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ABSTRACT: Modeling of equiaxed solidification is vital for understanding the solidification
process of metallic alloys. In this work, an extended literature review is given for the models
currently used for equiaxed solidification simulations. Based on this analysis, we present a
three-phase multiscale equiaxed solidification model in which some approximations regarding
solute transport at microscopic scale are put together in a new way and incorporated into
macroscopic transport equations. For the latter, a term relating to the momentum exchange
between the two phases is revised, and a modification for the grain packing algorithm is proposed.
A modernized model for equiaxed dendrite growth is tested using a case of solidification of
Sn-5wt.%Pb alloy in a parallelepiped cavity that mimics the Hebditch-Hunt experiment. The
results obtained using two approaches to calculate diffusion length are presented and compared
both with each other and with numerical results from elsewhere. It is demonstrated that diffusion

length has a crucial effect on the final segregation pattern.

KEY WORDS: Equiaxed solidification, Macrosegregation, Diffusion length, Grain growth,

Multiphase flow
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I. Introduction

Modeling the equiaxed regime for alloy solidification is essential for predicting the structure
and composition of solidifying material in the casting process. Indeed, sedimentation or flotation
of free equiaxed grains leads to composition inhomogeneity; growth of equiaxed dendrites can
block growth of columnar ones either mechanically or by rejected solute and induces columnar to
equiaxed transition (CET).[l'Z] However, despite serious efforts to develop dedicated numerical
models, such simulation remains challenging due to the complexity of coupled multiscale
phenomena. Indeed, numerical analysis of equiaxed dendritic solidification accompanied by
convective flow basically needs to address the following issues: (1) individual grain growth inside
an undercooled melt, which is governed by the mass, heat and chemical species transfers between
phases, which, in turn, are affected by grain growth; (2) motion of liquid and growing grains, and
corresponding transport of solute concentration, energy and grain number density. Contemporary
numerical models propose different approaches to resolve these issues. To provide readers with a
clear vision of the differences between the models, an extended review regarding treatment of the
aforementioned issues is given in the introduction. Based on this analysis, in section Il we present
a three-phase multiscale equiaxed solidification model in which some approximations regarding
microscopic scale phenomena are put together and incorporated into macroscopic mass,
momentum, energy and solute transportation equations in a new way. Particular attention is paid to
calculation of diffusion length around the dendrite envelope, which is crucial for grain growth
kinetics. Furthermore, the choice of momentum exchange coefficient, the improvements to the
grain packing method, and a double time step algorithm are also explained in detail. The proposed
model is applied to simulation of the Hebditch-Hunt experiment, which is briefly described in
section I11. In section IV, the results obtained using two approaches to calculate diffusion length
are presented and show us the drastic influence of the diffusion length model on the final
segregation pattern. These results are also compared with numerical results that can be found
elsewhere.
A. Models for growth of an individual grain accounting for convection

Regarding diffusive growth of an individual dendrite grain, most models are based on the
utilization of three phases as was initially proposed by Thévoz et al.®l. These three phases (see

Figure 1) are: the solid dendrite, or s-phase; the liquid between the solid dendrite arms, the
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so-called interdendritic liquid, or d-phase; and the liquid outside of the dendrite envelope, the
so-called extradendritic liquid, or I-phase. Each phase is characterized by a corresponding volume
fraction and averaged values for velocity, temperature and solute concentration. The liquid
concentration at the solid-liquid interface ¢; is generally supposed to be equal to the
thermodynamic equilibrium concentration, which is related to local temperature through a phase
diagram. In most three-phase models, the interdendritic liquid is considered well mixed, and its
average solute concentration ¢, is equal to c;*7. Alternatively, for example in a model by Wu
et al.’®], the value of ¢y is calculated according to the diffusion rate at both s-d and I-d interfaces,
as shown schematically in Figure 1(b). This approach maintains a small gap between c; and ¢/,
avoiding the fluctuation of solute concentration in case of abrupt change in temperature, and thus

enhancing model stability under convective flow.

l; decreases to [;

Solute diffusion c i
Ca PR Tm—=—- -i
C, o= ===
Uenv d d
. Iy \ g{
 iakuininte |\ 1
Cs L ~
s ozt
Bs do I
0 fs fe 1
(a) (b)

Fig. 1—(a) Schematic representation of grain growth with phase assignment, and (b)effect of
diffusion length on average solute concentration in each phase.

The transition from the liquid to the solid phase can be seen as a combination of dendrite growth,
associated with the elongation of the primary dendrite arms at the expense of the extradendritic
liquid, and the lateral growth of secondary arms during which the interdendritic liquid solidifies.
In theory, dendrite tip growth velocity can be calculated accounting for the convective flow that
leads to cumbersome expressions.[g’m] Therefore, in macroscopic models, it is generally accepted
that dendrite tip growth velocity can be estimated using the Lipton-Glicksman-Kurz (LGK)

model™ in steady diffusive growth, or using modified LGK modelst*?**! when accounting for
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convection. In the LGK model, tip growth velocity v;;,, depends on the constitutional
undercooling ahead of the dendrite tip or ahead of a so-called grain envelope. This undercooling
corresponds to the local difference between ¢; and external liquid concentration c;. According to
the scheme presented in Figure 1, this difference greatly depends on the diffusion length in I-phase
denoted by [;. A theoretical solution for [; exists for diffusive growth of a single grain under
steady conditionst*¥ that gives:

D
L =— [1]
vtip

where D; is the solute diffusion coefficient in I-phase, and vy, is the primary dendrite tip
velocity. For a spherical envelope, vy, is also the I-d interface movement velocity relative to
grain growth. For a non-spherical envelope, v;;, should be replaced by Ve, =dmViip, Gm isa
shape factor.

