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INFINITE TIME BLOW-UP IN THE PATLAK-KELLER-SEGEL
SYSTEM: EXISTENCE AND STABILITY

JUAN DAVILA, MANUEL DEL PINO, JEAN DOLBEAULT, MONICA MUSSO,
AND JUNCHENG WEI

ABSTRACT. Perhaps the most classical diffusion model for chemotaxis is the
Patlak-Keller-Segel system

ut =Au — V - (uVv) in R? x (0, 00),
. 1 1
v=(—Ag2) u:i= — log ——u(z,t)dz, (0.1)
27 Jr2 |z — 2|

u(-,0) =ug >0 in R2,

We consider the critical mass case fRQ up(x) de = 8m which corresponds to the
exact threshold between finite-time blow-up and self-similar diffusion towards
zero. We find a radial function ug with mass 87 such that for any initial
condition ug sufficiently close to uf the solution u(z,t) of (0.1) is globally
defined and blows-up in infinite time. As ¢t — +oo it has the approximate

profile
1 (2 fg(t)) 8
u(z,t) =~ — U , U =
)~ 5t (5 "W = ey
where \(t) ~ \/15?, &(t) — q for some ¢ > 0 and q € R2.

1. INTRODUCTION

This paper deals with the classical Keller-Segel problem in R?,
up =Au — V- (uVv) in R? x (0, 00),

_ 1 1
v =(—Ap2) " tu = 5 Jos log mu(z,t) dz (1.1)

u(-,0) =ug in R?

which is a well-known model for the dynamics of a population density u(x,t) evolv-
ing by diffusion with a drift representing a chemotaxis effect [14, 15, 18]. We
consider positive solutions which are well defined and unique and smooth up to a
maximal time 0 < T' < +o00. This problem formally preserves mass, in the sense
that

/ u(z, t)dz :/ ug(z)der =: M for all te (0,7).
R? R2

An interesting feature of (1.1) is the connection between the second moment of the
solution and its mass which is precisely given by
M2

— w(z, t)|z|?de = AM — —

dt Jg2 (. )2 2m
provided that the second moments are finite. If M > 8 the negative rate of
production of the second moment and the positivity of the solution implies finite
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blow-up time. If M < 87 the solution lives at all times and eventually diffuses to
zero with a self similar profile [3]. When M = 87 the solution is globally defined
in time [4]. If the initial second moment is finite, it is preserved in time, and there
is infinite time blow-up for the solution [4].

Globally defined in time solutions of (1.1) are of course its positive finite mass
steady states, which consist of the family
1 x—£& 8
U, =0 | — U = ——
e = 5500 (55 ) =

We observe that all these steady states have the exact mass 87 and infinite second
moment

A>0, £ €R% (1.2)

/ UA@(Z‘) der = 8, / ‘Z‘|2UA’5(J,‘) dr = +o00.
R2 R2

In [1, 16, 23] blow-up in a bounded domain is studied, see also [17] and [24] for the
higher-dimensional radial case. Asymptotics were derived in [25, 26] and a rigorous
construction of a radial blow-up solution was found in [22]. Asymptotic stability

of family of steady states (1.2) under this mass constraint has been determined in
[12].

In the critical mass M = 8 case, the infinite-time blow-up in (1.1) when the
second moment is finite, takes place in the form of a bubble in the form (1.2) with
A = A(t) — 0 [4, 2]. Formal rates and precise profiles were derived in [6, 5] to
be A(t) ~ ﬁgt as t — +oo. A radial solution with this rates was built in [13]
and its stability within the radial class was established. The stability assertion for
general small perturbations was conjectured and left open in [13]. The method of
construction in [13] (see also [19, 20, 21, 22]) seems difficult to adapt to the general,
nonradial scenario.

In this paper we construct an infinite-time blow-up solution with an entirely
different method to that in [13] which in particular leads to a proof of the stability
assertion. The following is our main result.

Theorem 1. There exists a nonnegative function ul(x) (radially symmetric) with
critical mass fR2 ug(x)dx = 81 and finite second moment fRZ ui(x)dr < +oo such
that for every uo(x) sufficiently close (in suitable sense) to uf with [5, ug = 87 we
have that the associated solution u(x,t) of system (1.1) has the form

1 xr — 8
YORRG ( A(g(t)) (o). Tolv) = ey

uniformly on bounded sets of R™, and

At) =

u(z,t) =

c
Vlogt

for some numbers ¢ > 0 and q € R2.

