manner: After evaluating
the error measure € [Eq. (4.4)] for the given three points,
we set the points giving the first two minimums for e
as x; and x,. Then, we define the three new testing
points as x¥ = wix; + wyxy, x5 = (1 + wa)x; — wax,, and
x¥=(xF+x¥)2 with the weightings defined by
w; = e(x;)/[e(x1) + €e(xy)] fori = 1, 2.

The iteration in x direction is repeated until one of the
following conditions is satisfied:

(i)
]

with err, = 10~* and

X (x, ¥x,);

N =

m

_ 2 _ 2
{(xz xl) + <y2 yl) } < 100err
x}’ﬂ ym ¢
and the number i, of iteration in x direction has
exceeded 100; or

(iii) the number i, of iteration in x direction has
exceeded 1000.

(i)
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A similar set of conditions is also introduced in y di-
rection for terminating the whole iteration procedure,
but in a slightly different manner:

(i)

with err., = 1075

(if)

and
elx.(v,)y,]<err;
2 2
HLTN0Y (22N | <enr
X m “?

with err.3 = 1073 and the number iy of the itera-
tions in y direction has exceeded 100; or

_ 2 _ 2
Hoh) (2 Th <10err,,
xm ym “
with err.3 = 1073 and the number iy of the itera-
tions in y direction has exceeded 1000.

(iif)

(iv)

The last case is considered an abnormal convergence
and returned with a flag “failure.” Finally, the maximum
number of total iterations (i.e., accumulated number of
iterations in x direction) is set to 10°, and the iteration is
terminated at that point returning a flag failure.

For a certain value of y, no minimum in the x direction
may be found. In this case, the testing points in y must be
reset. Assuming y¥<y% when y = y¥ does not find the
minimum in x, and y¥>0, we reset y¥=0.2y% and if
not, y¥=0.2y%

The minimization is also performed in the analogous
manner with the case with the distributions (4.8a)-
(4.8¢). In this case, in order to ensure finding the real
minimum, the two points with the smallest values are
chosen from the 100 points obtained by dividing the
range [1, 10%] for A by equal interval. These two points
are used as x§ and x¥ for initiating the minimization
iteration described above.

Note that the current version of the minimization
code is not optimized.
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