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INFINITE TIME BLOW-UP IN THE KELLER-SEGEL SYSTEM:
EXISTENCE AND STABILITY

JUAN DAVILA, MANUEL DEL PINO, JEAN DOLBEAULT, MONICA MUSSO,
AND JUNCHENG WEI

ABSTRACT. Perhaps the most classical diffusion model for chemotaxis is the
Keller-Segel system

up =Au—V-(uVv)  in R? x (0,00),

1 1
= (— -1 = — 1
v=(—Ap2) "u o /]RZ og =] u(z,t)dz, (*)

u(-,0) =ug >0 in R2,

We consider the critical mass case fR2 ug(z) de = 87 which corresponds to the
exact threshold between finite-time blow-up and self-similar diffusion towards
zero. We find a radial function u§ with mass 87 such that for any initial
condition ug sufficiently close to uf the solution u(z, t) of () is globally defined
and blows-up in infinite time. As t — 400 it has the approximate profile

1 T —f(t)) 8
,t) =~ U , U =
o= 5500 (S557) 0o = ey
where A(t) ~ %gt, &(t) — q for some ¢ > 0 and g € R2.

1. INTRODUCTION

This paper deals with the classical Keller-Segel problem in R?,
uy =Au — V- (uVv) in R? x (0, 00),

1
v=(—Ap2) " tu = — log T u(z,t) dz, (1.1)

21 Jge x — 2|

u(-,0) = up in R?
which is a well-known model for the dynamics of a population density u(zx,t) evolv-
ing by diffusion with a chemotactic drift. We consider positive solutions which are

well defined, unique and smooth up to a maximal time 0 < T' < 4+o00. This problem
formally preserves mass, in the sense that

/ u(z, t)dx = / uo(x)der =2 M forall te (0,7).
R? R?

An interesting feature of (1.1) is the connection between the second moment of the
solution and its mass which is precisely given by

d ) M?
= t)de =4M — —
i ety = 401 = 5
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provided that the second moments are finite. If M > 8w, the negative rate of
production of the second moment and the positivity of the solution implies finite
blow-up time. If M < 87 the solution lives at all times and diffuses to zero with a
self similar profile according to [5]. When M = 87 the solution is globally defined
in time. If the initial second moment is finite, it is preserved in time, and there is
infinite time blow-up for the solution, as was shown in [4].

Globally defined in time solutions of (1.1) are of course its positive finite mass
steady states, which consist of the family

1 x—¢& 8 9
U =SsUg | — U =— =, A>0 R-. 1.2

NE(I) 22 0 < 2\ > ) O(y) (1 + ‘y|2)27 >0, 5 € ( )
We observe that all these steady states have the exact mass 87 and infinite second
moment

/ U)\’E(x) dr = 87T, / |.’I}|2U)\’£(,’I,‘) dr = +o0.
R2 R2 7

As a consequence, if a solution of (1.1) is attracted by the family (Uj ¢), its mass
must be larger than 87 and if the initial second moment is finite, then blow-up
occurs in a singular limit corresponding to A — 0.

In the critical mass M = 8w case, the infinite-time blow-up in (1.1) when the
second moment is finite, takes place in the form of a bubble in the form (1.2) with
A = A(t) — 0 according to [2, 4]. Formal rates and precise profiles were derived
in [12, 8] to be

c
Viogt
A radial solution with this rate was built in [26] and its stability within the radial
class was established. However, the stability assertion for general small perturba-
tions was conjectured but left open, and the method of construction in [26] seems
difficult to adapt to the general, nonradial scenario.

At) ~ as t — +oo.

In this paper we construct an infinite-time blow-up solution with an entirely
different method to that in [26], which in particular leads to a proof of the stability
assertion among non-radial functions. The following is our main result.

Theorem 1. There exists a nonnegative, radially symmetric function uf(x) with
critical mass [, ul(x) doz = 87 and finite second moment [g, |x|? uf(x) dx < +o00
such that for every ug sufficiently close (in suitable sense) to ug with fR2 ug dxr = 8,
we have that the associated solution u(x,t) of system (1.1) has the form

1 T — f(t)) 8
u(x,t) = U 140(1)), U =——

uniformly on bounded sets of R™, and

At) = %gt

for some number ¢ > 0 and some q € R2.

(14+0(1)), &) —q ast— +oo,

Sufficiently close for the perturbation ug(x) := uf(z) + ¢(z) in this result is
measured in the C'-weighted norm for some o > 0
el = 11+ - )@l oo ey + 11+ ] - PF) V()| oo re) < +o0.  (1.3)
We observe that for any o > 0 this decay condition implies that the second moment
of ¢ is finite, which is not the case for o < 0.
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The scaling parameter is rather simple to find at main order from the approx-
imate conservation of second moment. The center £(t) actually obeys a relatively
simple system of nonlocal ODEs.

We devote the rest of this paper to the proof of Theorem 1. Our approach
borrows elements of constructions in the works [16, 21, 18, 17] based on the so-called
inner-outer gluing scheme, where a system is derived for an inner equation defined
near the blow-up point and expressed in the variable of the blowing-up bubble, and
an outer problem that sees the whole picture in the original scale. The result of
Theorem 1 has already been announced in [20] in connection with [16, 21, 18].

There is a huge literature on chemotaxis in biology and in mathematics. The
Patlak-Keller-Segel model [43, 35] is used in mathematical biology to describe the
motion of mono-cellular organisms, like Dictyostelium Discoideum, which move ran-
domly but experience a drift in presence of a chemo-attractant. Under certain cir-
cumstances, these cells are able to emit the chemo-attractant themselves. Through
the chemical signal, they coordinate their motion and eventually aggregate. Such a
self-organization scenario is at the basis of many models of chemotaxis and is con-
sidered as a fundamental mechanism in biology. Of course, the aggregation induced
by the drift competes with the noise associated with the random motion so that
aggregation occurs only if the chemical signal is strong enough. A classical survey
of the mathematical problems in chemotaxis models can be found in [31, 32]. After
a proper adimensionalization, it turns out that all coefficients in the Patlak-Keller-
Segel model studied in this paper can be taken equal to 1 and that the only free
parameter left is the total mass. For further considerations on chemotaxis, we shall
refer to [30] for biological models and to [11] for physics backgrounds.

In many situations of interest, cells are moving on a substrate. The two-dimen-
sional case is therefore of special interest in biology, but also turns out to be partic-
ularly interesting from the mathematical point of view as well, because of scaling
properties, at least in the simplest versions of the Keller-Segel model. Boundary
conditions induce various additional difficulties. In the idealized situation of the
Euclidean plane R?, it is known since the early work of W. Jiger and S. Luckhaus
in [33] that solutions globally exist if the mass M is small and blow-up in finite time
if M is large. The blow-up in a bounded domain is studied in [33, 1, 38, 39, 45].
The precise threshold for blow-up, M = 8, has been determined in [23, 5], with
sufficient conditions for global existence if M < 8r in [5] (also see [22] in the ra-
dial case). The key estimate is the boundedness of the free energy, which relies on
the logarithmic Hardy-Littlewood-Sobolev inequality established in optimal form
in [9]. We refer to [3] for a review of related results. If M < 8r, diffusion domi-
nates: intermediate asymptotic profiles and exact rates of convergence have been
determined in [7]. Also see [40, 25]. In the supercritical case M > 8w, various
formal expansions are known for many years, starting with [27, 28, 48] which were
later justified in [44], in the radial case, and in [14], in the non-radially symmetric
regime. This latter result is based on the analysis of the spectrum of a linearized
operator done in [15], based on the earlier work [19], and relies on a scalar product
already considered in [44] and similar to the one used in [6, 7] in the subcritical mass
regime. An interesting subproduct of the blow-up mechanism in [44, 29] is that the
blow-up takes the form of a concentration in the form of a Dirac distribution with
mass exactly 87 at blow-up time, as was expected from [29, 24], but it is still an
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open question to decide whether this is, locally in space, the only mechanism of
blow-up.

The critical mass case M = 8 is more delicate. If the second moment is infinite,
there is a variety of behaviors as observed for instance in [36, 37, 42]. For solutions
with finite second moment, blow-up is expected to occur as t — +o0: see [34] for
grow-up rates in R?, and [47] for the higher-dimensional radial case. The existence
in R? of a global radial solution and first results of large time asymptotics were
established in [2] using cumulated mass functions. In [4], the infinite time blow-up
was proved without symmetry assumptions using the free energy and an assumption
of boundedness of the second moment. Also see [41, 42] for an existence result under
weaker assumptions, and further estimates on the solutions. Asymptotic stability of
the family of steady states determined by (1.2) under the mass constraint M = 8
has been determined in [10]. The blow-up rate A(t) and the shape of the limiting
profile U were identified in formal asymptotic expansions in [49, 50, 46, 12, 13]
and also in [8, Chapter 8]. As already mentioned, a radial solution with rate
A(t) ~ (logt)~1/? was built and its stability within the radial class was established
in [26].

