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Modal approaches are often preferred to thewave-based ones for the evaluation of instability

conditions in classical non-lifting aeroelasticity of plates and shells. Here, within a wave-based

finite element framework, sub- and super-sonic aerodynamic models are introduced to analyse

the effect of self-excited aerodynamic loading terms on the dispersive characteristics of struc-

tural waves. The method is validated by using a specific literature test-case and is applicable

both on isotropic and multi-layered flat and curved structures. The sound transmission is

also computed under sub- and super-sonic turbulent boundary layer excitations: the effect of

including or neglecting the aeroelastic coupling is discussed.

Nomenclature

An = nodal area vector of the unit cell

a0 = speed of sound

D f , j = dynamic stiffness of the fluid in the domain j

Dr = reduced dynamic stiffness matrix

e = external forces vector of the unit cell

eM = external forces vector of the unit cell due to structural elasticity

f = internal forces vector of the unit cell

I = identity matrix

i = imaginary unit =
√
−1

K = stiffness matrix of the unit cell
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k j = wavenumber in the direction j

Lj = length of the unit cell in the direction j

M = mass matrix of the unit cell

pI , pR, pT = vector of incident, reflected and transmitted sound pressure

q = nodal displacement vector of the unit cell

qj = nodal displacement vector of cell hypernode j

S = nodal area vector

U = flow speed

T L = sound transmission loss

w = out-of-plane nodal displacement vector

WA = wavenumber integration weights matrix

∆P = total pressure distribution on the structure

∆EP = pressure distribution for a rigid structure

∆MP = variation of pressure distribution due to structural elasticity

ε = matrix operator to select out-of-plane degrees of freedom

Λ = periodicity matrix for the unit cell

λj = complex propagation constant in the direction j

ρ0 = density of the fluid

ω = circular frequency

τ = sound power transmission coefficient

I. Introduction

The aeroelasticity of plates and shells, extensively studied in the last decades, faces the difficulty of distinguishing

between the self-induced vibration components and the external one. Phenomenological non-linearities induce

fatigue failures instead of catastrophic instantaneous failures, typical of the aeroelasticity of lifting surfaces [1, 2]. In

this context, the modal approach is often preferred to a wave-based one, because it allows a clear evaluation of the flutter

conditions, analysing the effect of the aerodynamic-induced forces on each structural mode [1–6]. Consequently, the

effects of aerodynamics on the elastic structural waves’ propagation, are rarely studied and few works are present in the

literature [4, 6–8].

The infinite-plate problem, has been developed by Miles [4] and Crighton & Oswell [9]. The first (Ref. [4]) presents

a work discussing the flutter of an isotropic infinite panel in a two-dimensional incompressible flow, identifying the

flutter conditions versus the circular frequency in terms of wave speed. The latter (Ref. [9]) develops an analytical
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model that describes, in a neutral stability zone, some highly unusual wave propagation effects in presence of flow.

On the other hand, the effect of mean flow on cylindrical structures has been then studied by the same Miles [5] and

others authors [10, 11]. In particular, Peake (Ref. [11]) provides a closed-form dispersion relation for circumferential

waves in infinite cylinders in presence of incompressible external flow; this is here used for validation purposes.

Regarding the flow-induced vibrations or sound transmission in presence of a turbulent boundary layer excitation, the

classic approaches are limited to the blocked pressure assumption [12]. The flow back reaction is taken into account

rarely in the literature [1, 13]. In addition, the computational cost issues related to mesh requirements due to the

lower values of the convective wavelengths in most of the practical cases, remain one of the main limits of standard

approaches. Recently, through the use of wave-based finite element approaches, a strong reduction of computational

cost was demonstrated for finite flat and curved structures under turbulent boundary layer excitation [14]. Hereby, both

subsonic and supersonic aerodynamic flows are introduced in models of homogenised periodic plates and shells; the

elastic wave propagation is thus investigated, assuming that only one side of the structural domain is wetted by the flow.

The sound transmission loss is also computed, using a set of aleatory surface waves (Ref. [15]) and discussed versus

aeroelastic effects.

The novelties targeted in the present work are mainly based on including mean-flow effects in recent Wave-based

Finite Element schemes for the simulation of sound transmission. In fact, since blocked pressure assumptions (one-way

coupling) are typically used in most classic simulations of flow-induced vibrations and sound transmission in aero-

acousto-elastic problems, by including the flow effects on the structural dispersion, wave-based approaches can partially

release this weak coupling condition.

