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We show that passive Kerr resonators pumped close to zero dispersion wavelengths on the normal dispersion
side develop the resonant generation of linear waves driven by cavity (mixed dispersive-dissipative) shock waves.
The resonance mechanism can be successfully described in the framework of the generalized Lugiato-Lefever
equation with higher-order dispersive terms. Substantial differences with radiation from cavity solitons and
purely dispersive shock waves dispersion are highlighted. c© 2014 Optical Society of America
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Optical temporal solitons excited close to a zero-
dispersion wavelength (ZDW) are well known to res-
onantly radiate dispersive waves across the ZDW in
the spectral region characterized by a normal group-
velocity dispersion (GVD), owing to higher-order disper-
sion (HOD) [1,2]. In photonic crystal fibers such resonant
radiation (RR) can interact with the solitons, deeply af-
fecting the blue-shifted region of the spectrum in su-
percontinuum generation [2]. Soliton-driven RR can also
be deeply shifted in the UV spectral region in gas filled
hollow-core fibers [3] or red-shifted in planar photonic
crystal waveguides where the normal GVD regime cor-
responds to positive wavelength detunings [4]. More re-
cently the studies of the RR have been extended to cavity
solitons, i.e. solitons of passive resonator structures [5].
The resonance mechanism has been theoretically inves-
tigated for microresonators [6], and independently ob-
served in a fiber ring experiment [7], while the related
issue concerning the impact of HOD on frequency comb
generation is a topic currently debated [8, 9]. Such phe-
nomena can be successfully accounted for in the frame-
work of the so-called Lugiato-Lefever equation (LLE)
[10], which provides an accurate mean-field description
for the propagation in fiber rings [11,12] as well as planar
microresonators [13–16].
The aim of this Letter is to show that the emission

of RR spectral peaks in passive resonators must be ex-
pected also when pumping in the normal GVD regime.
Dispersive wave emission occurs, in this case, from the
fronts associated with cavity dispersive shock waves (C-
DSW) traveling at definite velocity. DSWs are fast oscil-
lating wavetrains that spontaneously develop over pulse
tails that become steepened via the Kerr effect, owing to
the regularizing action of a weak normal GVD [17–19].
As pointed out recently for the free (cavity-less) propaga-
tion along a fiber, higher-order dispersive corrections to
GVD make DSWs to resonantly radiate. The dynamics
of the radiation process is quite rich [20,21], encompass-
ing a regime recently observed in a fiber experiment [22].
Here we extend the theory of shock-induced RR to pas-
sive resonators. In this case shock waves have, in gen-
eral, mixed dissipative-dispersive nature, with the dis-
persive (oscillating) features prevailing in the low loss

regime [23]. Here we show that, in the framework of
the generalized LLE with HOD, these shock waves ra-
diate. A good estimate of the radiated frequency can
be given by means of perturbation theory [2, 6, 26]. We
present numerical tests of this approach, also pointing
out at the crucial role of the front velocity compared with
the soliton case. Finally we emphasize that RR can act
along with cavity modulation instability (MI) to deter-
mine non trivial spectral features. We specifically focus
on the effect of third-order dispersion (TOD), where our
results constitute novel manifestations of TOD-induced
symmetry-breaking [24,25].
We start from an averaged model of the cavity, namely

a generalized LLE, expressed in dimensionless units as

iε
∂u

∂z
+ d(iε∂t)u+ |u|2u = [δ − iα]u+ i

√
P , (1)

where we adopt the normalisation introduced in Ref.
[23]. In particular, the real world distance Z, time T ,
and intracavity field E can be derived as Z = z

√
LLd,

T = T0t, E(T,Z) = u(t, z)/
√
γL, where γ = k0n2I/Aeff

is the standard fiber nonlinear coefficient, L and Ld =
T 2
0 /k

′′ are the fiber (cavity) length and the dispersion
length associated with time scale T0 and GVD k′′ =
d2k/dω2, respectively. The cavity parameters are the
detuning δ and the loss coefficient α = 1 − ρ ≃ θ2/2
due to output coupling with transmissivity θ (ρ2 =
1 − θ2), while P = θ2γLPin is related to the dimen-

sional input power Pin. Furthermore ε =
√

L/Ld ≪ 1
quantifies the smallness of GVD and HOD introduced
through the operator d(iε∂t) =

∑

n≥2
βn(iε∂t)

n/n! =

−β2ε
2∂2

t /2−iβ3ε
3∂3

t /6+ . . ., where the coefficients βn =

∂n
ωk/

√

(L)n−2(∂2
ωk)

n [note that β2 = sign(∂2
ωk)] are re-

lated to real-world HOD ∂n
ωk.