2. AN APPROXIMATE SOLUTION AND THE INNER-OUTER GLUING SYESTEM

We consider the Keller-Segel system in entire R?
u =Au—V - (uVv) in R? x (0, 00),

1 1
f— _A 2 -1 = — 1 t d .
v=(—Ag2)"u 57 s og P Z‘u(z7 )dz (2.1)

u(-,0) =uy in R?.
We will build a first approximation to a solution u(x,t) globally defined in time
such that on bounded sets in x we have

1 x —&(t)
u(z,t) = NOE Uy ( O > (I14+0(1)) ast— 400 (2.2)
for certain functions 0 < A(t) — 0 and £(t) — ¢ € R2. Here we recall
8
) = e

In §2.1 we formally derive asymptotic expressions for the parameter functions. This
allows us to define an adequate range for their values we consider. In §2.2 we
build an additive correction of the resulting “bubble” which improves the error of
approximation in the remote regime. In §2.3 we introduce the inner-outer gluing
system for additive corrections of the approximation, that respectively distinguish
local and remote regimes relative to the concentration regions.

2.1. Formal derivation of A(t). We know that (2.2) can only happen in the
critical mass, finite second moment case:

/ u(z,t)dr = 8m, / |z|2u(z, t)dr < +oo,
R? R2

which according to the results in [4, 26, 12] is consistent with a behavior of the form
(2.2). Since the second moment of Uy is infinite, we do not expect the approximation
(2.2) be uniform in R? but sufficiently far, a faster decay in z should take place.
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We will find an approximate asymptotic expression for the scaling parameter A(t)
that matches with this behavior.

Let us introduce the function Vg := (—A)~1U,. We directly compute

% =log ————
and hence Vj solves Liouville equation
—AVy = " =Uy inR2.

Then VVj(y) =~ —‘;% for all large y, and hence we get, away from x = &,

_ —¢
—V - (uV(~A)" ) ~ 4V - |;—7§|2
Hence defining
E(u) :== Au—V - (uV(—=A)"tu) (2.3)

and writing in polar coordinates
w(r,0,8) = u(z,t), @ =&(t) +re,

we find €(u) ~ 82u+ 20,u and hence, assuming £(t) — 0 sufficiently fast, equation
(2.1) approximately reads

Opu = O2u + 28,% (2.4)

which can be idealized as a homogeneous heat equation in R® for radially symmetric
functions. It is therefore reasonable to believe that beyond the self-similar region
r > +/t the behavior changes into a function of r/ v/t with fast decay at +oco that
yields finiteness of the second moment. To obtain a first global approximation, we
simply cut-off the bubble (2.2) beyond the self-similar zone. We introduce a further
parameter «(t) and set

up(x,t) = %Ug (m;ﬂ) x(z,t), (2.5)

where we denote

o) = xo ()

with xo(s) a smooth cut-off function such that

(5 1 ifs<1
S) =
Xo 0 ifs>2.

The reason why we introduce the parameter «(t) is because the total mass of the
actual solution should equal 87 for all . For the moment let us just impose

/ uy(z, t)dr = 8.
R2

From a direct computation we arrive to the relation o = o where

adﬂ=1+a§0ﬁmﬂ» a:2Am1i§@M&
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Next we will obtain an approximate value of the scaling parameter A(¢) that is
consistent with the presence of a solution u(x,t) ~ u(z,t) where u{ is the function
up in (2.5) with o = ap. Let us consider the “error operator”

S(u) = —up + E(u) (2.6)

where £(u) is defined in (2.3). We have the following well-known identities, valid
for an arbitrary function w(z) of class C?(R?) with finite mass and D?w(x) =
O(|z|=477) for large |z|. We have

M2
/ lz|2E(w)de =4M — —, M= | w(x)dx (2.7)
R2 27 R2

and

/R2 x€(w) dx =0, /R2 E(w)dz =0. (2.8)

Let us recall the simple proof of (2.7). Integrating by parts on finite balls with large
radii and using the behavior of the boundary terms we get the identities

|z|? Aw dx = 4M,
R2

2|2V - (V(=A) Hw)wdr = —2/ r-V(-A)lwdz

/R?/]R? x)w(y (m_|2)d:rdy
= 2w<x>w<y>de y

M2

and then (2.7) follows. The proof of (2.8) is even simpler. For a solution u(zx,t) of
(2.1) we then get

R2

M2
— (x t)|zPde =4M — —, M = u(z, t)dz. (2.10)
dt 27 R2

At this point we also point out that the first moments, namely the center of mass
of u in space is preserved since

T u(x, t)x;de = 0.

In particular, if u(z, t) is sufficiently close to u (z, t) and since [, ui(x,t)dz = 8
we get the approximate validity of the identity

& e uy (z,t)|z>dx = 0.

This means

al(t) = . %UO (m ; E) X0 (|x\/£§|) |z|?dx = constant.

We readily check that for some constant x

. [X pidp oy Vit
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Then we conclude that A\(t) approximately satisfies
Mlogt = ¢ = constant

and hence we get at main order
c

A(t) = .
®) Vgt
We also notice that the center of mass is preserved for a true solution, thanks to
(2.10):

. au(z,t)dx = 0,

since the center of mass of uq(z,t) is exactly {(t) we then get that approximately

&(t) = constant = q

2.2. First error and improvement of approximation. We consider as a first
approximation to a solution to (2.1) the function u,(z,t) defined by (2.5).

Motivated by the previous considerations we introduce the hypotheses that we
make on the parameters A(t) > 0, £(t) € R? and «(t) in (2.5) that satisfy

A(Ho00) =0, a(d+o0) =1.

We let
1

Viogt’
For fixed numbers M > 1, ty > 0 which we will later take sufficiently large, and a

small o > 0 we assume the following bounds for the derivatives of parameters hold
for all ¢ € (tg, +00).

A(t) =

. . A2 : 1
MO < MA@ la@d)] < Mo, [6@)] < M. (2.11)

We will find an expression for the error of approximation S(u;) where S(u) is the
error operator (2.6), and then will build a modification

ug(x,t) = uy(x,t) + ¢1(z,t) (2.12)

of u; such that the associated error gets reduced beyond the self-similar region.
For the sake of computation, it is convenient to rewrite ui(x,t) in (2.5) in the

form \
() = SO0, X =xo (22). w="5E

We compute
S(uy) = =0y + E(ur) = 8"+ S° + E(uy)

where, writing y = @)

) ; A :

§' = ~ 15 Uo(y)x + 053 (2Uo(y) +y - VyUo(w)x + 15 - VyUo(y) X
o 1 |z—¢ , rla—¢ a .oy (|2 =&

S =50 pvrE UOXO( N )+/\3\/Ef'mU0(y)X0( NG )
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and, we recall, £(u) = Au — V - (uV(—A)"tu). The superscripts i and o respec-
tively refer to “inner” and “outer” parts of the error that will later be dealt with
separately.

Using the notation

1 1
V() = 5r [ Tor Ut

we decompose
E(uy) =E° 4 &°
where
gh=)\1 [a(a — UG x — (o — 1)V, UpV,, Vo]
E° = A"*2aV Uy - Vyx + alpAyx + Ufa?x(x — 1)
— ?UpVyxVyV — &*xV,UoV, (V = Vp)].

Next we introduce a correction ¢1(z,t) as in (2.12) that eliminates the main
terms of the error £° + S°, which can be written as

A? _lz=¢
tig,h(g% C - \/i )
where
8 " C !
0O = 2 ¥ - 20+ 51000

In agreement with the approximate expression (2.4) for the remote regime of (2.1),
we look for the correction ¢; in the form

@1(Ivt) = )\2¢1(|I - €|at)7 (213)

where ¢ (r,t) solves the radial heat equation in dimension 6:

8t951 = (9T<,01 + (97«301 + h(%), (2 14)
P1 (’I“, 0) =0.

The solution @i (r,t) to problem (2.14) can be expressed in self-similar form as
1 T

t = .

purt) = 90) =7

We find for g the equation

g”+<g +3 ¢ g +29+h()=0, ¢e€(0,00). (2.15)

Using that the function %4 is in the kernel of the homogenous equation, we find the
explicit solution of (2.15),

I v

w(@) =75 [ 2% [ h)ed ydyda.
¢t Jo 0

To find the solution ¢ with suitable decay at infinity we let

9(0) = 0(Q) + AL, (216)
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where )
1 .
Z(¢) = 7/ 2em 1 dy
¢t Jo

is a second solution of the homogeneous equation, linearly independent of CL‘* and

I:/ 3’336_%%2/ h(y)e%fydydx.
0 0

We observe that
1,2
9(¢) = 0(e77%) as ¢ — +oo,
which makes the solution (2.16) the only one with decay faster than O(¢™%) as
¢ — 400. An explicit calculation gives that I = —8, and therefore

2
o100 = 20,

an identity that will play a crucial role in later computations.