(14+0(1)), &) —q ast— +oo,

Sufficiently close for the perturbation ug(x) := uj(z) + ¢(z) in this result is
measured in the C'-weighted norm for some o > 0

el = 1L+ 1)@l oo ey + 11+ ] - PH) V() oo re) < +o0.  (1.3)

We observe that this decay condition implies for all & > 0 the second moment of ¢
is finite, which is not the case for ¢ < 0.
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We devote the rest of this paper to the proof of Theorem 1. Our approach
borrows elements of constructions in the works [7, 9, 10, 11] based in the so-called
inner-outer gluing scheme, where a system is derived for an inner equation defined
near the blow-up point and expressed in the variable of the blowing-up bubble, and
an outer problem that sees the whole picture in the original scale. The result of
Theorem 1 has already been announced in [8] in connection with [7, 9, 10].

The scaling parameter is rather simple to find at main order from the approx-
imate conservation of second moment. The center £(t) actually obeys a relatively
simple system of nonlocal ODEs.

2. THE ANSATZ

We consider the Keller-Segel system in the whole R?
u =Au—V - (uVv) in R? x (0, 00),

v=(—Ap2)u: —u(z,t)dz

"o Jo Bla—a
u(-,0) =up in R?

and build a first approximation to a solution globally defined in time. Let us
consider a smooth cut-off function xg with

Xo(s) =1for s <1 and =0 for s > 2. (2.1)
We consider a positive function A(¢) and a function &(¢) with values in R? such that

At) =0, £(t)—0 ast— 40

and consider as a first approximation

ui(x,t) = %UO (y) XO(i/yi')’ y = Lg(t)

Here Uy(y) = W and we write « as
a =1+ Q.

We choose a4 (t) in such a way that we exactly have

ax(0) [ Valwx(ntydy = [ Ualw)dy = s

where
X(,t) = Xo (A\[ytl) : (2.2)

We directly compute
)\2
ay(t) = 1—|—a?(1—|—0(1)) as t — 400, (2.3)

with

B > 1—xo0(s) .
a72/0 bl CACZAP Y (2.4)

53

The parameters A(t) > 0 and ag(f) € R will be chosen later on, but for the
moment we will assume the following bounds on them:

At < M), A < A, (2.5)



4 J. DAVILA, M. DEL PINO, J. DOLBEAULT, M. DEL PINO, AND J. WEI

where

A(t) =

and C > 0 is a fixed constant, and

Q

|z (t)] <

tlo

OS]

—~
~

~—

Also on £ we assume the bound

. C
o=

for some o > 0.
Let us consider the “error operator”

S(u) = —up + Au — V(uVo).

Changing variables

and letting
u(y,t) = u(z,t)
B( t)—i/ lo #ﬂ(z t)dz
y? - 27‘_ R? g |Z _ y| 9

we find that

MS(u) = — Ny + A 2a +y - Vi) + A - Vi + Ay — V, iV, o + @

Let us write

1 1
Voly) = o /]R2 log HUO(Z) dz =log Uy(y)

and also

U(y,t) = Uos(y)x(y,1)

1 1
V(y :—/ log ——U(z,t)dz
) = 5= [ Jox U

where x is defined in (2.2).
Then we compute
>\4S(U1) =51+ 52+ 53

where

2
Sy = 2aVUy - Vx + alUpAx + U (a*x? — ay)
— 2UyVXVV — ala — 1)VUVVx +aVUV(V — Vp)x

S3 = aXs - VU x + aXéxg— - —U
’ ’ °Ve lyl "

. . 1 al3
Sy = —A2aUpx + adN(2Uy + 5y - VUy)x + 7t—%|y\x6Uo
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We decompose
Sy = E9 + &L
where
&y =ala—1)UZx — ala—1)VUVVox
E9 =2aVUy - Vx + alUpAx + Udax(x — 1)
— QPUVXVV +aVUV(V — Vy)x
—ala—1)VUV(V = Vp)x
We also decompose
S1 =&+ &
where
El = —N2aUyx + aAA2Uy + 1y - VUy)x

1 a3
-3 lyIxoUo

o
The main term in &5 is
N 3
8@ [Xg - gXB(f)} )
where £ = %
On the other hand, from £ we get a main term given by
1 A6
5 tigg X6 (&)
To improve the size of the error, we introduce a correction ¢°! of the form
¢01 _ )\2(501
where (;301 is a radial function and solves

0" = e + o (7) 238)

¢°1(r,0) =0,
with
8 3
MO = g1 X~ 26O+ $xb00)]

In (2.8), Ags means 9, + 20,. The solution ¢°' to (2.8) can be expressed in
self-similar form as

- 1 r
olip ) = = —
rt) = 50O €=

We find for g the equation
f /
q —|—5 29 g +2g+h=0.