This formulation was used by Wu et al.l®! in the equiaxed solidification problem with grain
transportation and fluid flow although it does not take into account the intensification of the
diffusive flux by convection. It can be assumed that convection leads to a smaller diffusion length
than that defined by Eq. [1], i.e. transport of the solute from the d-phase to the I-phase will be
intensified, thus promoting enrichment of the I-phase. To take this into account, for example, in a
three-phase model by Wang et al. ,™* a relative velocity between the I- and the s- phases was
introduced in the expression for ;. For two-phase models, which can be globular™* or
dendritic,™® there is no distinction between d- and I-phases: instead, a liquid phase, or f-phase, is
considered. In this case, the diffusion length in the f-phase is denoted by ;. In the two-phase
model by Ni et al.,'" the effect of convective flow was accounted for via a Sherwood number,
which had to be, however, carefully chosen from experimental data.™® According to Wang et al., [”
in a dendritic growth of equiaxed grains with spherical envelope shape, diffusion length {; should
be smaller than the value given by Eq.[1] to keep a continuous enrichment process of the I-phase.
Assimilar criterion was used in a non-spherical equiaxed solidification model by replacing tip
velocity with an envelope growth velocity.® To satisfy this, in the description of mass transport
for a single equiaxed crystal moving in an infinite medium, Appolaire et al.' used a boundary
layer around an equivalent sphere accounting for the convection as [; and then limited its
maximum value by the length given in Eq. [1]. The most representative models for diffusion

length are grouped in Table I.
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B. Motion of liquid and dendrites: “hydrodynamic” phases, drag force

The expression of the momentum exchange or drag force between phases i and j, denoted as
ﬁg, depends on the choice of phases that represent macroscopic motion in the system. The phase j
related to the dendritic grain can be presented only as the solid dendrite in the liquid (Figure 2(a)),
or as a union of the solid dendrite and the interdendritic liquid (grain) in the extradendritic liquid
(Figure 2(b)). In the latter case, however, a difference in macroscopic velocities between the solid

phase, inter- and extradendritic liquid can be taken into account 1, # u; (Figure 2(c)).

(a) (b)

u, u, u, u,
Fig. 2—Schematic figure for different unions of phases: (a) solid dendrite (s- phase) and liquid
phase (f-phase), (b) equiaxed grain phase (e-phase) and extradendritic liquid phase (I- phase), and
(c) the solid dendrite (s-phase), inter- and extradendritic liquid phases (d- and [-phases).

In an averaged description, the phase j that represents dendrites is generally considered to be a
porous medium, due to the complexity of an individual dendrite structure. It is customary to treat
the momentum exchange while the liquid phase i is passing through a medium phase j using a
generalized exchange coefficient K;; and the difference in phase velocities. K;; can be expressed
either via a configuration factor FK(fj, dj) and permeability K of the solidifying phase, or via

another configuration factor Fp (fj, dj) along with a notion of a drag coefficient Cp, resulting

from consideration of a particle moving through the liquid:
Ufj = Kij (i = %) = Fx (5, &) 7 (@ — %) = Feo (£, ) Copu|th; — | (2 — %)) [2]

In Eq. [2] both functions Fi(f;,d;) and F¢p(f;,d;) depend on the fraction and characteristic
size and sphericity of the particles of phase j. Note that the drag coefficient C,, can take into

account the permeability of phase j and thus that the two configurations indicated above can be
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equivalent. Different approximations for these functions and coefficients (see Table Il) can be
found in literature.

The most common model, traditionally used for permeability of the mushy zone in columnar
dendrite growth, is the Kozeny-Carman relation®” (Table 11), which was formulated for the
pressure drop in a laminar flow passing through a stationary packed column. The latter was treated
as a bundle of tangled tubes of various cross-sections. This relation was used in the model with

|.[21]

two phases and globular equiaxed grains developed by Wu et al.**~ and further adopted by these

authors for the drag force between I-phase and e-phase ﬁll’e = —l_ffl (Figure 2(b)) in a three-phase
model.[#

In another two-phase solidification model with globular equiaxed grains, Ni et al.l ysed an
expression for the drag coefficient €, that accounted for a modification of flow character during
the solidification process. For low solid fractions (f; < 0.5) the grains were supposed to move
relatively freely in the liquid, i.e. the interfacial momentum balance between the solid and liquid
could be presented using Stokes’ law for an individual object moving through the liquid. For
fs > 0.5, the solid phase was similar to a packed bed, thus allowing momentum balance to be
presented with the Kozeny-Carman expression. A similar approach was adopted by Leriche et al./*
in a three-phase model. For slurry regions, they applied the model used by Ni et al.” but replaced
the solid-phase fraction with a grain-phase fraction. For packed regions, a permeability related to
secondary arm spacing is applied.

In Wang et al.’s model,™ the I- and d-phases were united as the f- phase: f; = f, + £, yet, the
difference between velocities i, and u; was preserved (Figure 2(c)). An expression for the
momentum exchange coefficient K¢¢( Table I1) between f- and s-phases was obtained for all solid
fractions ranging from 0 to 1 through a general correlation Krs = {[(1 — f)Kas]™ + (K;e)"}/™. In
this equation, coefficient K;; was evaluated from the secondary dendrite arm spacing, and
coefficient K;, was taken from Happel’s approach that considered the viscous flow relative to the
bed of spherical particles™™. Wang et al.’s model™ took into account a shape factor C,(®,) for
the dendrite grain to provide freedom for estimation of surface area concentration.

In Appolaire et al.’s work!*?, another model proposed for the momentum exchange coefficient
in a three-phase system was verified with the equiaxed grain sedimentation experiment. Table |1

gives more details on different models for calculating the momentum exchange coefficient.
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As indicated above, another important phenomenon related to the motion of equiaxed grains is
their packing, after which the grains can be considered immovable. However, for the sake of
brevity, in this paper we prefer not to discuss the various models used to implement packing
phenomena: some references are indicated elsewhere®. A description of the procedures used in

the model is given below in section I1-C.