II. The Numerical Approach
The method here presented is based on the Wave Finite Element Method (WFEM) [16, 17].

Within a periodic or homogeneous structural framework, the finite element modelling of a single elementary cell is

required (see Fig. 1). The mass and stiffness matrices of the cell, respectively M and K, are extracted. One can use

analytical formulations for the finite elements and get the mass and stiffness matrices by his own by applying Hamilton’s

principle or using handbook for FE formulations. Otherwise, any commercial finite element software can be used,

with all the included libraries; in this work, the software ANSYS is used and the elements employed to model the

unit-cell FE models are SOLID45 or SHELL181. The Bloch theorem, see Refs. [16], can be applied imposing a link

among the nodal degrees of freedom of the cell, as in Eq. (1). Assuming an homogeneous-in-plane structure, the nodal

displacement vector of the cell, q, can be thus expressed as a function of the ones of a single corner, q1, which represent

the vector of degrees of freedom of the hypernode 1:

q = Λq1; Λ = [I; λxI; λyI; λxλyI ] (1)
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Fig. 1 An example of FE model of a periodic cell and the ordering of the hypernodes on the corners.

where λx and λy are the complex propagation constants, which can be written as:

λx = e−i kxLx ; λy = e−i kyLy (2)

where Lx and Ly are the sizes of the cell in the plane X-Y, while kx and ky are the wavenumbers (for each wave type) in

the X and Y direction, respectively; I is the identity matrix. Identical conditions are applicable also to the force vectors,

f (internal) and e (external). By exploiting the periodic link and multiplying the dynamic stiffness equation by the

Hermitian of the periodicity matrix, Λ, the reduced dynamic stiffness equation can be derived:

ΛH [K − ω2M ]Λ q1 = Λ
HΛf + ΛHΛe (3)

where f and e are the nodal vectors of internal and external forces respectively; ω the circular frequency. Because of the

equilibrium of internal forces between consecutive cells, the term ΛHΛf in Eq. (3) is null.

At this stage, when no external force is applied, the problem in Eq. (3) is representative of a three-parametric

eigenproblem in λx , λy and ω, that can be solved by imposing two variables at the time [17]. By solving the quadratic

eigenvalue problem in λx or λy , the dispersion curves of the structure can be derived, without flow effects.

This periodic conditions can be also imposed along circular (periodic) paths, in order to study wave propagation in

shells. While the mass and stiffnes matrices of the cell can still be extracted from flat FE cell models, the curvature is

simulated pre and post multiplying them with rotational matrices [15, 17]. The propagation constant λx , will be, in this

case, representative of the circumferential wave propagation constant and the solutions of the eigenvalue of Eq. (3) will

be the circumferential wavemodes of the shell.

It is worth to remark how the periodic or homogeneous conditions in Eq. (3) are only employed to use a unit-cell
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Fig. 2 Illustration of an infinite the structure excited by a plane wave and radiating sound.

modelling approach and do not target any study regarding periodic effects on aeroelastic response (see Refs. [18, 19]).

On the other hand, the unit-cell approach proposed here, would fit perfectly with the study of periodic structures under

aerodynamic load.

A. Fluid-Structure Coupling

When a forcing wave excites the structure, as in Fig. 2, with an amplitude pI , the structure transmits and reflects

structure-borne sound waves in the excited (subscript 1) and radiating (subscript 2) fluid domains. Therefore, the nodal

forces acting on the unit-cell, can be expressed using the sound pressure amplitudes and the nodal surfaces, that can be

calculated as follows (see Ref. [15]):

e1 = S · (pI + pR)w1 − S · pTw2 (4)

where S is vector of the nodal areas, w1 and w2 are vectors of all zeros and ones in the position corresponding to the

out-of-plane displacements degrees of freedom of the nodes belonging to the surfaces in contact with the flow (effective

for the sound transmission), pI , pR and pT are the amplitudes of the excited, reflected and transmitted pressure waves,

respectively.