Since 5% is in the kernel of the homogenous equation we find an explicit solution

1 [ @
go(§) = 6—4/ xse_%zz/ h(y)e%yzydydx.
0 0
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To find the solution ¢°! with initial condition zero we define

9(§) = go(§) — z(§)1

where

1
z(¢) = 5%/0 2P 1% dy

is a second solution of the homogeneous equation, independent of 5% and

o0 1,..2 z 1,2
I:/ xlem1” / h(y)e*? ydydz. (2.9)
0 0
‘We note that
~ I
ol _
(b (Oa t) - 4t2 .
We take then as ansatz the function
a(t) Alyl o1 x —&(t)
_ _ — 2.1
us(w0) = S U Wno (77 ) + 67 (e =60, w="55%,  (210)

and define accordingly
1pol — (—A)_1¢01.
3. INNER OUTER SYSTEM

We look for a solution to

uy = V- (Vou —uVo)  in R? x [0,00)

—Ayv=u inR?x [0,00)

of the form

z—=¢

() + 67z, ),
where uz is the ansatz (2.10). The cut-off # is of the form

|z — ¢
i)

u(z,t) = ua(z,t) + )\_2¢i(

(1) = o (

and xo is described in (2.1).

xr—

Recalling that y = Tg, we compute

Ao ,
—up = —Opuz + ﬁ@@bl +Vyo' -y

7 5 1 7 1 o
—Vyo N1~ p@n - p@?t — ¢y

Define
,l/}i = (_Ay)_1¢iv
Vo = (—AI)71U2
and then we take

v =y + PN+ ¢°
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We then get the following system of equations for ¢?, ¢, ¢°, 1°:
N00" = Ayt — V'V, Vo — V'V, Uy + 2Up"

+2X°Uox¢” + 23°Uox¢”' — AV, [UoX]Voth” = AV [UoX] Vot ®! + Ein
_Ayl/)i = QSI

(3.1)
at(bo = Lout¢0 + G(¢i7¢0’wi7,¢}o’)\7a) (3 2)
—Ag9° = ¢° + 207V Von + ¢ A '
where
Lout¢o = Ax¢o - vac(bovac‘/o (‘r )\(f)(t)>

G(¢', 0%, ", %, N, @) = A1¢° 4+ Asp° + Bi¢' + Bot)' + Eouy + N (9%, ¢°, 0%, 0°)
with

A1 = 2up6°(1 — 1) — V4d*V oz + 2@ — DA Ugn + ¢°)¢°

Agtp® = =Vus V(1 — 1) = A7V, 0V [(a = 1)Upx + A%0°']

) ; ; 4 ‘
Bi¢' = 35 - %vyw + (20" + Vyd'y)n + A2 (Ag — i)’

+2072V,0 Vo — A0 Van Vs
+ 227 Uo (1 = ) + (@ = HVon]e*

By = —'VouaVan = AV Vy [Un (1 = X) + (@ = DUox + ¢!

In the above expressions vs is given by
—AyT2 = A2 Uo(y)(x — 1) + (a = DA Vo (y)x + ¢,
and the terms FEj;, is given by
Ein = a(a — 1)UE — a(a —1)VUVVy — A2aUpx + aAN2Us +y - VU)X
+ aXé - VU x,

and FE,,; satisfies the estimate

1
B <0 {0 TEVE
B t10g12 e z \/E
Finally, N(¢?, ¢°,4%,1°) are the nonlinear terms:
N(¢',¢°, " ¢°) = =VOVT + 202

with

o (T —¢
<I>:)\‘2¢( A
U =9ty +°.