(2.17)

We take then as the basic approximation the function us(z,t) in the form (2.12)

defined as
_at) . (= —&(1) |z — @)
us(a,t) = 500 ( Y0 XO( = ) + (1), (2.18)
where ¢ is defined by (2.13). Accordingly, we write

1= (=00) "1, v = (—Ag) Mus. (2.19)
A direct computation of the new error yields the validity of the following expansion.

Lemma 2.1. Let ug be given by (2.18) with ¢1(x,t) defined as in (2.13). The error
of approzimation S(uz) can be expressed as

S(uz) = A7 [aXAZo(y) + a1 Zu(y) + aNeaZaly) + X0 Zs(y)| + A 1Ex
+ AT Rix + Ra(1 = x)

where

€= ala -1 y) - VyUo(y)VyVo(y)] (2.20)

+A4[_kulvw(_Az>_1(Pl +2u1§01]a y=

the functions Z;(y) are defined as
Zo(y) = 2Uo(y) +y - VUo(y),

Uy
Zj(y) = 5—), =12, 2.21
) =5, (221)
Z3(y) =—Uo(y)
and the remainders R, Ro respectively satisfy
)\6

Ri(y,t)| < OM?———
| 1<y )| = t3(1+|y\2)

|z—¢|?
t

X
[Ra(z, )] < CM2t—36

for universal constants ¢, C > 0, and where M is the number in constraints (2.11).
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In addition, we check that the function vy = (—A)~tuy can be expanded as
r—§
A )
where the functions ¥ (x,t), U3(x,t) satisfy the gradient estimates
2
e =gl v g < VA,

|Vz¢1($7t>| < C 2
%ﬁa ‘SU - f‘ Z \/ﬂ

'U2(337t) = VO(y) + ¢1($at) + 52(33775)7 Y= (2'22)

A2 1

v <UC—m+——7r——.
|Vav2(z,t)| < Ct2 Py

2.3. The inner-outer gluing system. We look for a solution of Equation (2.1),
which we write in the form

S(u) :=—us +Azu— V- (uVyv) =0 in R? x (0, 00),

v=(=Ay) tu = — og u(z,t)dz (2:23)
27 Jre |z — |
We look for a solution (u,v) of (2.23) as a perturbation (g, 1) of (usg,vs)
U =uz + @,
) =v22+:/i (2.24)
where 1) = (—A,) 1. Then (2.23) can be written as
—pt+ Lug[p] = VoVY + 9 + S(u2) =0, ¢ = (=A)7p, (2.25)

where L, [¢] designates the linearized operator for the elliptic part of (2.23) around
a function wu,, which setting v, = (=A,) lu, is given by

Lo, [‘P] = App = Vs - Ve — Vot - Vb + 2usp, ¢ = (_Aac)_l@

For |z — &| < v/t we have the approximate expressions

us(z,t) # A2Uo(y),  va(z,t) = Vo(y) =logUo(y), vy =

Writing in this region

P t) = X200, vt = (-8 60, y= "3,

the operator L,,[p] gets approximated by the inner linearized operator
L[] (x,t) = AL [g](y, 1),
with
L'@)(y, t) =8y — VyVo(y) - Vyé — VyUo(y) - Vo + 200 (y) ¢,
Dy, t) =(=2y) "'y, ).
The operator L’ is the linearization of the static Keller-Segel equation
AU -V, - UV, (-A,) 'U]=0 inR?

around its solution U = Uy(y). Similarly, the outer linearized operator associated to
(2.25) is obtained noticing that V u. -V 1 is comparatively small, when confronted
with the other terms. The actual operator is then remotely approximated by

L, [¢l(x, 1) = L%[¢](x, 1),

(2.26)



INFINITE TIME BLOW-UP IN THE KELLER-SEGEL SYSTEM 11

where
L[p] := Agip — Vzv2 - Vi, (2.27)

and vs is defined in (2.19). In polar coordinates referred to £(t) we approximately
find

5 1
L[] = @ + =0 + 5000
r r
which for radial functions can be idealized as a 6d-Laplacian.

Next we set up an ansatz for the perturbation ¢ in (2.24) which goes along with
the decomposition (2.18),

o
UQ(‘ra t) = FUO(y)X(Iv t) + 901(9:7 t)

in which we make a distinction between inner and outer parts of the remainder.

For certain functions ¢*(y,t), ¥¢(y,t), ¢°(x,t), Vi (x,t) we write

r—¢
A

plat) = 550" O, + 67w, 0), =
Y1) = 9 Ol 1) + 97 )

where we recall x(z,1)

X0 (lx\;?) , with xo(s) the smooth cut-off function in

(2.6), and we impose the relations

,(/Ji(yﬂ t) = (_AU)_1¢z(ya t)a

V0@, t) = (=A2) [0 + 207V Vax + 9 Asx],
which readily yield ¢ = (—=A,) 719 and hence v = (=A,) 1w in (2.24).

(2.28)

The idea is to define a coupled system of equations for the functions ¢?,¢°,1)%,2)°,
additional to relations (2.28), the inner-outer gluing system, which, if satisfied, gives
a solution to (2.23) of the form (2.24). This system involves at main order parabolic
evolutions of the linear elliptic operators Li[¢!] and L°[¢°].

We impose on ¢! and ¢° a system of equations of the form

e AR (R R (2.29)
O — L6+ G0, 6 0 M 0, 6) (2.30)

The operator H involves the terms in equation (2.25) that are supported in the
self-similar region |z — £(t)| < v/#|, and G all the remaining ones, the main of them
a linear coupling with ¢ around |z —¢&| ~ v/t due to derivatives of x. This coupling
will be weaker if the parameters «(t), A(t), {() satisfy certain solvability conditions
which amount to 4 differential equations which are coupled with (2.28), (2.29),
(2.30).

To define precisely the operators H and G it is convenient to introduce, for
functions a(x), b(z), A(y), B(y), the notation,

[a,b]y = V4 - (aVyb), [A,B], =V, - (AV,B).
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Precisely, we define
H(¢%, 4%, 0", 9"\, a, §)(y,t) = H(¢%, 4%, ¢, ', X, a, )X(y, 1)
+ [aXAZo(y) + aXé1 Z1(y) + aX&aZa(y) + N Zs(y)]X,
(2.31)
where the functions Z;(y) were defined in (2.21), the operator His given by
]ZI(QSOa 1;[}07 (rbia W, >‘a a, g) =& + Rl + >\2UO¢O - [(OéXUO + )‘2501)7 ¢O]y
+A2¢" +y - Vyg') + A V0
— (a = 1)[Uo,¥'x]y — a[Uo(x — 1), 4" x],
- [an¢i(1 - X)]y - /\2[<P1a¢iX]y - [d)inUQ - VO}y
—[@"x + A2¢%, ' x + ¥y,
(2.32)
and

1A
Yy, t) = xo( === 2.
X(y,t) X0<2 \/i\yl)7 (2.33)
where & is defined in (2.20).
The operator G is given by
i 2

G, 0°, 6,1, X,0,6) = D5 [Aax — D] + 5 Ve - Vax

+ (1= x)|S(u2) + u2¢® — [u2, ¥°]x — [\ 2¢"x, v2s
- [u27¢iX]m - )‘72[¢i(]— - X)a VO]m + U2¢O - [u271/)0]z
TP+ 9% Y X + q‘»o]x} : (2.34)

It is straightforward to check that if ¢%, ¢, ¢°, 1° satisfy the system (2.28),
(2.29), (2.30), then
w=1ug+ A2+ ¢°, v =g+ Py +Y°
is a solution of the original problem (2.23), with ug, ve defined in (2.18), (2.19).