From the continuity of the normal particle velocity on the excited and radiating surfaces, the dynamic stiffnesses of

the fluid are expressed as (see Ref. [15]):

D f ,1 =
−iρ1ω

2

kZ,1
D f ,2 =

−iρ2ω
2

kZ,2
(5)

where ρ1 and ρ2 are the fluid densities, kZ,1 and kZ,2 the wavenumber components in Z (i.e. out-of-plane) and D f ,1 and

D f ,2 the dynamic stiffness of the fluid in the incident and radiating domains, respectively.

Exploiting the relationships of Eqs. 4 and 5 in Eq. 3, the final dynamic stiffness equation becomes:

[Dr + (D f ,1w1 + D f ,2w2)SΛHΛ]q1 = 2pIw1SΛHΛ (6)
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The algebraic system in Eq. 6 can be solved in q1 and the sound power transmission coefficient τ, associated with the

couple of forcing wavenumbers kX and kY , is derived as follows:

τ(kX, kY ) =
(kZ,2/ρ2)S|(D f ,2w2q1)

2 |

(kZ,1/ρ1)S|p2
I |

. (7)

Finite size effects can be accounted using a baffled window approach [15, 20]. However, a real external load,

corresponding, for example, to a turbulent boundary layer, can be simulated using a weighted integration of surface

waves in the wavenumber space (see Ref. [15]). Finally, an integration of the transmission coefficient is performed, in

the wavenumber domain, and the final transmission loss calculated as such:

TL(ω) = −10 log10

( ∫ ∫
τ(kX, kY ) ×WA(kX, kY, ω)dkXdkY∫ ∫

WA(kX, kY, ω)dkXdkY

)
(8)

where WA(kX, kY, ω) is the normalized wave amplitude for the wavenumber couple involved in the integration process.

The only requirements for this approach, as discussed in Ref. [15], are imposed by the homogeneity or periodicity of the

structure, and by the knowledge of the wall pressure spectrum for the excitation model. Convergence studies are present

in Ref. [15].

III. Aerodynamic Loading in Periodic Framework
To simulate a mean flow, working on one side of an infinite structural domain, a specific aerodynamic theory has to

be used to model the self excited aerodynamic components of the load. Here, supersonic flows are described using

the simplest aerodynamic theory, the Piston Theory [1, 21], while for subsonic aerodynamic flows, an approximated

formula for incompressible flows is used, as proposed by Dowell [1].

It is worth to notice how, in the case of transonic flows (Mach ≈ 1), where the aeroelastic effects are most important

and flutter phenomena more critical, simple aerodynamic theories do not exist (see Refs. [22–24]), while numerical

approaches predict the presence of shock waves (Ref. [25, 26]). Here, linear theories are used for the supersonic and

subsonic flow regimes, but similar approaches are not possible for transonic flows since moving shock waves and

partially subsonic flow-fields are inherently nonlinear [22]. Differences between experiments and linear theories in the

transonic regime are also discussed in [23, 24].

The aerodynamic pressure can be normally considered as made up of two components (see Ref. [1]), as in Eq. (9):

one is given by the pressure fluctuations for a rigid body (∆EP); the second is dependent on the structural motion/elasticity

(∆MP ). The following developments are connected to the second of these contributes.

∆P = ∆
M
P + ∆

E
P (9)
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Finally, using the notation of Eq. (9), the dynamic stiffness equation of a periodic/homogenised unit-cell can be

written as in Eq. (10).

ΛH [K − ω2M ]Λ q1 = Λ
HΛf + ΛHΛ(eM + eE ) (10)

As discussed by Dowell in Ref. [1], this assumption of linear superposition of effects, implies that the plate motion and

the consequent portion of aerodynamic pressure are small enough to not modify the turbulent pressure fluctuations

outside.

A. The Piston Theory

The Piston Theory, valid from Mach > 1.5, assumes that the pressure fluctuations in any point of the system are

linearly independent, by neglecting the effects of spatial and temporal memory (see Refs. [1, 21]). Using the notation of

Eq. (3), the self-excited force terms can be written as a function of the convective and continuity derivative, [1, 3, 4, 21]:

eM = −ρ0a0An

(
∂w
∂t
+U

∂w
∂x

)
(11)

where w represents the vector of the out-of-plane displacements of the structural nodes belonging to the surfaces in

contact with the flow (coordinate Z in Fig. 1), ρ0 is the fluid density, a0 the sound speed, An the nodal area vector, [27],

and U the flow-speed.

