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A note about the mixed regularity of Schrödinger
Coulomb system

Long Meng∗

Abstract

In this note, we proved some inequalities for Coulomb-type potential by ex-
tending the Herbst’s inequality. Based on these inequalities, we can prove the
optimal mixed regularity of Schrödinger Coulomb system directly even in consid-
eration of Paulli exclusion principle. And we provided a hyperbolic cross space
approximation, and deduced the estimates for L2-norm and H1-semi-norm of the
errors.

1 Introduction and results
For most applications of molecular simulation, the matter is described by an assembly
of nuclei equipped with electrons. And in the quantum world, the state of electrons is
modelled by the N -body Hamiltonian operator:

H “ ´
1

2

N
ÿ

i“1

4i ´ Vne ` Vee (1)

with

Vne :“
N
ÿ

i“1

M
ÿ

ν“1

Zν
|xi ´ aν |

,

and

Vee :“
1

2

N
ÿ

i,j“1,i‰j

1

|xi ´ xj|
,

where a1 ¨ ¨ ¨ , aM are the positions of nuclei endowed with the charge Z1, ¨ ¨ ¨ , ZM re-
spectively, and x1, ¨ ¨ ¨ , xN are the coordinates of given N electrons. And the right
hand-side terms respectively model the kinetic energy, the attraction between nuclei
and electrons Vne, the repulsion between electrons Vee.

Mathematically, the electronic ground state or excited state problem can be ex-
pressed by the Euler-Lagrange equation which is indeed the eigenvalue problem of the
operator (1):

Hu “ λu. (2)
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In quantum mechanics, in addition to the spatial coordinates, a particle such as the
electron may have internal degrees of freedom, the most important of which is spin.
For example, the electrons have two kinds of spin σ “ ˘1{2 (here σ “ 1 or σ “ 2 for
convenience). But here, we consider a more general kinds of particles equipped with q
spin states. And we label them by the integer

σ P t1, ¨ ¨ ¨ , qu.

And a wave function of N particles with q spin states can be written as

u : pR3
q
N
ˆ t1, ¨ ¨ ¨ , quN Ñ C : px, σq Ñ upx, σq.

For fixed spin state σ, we can rewrite the wavefunction upx, σq by upxq and

u : pR3
q
N
Ñ C : xÑ upx, σq.

There are two kinds of particles: fermions and bosons. For fermions, the particles
satisfy the Pauli exclusion principle. Mathematically speaking, let Pi,j be a permutation
which exchange the space coordinates xi and xj and the spins σi and σj simultaneously,
then

upPi,jpx, σqq “ ´upx, σq.

In particular, the identical fermions are totally anti-symmetric. And for bosons, they
satisfy the Bose–Einstein statistics which means the particles occupy the symmetric
quantum states. Particularly for the identical bosons, they are totally symmetric.

Problem (2) is well-explored mathematically (see for example [HS00], and about
the regularity properties of the eigenfunction of problem (2) [Kat57,HOHOS94,FHO-
HOS02,HOHOS01,FHOHOS05,HOHOLT08,FHOHOS09]). However,the advantage of
this model vanishes when it comes to performing real calculation because of its large di-
mensionality. Thus models such as Hartree-Fock and Kohn-Sham are proposed, see for
example [LBL05]. However they are no true, unbiased discretizations of the Schrödinger
equation in the sense of numerical analysis.

Decades ago, H. Yserentant [Yse04,Yse07,Yse11,KY12] proposed a mixed regularity
about the eigenfunctions of problem (2), and this result can help to break the complexity
barriers in computational quantum mechanics. For fixed spin state σ, the particles are
categorized into q subsets in terms of the spin states

Il :“ ti;σi “ lu, s “ 1, ¨ ¨ ¨ , q.

If Dl P t1, ¨ ¨ ¨ , qu such that i, j P Il, then

upPi,jx, σq “ ´upx, σq. (3)

herein Pi,j is a permutation which only exchanges the space coordinate xi and xj. If
xi “ xj, upxq “ 0. Thus the wavefunctions can counterbalance the singularity of
the interaction potential between electrons. Based on this observation, H. Yserentant
proved in [Yse04, Yse07] that the wavefunction u of problem (2) under spin state σ
satisfies

ż
˜

1`
N
ÿ

i“1

|2πξi|
2

¸˜

q
ÿ

l“1

ź

kPIl

p1` |2πξk|
2
q

¸

|Fpuq|2 dξ ă 8
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where Fpuq :“
ş

Rd upxqe
´2πiξ¨xdx is the Fourier transform of u.

Later, by using r12-methods and interpolation of Sobolev space, H.C. Kreusler and
H. Yserentant [KY12] proved that the wavefunction u of problem (2) without regard to
the spin state satisfies

ż
˜

1`
N
ÿ

i“1

|2πξi|
2

¸s˜ N
ź

k“1

p1` |2πξk|
2
q

¸t

|Fpuq|2 dξ ă 0,

for s “ 0, t “ 1 or s “ 1, t ă 3{4. And the bound 3{4 is the best possible and can
neither be reached nor surpassed.

But what is the best mixed regularities in consideration of the spin states?
And is there an error estimate for it? In this note, we are trying to answer these
questions.

The spin states of fermions can be divided into three cases which will provide dif-
ferent regularities:

(A) Any two particles have different spin states: for any l P t1, ¨ ¨ ¨ , qu, |Il| ď 1. In
brief, q “ N .

(B) Some particles have the same spin states while the others do not: there exists a
l P t1, ¨ ¨ ¨ , qu, such that 1 ă |Il| ă N . In brief, 1 ă q ă N .

(C) The particles are identical: there exists a l P t1, . . . , qu, such that Il “ t1, ¨ ¨ ¨ , Nu
and if k ‰ l, Ik “ H. In brief, q “ 1.

Indeed, the case (A) means that the wavefunction u is totally non-anti-symmetric (for
any i, j P t1, ¨ ¨ ¨ , Nu, the equation (3) does not hold); and the case (B) means the
wavefunction u has some kind of anti-symmetric property (for some l P t1, ¨ ¨ ¨ , qu and
any i, j P Il, the equation (3) holds); and the case (C) means that the wavefunction u
is totally anti-symmetric (for any i, j P t1, ¨ ¨ ¨ , Nu, the equation (3) holds).

In particular, the bosons can be viewed as a exception of case (A), since they are
non-anti-symmetric either.

Similar to [Yse04], we consider the test functions in DI which is the space of the
infinite differentiable functions

u : pR3
q
N
Ñ C : px1, ¨ ¨ ¨ , xNq Ñ upx1, ¨ ¨ ¨ , xNq

having a bounded support with spin states taken into account. And its completion in
L2ppR3qNq, H1ppR3qNq is denoted by L2

IppR3qNq, H1
IppR3qNq respectively.

For the case (B), define the operator LI,α,β by

LI,α,β :“

¨

˝

q
ÿ

l“1

˜

ź

jPIl

p1` |∇j|
2
q
α

¸

¨

˝

ź

iPIzIl

p1` |∇i|
2
q
β

˛

‚

˛

‚

1{2

.

where ∇i is the gradient for the coordinate xi. This operator is defined by the Fourier
transform, for details see Section 2.

Specially for the case (A) or case (C), we define another operator Lα by

LI,α :“
N
ź

i“1

p1` |∇i|
2
q
α{2.
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It can be considered as a special case of operator LI,α,β: q “ 1, Il “ H for case (A);
and for the case (C), q “ 1, Il “ t1, ¨ ¨ ¨ , Nu.

Based on these operators, we introduce the following functional space XI,α,β and
XI,α which is defined by

XI,α,βppR3
q
N
q :“ tu,LI,α,βu P H

1
IppR3

q
N
qu,

and
XI,αppR3

q
N
q :“ tu,LI,αu P H

1
IppR3

q
N
qu,

endowed with the norm
}u}I,α,β :“ }LI,α,βu}H1

IppR3qN q,

and
}u}I,α :“ }LI,αu}H1

IppR3qN q.