The idea that motivates the solvability conditions mentioned above is to solve
(2.29) for ¢'(y,t) by temporarily ignoring the term A\2¢! and thus considering the
elliptic equation

L] + H (%0, 6,9, A, o, €) = 0. (2.35)
We would like that ¢'(y,t) for y large becomes small so that at main order it
does not influence the outer regime, mainly represented by the main coupling term
AP ALY — Orx] + 22072V, ¢! - VX in the definition of G in equation (2.30). To
achieve this decay in y we need that H in (2.35) satisfies certain conditions. To state
them, let us consider, more generally, the elliptic equation for ¢ = ¢(y), h = h(y)

L'[¢] + h(y) =0 in R% (2.36)
Let us assume that for some m € (4, 6),
h(y) = O(ly|™™) as |y| = +oo (2.37)

/ h(y)dy = 0. (2.38)
R2
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We recall that equation (2.36) is approximated for |y| large by the elliptic equation
4
Apetp + ﬁ -V, + h(y) = 0. (2.39)

The operator can be regarded as a 6-dimensional Laplacian when acting on radial
functions. Using this, a suitable barrier argument gives that a decaying solution
¢(y) to (2.38) has the estimate

[6(y)l = O(lyI~™*?) s [y| — +oo. (2.40)

Let us check necessary conditions for the existence of a solution to (2.36) with decay
(2.40). Problem (2.36) can be rewritten in divergence form as

V- (Uo¥) +h(y) =0 M g= £ - (-A,) 7. (2.41)

Written in this form we readily see that condition (2.38) is indeed necessary. Testing
the equation against the second moment factor |y|?, integrating in large balls and
taking into account the decay of boundary terms, we find

/ IyIQV-(Ung)dyz/ gVy-(QyUo)=2/ 9Zody
R2 R2 R2
where

Zo(y) = 2Uo(y) +y - VUo(y) =: Uozo(y)-
Setting ¢ = (—A)~1¢ we get

—/ 9Zody =/ (A + Untp) 2o =/ (Azg + Upzo)t.
R2 R2 R2

Similarly, testing equation (2.41) against the coordinate function y; we obtain
oU,
/ vV - (UoVg)dy = | g5 =2/ 9Z;dy
R2 Rz OYj R2
and
/ 9Zjdy = —/ (Azj + Uoz;).
R2 R2
where Z;(y) = Uy(y)z;(y). The operator L[] := A + Up(y)y is classical. It
corresponds to linearizing the Liouville equation
Av+e’=0 inR?
around the solution Vy = logUy. It is well known that the bounded kernel of this
linearization is spanned by the generators of rigid motions, namely translations

and dilation invariance of the equation, which are precisely the functions zg, z1, 22
introduced above, which can also be written as

20(y) = VVo(y) -y +2
zj(y) = 0y, Vo(y), Jj=1,2

Thus L[z;] =0, j = 0,1,2 and then we obtain the necessary conditions
/ h(y)dy = 0, / h(y)ly*dy =0, / hy)ydy =0, j=1,2  (243)
R? R2 R?

for existence of a solution ¢ to (2.36) with decay (2.40). Conditions (2.43) will
be satisfied for h = H(¢°,¥°, A\, o, €) in (2.35) only if the parameters A, «, & are

(2.42)
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conveniently adjusted. We will precisely impose these constraints as additional
equations to the system (2.29)-(2.30).

The form of H in (2.31) motivates the introduction of the following modification
of (2.29)

4
Noyo' = L[] + H(¢°, 0%, 6" 0" N 0, ) + 3¢5 () Z;% (2.44)

Jj=1

where H is given by (2.31) and the numbers c¢;(t) are precisely those such that the
functions

3
hy,t) = H(¢°, 4%, 6" 4", X, 0, &) + Y ¢ (t) Z;X
§=0
satisfies the four integral conditions (2.43) for all t. Explicitly, we have

Ot) = Ty foe HO V" 0 OX ol dy
)=~y Jo O A0 O dy .
co(t) = *m /R2 H(¢%, 9% A a, &)X y2 dy |
(1) =~ ey L HO 00, Oy

The scalars ¢; define functionals ¢;[¢°, ¥°, ¢',¥% A, a, €](t). Equation (2.29) will
then be satisfied if in addition to (2.44) we impose the relations

cj[¢ov¢o7¢i7¢ia)\va7§](t) = 07 ] :071727,3~ (246)

To find a solution of the original problem (2.1) it is sufficient to solve the system
of equations (2.28), (2.30), (2.44), (2.46) for all ¢ > to, where to is a large fixed
number, and we impose initial conditions at ty of the form

¢i('ﬂt0) =0, (bo('vto) = ¢

where ¢ is a generic small function whose properties we will state later on.

3. THE PROOF OF THEOREM 1

In this section we provide the proof of our main result by solving the inner-outer
gluing system in a suitable region for its unknowns. For the sake of exposition
we postpone the proofs of suitable invertibility theories for the linear operators
involved in the inner and outer equations. With the notation introduced in the
previous section, we recall that the inner-outer gluing system is

o 7 L . . 3
A2 a‘i = L[] + H(¢° 0%, 6", '\, 0,€) + D ¢;(1) 2%,
| =0 (3.1)
(bl(yato) =0

Uy, t) = (=4y) 7'
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9d° o
= L)+ G0 0 000)
¢°(z,to) = ¢5(x) (3.2)
02, 1) = (—Ag) " [0 + 2071V, Vo x + 7 ALy ]
Cj[gf)o’ll)o,gbi,l)[)i’A’a’f](t) = Oa ] :0713233’ (33)

where the ¢; are defined in (2.45). We recall that on the parameters a(t), A(t), £(¢)
we assume that A(+o00) = 0, a(+00) = 0 and
A2

A@) < MA@ o) < M, NGO

1

where A (t) =
large.

ﬁ and M is a positive constant to be later taken sufficiently

Next we describe the linear estimates to be used to solve the inner and outer
equations (3.1) and (3.2). We consider first the inner linear equation

3
N0¢' = L'[¢'] + h+ > _d;(t)Z;%, in R* x (to,00)
= (3.5)
¢'(-,to) =0, in R?,
where d;(t) are given by

do(t) = —W /R h(y,t) ly|* dy
di(t) = —W /}Rz h(y, t)yr dy
dy(t) = —W g h(y, t)y2 dy
ds(t) = W /]R h(y, ) dy.

We define next norms, which are suitably adapted to the terms in the inner
linear problem (3.5).

We observe that in H defined in (2.31) we have the term A\*S(u3)¥, which can
be estimated as

3 M| la— 1] M| Al M2\ |
MS(uz)x| < C | X
NS X < O Tyt Y e T Gl T T Dt R )
M? Alyl
<C aiLil 3.6
< C g T o (ova) (36)
using the hypotheses (3.4). From (3.6) we get that for o € (0,1).
1
IA*S(ug)X| < CMP—— (3.7)

7% (logt) 2" (1 + |y|)>+o

Given numbers v > 0, u € R, and ¢ € (0,1), for a function h(y,t) we define the
norm and ||A||; .« as the least numbers K > 0 such that for all (y,t) € R? x (tg, 00),

1 1
hy.t) < K .
@O < K gt T o+
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This norm separates space and time variables and involves a rather fast decay rate
in space and product of logarithmic and algebraic decay in time. The norm in
which we would like to measure a solution ¢(y,t) to (3.5) is of weighted C! type in
space.

Inside the self-similar region |y| < v/£/\, the “elliptic part” is dominant, namely
the elliptic equation (2.39) for an h satisfying (2.37) with m = 5 + 0. That should
lead to a control for ¢ like (2.40), namely

Oy, t) = O(t™" | logt| ™ [y|*~™).

For |y| 2 vt/ the time-derivative part dominates and the norm loses one factor
of t/A? ~ t|logt| because of time integration.

Thus, for a function ¢(y,t) we let ||¢]|; .« be the least number K such that

1 X 1 1—y
D+1+yDV by, )] < K[ }
‘d)(y )H_( —HyD‘ y¢(y )| — tV| 10gt|“ (1 + |y|)3+g+tl,_1| 10gt|“_1 (1 + |y‘)5+g

for x(y,t) is the cut off function in (2.33) which is supported in the self-similar
region.
We have the validity of the following result which we prove in §5

Proposition 3.1. Assume that X\ satisfies (3.4). Let v > 0, p € R, o € (0,1).
There exists C > 0 such that for to sufficiently large, if ||h|i < 0o there is a
solution ¢ = T,![h] to (3.5), which defines a linear operator of h, and satisfies

16" lis < CllAlli s
Next we consider the linear outer problem:
0r¢° = L°[¢°] + g(x,t), in R? x (tg,00)
{ ¢°(sto) = ¢6, in B2,

For the outer problem we will only consider right hand sides that have power-like

behavior in the self-similar variable ¢ = L\;f

(3.8)

To define the norms for the outer problem, we take into account that S(uz2)(1—x)
can be estimated, thanks to Lemma 2.1, by
_olz=g?

S 1—)| < CM?
1S(u2)(1 = x)| < tglogzte

(3.9)

To include the effect of rather general initial conditions, we consider norms that
allow polynomial decay in the self-similar variable L\;f

For a given function g(z,¢) we consider the norm ||g/s,, defined as the least
K > 0 such that for all (z,t) € R? x (¢, 00)
1 it 10
tellogt[ 1+ ¢l > Vi

Accordingly, we consider for a function ¢°(z,t) the norm ||¢||. , defined as the least
K > 0 such that

lg(z,t)| < K

1 1 C_x—f
gt 141 T Vi

|0°(z, )] + (A + |z = )| Va¢®(2,1)] < K
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for all (x,t) € R? x (tg,00). For the initial condition ¢§ we consider the norm [|¢g|,
given by the least K such that

1 L x —&(to)
(1+ ]2’ Vie

We assume that the parameters a, b, 8 satisfy

[65(2)] < K

b
a,b>0, a<4, b<6, a<1—|—§, B €R. (3.10)

We have the following result whose proof we postpone to §6.