() + 67 )
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Instead of solving the system (3.1)-(3.2) directly, we consider the following mod-
ification of (3.1)

)\Qatcéi = Ay(bz - Vy¢ZVyVO - Vy'(/ﬂVvaO + 2U0¢)1

4
+H(¢O71/)O,¢01,¢01,A7062,£) - ch(t)zj (33)
j=1

where
H(¢Oa 1][)0’ ¢017 1/)017 >‘, a2, g) = 2)‘2UOX¢O + 2>\2U0X¢01 (34)
- /\vy[UOX]Vw'L/)O - /\vy[UOX]Vmw(ﬂv (35)

Zi(y) = Z;(y)x()
and
Zo(y) = 2Uo(y) + VUo(y)y;

For the proof of the main theorem, we will use the following norms.
For the inner problem we define

16" llis 1.0 = Sul\)/{tu log" t[(1+ |yD)**71¢" (v, )] + (1 + [y)* [V (y, 1) [}
ly|<Vt

+ sup {t"""log" t[(1+ |y[)> 716" (y, )| + (1 + |y)*T7 IV (y, 1)[}
ly|>Vt
1B s, = sUD{E” (1 + [y]) >+ [0 (y, )|}

where v > 0, 4 > 0, and o > 0.
For the outer problem we use the norms

16 llo%,a.1.6 = sup { {ta logr ¢([2 =4 T S T 4y 1)b] 16° (=, t)|}

|z — ¢
A

+ sup { [t“ log" t( +1)°7 + A% log” t(@ + 1)b+1] IV¢°(z, t)}

a L T _5
lons g = sp {2 log? 1L 10y ),
where 2 < b<6,1<a<3, u>0.

Proof of Theorem 1. We let o > 0 be a small number. We work in both equations
(3.3) and (3.2) with ¢ > ¢¢ and ¢( a large constant. In (3.3) we impose zero initial
condition and in (3.2) we put initial condition ¢°(x,%) = ¢§(z) a function with
small norm (1.3). We assume that A\, as and & satisfy the conditions (2.5), (2.6),
(2.7). Given a function ¢* with ||¢*||.i 12+ small we solve (3.2) using Theorem 3
and the Banach fixed point theorem, and we find a solution ¢° with the estimate

16°]lx0,2.2,0 S 16 1,2, + 166 | o-
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Here we have used in a crucial manner the fact that
¢5(x) = O(lz|777)  as [z] = o,
since from here and Duhamel’s formula we find that ¢°(z,t) = O(t~2~%2).

It is straightforward to check that ¢°,° are Lipschitz functions of ¢. Inserting
these functions in (3.3) we solve now for ¢?, having \, ap and £ as given parameters.
The functions c;(¢) in (3.3) are chosen such that H(¢°,¢°, ¢°',¢°!) satisfies the
four conditions in Theorem 2. Using that theorem and the Banach fixed point
theorem, we find that (3.3) has a solution ¢! with ||¢%||.; 12, small. To find a
solution to the problem we need the following conditions to be satisfied

)\Zd/ Uox dy = ala — 1)/ (U2 — VUV Vylxdy — om/ [2Uo + yVUo dy
R2 R2 R2

+ / H(6°,0°, 6° 4, X, a, €) dy (3.7)
]RQ

a)\)}:/ H((;bﬁz/f’,(b(’l,w(’l,)\,ag,f)\y|2dy
]RZ
~a(a— 1)/ U2 — VUV Vally[ dy
RQ

pCH / UoxlyP dy (3.8)

X = /R CH(, 6707 0, )y dy, (3.9)

where H is given by (3.4). At main order, after some computation we find the
equation

—\(éy +d2)87r+2)\2/ Ni(A, d2,€)

1
Upg™ — A° / VU, - Vy©l =
R? R t2

log® ¢
where N7 is a uniformly bounded operator, Lipschitz in its arguments for their
associated topologies in (2.5), (2.6), (2.7). After an integration by parts, and inte-
grating in time from ¢ to +00, and using the definition of oy in (2.3) we find that

at main order
CRErEpp—
a —{I —a
? t tlog®t
where I and a are the numbers introduced in (2.9) and (2.4).
Computing the explicitly constant I —a and replacing this in (3.8) gives at main

order

NZ(}‘aané) = 07

: A 1
A =—¢ ; (1 JrO(logt))’

for some positive constant c¢1, and solving for A gives the desired rate after an appli-
cation of contraction mapping principle to system (3.7), (3.8), (3.9). The equations
for A and £ is have to be solved by fixing their initial conditions independently of
¢§. The fact that perturbative initial condition ¢§ was arbitrary gives the stability
of the blow-up, since if we assume fRQ ¢3 = 0 then necessarily as(tp) = 0 which
precisely amounts to the mass of the full initial condition to be exactly 8x. We
check that for the topology we are using in the initial conditions we can represent
an arbitrary perturbation in this form. This concludes the proof. (I
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4. PRELIMINARIES FOR THE LINEAR THEORY
4.1. The Liouville equation. Let
8
(1+ [y[*)?
Vo(y) = log

Un(y) = (4.1)

(1 +[yl?)?
with y € R? and note that
AVp+e =0 in R
The linearization around of Vj is given by the operator
Y= Ay + Ut
and we note that the following explicit functions

20(y) = VVo(y) -y +2
zj(y) = 0y, Voly), Jj=1,2

are elements in the kernel of A + Uy. These are the only bounded elements in the
kernel.