I1. Description of the present model

The present model is based on three phases, which consist of the liquid outside of the envelope
of equiaxed dendrite (I-phase), the interdendritic liquid (d-phase), and the solid dendrite (s-phase)
(Figure 2(b)). The phase fractions satisfy the following constraint: f; + f; + f; = 1. Aunion of the
solid dendrite and the interdendrite liquid makes the grain phase f; + f; = f.. The solid and grain
phase should appear in the volume once nucleation has occurred. Nucleation is assumed to occur
instantaneously once local constitutional undercooling is greater than nucleation undercooling
AT > AT, OF if the local grain number density n drops below 1 m=3M*!. The latter condition is
used to avoid null grain number density that leads to significant numerical errors. During the
growth stage, the primary dendrite tip velocity v, calculated by the LGK model™ is multiplied
by a shape factor ¢y, to obtain the envelope growth velocity v,,,. In this work, the value for
¢y is given as 0.683% assuming an octahedral grain envelope shape, although its exact value
needs to be measured based on experimental results. Dendritic envelope surface area concentration
SM s evaluated based on a spherical envelope shape, as in most works!®**'%%]. Solidification of
the interdendritic liquid is governed by solute diffusion in the interdendritic liquid region.
Diffusion length inside the interdendritic liquid is assumed to be half of the distance between the
secondary dendrite arms (given in Table V), whereas solid back diffusion is ignored. Regarding
the macroscopic multiphase flow, it is assumed that the interdendritic liquid and the solid dendrite
share the same velocity field, i.e. the solid phase moves together with some amount of the liquid
around it. In the conservation equations, all densities are constant and equal to the reference
density, that is p; = ps = po = pa = Pres- Similar to Zaloznik and Combeau,"® to model the
sedimentation phenomenon, in the buoyancy term, a constant difference between the solid phase
density and a reference density is introduced. The Boussinesq approximation accounts for solutal

and thermal convection in the liquid phase. While the grain growth model and macroscopic
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conservation equations are similar to those described elsewhere,” we propose a new combination
of parameters to model the diffusion length between the inter- and extradendrtic liquid. Further, a
Happel model is used for implementation of the drag force, and a new grain packing algorithm is
proposed. The reasons for these choices and their crucial effect on the evolution of the
solidification processes are explained in detail below. Conservation equations, source terms, and
some auxiliary expressions, are summarized in Table 111, while the main physical parameters are
provided in Table IV.
A. Diffusion length model

Determination of diffusion length, especially the diffusion length around the envelope in the
extradendritic liquid [;, drastically affects numerical results as it links phase transition with the
enrichment of the extradendritic liquid. According to Eq. [21] and Figure 1, if [, decreases, the
solute flux through the envelope intensifies, and the concentration difference between the inter-
and extradendritic liquid decreases if the average concentration is conserved within the volume
corresponding to the final grain size. Consequently, a smaller solutal undercooling ahead of the
dendrite tip leads to a smaller dendrite growth rate (Eq. [34]). This means that the solid fraction
within grain phase f¢ increases and could promote the sedimentation or floatation of equiaxed
grains. Different methods, proposed for calculation of [;, are discussed above in the introduction,
and provided in Table I. All of them emphasize several factors, namely dendrite tip velocity,
current and final diameter of the grain (or envelope), and relative velocity between the grain and
the liquid phases. In the present work, the diffusion length proposed by Ni et al.*™ is adapted for
the three-phase model, and, following the work of Appolaire et al.*, we limit its maximum value
by the length given in Eq. [1], replacing v;;, by v, since a non-spherical envelope shape is
considered.

-1
1
2 a

1 4 Sc3Re D; [35]

l; = min - ,
2 1— (1 — fl)% 3fl Venv

where Sc = u;/(pD;) is the Schmidt number, Re = |u; — U, |(pf;d,)/u; is a local Reynolds
number calculated with the envelope diameter d,, and a = (2Re®?® + 4.65)/3(Re%?8 + 4.65).

In the first term inside the max operator in Eq. [35], the fraction 1/(1— (1 — £,)/3) accounts
for the effect of solute interaction, while the term Sc/3Re®/(3f;) describes the effect of

convection around the equiaxed grain envelope. In order to quantitatively illustrate the
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contribution of each individual physical phenomenon (accounted for in the Eq. [35]) and the
influence of the diffusion length model on phase evolution, a numerical study was conducted for a
zero-dimension solidifying system in which temperature is assumed to be uniform in the
calculation domain and governed by the following equation:[l4] cpT = L(df;)/dt — c,m(dc;)/
dt. In this case c, is capacity, L is latent heat, m is the slope of liquidus in the phase diagram,
and T = 1K/s is the imposed cooling rate. Calculations are carried out for the Sn-5wt%Pb alloy,
the same as that investigated in section 111, the properties of which are given in Table IV. The total
concentration of the solute in the calculation is conserved.

Four different diffusion length models are compared: the one given by Eq. [35] and three others

given by Eqgs. [36] through [38]:

D
I, =— [36]
Uenv
d, D
b =min|%2, 21| [37]
|27 Vo
P 1 op
I, = min f( 1) , — [38]
I e e L A

In case 1, we use a diffusion length that is determined by envelope growth velocity (Eq. [36]).
In case 2, based on Eq. [37], the model assumes that, at the initial growth stage, the thickness of
the diffusion boundary layer around the envelope is comparable with the grain’s radius. In case 3
(Eq. [38]), the solute interaction is taken into account, and thus diffusion length can decrease at the
later solidification stage. It should be noted that these phenomena were already taken into
account in the models proposed by Martorano et al.”® and Ciobanas et al.”! However, their
models are not considered here because they did not deal with convection. Finally, in case 4,
where we use Eqg. [35], the convection around envelope is included in the model in addition to the
previously described effects. In order to use Eq. [35], some additional parameters are required.
Grain number density is given a value of 10%/m? to determine final grain size. \Velocity difference
|u; — i,| isimposed to be 0.1 mm/s, assuming a weak liquid flow around the grains. Results of

simulations are presented in Figure 3.

10
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Fig. 3— Solidification in a zero dimension uniformly solidifying system obtained with different
models (Eqgs. [35] through [38]) for diffusion length [;: (a) variation of diffusion length [; in time,

(b) evolution of the solid and grain fractions and (c) temperature evolution.