Theorem 1.1. Let u be the solution of the eigenvalue problems of operator 2 under the
fixed spin state σ, then we have the following results:

• For the case (A),
u P

č

0ďβă0.75

XI,β.

• For the case (B),
u P

č

0ďα,βă0.75

č

1ďαă1.25,
α`βă1.5,

0ăβ

XI,α,β.

• For the case (C),
u P

č

0ďαă0.75

č

1ďαă1.25

XI,α.

By Sobolev’s interpolation, we can get the following corollary:

Corollary 1.2. Under the assumption of Theorem 1.1:

• For the case (B),
u P

č

0ďαă1.25,
0ăβă0.75,
α`βă1.5

XI,α,β.

• For the case (C),
u P

č

0ďαă1.25

XI,α.

Remark 1.3. The optimality can be gotten from Lemma 3.8.

Let

HpRq “

$

&

%

pω1, ¨ ¨ ¨ , ωNq P pR3
q
N
|

N
ÿ

l“1

˜

ź

iPIl

ˆ

1`
ˇ

ˇ

ˇ

ωi
Ω

ˇ

ˇ

ˇ

2
˙α

¸

¨

˝

ź

jPIzIl

ˆ

1`
ˇ

ˇ

ˇ

ωi
Ω

ˇ

ˇ

ˇ

2
˙β

˛

‚ď R2

,

.

-
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and we define the projector

pPRuqpxq “

ż

χRpξqpupξq exp p2πiξ ¨ xq dξ

with χR the characteristic function of the domain HpRq.
Then we have the following norm convergence rate:

Theorem 1.4. Under the conditions of α, β in Theorem 1.1, for all eigenfunctions
u P H1pλq with fixed spin state σ and λ non-positive, and for Ω large enough, we have

}u´ PRu}L2ppR3qN q ď

?
2q

R
e0.625

}u}L2ppR3qN q,

and
}∇pu´ PRuq}L2ppR3qN q ď

?
2q

R
e0.625Ω}u}L2ppR3qN q.

2 Fractional Laplacian and related inequalities
For 0 ă α ă 2, the fractional Laplacian |∇|α (or p´4qα{2) is defined on functions
u : Rd Ñ R as a Fourier representation by

Fp|∇|αuqpξq “ |2πξ|2αFpuqpξq.

In addition, for α ą 2, the fractional Laplacian |∇|α can be viewed as the composition
of |∇|α´2tα

2
u and p´4qtα2 u, where txu is the integer part of x.

A function u P L2pRdq is said to be in Hαpα ą 0q if and only if

}u}2HαpRdq :“

ż

Rd
p1` |ξ|2qα|Fpuqpξq|2 dξ ă 8.

In this note, the operator LI,α,β is defined by the same manner:

FpLI,α,βuqpξq “

˜

q
ÿ

l“1

˜

N
ź

i“1

p1` |2πξi|
2
q
β{2

¸˜

ź

jPIl

p1` |2πξj|
2
q
α{2

¸¸1{2

Fpuqpξq.

If we apply the Fourier transform to solve the Poisson equation

|∇|αu “ f inRd,

we find that |2πξ|αFpuqpξq “ Fpfqpξq. The inverse of the fractional Laplacian, or
negative power of the Laplacian |∇|´α, s ą 0, is defined for f P SpRdq as

Fp|∇|´αuqpξq “ |2πξ|´αFpuqpξq for k ‰ 0.

In principle, we need the restriction 0 ă α ă d because when α ě d the multiplier |k|´α
does not define a tempered distribution (for more details, see for example [Sti19]).

On the other hand, the term 1
|x|α

is a tempered distribution for 0 ă α ă d with
Fourier transform

bαFp| ¨ |´αqpξq “ bd´α|ξ|
´d`α, bα “ π´α{2Γpα{2q, (4)
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(see for example [LL01]). Hence, if 0 ă α ă d, the operator |∇|α can be represented by

|∇|´αupxq “ bd´α
p2πqαbα

ż

Rd
|x´ y|´d`αupyq dy. (5)

Suppose that 0 ă α ă d, then |∇|α|x|β is a L1
locpRdq-function for 0 ă β ă d´ α and

|∇|α|x|´β “ bα`βbd´β
bd´α´βbβ

|x|´α´β. (6)

And |∇|´α|x|´β is equally a L1
locpRdq-function for 0 ă α ă β ă d and

|∇|´α|x|´β “ bβ´αbd´β
bd`α´βbβ

|x|α´β. (7)

However, in this note, we need to deal with the term |∇|˘αp|x|´βuq. The first and
most important result about it is the famous Herbst’s inequality which is based on the
Formula (5):

Theorem 2.1. [Her77] Define the operator Cα on SpRdq by

Cα :“ |x|´α|∇|´α

and let p´1`q´1 “ 1. Suppose α ą 0 and dα´1 ą p ą 1. Then Cα extends to a bounded
operator on LppRdq with

}Cα}BpLppRdqq “ 2´α
Γp1

2
pdp´1 ´ αqqΓp1

2
dq´1q

Γp1
2
pdq´1 ` αqqΓp1

2
dp´1q

(8)

If p ě dα´1 or p “ 1, then Cα is unbounded.

Remark 2.2. Let v :“ |∇|αu, then this theorem can be expressed as:

}|x|´αu}LppRdq ď }Cα}BpLppRdqq}|∇|αu}LppRdq.

Remark 2.3. For 1 ď p ă d p ‰ 2 and α “ 1, it is not the Hardy’s inequality which is
written as:

}|x|´1u}LppRdq ď
p

d´ p
}∇u}LppRdq.

However, for d ą 2, p “ 2 and α “ 1, it is the Hardy’s inequality since

}|∇|u}L2pRdq “ }∇u}L2pRdq,

and
}Cα}BpLppRdqq “

2

d´ 2
.

Remark 2.4. Let pqq´1 ` p´1 “ 1, then we have that

}C˚α}BpLqpRdqq “ }Cα}BpLppRdqq.

And particularly, when p “ 2, we have a special result:

}C˚α}BpL2pRdqq “ }Cα}BpL2pRdqq,

namely
}|∇|´αu}L2pRdq ď }Cα}BpL2pRdqq}|x|

αu}L2pRdq.

6



In this note, we only need the case d “ 3 and p “ 2. Let

cα :“ }Cα}BpL2pR3qq

for 0 ă α ă 3{2. And if α “ 0, then }u}L2pRdq “ }u}L2pRdq, we define c0 :“ 1.
Considering the interaction between electrons, we need to deal with the term 1

|x´y|
:

Lemma 2.5. Define the operator Cα,β on SpR3ˆ3q by

Cα,β :“ |x´ y|´α´β|∇x|
´α
|∇y|

´β

where ∇x,∇y are the gradient for variable x P R3 and y P R3 respectively.
Suppose that α, β ą 0 and α ` β ă 3{2. Then Cα,β extends to a bounded operator

on L2pR3ˆ3q with
}Cα,β}BpL2pR3ˆ3qq ď 2cα`β.

Proof. Notice that

}|x´ y|´α´β|∇x|
´α
|∇y|

´β
}BpL2pR3ˆ3qq “ }|∇x|

´α
|∇y|

´β
|x´ y|´α´β}BpL2pR3ˆ3qq.

Now, for any function upx, yq P L2pR3ˆ3q, by Fourier transform

}|∇x|
´α
|∇y|

´β
|x´y|´α´βu}L2pR3ˆ3q “ p2πq

´α´β
}|ξx|

´α
|ξy|

´βFp|x´y|´α´βuqpξx, ξyq}L2pR3ˆ3q.