Proposition 3.2. Assume that \, «, £ satisfy the conditions in (3.4), and that
a,b, p satisfy (3.10). Then there is a constant C' so that for to sufficiently large, for
[9ll4x,0 < 00 and [|¢glp < oo there is solution ¢° =Ty, ([g] of (3.8), which defines
a linear operator of g and ¢§ provided and satisfies

161140 < C [llglleso + 57" [ogtolll65 1]

Next we carry out the proof of Theorem 1 assuming the validity of Propositions
3.1 and 3.2.

Proof of Theorem 1. Let us fix functions A\(¢), a(t) and £(¢) that satisfy con-

ditions (3.4) for a large M > 0. We consider the linear operator ¢* = T}[h] in

Proposition 3.1 where we choose to > 1 sufficiently large, o € (0, 1) and, motivated
by (3.7), fix values for the parameters v and p as

l1-0 3—o0o

v= = .

2 2

Proposition 3.1 tells us that 7} : Y — X? is a bounded operator where Y is
the space of all functions h(y,t) with ||h]|.; < +0o0 and X? that of the functions
&(y,t) such that ||@||.; < +oo and

/ o(y,t)dy = 0 for all ¢ € (tg,0].
R2

X? and Y? are Banach spaces when endowed with their natural norms. We also fix
in Proposition 3.2 the values

a=3, [=2 b=4+o0.

The choices of a and S are motivated by (3.9), while b = 44+ o comes from the fact
that if ¢§(x) = O(|z|=%79) as |#| — oo, then from Duhamel’s formula we find that
the solution of the heat equation in dimension 6 with initial condition ¢§ has the
decay O(t727%) as t — +o0.

The linear operator 7Y, . : Y x X§ — X° is bounded where Y is the space of
functions g(x,t) with ||g||.s,0 < +00, X° that of functions ¢(z,t) with ||¢]|., < +00
and X that of the functions ¢(z) with ||¢||, < +00. Let us fix a function ¢§ € X§
and write equations (3.1)-(3.2) as the fixed point problem in X° x Xt

{ ¢ = F°(¢°,¢")

o . (3.11)
@' =F'(¢°,¢")
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where
F”<¢>07¢f) =H[H(¢°7w°7¢w,&a,s)} (312)
F(¢%,9") = TR0 ,e[G(¢%,4°, 8", 0", X, o, §), #¢],

with ; oy
(0 :(_Ay) ¢ (3.13)

Y0 = (=As) 7 ¢ + 207V Vox + 9 A x].
We claim that for some ﬁxed number C independent of M and any to > 1,

F' (%, ¢") i < S i + 11610 + 16°13 5+ 16°112
1E* (6%, &)l Mo gt |(|| i + 1610 + 167135 + 117112 0) (3.14)
+ CM>.
Using Proposition 3.1, to establish (3. 14) it suffices to prove
[H (9%, 9%, &', %', A, 4, €)lani < o ‘(||¢Z||*z +116°lo + 191125 + ll6°

+ CM?2.

*0)

(3.15)
where 1" and 9° are defined by relations (3.13). We recall the expansion of the
operator H in (2.31)-(2.32) and separately estimate its main terms. For the inner
error term Hy = A S(u2)Y, estimate (3.7) gives

| Hollwrs < CM2.
The main terms in the operator H involving ¢°, ¢° are given by the linear operator
Hi[¢°, ¢'] = (2\*Un¢” = [(axUo + X*¢1), ¥, X
= (NUo¢° — aV,UoV,1p°x — aloV,yxVy9°) X,

where We recall 1°[¢°, ¢'] is the linear operator in (3.13). Let us estimate 1)°. Since

fR? t) dy = 0 we have from the Newtonian potential representation of ¢,
i i AIO i
[y, D) + A+ [yDIVyy'(y, 1) < C—= [16° 1.0
t= (1+ Jy])
Hence

|6° + 2071V, 0 Vo x + P AL x| < 1161+,

1
t2[log ¢[2(1 4 [C]")
1
_|_
t279/2|log t|*=7/2(1 4 |(]")

[l i
*,1

where ¢ = L\;Ef From (3.13) and using the Newtonian potential representation we

get

C
Vol (x,t)| <
S )
. C
BT log 17721 1 [C)

Using this estimate we obtain

1H1[¢°, ¢']ll

16°1]+0

[l
*,0

C

e o o~ i ]
i < Toalo |(,/Qllcb ll,0 + té_ﬁ/zﬂgb [
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Next we consider the linear operator
Ha[¢'] = AM(2¢" +y - Vy¢')X + A Vo',
We directly check that

|Halg)] < — AN
2 >~ 1—o *,7
t|logt? 757 (1 + |y|)3+
1 -0 i
1T—o 5 ||¢ ”*ﬂ
=0t )

and hence we obtain

1 [ lsi <

*’L

tol
The remaining linear terms are
H3[¢'] = —(a — 1)[Uy, W.X}y — a[Uo(x — 1), wiX}y — [Uo, v"(1 - Xy
- )‘Q[Solal/JZX]y - [(bin/UQ - %]y

Similar computations to those above yield

1H3[6"] s < ;II¢ [

Finally, the remaining terms in H are quadratic, and given by
Hal¢?,¢'] = [¢'x + A0, ' x + A2P°], X
We find

C .
3o [IWIIEZ + ||¢O||3o]

Adding up these estimates we obtain (3.15) and hence (3.14).

The same type of bounds, using now Proposition 3.2 and estimating each term
in the expansion of G given by (2.34), yield

1F°(6°,¢")l+.0 < Clig*

[ Ha[6%, ¢'] [[sni <

[}

C ,
s+ tm(llqb’llf,i 1600 + 16°11%0)
0

+ Ctg ™ log tol“l|¢5 s + C(t5™ [ ogto| |65 s)* + CM2. (3.16)
Let us fix C such that (3.14) and (3.16) hold. At this point we impose that
Ctg~log tol |61l + C (¢~ [logto || ¢5 ) < M.
We set up the region for the fixed point problem (3.11) as follows:
B={(¢°¢") € X°x X' [ [[¢'||s; SACM?, [¢°||s,0 < (C* +20)M?},

and then the operator F' = (F°, F'*) maps B into itself, for any sufficiently large .

Similar computations as those leading to (3.14) and (3.16) give the validity of
the following Lipschitz properties, enlarging to if necessary:

IF* (65, 61) — F' (5, 05) (181 = &31lw + 163 — 95

“_Ilgtl o)

o0 i o( 0 1 7 o 9 o o
[1E°(¢7,¢1) — (93, 95)[l«,0 < Cllo1 — 67 lvi + 72 167 — &3 l+.0-
0
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for (¢9,¢%), (¢9,¢%) € B. Endowing the Banach space X° x X® with the norm
1%, ) = 119° 1.0 + 07 19" 1,

we obtain that, fixing 6 > 0 sufficiently small, and then taking ¢ larger if necessary
we then get

. _ 1 _ _
1E1(67, 61) = F(¢3,92)ll < SlI(67 — 65, 91 — 6)]

so that the operator F': B — B is a contraction mapping. It follows that problem
(3.11) has a unique solution in (¢°, ¢*) € B which define operators

¢' =\ a,), ¢° =®°(\ ).
These functions and their associates
=T en6), 9 =0\ )
satisfy equations (3.1)-(3.2). To find a solution of the full system we just need

to find parameter functions A, «, £ that satisfy constraints (3.4) and corresponding
relations (3.3) which we write in the form

G\ a,6)(t) =0, forall te (tg,00), j=0,1,2,3, (3.17)
where
G\, €) = cj(®° (N, a,8), U° (N, a, £), D' (N, o, &), Ui (N, o, &), A\, , ).
More, explicitly, the equations (3.17) can be written as
1

2. _ [
Aa(t) = 7&@2 Zoidy e H(\ &) dy (3.18)
. 1 _
M) = ——— H(\ 24 3.19
N = e [ A el dy (319)
. 1 _
Oé)\gl(t) = 7 5 <~ H(A,O&,f)yl dy
Jr2 Z1xXvr dy Jre
. . i (3.20)
aA£2(t) H()‘v «, §)y2 dya

B Jr2 Z1Xy2 dy Jre
where
H\ o, &) = H@ (N, a,8), ¥° (), a, ), @ (N, 0, €), T (N, 0, €), \, a, )X

and H is given by (2.32). Using the expression for H in (2.32) and the divergence
form of most of its terms, we can rewrite equation (3.18) in the form

8TA\%q = 2)\2/ Uop1 — )\2/ VU - Vi1 + f3(A, o, §)
R2 R2
where by f3 we denote a generic function with
(M)

15, (0] < 3 for all £ € (o, 00), (3.21)

logt|3
for all A, a, £ satisfying (3.4). Using identity (2.17) and Taylor expanding 1 (x, t)
defined in (2.13) we get
/\2
2/ Vo1 — / YUy Vi = / Usgrdy = — 5 +0(tH).
R2 R2 R2 t
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and hence we can rewrite (2.13) as