At the early stage (t < 0.6 s) of grain growth, grain size is small while the value of D,/v,,, is
high. Hence, in the expression of Egs. [35], [37] and [38], the first term in the bracket prevails,
and case 1 differs from the 3 other cases: see the insert in Figure 3(a). Meanwhile, the effect of
convection and solute interaction is negligible. A second growth stage can be identified during a
time period from 0.6 s to 2.9 s, when v,,,,, increases rapidly, and the second expression in EQs.
[35], [37] and [38] becomes smaller. Consequently, the value of the diffusion length for all 4 cases

is calculated with the same expression, and evolution of phase fractions (Figure 3(b)) and
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temperature (Figure 3(c)) in all four cases is almost equivalent. After 2.9 s, the four cases show
obvious differences. For case 1 and case 2, diffusion length increases in a similar way until
approximately 29 s since v,,, decreases. In case 3 and case 4, solutal interaction and convective
effect become important. Therefore, although in both Egs. [35] and [38], the first term in the
brackets is chosen, the diffusion length calculated with Eq. [35] is smaller due to convection, that
also affects the evolution of the grain fraction (Figure 3(b)). It is interesting to note that the

diffusion length evolution observed by Torabi Rad et al.[?"!

experienced similar 3 stages as in cases
2 through 4, although that simulation was made for another alloy system and under a different
cooling condition. A remarkable difference in envelope growth is observed between case 1 and
case 4 after 45s of solidification. In the former, the envelopes of neighboring grains impinge

(f. = 1), and further solidification occurs in the interdendritic liquid, yet the grain fraction in case
4 is only 0.48. Such a difference can greatly influence the solidification process and
macrosegregation pattern. Regarding the macroscale model, the effect of convective flow on
equiaxed solidification is even more complex since the average solute concentration for a given

grain may also change due to solute or grain transportation at the macroscale. This effect is shown

in section V.

B. Momentum exchange coefficient

Based on a direct comparison of the non-dimensional momentum exchange coefficients
K,.d2/u; calculated with the Happel model™ and the Carman-Kozeny model®” (Figure 4(a)),
the difference between them could be thought to be minor. Yet, a simple demonstration can be
made with the settling velocity u, of grains falling in a stationary liquid. This can be calculated
from the equilibrium between the gravitational force and the friction from the liquid as u, =
Apg/K;.. We estimated this velocity for different grain fractions using the grain number density
n =10°m=3 (for calculation of the grain diameter d,) and the density difference Ap =
100 kg/m?3. Figure 4 (b) presents the results obtained with the two models, while the velocity
calculated with the classical Stokes’ drag force is also included for comparison. For a large grain
fraction region, i.e. f, > 0.4, the Happel model and Kozeny-Carman model predict similar
settling velocity, which approaches zero as the amount of liquid decreases. However, for grain

fractions approaching zero, the settling velocity calculated with the Happel model also moves to

12
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zero, similarly to the case with the Stokes’ law, while use of the Kozeny-Carman equation gives a
velocity value moving to infinity. One can conclude that the Happel model provides a good
approximation both for the free-particle regime, also including very small nuclei, and the packed
bed regime. It should be noted that the model used by Wang et al. ™ (Table 11) is reduced to the

Happel model if the partition of the inter- and extradendritic liquid phases is not considered.

=3 6
= 10 0.03;
5] !
g ] . ; (b)
8 10 ! 7
S - ' /
s - ] ! /
3 £ 0.02{ %
o 10% 2 4 7
2 i 8 \ K4 Happel
£ ¢ o v o - - -Kozeny-Carman
g 104 /7 o Ll —-—- Stokes' law
> : c Y
» = 0.014{ ,»
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Grain phase volume fraction f, Grain phase volume fraction f,

Fig. 4—Comparison of (a) dimensionless momentum exchange coefficient between I- and e-

phases and (b) settling velocity between different models.

C. Grain packing method

During solidification, the free-floating equiaxed grains impinge before being packed in a rigid
structure similar to columnar grains. In numerical models, this transition is treated with a packing
fraction limit, which can be associated either with grain fraction f? or with solid fraction f7,
depending on the phases whose relative motion is considered. Generally, it is assumed that for a
freely moving equiaxed grain, whose volume fraction increases to the packing fraction limit, its
velocity should drop to zero. It is widely accepted that the packing fraction limit for the grain
phase is £ = 0.637 *??1 which is an approximation of the closest packing fraction of
randomly arranged monodisperse spheres. For solid fraction, the limit is lower and accepted to be
in the range £ = 0.1~0.5,”***%. A more complex morphology of the solid dendrites makes
them easier to form a packed structure." A widely used packing condition is that f. is higher
than f°. However, even if f, = f,7, grains cannot be made rigid when they are in the middle of a
non-rigid domain, as a group of them could still sediment or float up or be dragged. Thus, in order

to avoid unphysical system behavior, the second packing condition is introduced to the model,

13



311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340

which assumes that the grains to be packed should have a rigid neighbor upon which to be
attached. A grain packing status marker i, is adopted to identify whether or not the grains in a
calculation cell should be packed. During initialization, a zero value is assigned to i, ineach
calculation cell. If the cell of interest is adjacent to the wall or has at least one packed neighboring
cell, its i, value is changed to 1. For the cell marked with i, =1, once f, = f,; is satisfied, the
grains get packed and the marker i, is set to 2, which means that the grain phase motion must be

stopped. This procedure is repeated at each time integration step.

D. Implementation of the solution algorithm

To reduce simulation time, the processes occurring at macroscopic and microscopic scales are
modeled with different time step sizes, as shown in Figure 5.

For each intensive medium property W, representing phase fraction, solute concentration,
temperature or grain number density, a balance equation can generally be written as: (d(p¥))/
dt + V(puW¥) = V(AuV¥) + Sy, where the convection term V(pu¥) and the diffusion term
V(A4 V¥) represent macroscale transport phenomena. The source term Sy is mainly induced by
microscale evolution, including the nucleation and exchange of mass, energy and solute between
phases. A double time step method is based on an assumption that microscopic exchange only has
a slight influence on macroscopic transportation. A larger time step size At, used for calculation
of macroscopic transportation, is divided into N sub-steps At = At/N used for time integration
of the microscopic exchange rate.

Microscopic exchange is calculated locally by omitting the macroscale transport terms giving
(d(p¥))/dt = Sy. Each variable is initialized as ¥, which is the transport solution from the last
time step. The value at sub-step i is calculated with the first-order time integration scheme using
data from the previous sub-step i-1: p¥; = pW¥;_; + Sy ;_;At. In each sub-step, at first an amount
of nuclei (NgAt)/N is added, then the rate of phase transition is determined, after that, the solute
concentration and enthalpy content are calculated for each phase. Finally, the values of
Vil Sy = p(Wy — Wo)/At are recorded and then used as source terms for solving macroscopic
transport equations, including multiphase flow field and transport of energy and solute
concentration. These macroscopic transport equations are solved by ANSYS FLUENT® software.