Herein ξ :“ pξx, ξyq, and ξx, ξy are the frequency with respect to x and y respectively.
As |t|α ď |t|α`β ` 1 for t P R, and let t “ |ξx|{|ξy|, we yield

|ξx|
´α
|ξy|

´β
ď |ξx|

´α´β
` |ξy|

´α´β. (9)

Thus,
}|∇x|

´α
|∇y|

´β
|x´ y|´α´βu}L2pR3ˆ3q

“p2πq´α´β}|ξx|
´α
|ξy|

´βFp|x´ y|´α´βuqpξx, ξyq}L2pR3ˆ3q

ďp2πq´α´β}|ξx|
´α´βFp|x´ y|´α´βuqpξx, ξyq}L2pR3ˆ3q

` p2πq´α´β}|ξy|
´α´βFp|x´ y|´α´βuqpξx, ξyq}L2pR3ˆ3q

“}|∇x|
´α´β

|x´ y|´α´βu}L2pR3ˆ3q

` }|∇y|
´α´β

|x´ y|´α´βu}L2pR3ˆ3q.

For the term }|∇x|
´α´β|x ´ y|´α´βu}L2pR3ˆ3q, it is an integral with respect to x and y

together. Now, we only consider the integral over x and fix y. Changing coordinates
z “ x´ y, then

}|∇x|
´α´β

|x´ y|´α´βupx, yq}L2pR3
xq
pyq

“}|∇z|
´α´β

|z|´α´βupz ` y, yq}L2pR3
zq
pyq

ďcα`β}upz ` y, yq}L2pR3
zq
pyq

“cα`β}upx, yq}L2pR3
xq
pyq.

Thus,
}|∇x|

´α´β
|x´ y|´α´βu}L2pR3ˆ3q ď cα`β}u}L2pR3ˆ3q.

Analogously,
}|∇y|

´α´β
|x´ y|´α´βu}L2pR3ˆ3q ď cα`β}u}L2pR3ˆ3q.
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Consequently, we deduce that

}|∇x|
´α
|∇y|

´β
|x´ y|´α´βu}L2pR3ˆ3q ď 2cα`β}u}L2pR3ˆ3q,

namely,
}|x´ y|´α´β|∇x|

´α
|∇y|

´β
}BpL2pR3ˆ3qq ď 2cα`β.

If u P C80 pR3zt0uq, for α ą d{2, we have the following Hardy’s type inequality which
is the generalization of [Yse04, Lemma 2] with a similar proof:

Lemma 2.6. [Men19] If u P C80 pR3zt0uq, then
›

›

›

›

u

|x|α

›

›

›

›

L2pR3q

ď
2

|2α ´ 3|

›

›

›

›

∇u
|x|α´1

›

›

›

›

L2pR3q

.

for α P r1, 3{2q Y p3{2, 5{2q.

And the the potential of the interaction between electrons:

Corollary 2.7. [Men19] If u P C80 pR3ˆ3q with upx, yq “ ´upy, xq for x, y P R3.Then
we have the following inequality:

›

›

›

›

u

|x´ y|α

›

›

›

›

L2pR3ˆ3q

ď
4

|2α ´ 5||2α ´ 3|

›

›

›

›

∇x∇yu

|x´ y|α´2

›

›

›

›

L2pR3ˆ3q

for α P r2, 2.5q.

Combining the Lemma 2.5 with the Corollary 2.7, we have

Corollary 2.8. If u P C80 pR3ˆ3q with upx, yq “ ´upy, xq for x, y P R3.Then we have
the following inequality:

›

›

›

›

u

|x´ y|α

›

›

›

›

L2pR3ˆ3q

ď ck
›

›|∇x|
α{2
|∇y|

α{2u
›

›

L2pR3ˆ3q

with cα “ 8cα´2

p5´2αqp2α´3q
and α P r2, 2.5q.

3 Properties of the interaction potentials
In the proof of the mixed regularity, the study of the potential plays the core role. In this
section, we analyse the regularity of the interaction potentials. And we split firstly the
potentials into two types: nucleus-electron interaction potentials and electron-electron
interaction potentials.

8



3.1 Nucleus-electron interaction potential

Lemma 3.1. Let K “ p1` |∇|2qα{2p1` |∇|αq´1, then for any 0 ď α ď 2

}K}BpL2pR3qq ď 1.

Proof. For any 0 ď α ď 2, u P L2pR3q,

}Ku}L2pR3q “ }p1` |2πξ|
2
q
α{2
p1` |2πξ|αq´1Fpuq}L2pR3q.

As p1` |2πξ|2qα{2 ď p1` |2πξ|αq, we know that

}Ku}L2pR3q ď }Fpuq}L2pR3q “ }u}L2pR3q.

Now we get the conclusion.

Lemma 3.2. For 0 ă α ă 1, and u P H1´αpR3q,
›

›

›

›

|∇|´α u

|x´ aν |

›

›

›

›

L2pR3q

ď cαc1´α}|∇|1´αu}L2pR3q.

And for 0.5 ă β ă 1.5, and u P H2´βpR3q,
›

›|∇|´βp∇|x´ aν |´1
qu
›

›

L2pR3q
ď cβc2´β}|∇|2´βu}L2pR3q.

Proof. Here we use Theorem 2.1 twice. And for convenience, let aν “ 0. Notice that
by Theorem 2.1,

}|∇|´α|x|´α}BpL2pR3qq “ }|x|
´α
|∇|´α}BpL2pR3qq “ cα.

Then,
›

›

›

›

|∇|´α u
|x|

›

›

›

›

L2pR3q

ď cα}|x|
α´1u}L2pR3q.

And
}|x|α´1u}L2pR3q “ }|x|

α´1
|∇|α´1

|∇|αu}L2pR3q ď c1´α}|∇|αu}L2pR3q.

Now we get
›

›

›

›

|∇|´α u

|x´ aν |

›

›

›

›

L2pR3q

ď cαc1´α}|∇|1´αu}L2pR3q.

And for the second inequality, similarly, as 0 ă β ă 1.5 we get that
›

›

›

›

|∇|´β u
|x|

›

›

›

›

L2pR3q

ď cβ}|x|
β
p∇|x|´1

qu}L2pR3q.

As |∇|x|´1| “ |x|´2, we have that

}|x|βp∇|x|´1
qu}L2pR3q “ }|x|

β´2u}L2pR3q.

Besides 0 ă 2´ β ă 1.5, by Theorem 2.1 again,

}|x|β´2u}L2pR3q ď c2´β}|∇|2´βu}L2pR3q.

Thus,
›

›|∇|´βp∇|x´ aν |´1
qu
›

›

L2pR3q
ď cβc2´β}|∇|2´βu}L2pR3q.

9



Lemma 3.3. For 0 ă α ă 0.5, and u P H1`αpR3q,
›

›

›

›

|∇|α u

|x´ aν |

›

›

›

›

L2pR3q

ď pc1`α ` cαqc1´α}|∇|1`αu}L2pR3q.

Proof. Similarly, for convenience, let aν “ 0. Notice that
›

›

›

›

|∇|α u
|x|

›

›

›

›

L2pR3q

“

›

›

›

›

∇|∇|α´1 u

|x´ a|

›

›

›

›

L2pR3q

.

Thus,
›

›

›

›

|∇|α u
|x|

›

›

›

›

L2pR3q

ď
›

›|∇|α´1
p∇|x|´1

qu
›

›

L2pR3q
`
›

›|∇|α´1
|x|´1

p∇uq
›

›

L2pR3q
.

By Lemma 3.2, we get
›

›|∇|α´1
p∇|x|´1

qu
›

›

L2pR3q
ď c1´αc1`α}|∇|1`αu}L2pR3q,

and
›

›|∇|α´1
|x|´1

p∇uq
›

›

L2pR3q
ď c1´αcα}|∇|1`αu}L2pR3q.

Consequently,
›

›

›

›

|∇|α u

|x´ aν |

›

›

›

›

L2pR3q

ď pc1`α ` cαqc1´α}|∇|1`αu}L2pR3q.

Combining Hardy’s inequality with Lemma 3.2 and Lemma 3.3, we have the follow-
ing corollary:

Corollary 3.4. For ´1 ă α ă 0.5, and u P H1`αpR3q, then
›

›

›

›

|∇|α u

|x´ aν |

›

›

›

›

L2pR3q

ď Cα}|∇|1`αu}L2pR3q,

where Cα “ pc1`α ` cαqc1´α if α ą 0; C0 “ 2; Cα “ c´αc1`α if ´1 ă α ă 0.