In the normal GVD regime (β2 = 1), wave-breaking in-
duces the formation of moving fronts associated with C-
DSWs [23]. When C-DSWs are excited close to a ZDW,
they are expected to radiate owing to resonances induced
by HOD, in analogy to the conservative case [20,21]. The
radiation frequency can be found by means of a pertur-
bation approach [2, 6, 26]. Let us assume the main front
of a C-DSW supported by leading order dispersion ∂2

ωk
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to move with velocity V = dz/dt, i.e. u = us(τ), where
τ = t − z/V is the retarded time in the shock frame
(note that, having written Eq. (1) in the frame traveling
at natural group velocity Vg, 1/V is proportional to the
real-world group-velocity mismatch 1/Vshock − 1/Vg, i.e.
the smaller V , the larger the difference between Vshock

and Vg). By substituting a perturbed intracavity field
u = us(τ)+ p(z, τ) in Eq. (1), we obtain, after lineariza-
tion (|p| ≪ |us|), the evolution equation for p

iε
∂p

∂z
+ d̂(iε∂τ )p+

(

2|us|2 − δ + iα
)

p+ u2
sp

∗ = F, (2)

where F = −
[

d(iε∂τ )− β2(iε∂τ )
2/2

]

us is a forc-

ing term with zero wavenumber, and d̂(iε∂τ ) ≡
d(iε∂τ )− i ε

V
∂τ . Setting p(z, τ) = A(z) exp[i(kz−ωτ)] +

B∗(z) exp[−i(kz − ωτ)], we find that the evolution of
Stokes and antiStokes free wave amplitudes a(z) =
[A(z) B(z)]T is ruled by the system

iε
da

dz
+ Ca = 0, (3)

C =

(

D(εω)− εk u2
s

−(u∗
s)

2 −D∗(−εω)− εk

)

, (4)

where D(εω) = d̃(εω) + 2|us|2 − δ + iα, and d̃(εω) is

the Fourier transform of d̂(iε∂t). The dispersion relation
k = k(εω) of such waves is found by imposing det(C) =
0, which yields two branches k = k±(εω). A resonance
between such linear waves and the forcing front occurs
at frequencies ω = ωRR such that k± = k(εωRR) = 0.
Due to the symmetry of the problem the RR frequencies
arises in symmetric pairs ±|ωRR|, which can be viewed as
due to the four-wave mixing process. While this approach
permits to treat HOD at any order, henceforth we focus
on the effect of TOD (β3 6= 0, βn = 0, n ≥ 4), which
is usually the dominant term. In this case, by posing
|us|2 = PuH (which represents, the power of the higher
state of the front, where RR is shed, as we show below),
we explicitly obtain, in the limit of small losses α,

εk± = β3

(εω)3

6
− (εω)

V
±

√

(

β2

(εω)2

2
+ 2PuH − δ

)2

− P 2
uH .

(5)
A sufficiently accurate expression for the RR frequency
can be obtained by expanding the square root in Eq. (5)
at first order in PuH . Then the main (stronger) peak of
RR is found at the frequency ω = ωRR which solves the
equation (equivalent to k+ = 0)

[

β3

(εω)3

6
+ β2

(εω)2

2
− (εω)

V
− δ

]

+ 2PuH = 0. (6)

Equation (6) is susceptible of a transparent physical in-
terpretation, and could have been written directly on
physical ground (see e.g. Ref. [21] for the conservative
case). Indeed the term under square bracket represents
the wavenumber of linear waves while the remaining
term stands for the nonlinear correction induced through
cross-phase modulation from the high-intensity plateau
over which radiation is emitted. However, the present
approach has the advantage to allow for the calculation

Fig. 1. (Color online) RR ruled by Eq. (1) starting from
a step-like field connecting steady solutions on lower
and upper branches of bistable response for two differ-
ent values of P , as shown in (a). Temporal (b,d) and
spectral (c,e) dynamics of |u(t, z)|2. Upper row (b,c)
and lower row (d,e) panels are relative to the jump
with PuH = 0.39 and PuH = 0.41, respectively. Here
ε = 0.1, δ = π/10, α = 0.03, and β3 = 0.5.