In current research, we use the time step size At of 0.005s and the number of sub-steps N of 20.
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Fig. 5—Solution algorithm scheme.

I11. Description of the simulated case

The numerical model described above is applied to solidification of a binary alloy, which occurs
in a quasi-two-dimensional thin parallelepiped cavity with dimensions 100mm width x
60mm height. Initially, the melt inside the cavity is kept at a uniform temperature slightly above its

liquidus temperature. One of the lateral faces of the cavity is then cooled down while other faces are
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kept adiabatic (Figure 6). This solidification process mimics an experiment performed for the first
time by Hebditch and Hunt®®? for three binary alloys, one of which was Sn-5wt%pPb, to study the
effect of buoyancy convection on macrosegregation. Since then the experiment has been modeled
many times using models for columnar solidification™®*3*! as well as models that included motion of
the equiaxed grain phase®>*®!. In our simulation, the initial temperature of the melt is 499.15K,
with a small superheat of about 0.43K above the liquidus temperature of the alloy. The outside
temperature and heat transfer coefficient at the cooling face are 298.15K and 300W m~2s~!,
respectively. All thermophysical parameters and material properties are listed in Table IV, most of

which are taken from the workE®),
100mm

Sn-5wt.%Pb

Buoyancy g 60mm
flow

Cooling water

A

Fig. 6—Illustration for the solidification problem under consideration.

IV. Results and discussion

For convenience, the simulation performed with diffusion length given by Eg. [35] and
presented in this section IV.A is referred to hereafter as case A. To demonstrate the crucial effect of
diffusion length on the resulting solidification pattern, a simulation presented in section I1V.B and
referred to as case B, is performed with the diffusion length given by Eq. [36]. Other internal
parameters, material properties, and external conditions for cases A and B are identical.

A. Results of case A

At the beginning of the solidification process, the liquid next to the cooling side flows
downwards due to the thermal and solutal buoyancy effects. Nucleation occurs once local
undercooling is greater than nucleation undercooling. According to material properties (see Table
1V), the solute-poor grains have higher mass density than liquid. Therefore, subjected to drag force
and gravity, they are further transported by the fluid flow, sediment, and accumulate at the cavity
bottom. In solidification, the partition coefficient for Pb is less than one, meaning that the solid

initially forms at a depleted composition relative to the nominal one, and the solute is rejected into
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the liquid phase. Therefore, a thin negative segregation layer forms at the bottom, while a liquid
layer enriched with Pb is situated a few millimeters above. As solidification proceeds, these

segregation phenomena become more pronounced.
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Fig. 7—\Various fields at different solidification times in case A: (a.1, b.1 and c.1) temperature and
grain number density (n in m~3), (a.2, b.2 and c.2) grain phase fraction (f,) and velocity (ii,), the
black line shows the f, = 0.637 level, (a.3, b.3 and c.3) averaged solute concentration (cp,ix N

wt. %Pb) and liquid phase velocity (1;), and (a.4, b.4 and c.4) solid phase fraction.
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As described in section 11-C, when the grain phase faction f, increases above the packing
fraction limit f£,7, a packed region appears, which is shown below by the black line in Figure 7(a.2,
b.2 and c.2). At 10s, only a thin layer of packed grains is formed at the bottom. When grains arrive
at the right wall, they are dragged upwards by the liquid and tend to sediment at the same time,
thus resulting in their slight backwards flow followed by their dispersion in the bulk liquid. The
packed grain layer gradually piles up from the bottom of the cavity to the top. Some grains reach
the packing fraction limit before arriving at the right wall, which explains the formation of a gentle
slope towards the east (Figure 7(b.2 and c.2)). The upward liquid flow through the packed bed
depletes its solute concentration and enriches the liquid layer above the bed (Figure 7(a.3 and b.3)).
The downward liquid flow in the packed porous zone brings the solute down, forming a small
enriched pool at the bottom of the cavity (Figure 7(b.3)).

At 250 seconds of solidification, almost the entire cavity is occupied by packed grains, yet the
extradendritic liquid still circulates between them. Due to the large flow resistance in the packed
region, liquid flow in this area is weak, as shown in Figure 7(c.3), and maximum liquid flow
velocity in the packed region is only 6.5 x 10~*m/s. However, this weak liquid flow can still
influence solute distribution if sufficient time is provided. As can be seen further in Figure 8, due
to buoyancy force and residual fluid flow, the enriched liquid descends and is replaced by the
liquid from upstream. Continued enrichment at the bottom leads to strong positive segregation
over the entire bottom. The overall result is that a region with semicircular shape forms near the
cooling face, corresponding to a negative segregated region at the same place, while positive
segregation forms in the bottom righthand region (Figure 7(c.3) and Figure 8).

Similar to the result from another equiaxed solidification model®”** and the columnar
solidification model®3**] some segregation channels form near the cooling side. These channels
are determined by thermosolutal buoyancy and the local fluctuations in permeability of the packed
zone. Cells with higher solute content will have a lower liquidus temperature, and therefore, a
lower solid fraction for a given temperature. Therefore, envelope growth can be accelerated at one
location, or suppressed at another location depending on the flow field and solute concentration
distribution. Fluctuation of envelope growth will influence the permeability term in the
momentum equation, and then further affect the flow field. This mechanism generates a positive

feedback loop, allowing channels to continue to grow. In Figure 8, average solute concentration
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distribution is overlaid with the vectors for velocity in the extradendritic liquid and isolines of the
solid fraction for f; = 0.5 and f; = 0.9. Areas with lower composition correspond to the
protrusions of the solid into the bulk fluid flow during the earlier solidification stage. Liquid flow
is most intense near the isoline f; = 0.5 from the lefthand side, i.e. in the zone f; > 0.5. Itis
observed that a new channel appears on the existing channel from t=400s to t=550s (Figure 8).
After that, channel formation stops but macrosegregation continue to evolve (compare Figure 8(b)

and Figure 12).