4.2. Stereographic projection. Let I1: S?\ {(0,0,1)} — R? denote the stereo-
graphic projection

Y1 Y2 )

H(ylay27y3) = <l_y37 1_y3

For ¢ : R? — R we write
p=¢poll, ¢:S%\{(0,01)} —»R.

Let Uy be given by (4.1). Then we have the following formulas

1
/ <p=§/ wUy
S2 R2

/ﬁo\vs2¢|2=/ Uo|Vrao|?
g2 R2

1 -~
§UOAs2(;7 = (ARzgo) oll.
The linearized Liouville equation for ¢, f : R? — R
Ap+Uyp+Upf =0 inR?

is transformed into

Ag2+26+2f =0 in 52\ {(0,0,1)}.
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4.3. A quadratic form.
Lemma 4.1. Let ¢ : R? — R satisfy

1
lp(y)| < W7

with 0 < o < 1, and
¢dy = 0.
R2

There are constants ¢c; > 0, co > 0 such that

01/ U092§/ ¢9§62/ Uog®
R2 R2 R2

_¢_
-&

/ gU() =0.
R2

Proof. Since fw ¢ = 0 there is a unique bounded v such that
—AY=¢ inR?,
and this is the function denoted by 1 = (—A)~t¢. Moreover

V()| + (14 [y)IVi(y)| <

where
g (—A Yo +c

and ¢ € R is chosen so that

(L+yl)
Since

_9_
9=, Yte

we find the estimate

lg(y)l S A+ 1[yh> 7.
Note that

—A) —Uptp = Upg  in R%
We transform g = g o II, 1/; = 1) o IT and write this equation in S? as
—Ag2tp — 2 = 2§, in 52 (4.2)
Since ¢ = Up(g + 1 — ¢) we get

1 - ~
/ ¢g=/ Uo(g +4)g = 5/ g+ 93,
R2 R2 52
Multiplying (4.2) by ¢ we find that

[av=5 [ 1veit- [ &

1/ ., 1 - 1/ -
== . Y = .
R2¢g 2/S2g +4/52| 521 5 521/)

We recall that the eigenvalues of —A on S? are given by {k(k + 1) | &k > 0}.
The eigenvalue 0 has a constant eigenfunction and the eigenvalue 2 has eigenspace

and hence
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spanned by the coordinate functions 7;(x1, x2,x3) = x;, for (x1,x2,73) € S? and
i =1,2,3. Let ()\j);>0 denote all eigenvalues, repeated according to multiplicity,
with Ag = 0, A1 = A2 = A3 = 2, and let (e;);>0 denote the corresponding eigen-
functions so that they form an orthonormal system in L?(S?), and ej,eq,e3 are
multiples of the coordinate functions 7y, w9, m3. We decompose zz and ¢:

b= e G=>_ g€ (4.3)
=0 =0

where
b = <¢,€j>L2(s2), Gj = (9,€5) L2(s2)-
Then
L[ o, 1S )
= - - A — 2
/RQ 2/529+4Z(f )3
7=0
L[ o, 1 1 —
= - - = - A — 2)5.
2/52 2w°+4§( 5 = 2)Y;
Equation (4.2) gives us that
. 2
=G, jZ{1,2
wj )\J_Qg]a J%{ 9 a3}a
and therefore
(o]

But fRQ gUy = 0 which means that go = 0 and hence we obtain the conclusion. [

Lemma 4.2. Suppose that ¢ = ¢(y,t), y € R%, t > 0 is a function satisfying

1
|¢(y7t)| < W’

with 0 < o <1,
/ P(y,t)dy =0, Vt>0,
RZ

and that ¢ is differentiable with respect to t and ¢; satisfies also

1
|¢t(yat)| < W

/ﬂ§2¢tg=%8t42¢g

where for each t, g(y,t) is defined as

_9_
-

Then

g (=A7He +c(t)
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and c(t) € R is chosen so that
[ stw0Uotw) dy =o.
R2
Proof. Using the notation of the previous lemma, we have