of the ratio between the amplitudes of the two RR com-
ponents at opposite detunings ω = ωRR. From the eigen-
vectors corresponding to eigenvalues (5) , we find
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The validity of Eq. (6) can be conveniently tested by
investigating the decay of an intracavity jump between
two stationary solutions lying on different branches of
the bistable response. To this end, we integrate numeri-
cally Eq. (1) by launching a nearly piecewise constant
field u(z = 0, t) with values u(t < 0) = uL (power
Pu = PuL) and u(t > 0) = uH (power Pu = PuH) lying
on the low and high transmissive steady-states, respec-
tively, and sustained by the same CW driving field with
power P [see Fig. 1(a)]. This condition is equivalent to
assume that a steep gradient is formed directly at z = 0.
For small loss coefficients α, dispersive effects dominate
and the step-like intracavity field decays, owing to GVD,
into a C-DSW featuring expanding oscillations that de-
velop inside a shock fan, as shown in Fig. 1(b) and (d) for
two choices of driving power P . The fan is delimited by
a leading edge (where oscillations becomes vanishingly
small, i.e. linear) and a trailing edge (deepest oscilla-
tion). In the presence of β3 6= 0, the RR turns out to be
emitted in the proximity of the trailing edge of the C-
DSW. Therefore its phase-matching condition is affected
by the velocity V of the latter, which is highlighted (see
oblique dashed lines) in Fig. 1(b,d). By comparing Fig.
1(b) and Fig. 1(d), it is clear that such velocity V can
change considerably, even for fixed values of the cavity
parameters α and δ, by varying the external excitation
(bias P ) of the cavity. Equation (6) correctly captures
the variation of the RR frequency due to the velocity
changes. Indeed, as shown in Fig. 1(c,e), the RR frequen-
cies observed in the numerical spectral evolutions show
a remarkable agreement with the prediction from Eq.
(6), reported as vertical dashed lines in Fig. 1(c,e). Such
agreement is found in a wide range of the parameters
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Fig. 2. (Color online) (a-c) Output spectra (z = 8) pro-
duced by the initial step-like excitation [as in Fig. 1(a)
with PuL = 0.06, PuH = 0.41] for different values of
TOD: (a) β3 = 0.25; (b) β3 = 0.5; (c) β3 = 1. (d) RR
sideband ratio |A/B| versus β3: dots (numerics), solid
line [Eq. (7)].

including larger values of loss α, where the shock waves
present a smoother front and less pronounced oscillatory
structure, yet presenting a well-defined velocity [23].
The RR frequency always appears in the anomalous

GVD, being red-shifted for β3 > 0 (as in Fig. 1), or
viceversa blue-shifted for β3 < 0 (case not shown). For
relatively low values of β3 (|β3| < 0.3), the output spec-
trum [see Fig. 2(a)] shows a complex structure charac-
terised by low frequency peaks associated with the DSW
periodicity, and a single prominent RR peak [labeled A
in Fig. 2(a)]. The conjugate (mirror-image) frequency,
produced via four-wave mixing and labeled B in Fig.
2(a), remains negligible, being 50 dB below the A-peak.
However, when β3 increases, the main RR peak grows
larger and moves at lower frequency detunings, thus en-
hancing the four-wave mixing, as shown in Fig. 2(b,c) for
β3 = 0.5, 1. The results of this type of analysis are sum-
marised in Fig. 2(d), where we report the ratio |A/B| (in
log units) against the TOD coefficient β3. The numerical
results (open dots) show a satisfactory agreement with
the prediction from Eq. (7).
It is worth discussing the differences between the

phase-matching relation Eq. (6) and those which char-
acterise other regimes. First, comparing with the case
of radiating DSW in free (cavity-less) propagation dis-
cussed in Refs. [20, 21], one can notice that, here, the
RR phase-matching is affected by the cavity detuning,
and the nonlinear term PuH is basically constrained by
the steady state value on the upper branch. Viceversa,
if one compares with the RR shed by cavity solitons in
the same type of structure [6, 7], Eq. (6) is expected to
hold valid in this case too. There is, however, a major
difference in terms of quantitive impact of the velocity
term. This term is indeed very important for shock waves
which propagate with characteristic velocities which are
essentially determined by the jump and differ dramat-