. 122
@=-7% + fa(A, o, €) (3.22)
for a function f3 as in (3.21). Similarly, equation (3.19) can be rewritten as
i _ afa—1) 2 2
MN=———~ U; —V,UV,V d A .
oxh = So [ (08 =V, 009 W)l dy + folr0.6)
where fj satisfies
C(M)
A t) < for all t € (¢t . 2
X, 0] < 500 forall ¢ € (to,) (3.23)

After an explicit computation using formula (2.9) we get
[0 = 9,09 Vo)luf? dy = 32
R2

and we find that (3.19) can be rewritten as

. alt)—1
M) = —2 A, €), 3.24
(1) = =220 + folh (324)
for a term fj as in (3.23). Examining the possibly non-radial terms in the error due
to the initial condition ¢§(x), which is not necessarily radial, gives that equation

(3.20) takes the form

. ) C(M
§=Ha9 =12 Khe0ls S )
We rewrite the equations (3.22), (3.24), (3.25), fixing £(0) = 0, a(+00) =1 as
)\2
alt) — 1= 1/ ds+/ Fs(h a,6)(s) ds (3.26)
t
t
)= [ fho&)(s)ds, j=1,2
to
Integrating by parts using (3.4) we find
0 \2 2(t DY)
/ A (25) ds = a0} —l—/ 7(S)ds,
¢ s t ¢ S
and hence we can rewrite equatlon (3 26)
alt) = / Fo(h 0, )(s) ds (3.27)
for f3 satisfying (3.21). We can also write (3.24) as
A)\(t)+1 X() = fola,\,€)(t) forall t>t (3.28)
2t|10gt|7 ol&; A, r 0 .

where fy satisfies the bound (3.23). It is convenient to relabel

n(t) = A(t)?,

make the choice n(tg) = A\ (t9)? = and then write (3.28) as

_1
log to

1 ¢
n(t) = Tog £ + Tog /to Jo(a, A, €)(s)|log s| ds. (3.29)
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Replacing (3.29) into (3.27) we obtain the equivalent equation

1 n 1
logt|  4t|logt|

o) =1+ 7 | faan@ogslds + [ fata A €)(s) ds

(3.30)
Next, for the functions in (3.29), (3.30), (3.25), we write

Nolasm,€) :@ / folew \.€)(s)| log 5| ds.

t o)
Moo, ) = grier [ folo h )@ ogslds+ [ fa 0 €)(s) ds
t
/\/}(a,naé): ¢ fj(O{,)\,ﬁ)(S)dS, :172
1
ap(t) =1+ iogdl’ mlt) = g S0 =0
We formulate the system as
(a,n,8) =N(a,n,€) € X (3.31)

where N' = (N3, Ny, N1,MN2) and X is the Banach space of all functions (a,7,£) in
Clto, 00) with [[(a, 1, €)|| < +00 where

(e, m )1 = 1,7, €)oo + 1€l + (127 log tletoo + [1¢]log ]| o

Let B be a closed ball centered at (ag,no,&) with a fixed small radius. Then
enlarging to if necessary we see that A (B) C B. This operator is compact on B as
it follows from analyzing the terms involved in the terms N3, Ny, N7, Ns. In fact
Fi(¢°,¢"), F°(¢°,¢") defined in (3.12) are locally uniformly Hélder continuous in
time by parabolic regularity of the operators 73 and T . ¢- Using Ascoli’s theorem
the faster decay for derivatives in powers of logt¢ compared with those involved in
| - ||, compactness of N follows, and Schauder’s theorem yields the existence of a
solution in B for the fixed point problem (3.31). Finally we see then that fixing
M, independently of ¢y corresponding to just a number slightly bigger than the
one corresponding to (g, n0,&p), we find that constraints (2.11) are a posteriori
satisfied.

The equations for A and £ is have to be solved by fixing their initial conditions in-
dependently of the initial condition ¢§. The fact that perturbative initial condition
¢§ was arbitrary gives the stability of the blow-up, since if we assume fRQ 95 =0
then necessarily aq(tp) = 0 which precisely amounts to the mass of the full initial
condition to be exactly 8m. All initial conditions in the statement of the theorem
correspond to small perturbations in this form in norm (1.3). This concludes the
proof. O

4. PRELIMINARIES FOR THE LINEAR THEORY

4.1. Stereographic projection. Let I1: S\ {(0,0,1)} — R? denote the stereo-
graphic projection

U1 Y2 )

H(ylay2,y3) = (1 _y37 1 — Y3
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For ¢ : R? — R we write
¢=poll, ¢:5\{(0,01)} > R.
Let Uy be given by (1.2). Then we have the following formulas

o1
/ </>=§/ wUy
S2 R2

/U0|V52<29|2=/ Uo|Vrz|?
52 R?

1~ -
§U0Asz<p = (Agz2p) o IL.

The linearized Liouville equation for ¢, f : R? - R
Ap+Usp+Upf =0 inR?
is transformed into

Ag204+2p+2f =0 in S?\ {(0,0,1)}.
4.2. A quadratic form.

Lemma 4.1. Let ¢ : R? = R satisfy
1

0| < — s
(1+ [y[)*t
with 0 < o <1, and

¢ody = 0.
Rz

There are constants c; > 0, co > 0 such that

01/ U092§/ ¢9502/ Uog®
R2 R2 R2

where 5
=2 _(=A"!
9= ( ) +c
and ¢ € R is chosen so that
/ gUo =0.
R2
Proof. We set
Yo = (—A)""o
and then note that since [, ¢ = 0 we have
1
o ()| + L+ [yDIVo W) S 75
(1+[y))7

From g = U% — g + ¢ we find the estimate
)| < A +1[y)*.
Let 1 = 1y — ¢ and note that
—A) — Uptp = Upg  in R%

23
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We transform § = g o II, ¢ = ¢ o II and write this equation in S? as
—Ag2tp — 2p = 2§, in S2. (4.2)
Since ¢ = Up(g + ¢) we get

1 - >
/ ¢g=/ Uo(g +4)g = 5/ 3+,
R2 R2 52
Multiplying (4.2) by ¢ we find that

[av=g [ 1veir- [

1/ ., 1 o1 -
== . Y = .
R2¢g 2/329 +4/Sz| 52| 2521/)

We recall that the eigenvalues of —A on S? are given by {k(k + 1) | k& > 0}.
The eigenvalue 0 has a constant eigenfunction and the eigenvalue 2 has eigenspace
spanned by the coordinate functions 7;(x1,x2,23) = x;, for (x1,79,73) € S? and
i =1,2,3. Let (\j);>0 denote all eigenvalues, repeated according to multiplicity,
with A\g = 0, Ay = Ao = A3 = 2, and let (e;);>0 denote the corresponding eigen-
functions so that they form an orthonormal system in L?(S?), and e, es,e3 are
multiples of the coordinate functions 7y, w9, 3. We decompose 1[) and g:

and hence

b= e §= djes (43)
§=0 =0
where
b= (Wiejhiaseys G5 = (9, €5 12(s2)-
Then

=

1
/¢g=§/ g+
R2 S2

:1/ §2_

2 /s

Equation (4.2) gives us that

> (N —2)¢7
j=0

U+

DN | =
=

> (= 2)d7.
j=4

2
= ——q; j 1,2,3
% /\j_2gja .]g{a s }a

and therefore

But fw gUp = 0 which means that gy = 0 and hence we obtain the conclusion.
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We note for further reference, that by Lemma 4.2 we have also g1 = g2 = g3 = 0.
Therefore we also have the formula

I A .
_1 2 4.4
9 Q;Ajiﬁj (4.4)

O

Lemma 4.2. Under the same hypotheses of Lemma 4.1 we have

[ athz =0, j=0.12,
R2
where z; are the functions defined in (2.42).

Proof. We use the notation ¢y = (—A)~'¢, ¥ = 1y — ¢, where ¢ is such that
9= —to+cand [y, gUy = 0. We multiply
—AyY —Upp =Upg in R2.

by z; in a ball Br(0) and then let R — co. Since z; is in the kernel of A + Uy we
just have to check that the boundary terms

alb 8Zj
/BBR ov A w ov

tend to 0 as R — oo, where v is the exterior normal vector to 0Bg. This follows
from the estimates

C
vyl <O VY| < s
WWI<C VU< s
due to (4.1), and the explicit bounds
C
2o\Y SC; Zi\y Sia j:172a
C
Vzi(y)| <
O
Lemma 4.3. Suppose that ¢ = ¢(y,t), y € R?, t > 0 is a function satisfying
1
oW )| < — 5o
w0 e

with 0 < o <1,
Py, t)dy =0, Vt>0,
R2

and that ¢ is differentiable with respect to t and ¢; satisfies also
1
(1+yhte

/RQ@S]:%@/WQSQ

|e(y,1)] <

Then
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where for each t, g(y,t) is defined as

¢

= = Ao+t

g

and c(t) € R is chosen so that
/R2 9(y,)Uo(y) dy = 0.