1 e T
brg = Uo(ge +¥)g = 5 | (Gt + v49).
2
R? R2 52
We have
—Ag2tp — 2p = 2§, in S2.
And differentiating in t we get
—Agathy — 2y = 2§, in S

Multiplying by g and integrating we find that

~ 1 ~ o
Yg=—5 [ Ag-— / gtg-
S2 S2

o 2

/RQ@g:—i/SQAJth

Decompose as in (4.3) and find that

1 .
/]R2 Prg = Z;Aj(¢j)tgj

Thus

But from (4.4)

(A = 2)(&5)e = 2(3;)+-
If

gj:07 j:031,2>37
then

I N
/RQ¢tg2j_Z4Aj_2(gj)tgj

4.4. A Hardy inequality.

13

(4.4)

Lemma 4.1. There exists C > 0 such that, for any R > 0 large and any fBR gUp =

0
C

il 92U0§/ IVg[*Us.
Br Br

Proof. After a stereographic projection and letting ¢ =
we need to prove that for g € C1(A.) with

/ gdy =0
A

c
/deyS—Z/ IVgl?ly|* dy.
AL € JA,

1
R

we have

A = B1(0)\B:(0) C R?,



14 J. DAVILA, M. DEL PINO, J. DOLBEAULT, M. DEL PINO, AND J. WEI

By using polar coordinates it is sufficient to show this for radial functions, which
amounts to the statement: for g € C'([e, 1]), if

1
/ g*xdr =0 (4.5)
1>

then
1 1
c
/ ngdmg—Q/ g (z)?2® dx.
€ € €
We write
1 1 2 2 1
1 d g°(1)  g°(e) 1/
2 2 2 2 /2
dr = = — dzx = — - = dz.
/ngac 2/Egdgs(x)x 5 5 € 2Eggac:zc
One has

1 1 3 1 3
/ gg'z% dx < (/ gz’ dm) (/ g?z ! dx)
€ € €
1 3 1 3
< (62/ g"?ab dx> (/ g2xdx>
£ >

1 1
1
< C€72/ g5 dax + 5/ gz de,
€ 1>
for some constant C. Inserting this inequality in the previous computation gives
1 1
/ Grrdr < g(1)% — g(e)?e? + CE_Q/ g% da. (4.6)
€ €

We now use (4.5) in the form

1 1
0:/ g(x)z dr = (1) 7@52—1/ g'z? da,

2 2 2

and so
2

g(1)? < 2g(e)%* + 2 (/1 g'x? dx)

1 1 3 1 3
/ gz dr < (/ g"?a® dx) </ z7! da:)
I 13 X [ %
< (|log5/ g’2x5dac> )
g

1
g(1)? < 2g(e)%e* + 2| log<€|/ gz’ dx
€

and this combined with (4.6) gives

But

We thus get that

1 1
/ g?rdr < g(e)?(2e* — &%) + (Ce™2 + 2| logel) / g%a® du.
>4 1>

For € > 0 small this gives the desired estimate.
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5. INNER PROBLEM
The relevant linear equation for ¢' appearing in (3.3) is
Moo = Ayg' — V, 8V, Vo — V'V, Uy + 2Upd" + .
We change the time variable
T = /t . ds
to A%(5)

and note that 7 ~ tlogt. Then this equation can be written as

¢

8,6 =V - [UV(FO _ (-A)—%)} +h, inR2 x (r9,00).

where
(-8)o(w.0) = 5 [ los(=—)6(w.t)dy.
27 Jg2 |z — y]
and 7y is fixed large. We consider it with initial condition

é(y,70) =0 in R2.