Fig. 3. (Color online) Temporal (a,c) and spectral (b,d)
evolutions. The soliton regime (anomalous GVD, β2 =
−1, ε = 1, δ = 0.065) in panels (a,b), is contrasted with
the shock regime (normal GVD, β2 = 1), ε = 0.1, δ =
π/10) in panels (c,d). Here β3 = 0.8 and α = 0.03. In
panels (b,d) vertical lines correspond to ZDW separating
anomalous (A) and normal (N) GVD domains; dashed
lines stand for the value of εωRR calculated from Eq. (6).

ically from the natural group-velocity of light, so that
V is a small quantity. Conversely the group delay suf-
fered by solitons is much smaller, or in other words V
is much larger. As such, the soliton group delay has
a much weaker impact on the phase-matching of RR.
This is explicitly shown in Fig. 3, where we compare
the soliton evolution (pump in the anomalous GVD,
β2 = −1) with the case of the shock wave (pump in
the normal GVD, β2 = 1) under similar operating con-
ditions (bistable cavity with same loss and TOD coef-
ficients α and β3). In order to describe realistic excita-
tion conditions, we integrate Eq. (1) in both cases by
setting P (t) = |

√
Pb +

√

Ppsech(t)|2, where Pb is the
normalised bias power and Pp stand for an activation
power [5, 23, 24]. The latter is chosen to exceed the first
knee of the bistable response so to make the highly trans-
missive state of the cavity easily accessible. The RR is
generated in both cases [see spectra in Fig. 3(b,d)] at
frequencies which are accurately described by Eq. (6),
once we employ the velocities (i.e., slope of dashed lines)
extrapolated from the time-domain evolutions in Fig.
3(a,c). As one can notice by comparing Fig. 3(c) for the
shock wave and Fig. 3(a) for the soliton case, the former
experiences a delay dt = dz/V which is more than one
order of magnitude larger than that of the soliton.
Finally, it is also important to emphasize that the RR

expected from shock waves in a passive cavity is not
necessarily the only mechanism that affects the spectral
reshaping. Indeed the lower branch of the steady state is
modulationally unstable [12], implying that a continuous
wave can break up while propagating in the cavity. When
the activation pulse lies below the first bistable knee,
as shown in Fig. 4(a), the role of MI turns out to be
crucial. It is indeed MI that allows for the formation
of shock waves, inducing the initial break-up that, at a
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Fig. 4. (Color online). RR generated by an MI-assisted
shock wave: (a) bistable response and external driving
waveform (red curve) biasing the cavity over the lower
branch (blue dot, Pu = PuL); (b) temporal evolution
(snapshots before and after the point of breaking z ≃ 50
are superimposed). Slope of red dashed line gives V ; (c)
spectral evolution with highlighted spectral peaks due to
MI and RR (dashed black line from Eq. (6). Parameters:
ε = 0.1, β3 = 2, δ = π/10, α = 0.03).

later stage, allows for the formation of pulses that reach
the upper branch and steepen. This is clearly shown in
the temporal evolution displayed in Fig. 4(b). Note that
the relatively large TOD (β3 = 2) simulated in this case
is responsible for the the strong symmetry-breaking in
the time domain. TOD induces also the leading edge of
such MI-assisted shock wave to radiate. In this regime
the spectrum shown in Fig. 4(c) exhibits a complicated
structure where multiple spectral peaks due to MI and
RR coexist and can be clearly distinguished. Equation
(6) gives a correct estimate for the RR frequency in this
case too, provided that PuH corresponds to the point on
the upper branch shown in Fig. 4(a), which turns out to
coincide with to the upper state of the front.
We expect the RR effects from shock waves to be visi-

ble in fiber cavities. For instance ε = 0.1 can be achieved
in a cavity L = 100 m long [5, 24] with Ld = L/ε2 = 10
km, i.e. with T0 = 3.2 ps and a GVD k′′ = 1 ps2/Km.
In this case, β3 = 0.5 corresponds to a TOD ∂3

ωk = 0.15
ps3/Km, and the RR frequency detuning turns out to
be fRR = ωRR/(2πT0) ≃ 2.5 THz. The required powers
scale as 1/γL, e.g. with γ = 2.6 (W km)−1, P = 4×10−3

yields Pin = P/(2αγL) ≃ 270 mW.
In summary, we have shown that, in passive resonators

pumped close to the ZDW, shock waves feature the RR
of dispersive waves. At variance with cavity solitons, the
velocity of the shock front plays a decisive role, strongly
affecting the radiated frequencies. RR can coexist with
MI spectral peaks. These finding can also be important
in light of the possibility to exploit wave breaking for
comb generation [27,28].
Grants from Italian Ministry of University and Re-
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