(a) t=400s |ﬁ, [max =4.69mm/s (b) t=550s |L7, |max =0.65mm/s
Fig. 8—Evolution of macrosegregation with most grains being packed: solute distribution is

shown with isolines of the solid fraction and vectors for flow velocity in I-phase (case A).

B. Results of case B

Similar to case A, at the early stage of solidification of case B, the equiaxed grains appear and
grow near the cooling side before sedimenting to the bottom, causing negative segregation (Figure
9(a.3, b.3 and ¢.3)). The equiaxed grains pile up to form a packed region near the bottom.
Diffusion length in case B always increases as envelope growth velocity decreases, meaning that
the diffuse flux from the interdendritic liquid to the extradendritic liquid decreases with time and
that bulk liquid enrichment is much less intense compared to the previous case. A weak
enrichment leads to a higher constitutional undercooling, thus the envelope growth rate of grains
remains high even when they get packed. Consequently, the extradendritic liquid between the
grains rapidly disappears (Figure 9(b.2 and c.2)), and its convective velocity approaches zero
(Figure 9(c.3) and Figure 10). A slightly enriched layer of the extradendritic liquid still remains on
the top of packed grain region, because the buoyancy term related to solute concentration is small
and the permeability of the packed grain region rapidly decreases. Although there is still

interdendritic liquid inside the grain phase, the current model assumes that it has the velocity of
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440  Fig. 9—Various fields at different solidification times in case B: (a.1, b.1 and c.1) temperature and
441  grain number density (n in m~3), (a.2, b.2 and c.2) grain phase fraction (f,) and velocity (ii,), the
442  black line shows the f, = 0.637 level, (a.3, b.3 and c¢.3) averaged solute concentration (cpix in
443  wt. %Pb) and liquid phase velocity (i;), and (a.4, b.4 and c.4) solid phase fraction.

444

445  the grain phase, yet, the latter is already packed, i.e. immovable. Therefore, after 250s, solute

446  distribution barely changes, as can be seen in Figure 10. Although solidification proceeds in a
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horizontal direction from the cooling side to the adiabatic side, slightly enriched liquid is then
captured at the top by the packed grains whose fraction is not far from 1. Finally, an upward
pointing concentration gradient forms in the sample (Figure 12(b)). For the same solidification

case, a segregation pattern similar to that in case B was also obtained with a two-phase model. B¢

4.88
4.79

(a) 1=400s |, =0.16mm/s (b) 7 =550s || = 0.08mm/s

Fig. 10—Evolution of macrosegregation with most grains being packed: solute distribution is

shown with isolines of the solid fraction and vectors for flow velocity in I-phase (case B).

C. Effect of the diffusion length model on solidification results

During the early stage of solidification, case B shows similar phenomena to case A, yet at 75 s,
the two cases already present differences in grain growth and macrosegregation that become more
pronounced with time.

A less intense enrichment of the extradendritic liquid and a higher grain growth velocity in case
B lead to a faster increase in the height of the packed bed despite in this case a slower grain
sedimentation velocity (compare Figures 7(b) and 8(b)). The packed bed grows fast at the
beginning before slowing down due to the solidification process. In Figure 11, a height of the
packed bed estimated from the results obtained by Zaloznik et al.® with a two-phase model is
also presented for comparison. The conclusion can be drawn that present three-phase models with
the packing grain limit of 0.637 predict faster growth of the packed bed than the two-phase model
with the packing limit of 0.3 for the solid fraction.

Regarding segregation, the formation of channels is observed in case A but not in case B.
Similar to a columnar solidification,®****% the channels are initiated near the cooling side and
directed downwards following the fluid flow, which circumflexes the grains already packed at the
lefthand wall, making the channels convex upward. For case B, the I-phase is quickly exhausted,

meaning that the extradendritic liquid flow becomes too weak to affect solute distribution and to
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form channels. A comparison of Figure 8 and Figure 10 shows that solid growth in case B is
slower than in case A due to the faster diffusion of the solute from the solidifying dendrite to the
extradendritic liquid. This is conversely to the zero-dimension solidification case which was
considered in section Il because the rejected solute is not conserved within a grain but is
redistributed in the bulk liquid. Finally, in case A, positive enrichment forms at the bottom
righthand part of the cavity, as shown in the macrosegregation map (Figure 12(a)), while in case B,
a discontinuous positive segregation chain is presented at the top (Figure 12(b)). The segregation
degree in case B is much smaller, from 4.8% to 5.8%, than that in case A, from 1.9% to 13.4%
(Figure 12).

It should be noted that the segregation pattern in case A is close to the original experimental
result (except channels),? although mainly columnar grain structure was found in the experiment.
This can be explained by the fact that in the present simulation, the dendrite equiaxed structure
grows quickly before being packed into a bed that occupies the entire cavity. During further
solidification, the packed grains cannot move anymore, and thus behave like a columnar dendrite

structure.
6

g . ——Case A
1+ - —-Case B

= Two-phase model®?

Packed grains bed hight (10°m)
w

0 1 N 1 N 1 " 1 N
0 100 200 300 400 500
Solidification time (s)

Fig. 11—Comparison of packed grain bed evolution.

22



490
491

492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509

510
511

‘mix

11.00

10.10
9.20
8.30
7.40
6.50
5.60
4.70
3.80
2.90
2.00

i1 N

(@) (b)

Fig. 12—Segregation map for case A (a) and case B (b) at 1000s.