Now, the main estimate in this subsection is

Lemma 3.5. For u, v P C80 pR3q and for any 0 ă α ă 1.5, then
ˇ

ˇ

ˇ

ˇ

〈
p1` |∇|2qα{2 u

|x´ aν |
, p1` |∇|2qα{2v

〉ˇ
ˇ

ˇ

ˇ

ďpCα´1 ` 2q}p1` |∇|2qα{2u}L2pR3q}∇p1` |∇|2qα{2v}L2pR3q.

Proof. As p1` |∇|2qα{2 “ p1` |∇|αqK, we know that〈
p1` |∇|2qα{2 u

|x´ aν |
, p1` |∇|2qα{2v

〉
“

〈
K u

|x´ aν |
, p1` |∇|2qα{2v

〉
`

〈
|∇|αK u

|x´ aν |
, p1` |∇|2qα{2v

〉
.

(10)
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For the first term in the right-hand side, by Hölder inequality,
ˇ

ˇ

ˇ

ˇ

〈
K u

|x´ aν |
, p1` |∇|2qα{2v

〉ˇ
ˇ

ˇ

ˇ

ď }u}L2pR3q

›

›

›

›

1

|x´ aν |
Kp1` |∇|2qα{2v

›

›

›

›

L2pR3q

.

By Hardy’s inequality or Herbst’s inequality, we know that
›

›

›

›

1

|x´ aν |
Kp1` |∇|2qα{2v

›

›

›

›

L2pR3q

ď 2
›

›∇Kp1` |∇|2qα{2v
›

›

L2pR3q
.

And as
›

›∇Kp1` |∇|2qα{2v
›

›

L2pR3q
“
›

›K∇p1` |∇|2qα{2v
›

›

L2pR3q
ď
›

›∇p1` |∇|2qα{2v
›

›

L2pR3q
,

by Lemma 3.1, we know that
›

›

›

›

1

|x´ aν |
Kp1` |∇|2qα{2v

›

›

›

›

L2pR3q

ď 2
›

›∇p1` |∇|2qα{2v
›

›

L2pR3q
.

And obviously
}u}L2pR3q ď }p1` |∇|2qα{2u}L2pR3q.

Thus,
ˇ

ˇ

ˇ

ˇ

〈
K u

|x´ aν |
, p1` |∇|2qα{2v

〉ˇ
ˇ

ˇ

ˇ

ď 2}p1` |∇|2qα{2u}L2pR3q

›

›∇p1` |∇|2qα{2v
›

›

L2pR3q
.

For the second term in the right-hand side of equation (10), by Hölder’s inequality
again
ˇ

ˇ

ˇ

ˇ

〈
|∇|αK u

|x´ aν |
, p1` |∇|2qα{2v

〉ˇ
ˇ

ˇ

ˇ

ď

›

›

›

›

|∇|α´1K u

|x´ aν |

›

›

›

›

L2pR3q

}∇p1` |∇|2qα{2v}L2pR3q.

And we have that
›

›

›

›

|∇|α´1K u

|x´ aν |

›

›

›

›

L2pR3q

ď

›

›

›

›

|∇|α´1 u

|x´ aν |

›

›

›

›

L2pR3q

.

By Corollary 3.4,
›

›

›

›

|∇|α´1 u

|x´ aν |

›

›

›

›

L2pR3q

ď Cα´1}|∇|αu}L2pR3q ď Cα´1}p1` |∇|2qα{2u}L2pR3q.

Consequently,
ˇ

ˇ

ˇ

ˇ

〈
p1` |∇|2qα{2 u

|x´ aν |
, p1` |∇|2qα{2v

〉ˇ
ˇ

ˇ

ˇ

ďpCα´1 ` 2q}p1` |∇|2qα{2u}L2pR3q}∇p1` |∇|2qα{2v}L2pR3q.
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3.2 Electron-electron interaction potential

Lemma 3.6. For 0 ă β ď α, 1 ď α ` β ă 1.5 and upx, yq P C80 pR3ˆ3q, then

}|∇x|
α`β´1

|x´ y|´1u}L2pR3ˆ3q ď bα,β}|∇x|
α
|∇y|

βu}L2pR3ˆ3q.

with bα,β :“ 2pp2πqα`β´1π´1bα`βcα`β{b3´α´β ` 2q

Proof. If α ` β “ 1, then by Lemma 2.5, we obtain directly

}|x´ y|´1u}L2pR3ˆ3q ď 2c1}|∇x|
α
|∇y|

βu}L2pR3ˆ3q “ 4}|∇x|
α
|∇y|

βu}L2pR3ˆ3q,

where c1 “ 4. By virtue of Formula (4) and as Fpfp¨ ` zqqpξq “ e2πiz¨ξFpuqpξq, we
obtain that for 0 ă t ă 3,

F
ˆ

upx, yq

|x´ y|t

˙

pξx, ξyq “
b3´t

bt

ż

R3

Fpuqpξx ´ l, ξy ` lq
|l|3´t

dl. (11)

In particular b2
b1
“ π´1. Thus, for α ` β ą 1, by Plancherel’s Theorem

}|∇x|
α`β´1

|x´ y|´1u}L2pR3ˆ3q

“p2πqα`β´1π´1

›

›

›

›

|ξx|
α`β´1

ż

R3

Fpuqpξx ´ l, ξy ` lq
|l|2

dl

›

›

›

›

L2pR3ˆ3q

ďp2πqα`β´1π´1

›

›

›

›

|ξx|
α`β´1

ż

R3

|Fpuqpξx ´ l, ξy ` lq|
|l|2

dl

›

›

›

›

L2pR3ˆ3q

.

For any l, |ξx|α`β´1 ď |l|α`β´1 ` |ξx ´ l|
α`β´1, we yield

}|∇x|
α`β´1

|x´ y|´1u}L2pR3ˆ3q

ďp2πqα`β´1π´1

›

›

›

›

ż

R3

|Fpuqpξx ´ l, ξy ` lq|
|l|3´α´β

dl

›

›

›

›

L2pR3ˆ3q

` p2πqα`β´1π´1

›

›

›

›

ż

R3

||ξx ´ l|
α`β´1Fpuqpξx ´ l, ξy ` lq|

|l|2
dl

›

›

›

›

L2pR3ˆ3q

.

Using the Formula (11) again, for the first term, we get
›

›

›

›

ż

R3

|Fpuqpξx ´ l, ξy ` lq|
|l|3´α´β

dl

›

›

›

›

L2pR3ˆ3q

“
bα`β
b3´α´β

›

›|x´ y|´α´βF´1
p|Fpuq|q

›

›

L2pR3ˆ3q
.

By Lemma 2.5, we obtain
›

›|x´ y|´α´βF´1
p|Fpuq|q

›

›

L2pR3ˆ3q

ď2cα`β}|∇x|
α
|∇y|

βF´1
p|Fpuq|q}L2pR3ˆ3q

“2cα`β}|∇x|
α
|∇y|

βu}L2pR3ˆ3q.

For the second term, similarly

p2πqα`β´1π´1

›

›

›

›

ż

R3

||ξx ´ l|
α`β´1Fpuqpξx ´ l, ξy ` lq|

|l|2
dl

›

›

›

›

L2pR3ˆ3q

“}|x´ y|´1F´1
p|Fp|∇x|

α`β´1uq|q}L2pR3ˆ3q,
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and as β ď α, then β ă 0.75, thus

}|x´ y|´1F´1
p|Fp|∇x|

α`β´1uq|q}L2pR3ˆ3q

ď2c1}|∇x|
1´β
|∇y|

βF´1
p|Fp|∇x|

α`β´1uq|q}L2pR3ˆ3q

“4}|∇x|
α
|∇y|

βu}L2pR3ˆ3q,

where c1 “ 4. Consequently, for 0 ă β ď α and 1 ă α ` β ă 1.5, we deduce

}|∇x|
α`β´1

|x´ y|´1u}L2pR3ˆ3q

ď2pp2πqα`β´1π´1bα`βcα`β{b3´α´β ` 2q}|∇x|
α
|∇y|

βu}L2pR3ˆ3q.