The out-of-plane displacements can be expressed by multiplying q for a matrix (ε) of 0 and 1 in the positions

corresponding to the target degrees of freedom (i.e. the translations in Z). For example, the matrix ε , can be built as

such:

εi, j =


1 if j = 3; i = 1, N;

0 else
(12)

where i represents the number of nodes, and j the nodal degree of freedom (i.e. 3 corresponds to translation along Z).

In a periodic structural framework, the spatial derivative in Eq. (11) is a function of the structural propagation

constant (λx , assuming X as the flow direction), and can be expressed, using a simple numerical scheme for the first

derivative, as follows:
∂w
∂x
= Λ

(
λx − 1

Lx

)
εq1 (13)

The final dynamic stiffness equation can be derived, as in Eq. (14), substituting Eqs. (11) and (13) in Eq. (3).

ΛH

[
K − ω2M − iωρ0a0Anε +Uρ0a0Anε

(
λx − 1

Lx

) ]
Λ q1 = Λ

HΛf = 0 (14)

The assumption in Eq. (13) is fundamental and is possible due to the periodic links between wavefields in the structure
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(Eq. (3)). The convective derivative becomes periodic in Eq. (13) since the displacements field is periodic. However,

this assumption, while true for an isolated structure, is an approximation in the case of a loaded structure. Nevertheless,

the mean-flow effects, are here hidden in additional damping and stiffness terms in the new dynamic stiffness equation

(Eq. (14)). The additional damping is proportional to the circular frequency, but, as discussed in Ref. [1], it is not a

dominant term. A strong variation of the results of Eq. (3) versus the Eq. (14) ones, is given by the additional stiffness

terms, which are proportional to the stream-wise elastic waves’ propagation coefficient.

B. Subsonic Aerodynamic Flows

Similarly, when a different aerodynamic model is investigated, as a subsonic incompressible flow, the spatial

derivatives can still be expressed as a function of the structural waves’ propagation constants, using, generally, numerical

schemes of higher order. The aerodynamic forces connected to the structure motion can be expressed, for low Mach

number subsonic flows (incompressible flows), using again linear models, that do not consider spatial and temporal

memory, as follows (see Ref. [1]):

eM = ρ0U2An

π

[
∂2w
∂x2 +

2
U
∂2w
∂x∂t

+
1

U2
∂2w
∂t2

]
(15)

Substituting Eq. (15) in Eq. (3), using a second order numerical scheme for the second order spatial derivatives, the

final dynamic stiffness matrix is obtained:

ΛH

[ (
K +

2ρ0U2Anp

L2
x

ε

)
− ω2(M − 2ρ0Anpε ) +

ρ0UAnp

Lx

(
2iω +

(
2iω −

U
Lx

)
λx −

U
Lx
λ−1
x

)
ε

]
Λq1 = 0 (16)

where Anp =
An

π .

Here, the derivation schemes used are:

∂2w
∂x2 = Λ

(
λx − 2 + λ−1

x

L2
x

)
εq1 (17)

∂2w
∂x∂t

= −iωΛ
(
λx − 1

Lx

)
εq1 (18)

∂2w
∂t2 = −ω

2Λεq1 (19)

Comparing Eq. (3) and Eq. (16), additional stiffness, damping and inertia terms, dependent on the flow speed and density,

can be observed. In addition, some explicit influence on the structural waves’ propagation appears with stream-wise

(terms proportional to λx) and cross-wise (terms proportional to λ−1
x ) aerodynamic components. Again, the eigenvalue

problem is parametric and can be solved by fixing two parameters between k, ω and U.
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It is interesting to observe the absence of non-linearities in the eigenvalue problem.

IV. Numerical Results
Here, the eigenvalue problems of Eqs. (3), (14) and (16) are solved, for specific test-cases. A validation for flat

plates in supersonic flows is performed using the travelling wave approach by Miles (see Refs. [4–6]). The dispersion

curves for shells are also computed and a validation with the Donnel-Mushtari theory with and without flow is performed

(see Ref. [11]). In both cases the external flow is assumed to be inviscid air.