V. Conclusions

A modernized three-phase solidification model was proposed and applied for simulation of
equiaxed dendritic solidification accounting for grain transport under the buoyancy flow. In the
model, use of the Happel approximation for the momentum exchange coefficient between the two
phases allows us to account for grain transport for the full grain fraction range. Furthermore, an
additional criterion proposed for the treatment of the grain packing phenomenon allows us to take
into account properly those grains whose fraction exceeds a theoretical packing limit but which
were transported in the middle of the bulk liquid and, consequently, should not be blocked.
However, the main novelty of the model is a new equation for calculation of diffusion length. The
proposed diffusion length equation combines the factors affecting diffusion length in the
extradendritic liquid, including a convective flow around the grains. The drastic effect of the
adopted model is demonstrated with two simulations of the solidification of a binary alloy
Sn-5wt%Ph. The only difference between them is in the calculation of diffusion length: case A
uses a proposed equation, while case B uses a diffusion length purely dependent on envelope
growth velocity. The numerical results show that the case including the proposed equation for
diffusion length predicts a slower growth of the packed grain bed at the bottom of the cavity,
formation of channels near the cooling side, and a final segregation pattern with an enriched layer
at the bottom. The overall final segregation pattern is similar to the results obtained with the

columnar model used earlier as well as with the experimental one.
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NOMENCLATURE

solute concentration in i- phase o diffusion surface concentration of the
C; .
: (wt.%) € grain phase (m™1)
Cmix  Mix solute concentration (wt.%) t time (s)

hﬁ

Cout eutectic concentration (wt.%) temperature (K)

equilibrium concentration at f-s or

[)Cs . T, eutectic temperature (K

U5 g interface (Wt.%) eut utectic temperature (K)

Ceny  CONcentration at I-d interface (Wt.%) T, initial temperature (K)

ch specific heat for i-phase (J kg~ K™1) AT constitutional undercooling (K)

Co initial concentration (wt.%) AT, Nnucleation temperature (K)

d.,ds grain diameter (m) U velocity vector of i- phase (m s™1)

D diffusion coefficient in liquid —p momentum transfer rate from i- phase

! (m2s™1) i to j- phase (kg m2s72)

fi volume fraction of i- phase (1) Venw envelope growth velocity (m s™1)

fy fp  packing limit fraction (1) Vas d-s interface growth velocity (m s™)

fs solid fraction within grains (1) Greek Symbols

- buoyancy force of i- phase . - _

Fg; (kg m~25-2) Br thermal expansion coefficient (K~1)

h; enthalpy of of i- phase (J kg!) B¢ solutal expansion coefficient (1)

. interfacial heat transfer coefficient @ shape factor of dendritic envelope
(Wm™3K™?) M growth (1)
species transfer rate from i- phase to o o

Jij . 1 Dy sphericity of dendritic envelope (1)
j- phase (m s™)
thermal conductivity for i-phase . -

k; -1 gibbs thomson coefficient (m K)
(Wm™K™)

k solute partition coefficient (1) Ay secondary arm spacing (m)
liquid-equiaxed drag coefficient . . . 1

K;j (kg m-3s~1) U viscosity of i- phase (kg m~1s~1)

l; diffusion length of i- phase (m) Di density of i- phase (kg m~3)

L latent heat (] kg™!) prer  reference density (kg m~3)
slope of liquidus in phase diagram . .

m (K)p q P g pb density of solid phase for buoyancy
mass transfer rate from nucleation . . .

Mg _3 1 Y, a intensive medium property (-)
(kg m™s™7)
mass transfer rate from i- phase to

My 34 P Subscripts
j- phase (kg m™>s™")
maximum equiaxed grain density ) o

Nonax d interdendritic liquid phase

(m™)
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n grain number density (m3) e: d+s exquiaxed grain phase

Ng nuclei production rate (m3s~1) f:14+d  liquid phase
Re Reynolds number (1) I extradendritic liquid phase
Sh Sherwood number (1) S interdendritic solid phase
M surface concentration of the
s} _ .
equivalent sphere (m™")
Note:

The symbols related to averaging procedures are omitted in the paper, i.e. a field property

averaged over its proper phase (W;)! is replaced with W; for simplicity.
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Caption list

Fig.1. (a) Schematic representation of grain growth with phase assignment, and (b)effect of

diffusion length on average solute concentration in each phase.

Table 1. Diffusion length ahead of the dendrite tip in equiaxed solidification models

Fig.2. Schematic figure for different unions of phases: (a) solid dendrite (s- phase) and liquid
phase (f-phase), (b) equiaxed grain phase (e-phase) and extradendritic liquid phase (I-
phase), and (c) the solid dendrite (s-phase), inter- and extradendritic liquid phases (d- and
I-phases).

Table 11. Coefficient in the equation for the momentum exchange, Eq. [2].

Table 111. Conservation equations, source terms, and auxiliary expressions.

Fig.3. Solidification in a zero dimension uniformly solidifying system obtained with different
models (Egs. [35] through [38]) for diffusion length [;: (a) variation of diffusion length [,
in time, (b) evolution of the solid and grain fractions and (c) temperature evolution.

Fig. 4. Comparison of (a) dimensionless momentum exchange coefficient between I- and e-
phases and (b) settling velocity between different models.

Fig. 5. Scheme algorithm scheme.

Fig. 6. lllustration for the solidification problem under consideration.

Table 1V. Phase diagram data and Material properties.

Fig. 7. Various fields at different solidification times in case A: (a.1, b.1 and c.1) temperature and
grain number density (n in m™3), (a.2, b.2 and c.2) grain phase fraction (f,) and velocity
(i), the black line shows the f, = 0.637 level, (a.3, b.3 and c.3) averaged solute
concentration (cpix iN Wt. %Pb) and liquid phase velocity (i;), and (a.4, b.4 and c.4) solid
phase fraction.

Fig. 8. Evolution of macrosegregation with most grains being packed: solute distribution is shown
with isolines of the solid fraction and vectors for flow velocity in I-phase (case A).

Fig.9. Various fields at different solidification times in case B: (a.1, b.1 and c¢.1) temperature and

grain number density (n in m™3), (a.2, b.2 and c.2) grain phase fraction (£,) and velocity (ii,), the

black line shows the f, = 0.637 level, (a.3, b.3 and c.3) averaged solute concentration (c,i; in
wt. %Pb) and liquid phase velocity (1;), and (a.4, b.4 and c.4) solid phase fraction.

Fig. 10. Evolution of macrosegregation with most grains being packed: solute distribution is
shown with isolines of the solid fraction and vectors for flow velocity in I-phase (case B).

Fig. 11. Comparison of the packed grains bed evolution.