Combing these two cases together, as b1{b2 “ π and 4 ă 2pp2πqα`β´1π´1bα`βcα`β{b3´α´β`

2q if α ` β “ 1, we conclude

}|∇x|
α`β´1

|x´ y|´1u}L2pR3ˆ3q

ď2pp2πqα`β´1π´1bα`βcα`β{b3´α´β ` 2q}|∇x|
α
|∇y|

βu}L2pR3ˆ3q.

Lemma 3.7. For upx, yq, vpx, yq P C80 pR3ˆ3q, and define

}|v}|α,β :“
›

›p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

›

›

L2pR3ˆ3q
.

If 0 ă α, β and α ` β ă 1.5, then
ˇ

ˇ

〈
p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2
|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

ďDα,β}|u}|α,βp}|∇xv}|α,β ` }|∇yv}|α,βq.

with

Dα,β :“

#

1` Cα´1 ` Cβ´1 ` 2cα`βc1´α´β if 0 ă α, β, α ` β ă 1;

1` Cα´1 ` Cβ´1 ` bα,β if 0 ă α, β, 1 ď α ` β ă 1.5.

Furthermore, if u is anti-symmetric (upx, yq “ ´upy, xq), then for 1 ď α ă 1.25,
ˇ

ˇ

〈
p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
α{2
|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
α{2v

〉ˇ
ˇ

ďDα,α}|u}|α,βp}|∇xv}|α,α ` }|∇yv}|α,αq.

with if 1 ď α ă 1.25,

Dα,α :“ 1` 2Cα´1 ` 2pc2α´2 ` 2c2α´1 `
?

6c2αqc3´2α.

Proof. Similar to Lemma 3.5, we introduce the operator Kα,x defined by

Kα,x :“ p1` |∇x|
2
q
α{2
p1` |∇x|

α
q
´1.

Now, 〈
p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2
|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉
“
〈
p1` |∇x|

α
qp1` |∇y|

β
qKα,xKβ,y|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉
“
〈
Kα,xKβ,y|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉
`
〈
p|∇x|

α
` |∇y|

β
qKα,xKβ,y|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉
`
〈
|∇x|

α
|∇y|

βKα,xKβ,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉
(12)
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Now, we calculate every term in the right-hand side of this equation separately.

Steps 1. For the first term.

ˇ

ˇ

〈
Kα,xKβ,y|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

ď}u}L2pR3ˆ3q

›

›|x´ y|´1Kα,xKβ,yp1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

›

›

L2pR3ˆ3q
.

Using Hardy’s inequality for x and y respectively and by Lemma 3.1, we get
›

›|x´ y|´1Kα,xKβ,yp1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

›

›

L2pR3ˆ3q

ď}|∇xKα,xKβ,yv}|α,β ` }|∇yKα,xKβ,yv}|α,β
ď}|∇xv}|α,β ` }|∇yv}|α,β.

As }u}L2pR3ˆ3q
ď }|u}|α,β, then

ˇ

ˇ

〈
Kα,xKβ,y|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

ď}|u}|α,βp}||∇x|v}|α,β ` }|∇yv}|α,βq.

Steps 2. For the second term.

ˇ

ˇ

〈
p|∇x|

α
` |∇y|

β
qKα,xKβ,y|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

ď
ˇ

ˇ

〈
|∇x|

αKα,xKβ,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

`
ˇ

ˇ

〈
|∇y|

βKα,xKβ,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ .

As 1 “ |∇x|
´1|∇x|, we have that
ˇ

ˇ

〈
|∇x|

αKα,xKβ,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

“
ˇ

ˇ

〈
|∇x|

α´1Kα,xKβ,y|x´ y|´1u, |∇x|p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

ď
›

›|∇x|
α´1Kα,xKβ,y|x´ y|´1u

›

›

L2pR3ˆ3q
}|∇xv}|α,β

By Lemma 3.1,
›

›|∇x|
α´1Kα,xKβ,y|x´ y|´1u

›

›

L2pR3ˆ3q
ď
›

›|∇x|
α´1
|x´ y|´1u

›

›

L2pR3ˆ3q
.

Only considering the integral over x P R3 and fixing y P R3, by Corollary 3.4 for
0 ă α ă 1.5, we obtain

›

›|∇x|
α´1
|x´ y|´1u

›

›

L2pR3
xq
pyq ď Cα´1 }|∇x|

αu}L2pR3
xq
pyq.

Thus,
›

›|∇x|
α´1
|x´ y|´1u

›

›

L2pR3ˆ3q
ď Cα´1 }|∇x|

αu}L2pR3ˆ3q
.

Since }|∇x|
αu}L2pR3ˆ3q

ď }|u}|α,β, we yield
›

›|∇x|
α´1
|x´ y|´1u

›

›

L2pR3ˆ3q
ď Cα´1}|u}|α,β.
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Consequently,
ˇ

ˇ

〈
|∇x|

αKα,xKβ,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ ď Cα´1}|u}|α,β}|∇xv}|α,β.

Analogously, for 0 ă β ă 1.5,
ˇ

ˇ

〈
|∇y|

βKα,xKβ,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ ď Cβ´1}|u}|α,β}|∇yv}|α,β.

Thus,
ˇ

ˇ

〈
p|∇x|

α
` |∇y|

β
qKα,xKβ,y|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

ďpCα´1 ` Cβ´1q}|u}|α,βp}|∇xv}|α,β ` }|∇yv}|α,βq.

Steps 3. For the last term without anti-symmetry.

Assume that β ď α, thus β ă 0.75 and 0 ă α ´ β ă 0.5. If not, we can exchange
the notation α, β and x, y respectively, then β ď α.

We have that
ˇ

ˇ

〈
|∇x|

α
|∇y|

βKα,xKβ,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

“
ˇ

ˇ

〈
|∇x|

α`β´1Kα,xKβ,y|x´ y|´1u, |∇x|
1´β
|∇y|

β
p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

Since |z|β ď 1` |z|, let z “ |ξy{ξx|, then

|ξx|
1´β
|ξy|

β
ď |ξx| ` |ξy|,

thus
}||∇y|

1´β
|∇y|

βv}|α,β ď p}|∇xv}|α,β ` }|∇yv}|α,βq.

Now, we yield
ˇ

ˇ

〈
|∇x|

α
|∇y|

βKα,xKβ,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

ď
›

›|∇x|
α`β´1

|x´ y|´1u
›

›

L2pR3ˆ3q
p}|∇xv}|α,β ` }|∇yv}|α,βq.

(13)

If α ` β ă 1, by Theorem 2.1
›

›|∇x|
α`β´1

|x´ y|´1u
›

›

L2pR3ˆ3q
ď c1´α´β}|x´ y|

´α´βu}L2pR3ˆ3q.

And by Lemma 2.5,
›

›|∇x|
α`β´1

|x´ y|´1u
›

›

L2pR3ˆ3q
ď 2c1´α´βcα`β}|∇x|

α
|∇y|

βu}L2pR3ˆ3q.

If α ` β ě 1, then by Lemma 3.6 we get
›

›|∇x|
α`β´1

|x´ y|´1u
›

›

L2pR3ˆ3q
ď bα,β}|∇x|

α
|∇y|

βu}L2pR3ˆ3q.

Finally, let Cα,β :“ 2c1´α´βcα`β if α ` β ă 1, and Cα,β :“ bα,β if α ` β ě 1, then
ˇ

ˇ

〈
|∇x|

α
|∇y|

βKα,xKβ,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

ďCα,β}|u}|α,βp}|∇xv}|α,β ` }|∇yv}|α,βq.
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Steps 4. For the last term with anti-symmetry.
For α “ 1, it has been proved in [Yse04], with

ˇ

ˇ

〈
|∇x||∇y||x´ y|

´1u, |∇x||∇y|v
〉ˇ
ˇ

ďp5` 4
?

6q}|u}|α,αp}|∇xv}|α,α ` }|∇yv}|α,αq.

Thus,
ˇ

ˇ

〈
|∇x|

α
|∇y|

αKα,xKα,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
α{2v

〉ˇ
ˇ

ďp5` 4
?