Finally, the sound transmission under an external turbulent boundary layer excitation, is computed and compared

when aeroelastic effects are accounted in the model, for both supersonic and subsonic flows. The approach used

for fluid-structure coupling and random load simulation, within a wave finite element framework, follows the same

proposed in [15]. Despite the numerical complexity in Eqs. (14) and (16), the proposed numerical framework allows

simpler evaluations of the effective sound transmission loss, due to a turbulent boundary layer load, than classic modal

approaches [13, 28, 29].

A. Wave Propagation in Plates and Shells

First, a 2mm-thick flat aluminium plate is considered. The test-case analysed by Miles, (see Ref. [4]), is reproduced

and the analytic solution is used to validate the proposed approach. In Fig. 3 the bending wave speed and wavenumbers

of the plate in the stream-wise direction, are plotted and compared to the case a one-sided flow (Mach 1.6) is simulated;

the present approach is compared to the approach of Miles [4]. A good agreement with the reference solution is

observed, as a variation of the bending wavenumbers with respect to the purely structural case, in the lowest frequency

bands. The increase of the wavenumbers is somewhat representing a reduction of bending stiffness of the plate, caused

by the action of the flow, that vanishes when the frequency increases, approaching the purely structural solution.

Differently, in Fig. 4, the dispersion curves of an aluminium shell (2mm-thick; 1.5m radius), with and without

flow, are plotted and compared, both in the axial direction (stream-wise), and the circumferential one. The use of the

aerodynamic model presented in Section III (Piston Theory), which excludes three-dimensional effects is presented in

some works in the literature [30, 31]. In fact, the mitigation of circumferential cross-flow pressure gradients by means

of flow viscosity, justifies the use of the linear piston theory as a simplified aerodynamic model for shells [32].

In Fig. 4a, the wavenumbers in the direction of the flow (axial direction) are increased with respect to the purely

structural case (absence of flow), as in the case of a flat plate (see Ref. [4]). On the other hand, for circumferential

waves (Fig. 4b), the effects mainly visible around and above the ring frequency, because of the higher stiffness of shells

before the first extensional mode. In both cases, for increasing frequency, the dispersion curves converge to the ones of

the purely structural case (absence of flow) and only bending waves are affected by the presence of the flow; shear and

longitudinal wavemodes are not excited by the pressure fluctuations. A good agreement with the reference solutions

9



Fig. 3 Stream-wise bending waves in a 2mm-thick flat aluminium panel with a one-sided flow at Mach 1.6.
Reference solution from [4, 6]: a) Wave Speed; b) Wavenumber.

Fig. 4 Dispersion curves for an aluminium shell (2mm-thick, 1.5m curvature) with a one-sided flow at Mach
2.5: a) Axial Waves; b) Circumferential Waves. Analytical model: Ref. [11].)

(see Refs. [11, 33]) is observed, with and without flow.

The effects of increasing flow speed and circumferential order are shown in Fig. 5. In Fig. 5, a fixed circumferential

order is considered and the flow speed is increased from Mach 2.5 to 4.5; a larger wavenumber region is affected,

for increasing speed, inducing a distorted transition to the flat-plate bending behaviour after the cut-on frequency.

Differently, in Fig. 6, the effect of increasing the circumferential order from 1 to 10 is shown; the effects seem

independent on the presence of the flow, being coherent with the variation one has for the purely structural case (see Ref.

[34]). A further validation is also provided in Figs. 5 and 6 by the presence of the analytical curves derived from [11].
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Fig. 5 Dispersion curves for an aluminium shell (2mm-thick, 1.5m curvature) with a one-sided flow at Mach
2.5 and 4.5. Analytical model: Ref. [11].
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Fig. 6 Dispersion curves for an aluminium shell (2mm-thick, 1.5m curvature) with a one-sided flow at Mach
2.5, for increasing circumferential order. Analytical model: Ref. [11].
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Fig. 7 Sound transmission under a supersonic turbulent boundary layer load (Mach 1.35): a) Flat Panel
(0.5x0.3 m2); b) Curved Panel (0.5x0.3 m2; 2m curvature)

B. Sound Transmission under Turbulent Boundary Layer

The effect of the mean flow on the sound transmission of flat and curved panels is here investigated. First, a

supersonic flow is simulated (Mach 1.35) and a Cockburn-Robertson TBL model is used (see Ref. [35]) on flat and

curved panels. In this case, the Piston Theory is used for the load contribution auto-generated by the structure elasticity

(∆MP in Eq. (14)).