‘We assume that

1
h <
TN S g e

with
O<rv<3,, peR, 0<o<l
We define
[Allispu0 = sup{7" log! 7(1 + [y[)*|A(y, 7)|}-

We also assume that

/ h(y,7)dy =0, (5.1)
R2
[ oty ay =0, (5.2)
RZ
/ h(ya T)yj dy = 0’ ] = 13 23 (53)
RQ

for all 7 > 9.
We have:

Theorem 2. Assume that h satisfies ||h||ixs,vp,0 < 00 and the conditions (5.1),
(5.2) and (5.3). Then

1
TV Togh 7 (140)3F7 p<ANT
160y, L+ [4) V(D < Nhllisn o { s ) >
77T logh T(14p)5+e P = \E
Proof. Let
¢ _
9=17 — (=8)"¢+c(),
0

where ¢(7) is chosen so that

/ gUo =0. (54)
RZ
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Note that
0,6 =V -(UyVg) +h, inR?x (9,00).
We multiply this equation by g and integrate in R?, using Lemma, 4.2:

1
30 [ oo+ [ aivgl = [ ho.
R2 R2 R2

We use the inequality in Lemma 4.1 to get
1

ﬁ/ (9—§R1)2UOS/ Uo|Vgl*
1 BR] R2

where

_ 1 /
gr, = 77 9Uo.
' fBRl Uo Br,

Here R; is a large positive constant, to be made precise below.
Then

1 1 1
737/ ¢g+—/ g2U§CR2/ h2U—1+</ g2U+Cg2l>.
2 R2 R% BRl ! R2 2R% R2 R
But by (5.4)
1

[
1 fBRl Uy R2\Bg,
SO

g%l < C gQUo.
R2\Bp,
Therefore
1 1 1
30 oot om [ SB[ WU g [ g,
2 R2 QR% BRl 1 R2 0 R% R2\3R1
We now use Lemma 4.1 to get

1 _ 1
0. [ oorg [ s [ WUt [ g 69)
R2 R2 R2 1 JR2\Bg,

Define
A? = sup {7’2" log?* T/ g2(t)Uo}.
R2\Bg

T>To

Integrating (5.5) and using Lemma 4.1 we find

4 2
/ QU < Rth”i**,y,u,U + A2 (5 6)
9 ~ 2v 2p 2u 2p " :

R2 T2 log™" T 72 log™t T

Let us use the notation

2 _ 2
||g||L2(US/2) - /ﬂ\@g UO

and we record the estimate (5.6) as

RENA i 1,0 A
7 logh T 7 logh 7'

||g(T)||L2(Ué/2) ~

The idea now is to obtain decay of g, and then show that A can be eliminated
from the estimate (5.6).
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Let us rewrite the equation for g = Upg as
8T§ = an‘rg = 8T¢ + UOA_187¢
= V- (UyVg) +h — Up(—A) [v (UoVg) + h

9

=V [UOV(UO

)]+ U, (5.7)

where
vi=(—A)"H[V - (UoVg) +h].
We claim that

1

R2 h Tk, U, L, O A
|v(y)|< |: 1” H M

TV logh T tvlogh r

: 5.8
S TR )

for any € > 0.
This can be proved by noticing that

V - (UoVyg) = AgUy + VU, - Vg
= A(gUo) — VU - Vg — gAUy,
and hence
v=—gUy— (—A) ' [VUy - Vg + gAUp.].
Thus we can decompose
V=1 + V2 + U3
where
v1 = —gUp
vy = —(=A)"HVUy - Vg
vs = —(=A)"" [gAU] .

Then we solve the equations for vy and vz in the sphere, using the stereographic
projection and the basic estimate

o [ B2 Allissvpo A
TV logh T TV logh T

lgllz2 (s, S A+ D9 272y S A+ lyD)

for any y. From this estimate and equation (5.7) we get

o R?|| Al iex o + A
T logh T '

9@y, )] < (T + ly])

Using again standard elliptic estimate we deduce (5.8).

Now we choose a large constant Ry so that we can use the maximum principle
for the parabolic operator 9, f — V - [UOV(ULD)] is valid outside the ball Bg,(0).
Indeed, we have

V- (009 ()] = AF = VYoV + U] = Oy + 20,6 + 50 + D
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1
P

principle and an appropriate barrier in R? \ Bpg,, as constructed in Theorem 3

below, we get that

where Df = O(=5)0,f + O(p%) f represent lower order terms. Using the maximum

R%”h”i**,u,p,a + A
7 logh (1 + [y[)>+o’

19(y, 7)| < lyl < V7

and

2 .
57| § L tlivnpe + 4
o Tlog" (1 + Jy))

We use this estimate to compute

/ 92U _ §2U71
R2\Brg, R2\Bp,

ly| > /7.

1 R, A2
~ R%° 2 log?" T

This implies that

+ A?),

S0

1
1

where C' is a constant from previous inequalities, which is independent of Rj.
Choosing a fixed R; large then implies that

A% S Ry |||

Gk, U, 1,0 "

We then conclude that
1
19y, )] < 1Al e WISV
b ~ vVREk, VU, O 1 ‘ | > \/7—
T Tlogr r(1+]yever Y1 Z .