6q}|u}|α,αp}|∇xv}|α,α ` }|∇yv}|α,αq.

If α ą 1, we have that
ˇ

ˇ

〈
|∇x|

α
|∇y|

αKα,xKα,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
α{2v

〉ˇ
ˇ

“
ˇ

ˇ

〈
|∇x|

α´1{2
|∇y|

α´1{2Kα,xKα,y|x´ y|´1u, |∇x|
1{2
|∇y|

1{2
p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
α{2v

〉ˇ
ˇ

As |ξx|1{2|ξy|1{2 ď 1{2p|ξx| ` |ξy|q, we get
ˇ

ˇ

〈
|∇x|

α
|∇y|

αKα,xKα,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
α{2v

〉ˇ
ˇ

ď1{2
›

›|∇x|
α´1{2

|∇y|
β´1{2

|x´ y|´1u
›

›

L2pR3ˆ3q
p}|∇xv}|α,β ` }|∇yv}|α,βq.

(14)

Notice that
›

›|∇x|
α´1{2

|∇y|
α´1{2

|x´ y|´1u
›

›

L2pR3ˆ3q

“
›

›∇x∇y|∇x|
α´3{2

|∇y|
α´3{2

|x´ y|´1u
›

›

L2pR3ˆ3q

ď
›

›|∇x|
α´3{2

|∇y|
α´3{2

|x´ y|´1
p∇x∇yuq

›

›

L2pR3ˆ3q

`
›

›|∇x|
α´3{2

|∇y|
α´3{2

p∇x|x´ y|
´1
qp∇yuq

›

›

L2pR3ˆ3q

`
›

›|∇x|
α´3{2

|∇y|
α´3{2

p∇y|x´ y|
´1
qp∇xuq

›

›

L2pR3ˆ3q

`
›

›|∇x|
α´3{2

|∇y|
α´3{2

p∇x∇y|x´ y|
´1
qu
›

›

L2pR3ˆ3q

Now, we use Lemma 2.5 again. For the first term:
›

›|∇x|
α´3{2

|∇y|
α´3{2

|x´ y|´1
p∇x∇yuq

›

›

L2pR3ˆ3q
ď 2c3´2α

›

›|x´ y|2´2α
p∇x∇yuq

›

›

L2pR3ˆ3q
,

and as 0 ă 2α ´ 2 ă 0.5

›

›|x´ y|2´2α
p∇x∇yuq

›

›

L2pR3ˆ3q
ď 2c2α´2}|∇x|

α
|∇y|

αu}L2pR3ˆ3q.

Thus,
›

›|∇x|
α´3{2

|∇y|
α´3{2

|x´ y|´1
p∇x∇yuq

›

›

L2pR3ˆ3q
ď 4c3´2αc2α´2}|u}|α,α.

For the second term,
›

›|∇x|
α´3{2

|∇y|
α´3{2

p∇x|x´ y|
´1
qp∇yuq

›

›

L2pR3ˆ3q

ď2c3´2α}|x´ y|
3´2α

p∇x|x´ y|
´1
qp∇yuq}L2pR3ˆ3q

“2c3´2α}|x´ y|
1´2α∇yu}L2pR3ˆ3q.
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As 0 ă 2α ´ 1 ă 1.5,
›

›|x´ y|1´2α∇yu
›

›

L2pR3ˆ3q
ď 2c2α´1}|∇x|

α
|∇y|

αu}L2pR3ˆ3q.

Hence,
›

›|∇x|
α´3{2

|∇y|
α´3{2

p∇x|x´ y|
´1
qp∇yuq

›

›

L2pR3ˆ3q
ď 4c3´2αc2α´1}|u}|α,α.

And,
›

›|∇x|
α´3{2

|∇y|
α´3{2

p∇y|x´ y|
´1
qp∇xuq

›

›

L2pR3ˆ3q
ď 4c3´2αc2α´1}|u}|α,α.

For the last term, as |∇x∇y|x´ y|
´1|2 “ 6|x´ y|´6,

›

›|∇x|
α´3{2

|∇y|
α´3{2

p∇x∇y|x´ y|
´1
qu
›

›

L2pR3ˆ3q

ď2c3´2α}|x´ y|
3´2α

p∇x∇y|x´ y|
´1
qu}L2pR3ˆ3q

“2
?

6c3´2α}|x´ y|
´2αu}L2pR3ˆ3q.

And since u P C80 , upx, yq “ ´upy, xq, and 2 ă 2α ă 2.5, by Corollary 2.8,
›

›|∇x|
α´3{2

|∇y|
α´3{2

p∇x∇y|x´ y|
´1
qu
›

›

L2pR3ˆ3q

ď2
?

6c3´2αc2α}|∇x|
α
|∇y|

αu}L2pR3ˆ3q.

Consequently, if α ą 1,
ˇ

ˇ

〈
|∇x|

α
|∇y|

αKα,xKα,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
α{2v

〉ˇ
ˇ

ď2pc2α´2 ` 2c2α´1 `
?

6c2αqc3´2α}|u}|α,αp}|∇xv}|α,α ` }|∇yv}|α,αq.

As c0 “ 1, c1 “ 2 and c2 “ 8, we know that 5 ` 4
?

6 ă 2pc0 ` 2c1 `
?

6c2qc1q. Finally
for 1 ď α ă 1.25,

ˇ

ˇ

〈
|∇x|

α
|∇y|

αKα,xKα,y|x´ y|´1u, p1` |∇x|
2
q
α{2
p1` |∇y|

2
q
α{2v

〉ˇ
ˇ

ď2pc2α´2 ` 2c2α´1 `
?

6c2αqc3´2α}|u}|α,αp}|∇xv}|α,α ` }|∇yv}|α,αq.

Steps 5. Conclusion.

Combining the first three steps, we conclude that there is a constant Dα,β, such that
ˇ

ˇ

〈
p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2
|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
β{2v

〉ˇ
ˇ

ďDα,β}|u}|α,βp}|∇xv}|α,β ` }|∇yv}|α,βq,

with

Dα,β :“

#

1` Cα´1 ` Cβ´1 ` 2c1´α´βcα`β if 0 ă α, β, 0 ă α ` β ă 1;

1` Cα´1 ` Cβ´1 ` bα,β if 0 ă α, β, 1 ď α ` β ă 1.5.

Furthermore if upx, yq “ ´upy, xq, for 1 ď α ă 1.25,
ˇ

ˇ

〈
p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
α{2
|x´ y|´1u, p1` |∇x|

2
q
α{2
p1` |∇y|

2
q
α{2v

〉ˇ
ˇ

ďDα,α}|u}|α,αp}|∇xv}|α,α ` }|∇yv}|α,αq,

with if 1 ď α ă 1.25,

Dα,α :“ 1` 2Cα´1 ` 2pc2α´2 ` 2c2α´2 `
?

6c2αqc3´2α.
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Lemma 3.8. For the condition α ` β ă 1.5 (or α ă 1.25 if u is anti-symmetric) in
Lemma 3.7, the bound 1.5 (or 1.25 respectively) can neither be reached nor surpassed.

Proof. By estimate (13), we only need
›

›|∇x|
α`β´1

|x´ y|´1u
›

›

L2pR3ˆ3q
ă 8.

Let r1 “ x ´ y and r2 “ x ` y, then for the gradient ∇1,∇2 corresponding to r1, r2

respectively we have that

∇x “ ∇1 `∇2, ∇y “ ∇2 ´∇1.

As u P C80 pR3ˆ3q, by cusp analysis, upr1, r2q „ Opr1{|r1|q and |r1|
´1u „ Op|r1|

´1q when
|r1| Ñ 0. And |∇x|

α`β´1 “ |∇1 `∇2|
α`β´1 „ |∇1|

α`β´1 as |r1| Ñ 0. Consequently, in
a neighborhood of |r1| “ 0 small enough, by Formula (6)

|∇x|
α`β´1

|x´ y|´1u „ Op|∇1|
α`β´1

|r1|
´1
q “ Op|r1|

´α´β
q.