In Fig. 7, the sound transmission loss is affected by the aeroelastic effects in the low frequencies. This is caused

by the strong alterations in bending waves’ propagation, caused by the flow itself. However, differences are observed

also before the acoustic coincidence (≈ 6 kHz). In fact, the variation of wavemodes induced by the aeroelastic effects,

eigenvectors from Eqs. (14), induces different structural reaction with respect to the case in absence of flow. The drop

caused by the critical aerodynamic frequency is hardly visible being close to the acoustic coincidence (≈ 6.7 kHz).

For the curved panel (Fig. 7b), before the ring frequency, the effects are strongly amplified.

On the other hand, a subsonic flow (Mach 0.5) is simulated in Fig. 8, using the TBL model of Corcos (see Ref.

[36]). In this case, Eqs. (15) is used for the subsonic load contribution generated by the structural motion. Again, flat

and curved panels are studied. Differently to the supersonic case, the effects of the flow are somewhat distributed in the

whole frequency band. The aeroelastic effects induce a slightly higher transmission loss and a shift of the aerodynamic

and acoustic coincidence to higher frequencies. It is a classic mass addition effect, that, in term of elastic waves, can be

read as a monotonic increase of bending waves’ wavenumbers versus frequency.

It must be underlined that the physical mechanism that induces an increase of the wavenumbers (or reduction of

bending wave speed) in the structure, is different between the supersonic and subsonic aerodynamics. While in the first

case, a reduction of dynamic stability plays a role (travelling flutter; see Ref. [4]), in the subsonic case is physically

similar, as said, to an added mass effect. In the latter case, given the aerodynamic model applied here, the effects of the
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Fig. 8 Sound transmission under a subsonic turbulent boundary layer load (Mach 0.5): a) Flat Panel (0.7x0.5
m2); b) Curved Panel (0.7x0.5 m2; 2m curvature).

Table 1 Materials’ properties of the sandwich plate.

Skins Core
E1 (GPa) 69.0 0.3
ν1,2 0.33 0.2

ρ (Kg/m3) 2742 48
Thickness (mm) 1 10

presence of the mean flow might be neglected.

A more complex example is illustrated in Fig. 9 with a sandwich panel under a subsonic turbulent boundary layer;

the material data are in Table 1. The mean-flow effects are observable in the whole frequency range and differently from

the simple aluminium panel, the effects at higher frequencies seem to reduce the sound transmission loss. As expected

(see Ref. [15]) the accuracy of the approach in the lowest frequency ranges is reduced. The present approach, in fact,

considers a wave propagation to the infinite and does not take into account the boundaries of the finite structure (see

Ref. [15]). One-dimensional wave-based finite element approaches (see Ref. [14]), on the contrary, can account for

boundaries but require a higher computational cost. A comparison with a classic FEM approach (Ref. [14]) is also

proposed in terms of computational cost in Table 2.

Table 2 Computational cost comparison for an Intel(R) Core(TM) i7-7700 CPU 3.60GHz processor (16Gb
RAM).

Method Model DoFs Time/freq [sec] Reduction Ratio
FEM (Ref. [14]) Full 120x103 440 –

Present Approach Unit-cell 888 35 12.6
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Fig. 9 Sound transmission loss of a sandwich flat panel (0.8x0.6 m2) under a subsonic turbulent boundary layer
load at Mach 0.62.

V. Conclusion
A procedure to account aeroelastic effects in the computation of dispersion curves and sound transmission of panels

and shells is developed. The structural framework is based on the wave finite element method. The modelling of

a single elementary cell is needed; homogeneous and multi-layered plates and shells can be studied with a reduced

computational effort.

Once an aerodynamic theory is used, the components of the load connected to the pressure fluctuations that are

produced by the motion of the flexible body, are described developing temporal and spatial derivatives in a periodic

framework; the convective terms become function of the elastic waves’ propagation constants and are injected in the

new dynamic stiffness equation of the system.

A validation of the method is proposed using literature results for the travelling flutter of infinite thin plates (see Ref.

[4]). The supersonic flow effects on the bending waves of a plate and shell are studied. The resulting sound transmission,

under turbulent boundary layer excitation, is computed and compared to the one in absence of flow. A similar study,

with subsonic flows is also presented. Different effects are observed in the low frequency region and around the acoustic

coincidence.
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