Proof. Using the notation of the previous lemma, we have

[ = [ Voot g =3 [ @i+ ).

We have
—Ag2t) — 2p = 2§, in 52
And differentiating in t we get
—Ag2thy — 2y = 2G,, in S>. (4.5)

Multiplying by ¢ and integrating we find that

- 1 - o
g = —5/ Apyg — / gtg-
S2 52 S2

1 _
/ 19 = _i/ AYig
R2 S2

Decompose as in (4.3) and find that

1 N
/R2 drg = ij::o/\j(¢j)tgj

Thus

But from (4.5)
(Aj = 2)(P)e = 2(3)s-

We note that g; = 0 for 7 = 0,1,2,3. Indeed, this is true for j = 0 by the
assumption fRz gUp = 0. By Lemma 4.2 this is true also for j = 1,2,3. Then

I A ..
Az¢t9—2j§Aj_2(gg)tga

and the desired conclusion follows from (4.4). O

4.3. A Hardy inequality.

Lemma 4.1. Let Br(0) C R? be the open ball centered at 0 of radius R. There
exists C' > 0 such that, for any R > 0 large and any fBR gUpdz =0

C

il 92U0§/ |Vg[>Us.
Br Br
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Proof. After a stereographic projection and letting e = &, A. = B1(0)\B.(0) C R?,
we need to prove that for g € C1(A.) with

/ gdy =0
Ae

C
/deySfQ/ IVg[?ly|* dy.
A, €% Ja,

By using polar coordinates it is sufficient to show this for radial functions, which
amounts to the statement: for g € C*([e, 1]), if

1
/ g*xdr =0 (4.6)
€

we have

then
1 C 1
/ gxdr < —2/ g (z)?2® dx.
€ € €
We write
1 1 2 2 1
1 d 1 1
/6 girdr = 5/5 92%(332) dx = gT() - 97(5)52 - 5/5 gg'x* dx.
One has

1 1 3 1 3
/ gg'z% dx < (/ gz’ dm) (/ g?z! dx)
€ € g
1 3 1 3
< (6_2/ g"?z® dx) (/ g2xdx>
€ €

1 1
1
< 05_2/ g"?x’ dx + f/ ¢*zdz,
€ 2 €
for some constant C. Inserting this inequality in the previous computation gives
1 1

/ g rdr < g(1)* — g(e)%e® + CE_Q/ g%a® d. (4.7)

€ €

We now use (4.6) in the form

1 1
9(1) 9(8) 2 1 / /.2
0= dor = —= — =—= - = d
/8 g(:v)a: T D) 5 IS D) ; gx-ax,

2

and so

g(1)? < 2g(e)%* + 2 (/: g'x? d:z:)

1 1 3 1 3
/ g zdr < (/ g"?x® dsc) </ z ! dx)
1 3
< (|log5/ g%’ dw) :

But
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We thus get that

1
g(1)? < 2g(e)%e* + 2| log¢| / g%’ dx

and this combined with (4.7) gives

1 1
/ GPrdr < g(e)?(2e* — ) + (Ce2 42| log‘e\)/ g%a® d.

For € > 0 small this gives the desired estimate.

5. INNER PROBLEM
We consider equation (3.5) rewritten as
N20;¢ = L'[¢] +h in R? x (tg,00)
{ é(-,to) =0, in R?

where L is the operator defined in (2.26) and where we assume that
/ h(y.t) dy =0, / h(y, t)ly[* dy = 0,
R2 R2

/RZ h(y,t)y;dy =0, j=1,2 (5.1)

for all £ > tg.
We change the time variable

|
T= ——ds
/to A2(s)

and note that 7 ~ tlogt. Then this equation can be written as
¢ -1

2= (-a)g)] +h.

We consider this equation in R? x (9, 00) where 7 is fixed large, and with initial
condition

org =V - [UV(

é(y,70) =0 in R2
We define
[1Bllisn0 = sup{r” logh 7(1 + [y)**|h(y, 7)[},
where

O<v<d3,, pelR, O<o<l.

Proof of Proposition 3.1. Let

9=5 (=A)"'o+c(r), (5:2)

where ¢(7) is chosen so that

/Rz 9(y,)Uo(y) dy =0, V7 > 0. (5.3)
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Note that
;¢ =V - (UgVg) +h, inR?x (1,00). (5.4)
We multiply this equation by g and integrate in R?, using Lemma 4.3:

1
30r [ oa+ [ volvaP = [ ho.
R2 R2 R2

We use the inequality in Lemma 4.1 to get

1 _
ﬁ/ (9—gr,)*Uo S/ Uo|Vgl*
1 BRl R2

where

_ 1 /
B = Uo.
IRy fBRl UO B, glo

Here R; is a large positive constant to be made precise below.
Then

1 1 1
9, = 2U<CR2/ R2UT 4+ — / U+ Cg%. ).
5 /RchﬁgﬂLR%/Bng OB +2R% 9 + Cr,

But by (5.3)
7 ! / gU
R1 — — & 11 0
fBRl Uo Jr2\Bg,

SO

g%il S C/ g2U0.
R2\Bg,

Therefore
1 1 1
f&/¢m~—/ f%gm/h%*+f/ 4T,
277 Jge 2R} /g, et % T RY Jrevpa,

We now use Lemma 4.1 to get
1 _ 1
0. [vgvg [ sasm [ wuite g [ v )
R2 R? R? 1 JR2\Bg,

Define
A? = sup {72” log?* 7'/ gQ(t)Uo}.
R2\Br

T2>To

Integrating (5.5) and using Lemma 4.1 we find

4 2 2
/ 92U0 S RIHth**,V,;L,o A ) (56)
R? 72 log®* 7 72 log?* 7
Let us use the notation
2 _ 2
and we record the estimate (5.6) as

M

||g(T)||L2(Ué/2) 5 TV IOg'u’T7 (57)
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where
M = R}[|lissppo + A

The idea now is to obtain decay of g, and use this decay to show that A can be
eliminated from the estimate (5.6).

We define
90 = Uog
and obtain from (5.4) the equation
0rg0 = Updrg = 0-6 + UgA™10,¢

=V (UgVg) + h — Up(—A)"LV - (UsVg) + h]

-V. [Uov(g,—z)} R = Upo — Up(—A)"1h, (5.8)
where
vi= (=) V- (UoVg)].- (5.9)
We claim that
lo(y, 7)| S Tog” T(J\er ey (5.10)
for any € > 0.
To prove this, we first compute
V- (UyVg) = AgUs + VU - Vg = A(gUs) — VU - Vg — gAUj,
and hence
v=—gUp — (=8)7" [VUo - Vg + gAUj].
Let
vy = (—=A) " [VUy - Vg + gAUy) (5.11)
so that
~Avy = VU, - Vg + gAUy = V(gVU;) in R% (5.12)
We write equation (5.12) on the sphere S2
—Agaby = divg2(§Vg2Up) in 52, (5.13)

where o = v oI, § = g o II, Uy = Uy oI, and II is the stereographic projection
defined in section 4.1. We note that the solution of (5.13) is defined up to an
additive constant. In @2 this constant is fixed by the condition ¥2(P) = 0, which
corresponds to the solution selected by the formula (5.11). Observe that

[P0 = [ FVeatoP S ol
g2 R2 0

Using standard elliptic theory we find that @, € H*(S?) and ||0g|| g < ||g||L2(U1/z).
0
Hence for any p > 1, ||02]|zr < ||g||L2(U1/2) and this implies that
0

1/p
([ telt) S lalay (5.14)
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We write (5.8) as
0-g90 = Agyg — VgoVVy + h + 2Uygo + Ugve — U()<—A)_1h. (515)

Consider a point y € R%. From (5.7) we see that

M
T log" 7(1+ [y

lgollL2(B, () <

and from (5.14) we have

-+ M
1UovallLr (B, (v)) S Uo T logh 7
With a similar argument we get that
h IEE NN
|(—A)_1h(y,7')| < || ” Vsl

~ rvlogh T(1+ [yl)tme
Applying standard parabolic L? to (5.15) restricted to Bi(y) x (1,7 + 1) and em-
bedding into Holder spaces we deduce that

M
log" r{(1 + [y

l90(y, 7)< (5.16)

Then for g we obtain the estimate

M(1+ Jy)?

™ logh T ’

l9(y, TS

This implies that in (5.13), [|gV g2 UOHLOC(S2) < %, and by elliptic regularity
we get |02 < 4

~ TV logh T

for any a € (0,1). Since 02(P) = 0 we get

M
7 log" r {1+ )"

o2y, T)| S

for any « € (0,1).