From parabolic estimates we also find

(5.9)

g |

_ v I (Vs

\Vg(y,t)\ g ||hHi**,u,,u,,a {T log# ‘r(liHyD4+ | | N \/»
T Tlogh (Lo 1YL= VT

Now we estimate ¢. We decompose
¢ = ¢ +w(7)Z,
where Zj is defined in (3.6). We then have

¢ —1y L
9=7o ~ (A7) +ct)
We let ¢ = (—A~1)¢* and see that
gU = Ay + Ugt.

Integrating the equation times |y|? we get

/ ¢(y77—)|y|2dy:0, VT >7'0.
R2

and this is equivalent to

/ gZ():O, VT>T(),
R2
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where Z; is defined in (3.6). We then can solve the equation for ¢ and find

- |
T TV logh (14 +o y‘ < \f7
|’lp(y, )| 5 ||h||i**71/,u,0'{ logH (11 ly)?t ) N
V=T logh 7 (1+]y[)3F7 |y\ \/77'.

Since

¢t =Up(g — )
we find that

(5.10)

1
i < Il T log T(IF[gDEF 7 lyl < V7
07 (y, T S [1Plliss o 1
>
T Tlogh 7(1+]y])577 ’ lyl = V7.

Finally we estimate w(7). We have
0r¢ +wrz = Lo+ h.

We multiply by |y|> and integrate in Bg, where Ry — oo and in a time interval
[11,72]. We get

/B 19 = 0 Py + () — ) /B Aoy = / | /B Lol dyr

Let us observe that if Ry > /7 then
1

7v—1logH TR%‘H’ ’

/ 6y, ) [P dy <
BR2

On the other hand

/ L¢|y|2dy:/ gZody+/ U0|y|2V9‘V*/ aUoy v,
BR2 BR2 6BR2 8BR2

and
1
9Zydy| < 9ldy S ==
Bn, Bn, TV logh T
/ Uoly|*Vg - v| + / gUoy - v| < 1
0Br, OB, ~ rvlogh TRATO
Since

/ Z0|y|2dy~10gR2,
R

2

letting Ry — oo we find that w(7e) = w(71). Hence w = const and since we start
with w(0) = 0 we deduce w = 0. Hence the estimate (5.10) gives the desired
estimate for ¢. The estimate for the gradient of ¢ comes from the corresponding
estimate for the gradient of ¢+, which is obtained similarly from (5.9). O
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6. OUTER PROBLEM

Theorem 3. Consider
atd)o = Lout¢o + h,
where
)\72

|h(z,t)] < -
te log” t(\ic)\i\ + 1)b

If2<b<6andl <a<3, then

1 A2
6°(@,1)] S min — , )
ta log" t(:cT + 1)b—2 ta—1]og" t(xT + 1)b
Proof. We solve
5 -
Orp = 8pp<p + ;8;090 + h(p, t)
Define

p=Vri+ A2

o(r,t) = (V12 + A2 t).

‘We compute

~ AN
019 = Osp + ap(p\/ﬁ
T
0r @ = 0,p———
NGV ~y
- r? 1 r?
Oprp = app(PTQ T + ap‘ﬁ( 2 1 N2 - (7‘2 T )\2)%)

2 )\2

-
o appsO?“Q + A2 + 3pg0(r2 +A2)3

Then

1 4r
*aN arr~ (7 7>ar~
o + Y+ r+r2+)\2 ©

2 )\2

AN T
= - Oy B O
WO e ToE e T SATCERTE:

+a L(l_ﬁ.i)
4 VIZE X2\ r2 4 A2
5 22 AMA2 1 4?5
= =0+ 0ppp+ —0pp — Oppp— +0pp| ——+ =+ -+ — — —
e T ppp?p(p/ﬁpp?’p)
5 22 A2
- —atSO + app<p + ;6;)90 - app@ﬁ + 8/390(_7 - 3;)

_ 22 A2
= h(p,t) — aﬂp‘Pﬁ + 8,3(,0(—7 - 35)
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Therefore ¢ serves as a supersolution. Then we take a cut-off function n(x,t) =
Xo(%)- Using an appropriate self-similar solution ¢ we find a supersolution for the

problem of the form ng + .
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