Thus if α ` β ě 1.5,
}|∇x|

α`β´1
|x´ y|´1u}L2pR3ˆ3q “ 8.

For u is anti-symmetric, notice that u „ Op|r1|q when |r1| Ñ 0. Then, u{|r1| „

Opr1{|r1|q. As |∇x|
α´1{2|∇y|

α´1{2 „ |∇1|
2α´1, we get

|∇x|
2α´1

|x´ y|´1u „ Op|∇1|
2α´1r1{|r1|q “ Op|r1|

1´2α
q.

Thus, if α ě 1.25,

}|∇x|
α´1{2

|∇y|
α´1{2

|x´ y|´1u}L2pR3ˆ3q “ 8.

Remark 3.9. In the above lemma, we can not replace Opr1{|r1|q by Op1q, since |∇11| “
0 while |∇1pr1{|r1|q| “ Op|r1|

´1q.

3.3 For the Coulomb system

For convenience, we define another operator LI,l,α,β by

LI,l,α,β :“

˜

ź

iPIl

p1` |∇i|
2
q
α{2

¸

¨

˝

ź

jPIzIl

p1` |∇j|
2
q
β{2

˛

‚.

Obviously,

L2
I,α,β “

q
ÿ

l“1

L2
I,l,α,β.

And recall that

Vne “
N
ÿ

i“1

M
ÿ

ν“1

Zν
|xi ´ aν |

, Vee “
1

2

ÿ

i‰j

1

|xi ´ xj|
.
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By Lemma 3.5, we know that if 0 ă α, β ă 1.5, for @u, v P DI ,
ˇ

ˇ

ˇ

ˇ

〈
LI,l,α,β

u

|xi ´ aν |
,LI,l,α,βv

〉ˇ
ˇ

ˇ

ˇ

ď C 1α,β}LI,l,α,βu}L2ppR3qN q}∇iLI,l,α,βv}L2ppR3qN q,

with C 1α,β “ maxtCα´1, Cβ´1u ` 2. Thus,

|〈LI,l,α,βVneu,LI,l,α,βv〉| ď C 1α,βZN
1{2
}LI,l,α,βu}L2ppR3qN q}∇LI,l,α,βv}L2ppR3qN q,

where Z “
řM
ν“1 Zν , ∇ :“ p∇1, ¨ ¨ ¨ ,∇Nq and

}∇v}2L2ppR3qN q “

N
ÿ

i“1

}∇iv}
2
L2ppR3qN q.

Consequently,

|〈LI,α,βVneu,LI,α,βv〉| ď C 1α,βZN
1{2
}LI,α,βu}L2ppR3qN q}∇LI,α,βv}L2ppR3qN q,

Now, we need to consider the different cases: (A)-(C). For case (B), if i, j P Il, u satisfies
the equation (3). And for 1 ď α ă 1.25 (or 0 ă α ă 0.75), by Lemma 3.7,

ˇ

ˇ

ˇ

ˇ

〈
LI,l,α,β

u

|xi ´ xj|
,LI,l,α,βv

〉ˇ
ˇ

ˇ

ˇ

ďDα,α}LI,l,α,βu}L2ppR3qN q

`

}∇iLI,l,α,βv}L2ppR3qN q ` }∇jLI,l,α,βv}L2ppR3qN q

˘

.

If i P Il and j R Il, for 1 ď α (or 0 ă α ă 0.75), 0 ă β and α` β ă 1.5, by Lemma 3.7,
ˇ

ˇ

ˇ

ˇ

〈
LI,l,α,β

u

|xi ´ xj|
,LI,l,α,βv

〉ˇ
ˇ

ˇ

ˇ

ďDα,β}LI,l,α,βu}L2ppR3qN q

`

}∇iLI,l,α,βv}L2ppR3qN q ` }∇jLI,l,α,βv}L2ppR3qN q

˘

.

And if i, j R Il, for 0 ă β ă 0.75,
ˇ

ˇ

ˇ

ˇ

〈
LI,l,α,β

u

|xi ´ xj|
,LI,l,α,βv

〉ˇ
ˇ

ˇ

ˇ

ďDβ,β}LI,l,α,βu}L2ppR3qN q

`

}∇iLI,l,α,βv}L2ppR3qN q ` }∇jLI,l,α,βv}L2ppR3qN q

˘

.

Finally, we yield

|〈LI,l,α,βVeeu,LI,l,α,βv〉|

ďD1α,βN
N
ÿ

i“1

}LI,l,α,βu}L2ppR3qN q}∇iLI,l,α,βv}L2ppR3qN q

ďD1α,βN
3{2
}LI,l,α,βu}L2ppR3qN q}∇LI,l,α,βv}L2ppR3qN q.

with D1α,β “ maxtDα,β, Dα,α, Dβ,βu.
Consequently, for 1 ď α ă 1.25 (or 0 ă α ă 0.75), 0 ă β ă 0.75 and α ` β ă 1.5:

|〈LI,α,βVeeu,LI,α,βv〉| ď D1α,βN
3{2
}LI,α,βu}L2ppR3qN q}∇LI,α,βv}L2ppR3qN q.
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Analogously, for case (A), and for 0 ă β ă 0.75 we have that

|〈LI,βVeeu,LI,βv〉| ď D1β,βN
3{2
}LI,βu}L2ppR3qN q}∇LI,βv}L2ppR3qN q.

And for case (C), and for 1 ď α ă 1.25 (or 0 ă α ă 0.75), we have that

|〈LI,αVeeu,LI,αv〉| ď D1α,αN
3{2
}LI,αu}L2ppR3qN q}∇LI,αv}L2ppR3qN q.

Now we conclude:

Lemma 3.10. • For case (A), if 0 ă β ă 0.75,

|〈LI,β,pVne ` Veequ,LI,β,v〉|
ďpC 1β,βZ `D

1
β,βNqN

1{2
}LI,β,u}L2ppR3qN q}∇LI,βv}L2ppR3qN q.

(15)

• For case (B), if 1 ď α ă 1.25 (or 0 ă α ă 0.75), 0 ă β ă 0.75 and α ` β ă 1.5,

|〈LI,α,βpVne ` Veequ,LI,α,βv〉|
ďpC 1α,βZ `D

1
α,βNqN

1{2
}LI,α,βu}L2ppR3qN q}∇LI,α,βv}L2ppR3qN q.

(16)

• For case (C), if 1 ď α ă 1.25 (or 0 ă α ă 0.75),

|〈LI,αpVne ` Veequ,LI,αv〉|
ďpC 1α,αZ `D

1
α,αNqN

1{2
}LI,αu}L2ppR3qN q}∇LI,αv}L2ppR3qN q.

(17)

4 The Regularity of Solutions
Repeating the proof in [Yse07], we split the eigenfunctions into the high-frequency part
and the low frequency part and estimate the high-frequency part by the low frequency
part. Let PΩ be the projector to the high frequency part, with

FpPΩuqpξq :“ 1|ξ|ěΩFpuqpξq.

where

|ξ|2 “
N
ÿ

i“1

|ξi|
2.

And let
uH :“ PΩu, uL :“ p1´ PΩqu.

Hence uL P H1
I is well-defined. And we only need to prove the existence of uH . We

have that
}uH}L2ppR3qN q ď p2πΩq´1

}∇uH}L2ppR3qN q.

For case (B), taking vH P PΩXI,α,βppR3qNq (or vH P PΩXI,α,αppR3qNq for case (A) and
case (C)), then for the existence of mixed regularity we need to study:

〈LI,α,βHu,LI,α,βvH〉´ λ 〈LI,α,βu,LI,α,βvH〉 “ 0
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Decomposing u by uH and uL, we have

〈LI,α,βpH ´ λquH ,LI,α,βvH〉
“1{2 〈∇LI,α,βuH ,∇LI,α,βvH〉` 〈LI,α,βpVne ` VeequH ,LI,α,βvH〉
´ λ 〈LI,α,βuH ,LI,α,βvH〉

“ 〈LI,α,βpVne ` VeequL,LI,α,βvH〉 .