Applying now parabolic estimates to (5.15) and a scaling argument we find
M

™ logh T(1+[y[)*

IVao(y,7)| < (5.17)

We reconsider now (5.13) and observe that
divge (gvs2ﬁo) = Vs2gvs2ﬁo + §As2ﬁo
L+ y[*)?
= #[VR{C]VRZ UO + gARz Uo}
Using (5.16), (5.17) and go = gUp we get that
. - ~ M
|d1V5'2 (gVS2U0)| 5 W

Using standard elliptic regularity we conclude that oy € C*(S?) for any a € (0,1)
and the estimate

M

lO2]lcres2y S W-
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Since v2(P) = 0, from a Taylor expansion of 02 about P we obtain for the original
v9 the expansions

_a(7) y’ < M
e e R i
2 (5.18)
Vo (y 7_) _ &(T)|y| - 2ya(7-) : y‘ < M
N [yl* ~ vlogh T(1+ [y])2te”

for some a(7) = (a1(7), az2(7)), for any a € (0,1). By the definition of v (5.9), the
estimate for go (5.16), (5.17), and the expansion (5.18) we obtain also for v:

a(T) y‘ < M
vy, 7) — ~ 9
7 i (e S
Vv(y 7_) _ a(T)|y|2 - an(T) : y‘ < M
’ |y|* ~ v logh (14 [y[)2 e’

We will show next that actually aq(7) = a2(7) = 0. For this use the definition
of v (5.9) to write

~Av =V -(UyVg) inR% (5.20)
and we multiply by y; and integrate by parts. First we observe first that for i = 1,2
V(UoVg)y; dy = 0. (5.21)
R2
Indeed,
/ V(UoVg)y; dy = f/ UgVge; = / gVUpe;.
R2 R2 R2
But from (5.2), letting g = (—A) "¢ and ¢ = g — ¢(7) we have
—Ay — Uy = Upyg.
Multiplying this equation by z; = VVje; defined in (2.42) and integrating we get

/ gUOVV()ei = O,
R2

which is the desired claim (5.21). We note that the integrations by parts are justified
by the decay

1
(I+1yh
Now we multiply (5.20) by y; and integrate in a ball Bg(0), where R > 0 and later
we let R — oo. Integrating we get

/ (—0,vy1 +vey) = V(UoVg)y1 dy
OBRr Br

%oy, 1)+ (1 + [y Vebo(y, )| S C(7)

Using polar coordinates y = pe’® and (5.19), we see that
/ (=0yvy1 +ver) =2may (1) + O(R™%).
(‘3BR

Letting R — oo and using (5.21) we conclude that a1(7) = 0. Similarly as(7) = 0.
We deduce from this and (5.19) that

< M .
S g T )

v(y, )
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This is the desired conclusion (5.10).
A similar proof, using (5.1) yields

_ hl|;
—A 1h < || Vk*, V4,0 .
() h )] S e

Now we choose a large constant Ry so that we can use the maximum principle
for the parabolic operator 0, f — V - [UOV(ULD)] is valid outside the ball Bg,(0).
Indeed, we have

5 1
V[0V ()] = AF = VoS 4+ Unf = By + 20,8 + S 000 f + Dy
Uo p p?
where Df = O(p%)ap f+ O(p%) f represent lower order terms. Using the maximum
principle and an appropriate barrier in R? \ Bg,, as constructed in Theorem 3.2
below, we get that
RE[|Alliss,vps0 + A
1og" T(L+ [y

lyl < V7

lgo(y, 7)| <

and
R2||h||i**,u,,u,0 + A
™ Tlog 7 (L+ y)*”

‘We use this estimate to compute

/ 9°U = gpU™!
R?\Bp, R?\Bp,

lyl > /7.

lgo(y, 7)| <

< 1 R%Hh”zz**,u,u,a + A?
~ R2° 2 log?" T

This implies that

1

2 417112 2
A < Cﬁ(RlnhHi**,v,p,o‘ +A )7

1
where C is a constant from previous inequalities, which is independent of R;.
Choosing a fixed R; large then implies that

A2 SRR o

We then conclude that

S S
190, )] < N llins o {TV e WS VT

g W2 VT

From parabolic estimates we also find

1
IVao(y, )| S ||lliss o {TVIOgMT(1+|.U|)4+oa ly| < VT

5.22)
1 (
7T logh r (14 [y)oFo lyl = V.

Now we estimate ¢. We decompose
¢ = (bL + W<T)Z07
where Zj is defined in (2.21). We then have
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We let ¢ = (—A~1)¢t and see that
gU = Ay + Ugt.
Integrating the equation times |y|? we get
/2 ¢y, T)lyl*dy =0, V1>
R
and this is equivalent to
/ 9Zy =0, V71> T19,
R2

where Zj is defined in (2.21). We then can solve the equation for ¢ and find

I S |

v o o y‘ S \/F

|1/)(y,7')| g ||h||i**7l/,p.,a' {‘r log# 7-(11+|y\)1+ ) .
Tv—Tlogh T(1+][y[)3+7 |y‘ - \/;

Since

ot =Uo(g — )
we find that

1
gy WIS VT
1

(5.23)
Tl reFe Y2 VT

|¢L(ya7-)| ,S ||h||i**,u,u,a {

Finally we estimate w(7). We have
O +wrz = L[p] + h.

We multiply by |y|? and integrate in Br, where Ry — oo and in a time interval
[11,T2]. We get

/B [B(r2)* — B(r) Myl dy + (@ (r2) — w(m)) / Zolyl? dy

Br,
T2
= / / L(;S|y|2 dy dr.
71 J Br,

Let us observe that if Ry > /7 then

/ 6y, ) [yl dy <

—1 i 140
, Tv—1log" TR,

On the other hand

/ Liglly dy = / 070 dy + / UolyPVg-v - / Uy - v,
BR2 BR2 8BR2 BBR2

and

1
S/ |90|dy§ﬁa
Br, T logh T

/ gUoy - v
dBr,

/ 9Zo dy
Br,

1
/ Uoly*Vg - v S
9B,

+ S T
7V logh TR%"H’
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Since
/ Zoly|* dy ~ log Ry,
Ry

letting Ry — oo we find that w(7e) = w(r1). Hence w = const and since we start
with w(0) = 0 we deduce w = 0. Hence the estimate (5.23) gives the desired
estimate for ¢. The estimate for the gradient of ¢ comes from the corresponding
estimate for the gradient of ¢+, which is obtained similarly from (5.22). |

6. OUTER PROBLEM

We consider here the solution ¢° of
0¢° = L°[¢°] + h(z,t), in R? x (tg,00)
¢o('ﬂt0) = d)ga in Rz

given by Duhamel’s formula, where L° is the operator (2.27).

Proof of Theorem 3.2. To obtain the desired estimate we construct barriers. Using
polar coordinates z — £(t) = re?® and the notation in (2.22), the outer operator L°
(c.f. (2.27)) can be written as:

1 4r

19(¢°] = 0y ” + (— +

- o 1 R
P R Ortp1 — 8T112)8T¢ + 73690¢ .

First we construct a supersolution ¢; valid in the outer region, of the form

1 Ix—£|>

P = g (7

where g = g(s) satisfies

6+ (24 5)oh+ (= Dgo+ 1 <0, 50,
and
% < 90(s) < 1 —T—Qs“
for some c1,c3 > 0 and all s > 0. The function g can be explicitly taken as
_s2 1
go(s) = Moe™ ™ + A+ 22

for a constant M sufficiently large. Here we have used the hypothesis —% +a—-1<0
in (3.10) and the fact G(s) = e~ satisfies G + (2+35)G'+3G=0.
We find that
c A2

+ Cr(r2 +22)

01 + L[] < "~ e log t|P(1+ |C[P)

for some ¢ > 0, for t > tg and ty large. But

|ar(£1‘a

|ard_>1|§% ‘/Lfn P PVl
te=tlogtl? | (%) r >V,



36 J. DAVILA, M. DEL PINO, J. DOLBEAULT, M. MUSSO, AND J. WEI

where 7 = |z — £| and therefore in the region r < v/t we have
A2 - |logt|~1 1
——— 0,1 < C )
r(r2 + \2) 9-61] < (r2 + |logt|~1) te—1/2| log t|?

To deal with this term we solve the elliptic problem for ¢(z,t), z € B ;(0) C R?

|logt|™! :
and obtain
c o, Vi
s (oYY
|30(x )|— 1ogt 0og |x\+|logt|_1/2
Then we define
- 1 r—¢
pa(z,t) = W@(i’? —&t)xo0 (27)
and
b= Ad1 + da + 15> og to| P s
with a constant A sufficiently large. Then ¢ satisfies

—0ip + L°[¢] < - !

. =0
= te|logt|f 1+ [¢|P’

X
TV

for some ¢ > 0 and

c1 1 - Co 1
< ¢(to,x) < )
ta M logtolb 1+ 2> — #lto, @) ta N logtol0 1+ |2[°
where z = w_jf%f)), for some ¢y, ¢ > 0. It follows from the maximum principle that

the solution gb‘; of (3.8) given by Duhamel’s formula satisfies
|6°(2, )] < C(x,t) [|gllan,0 + 15 | Log to]*[[6Fl6] -
([l
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