Fig. 12. Segregation map for case A (a) and case B (b) at 1000s.
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Table 1. Diffusion length ahead of the dendrite tip in equiaxed solidification models

Reference Phases . Diffusion length ; or [f
type of grain
Iilappaz and Thevoz l,d,s” |, = Dy (No flow)
[14] dendritic Veip
1 -1
Ni and f.s l dy 1 Sc3Re?
Beckermann(*”! lobular —2 1t3
. i--gy
L, = de
Wang and l,d,s L= c\3 /- N\ Y3
. 2+ 0.865 (= e
Beckermann[™®! dendritic (fz) ( D, )
with C, = C.(f)
l,d,s

Appolaire and
Combeau

Wu and Ludwig??

dendritic (single
crystal in infinite
medium)

l,d,s
dendritic

. d D
[, = min (—e,—’ ) where
Sh Utip

Sh = 2 + 0.6Sc!/3Rel/2

% globular growth

L = Dy

dendritic growth

Venv
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Table 11. Coefficient in the equation for the momentum exchange, Eq. [2]

Phases, union of

Reference phases, Coefficients for Eq. [2]
type of grain
180u72
Wu and Le=(dUs) Ky, = Fo(fyd)" = a2 Je </sc
Ludwigt® dendritic le = TRV Rl T ) g
- Jfe>Tfsc
3 fs 48C(1-f
0 =3q Cp =7kR(e f)+Cie
; d
Ni and o s Re — pfrds i —
Beckermann™™  globular Ky
Cxe =05 and Cje =7/3 for fr <0.5
Cre(fr Re), Cio(fr, Re) for f; > 0.5
_af2p2 i
Wang and l,d,s Kps = 4f7 B 2 where
Beckermann™!  dendritic B = Ba
[(A=FO™+(Ba/ B2
l, d, S p dZQ 12
] . _pfm _ c
Apollalre[?zqd dendritic Fep ==—— Cp = m where
Combeau (single crystal in c'(Re). O(L) & sphericity. K from Kozenv-Carman
infinite medium) b(Re), (\/E) Sphericity, y
ian- _3pfe _ 48Cke(1-f1)
Slurry region: Fgp = P d Cp = —
Leriche and f=0ud),s Cke =05 and Cjo =7/3 for f, > 0.5
Combeau!” dendritic

Cke(fl:Re), Cie(fl,Re) for fe <05

2 3
Packed region: K = Lz Ui .
207 (1-f/)
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Table 111. Conservation equations, source terms, and auxiliary expressions

1. Conservation equations

Mass

Momentum

Energy

Solute

Grain number density
2. Source terms

Mass

Momentum

Energy

Solute

Grain number density

3. Auxiliary expressions

a(gfl) + V({fipy) = Moy — My,
Q0P 4 9fpuiis) = M + Mo
a(feffs)- + Vo fEpsile) = Mas + Mo
a(ﬁ;;ul) + V(fipdiytly) = —£,9p + VIufi(Vai; + (Vi) D] + i,M,, + Fy, + U5,
0Uebete) | g(f.pyii,ii,) = ~FuVp + Vi fy (Vi + (VEYTY] + My, + g + 0D
@ + V(fipihy) = V(k fiVT) + LMysfi + Moihy + Qe
% + V(fepeliche) = V(kefoVT) + LMysfe + Miohy + Que
where hy = [;' cjdT +hi, he = [° csdT +h
% + V(fipiic) = V(D fiVey) + J o
L) | 9(fepetec) = i
TEPLD | 9(fupitiees) = s
%n + V(u,n) = Ny
M = —Mg = p - SJ'* Veny
2-fq

Mys = fe 'ps'Tz'vds

1
My = Nop; 'gﬂd?)
ﬁsz = ﬁplg[ﬁT(Tref - Tl) + ﬁc(fref - Cl)]
ﬁBe = fdpdg[ﬁT(Tref - Te) + ﬁc(cref - Cd)] + fs(p.é7 - pref)g
- - SN W
Uf = =Ug = Kie (i — Ue) = 4f12ﬁzd_;(uz — )

e

Qe =—Qu=H"(T,—T.)

where H* = 1x10° W m=3K~! (infinite)

Dl ) (Eenv B Cl)
L

]lez_]elz_pl'se]' + Mo Cony + Mo * €5

Jas = ¢5* (Mgs + Mg)

No = {fl (Mppax —n)/AL, AT > AT qorn<1
® 0, else

T, —Tp _ laci + licq
= 24 =
C m [ ] Cenv ld+ll
flplcl +fepece
ca=k-c [26] Copixy = ———————
° ! " fipu+ fepe
e —foc
cq = M [28] Sé”’ =f,- (36" n)1/3 _fgz/s
fa
A
sl =@6n )3 f1P )@ [30] ly= f;fz
e
5 1/2
L
9 2+<f)
I, see Eq. [35] B = Efel—“z
2-3f+3f—2f2
Dp-my-(k—1) ¢/ (cl"—cl)2 Dy ¢ —cq
=0 . 33 Vgs = — " —
Venv M 2T -k [33] ds lg ¢ —c;
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[5]
[6]
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[10]
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[16]
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Table IV. Phase diagram data and Material properties

Symbol  Units Value Ref.
Phase diagram
Melting temperature of pure Sn Tsn K 505.15
Eutectic temperature Tout K 456.15
Partition coefficient k 1 0.0656 [36]
Initial solute concentration(Pb) Co wt. % 5.0
Liquidus slope m K -128.6 (36]
Material properties
Reference mass density Pref kgm™3 7000 [36]
Density of solid for buoyancy force pk kgm™3 7143 [36]
Reference temperature for density Trer K 499.15
Liquid solutal expansion coefficient B wt. %1 5.3x10°  [36]
Liquid thermal expansion coefficient Br K1 6.0x107 [36]
Reference solute concentration for Cref wt. % 5.0
density
Specific heat chcf Jkg™'K™* 260 [36]
Thermal conductivity ky, ke Wm K™t 55 (36]
Latent heat L Jkg™! 61000 [36]
Diffusion coefficient for liquid D, m?s! 1x10°® [36]
Dynamic viscosity Uiy He kgm~1s71  0.001 (361
Volume heat transfer coefficient H* Wm—3K-1 1x10° [21]
Gibbs —Thomson coefficient T m K 2x10” [40]
Maximum grain number density Nmax m™ 1x10° [36]
Initial grain diameter do m 1x10°®
Secondary arm spacing A m 9x10°
Shape factor for dendrite growth by 1 0.683 22]
Sphericity ol 1 0.283 (22]
Packing limit fraction fr 1 0.637 [22]
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