Let
Ω ě p2πq´1

pC 1α,βZ `D
1
α,αNqN

1{2
ě 1, (18)

then

|〈LI,α,βpVne ` VeequH ,LI,α,βvH〉| ď 1{4}∇LI,α,βuH}L2ppR3qN q}∇LI,α,βvH}L2ppR3qN q,

}LI,α,βuH}L2ppR3qN q
ď }∇LI,α,βuH}L2ppR3qN q

.

As the eigenvalues of problem 2 are negatives, therefore we have the coercivity

〈LI,α,βpH ´ λquH ,LI,α,βuH〉 ě 1{8}uH}
2
I,α,β, (19)

the continuity

|〈LI,α,βpH ´ λquH ,LI,α,βvH〉| ď }uH}I,α,β}vH}I,α,β, (20)

and the continuity of the term 〈LI,α,βpVne ` Veeqψ,LI,α,βvH〉

|〈LI,α,βpVne ` Veeqψ,LI,α,βvH〉| ď pC 1α,βZ `D1α,αNqN1{2
}LI,α,βψ}L2ppR3qN q}vH}I,α,β,

(21)
And now, we prove the regularity of the eigenfunctions.

Sketch Proof of the Theorem 1.1. This proof is similar to the proof in [Yse04, Yse11].
So we just give the sketch of proof, and only consider the case (B), the proof of other
cases is same.

Step 1. For the frequency bounds Ω as in (18), the equation

〈LI,α,βpH ´ λquH ,LI,α,βvH〉 “ 〈LI,α,βpVne ` Veeqψ,LI,α,βvH〉 , @vH P PΩXI,α,βppR3
q
N
q

(22)
possesses a unique solution uH P PΩXI,α,βppR3qNq for all given functions ψ P XI,α,βppR3qNq

by using the Lax-Milgram theorem, and combining the estimate (19) with the estimate
(16) for ψ.

Step 2. For the frequency bounds Ω as in (18), the equation

〈pH ´ λquH , χH〉 “ 〈pVne ` Veeqψ, χH〉 , @χH P PΩH
1
ppR3

q
N
q (23)

possesses a unique solution uH P PΩXI,α,βppR3qNq for all given functions ψ P H1ppR3qNq,
see [Yse04,Yse07].

Step 3. For all χH P PΩH
1ppR3qNq, there is a unique high-frequency function vH P

PΩXI,α,βppR3qNq such that L2
I,α,βvH “ χH .
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By Fourier transform, we have

q
ÿ

l“1

˜

ź

iPIl

p1` |2πξi|
2
q
α

¸

¨

˝

ź

mPIzIl

p1` |2πξj|
2
q
β

˛

‚

xvHpωq “ xχHpωq,

Thus we know that PΩH
1 Ă L2

I,α,βPΩXI,α,βppR3qNq.

Step 4. We rewrite the equation (22) as〈
pH ´ λquH ,L2

I,α,βvH
〉
“

〈
pVne ` Veeqψ,L2

I,α,βvH
〉
, @vH P PΩXI,α,βppR3

q
N
q.

And by the step 3, we know the solution of equation (22) satisfies the original equation
(23) for all χH P PΩH

1ppR3qNq. Hence for all LI,α,βψ P L
2ppR3qNq, by the uniqueness

of solution, we yield that the solution of problem (23) uH P XI,α,βppR3qNq.

Step 5. Since the low-frequency part uL of the solution is contained in DI , we know
the solution u P XI,α,βppR3qNq. And by Lemma 3.8, we know the condition α ě 1.25,
α` β ě 1.5 or β ě 0.75 can not be reached or surpassed. In this sense, our results are
optimal.

Proof of Corollary 1.2. Recall that

LI,l,α,β :“

˜

ź

iPIl

p1` |∇i|
2
q
α{2

¸

¨

˝

ź

jPIzIl

p1` |∇j|
2
q
β{2

˛

‚.

Since u P XI,α,βppR3qNq, we know that

}LI,l,α,βu}H1ppR3qN qq ă 8.

Assume that u P XI,α1,β1ppR3qNq
Ş

XI,α2,β2ppR3qNq, then for any 0 ď s ď 1,

}LI,l,sα1`p1´sqα2,sβ1`p1´sqβ2u}H1ppR3qN qq

“}LsI,l,α1,β1
Lp1´sqI,l,α2,β2

u}H1ppR3qN qq

ď}LI,l,α1,β1u}H1ppR3qN qq ` }LI,l,α2,β2u}H1ppR3qN qq

ă8.

Now, we get conclusion.

5 Numerical analysis
In this part, we study the hyperbolic cross space approximation, which is almost same
with [Yse07] except Theorem 9 in it. So we just give the sketch, and only consider the
case (B).

Let ψ “ uL and vH “ uH , then by estimates (19) and (21), we get

1{8}uH}
2
I,α,β ď pC

1
α,βZ `D

1
α,αNqN

1{2
}LI,α,βuL}L2ppR3qN q}uH}I,α,β.
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Thus,

πΩ{4}LI,α,βuH}L2ppR3qN q ď1{8}∇LI,α,βuH}L2ppR3qN q

ďpC 1α,βZ `D
1
α,αNqN

1{2
}LI,α,βuL}L2ppR3qN q.

Let Ω ě 32π´1pC 1α,βZ `D
1
α,αNqN

1{2 large enough, then

}LI,α,βuH}L2ppR3qN q ď
?

2}LI,α,βuL}L2ppR3qN q, (24)

and
}∇LI,α,βuH}L2 ď

?
2Ω}LI,α,βuL}L2 . (25)

We take the following norm:

}|u|}2I,α,β,1 “
q
ÿ

l“1

ż
˜

N
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸˜

ź

kPIl

˜

1`

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸α¸

¨

˝

ź

jPIzIl

˜

1`

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸β

˛

‚|Fpuq|2 dξ,

and

}|u|}2I,α,β,0 “
q
ÿ

l“1

ż
˜

ź

kPIl

˜

1`

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸α¸

¨

˝

ź

jPIzIl

˜

1`

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸β

˛

‚|Fpuq|2 dξ.

Lemma 5.1. For scaling parameters Ω ě 2π´1pC 1α,βZ `D
1
α,αNqN

1{2 large enough, the
eigenfunction u P XI,α,β satisfies the estimates

}|u|}I,α,β,0 ď
a

2qe0.625
}u}L2ppR3qN q, }|u|}Il,α,β,1 ď

a

2qe0.625
}u}L2ppR3qN q.

Proof. The proof is similar with [Yse07, Theorem 9]. By estimate (24), replace u by
upp2πΩq´1xq, then

}|u}|I,α,β,0 ď
?

2}|uL}|I,α,β,0,

with

}|uL}|
2
I,α,β,0 “

q
ÿ

l“1

ż
˜

ź

kPIl

˜

1`

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸α¸

¨

˝

ź

jPIzIl

˜

1`

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸β

˛

‚|Fpuq|2 dξ.

As 0 ă β ď α ă 1.25,
˜

ź

kPIl

˜

1`

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸α¸

¨

˝

ź

jPIzIl

˜

1`

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸β

˛

‚. ď exp

˜

α
N
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸

.

Thus,
}|uL}|

2
I,α,β,0

ď

q
ÿ

l“1

ż

|ξ|ďΩ

exp

˜

α
N
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

ξi
Ω

ˇ

ˇ

ˇ

ˇ

2
¸

|Fpuq|2 dξ

ďqe1.25

ż

|Fpuq|2 dξ.

Finally,
}|u}|I,α,β,0 ď

a

2qe0.625
}u}L2ppR3qN q.

The other case can repeated equally.
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Proof of Theorem 1.4. Thus, we know that

}u´ PRu}L2ppR3qN q ď
1

R
}|u´ PRu}|I,α,β,0 ď

1

R
}|u}|I,α,β,0 ď

?
2q

R
e0.625

}u}L2ppR3qN q.

And for the other term,

}∇pu´ PRuq}L2ppR3qN q ď

?
2q

R
e0.625Ω}u}L2ppR3qN q.
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