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ABSTRACT: We study the mixed system of correlation functions involving a scalar field
charged under a global U(1) symmetry and the associated conserved spin-1 current J,.
Using numerical bootstrap techniques we obtain bounds on new observables not accessible
in the usual scalar bootstrap. We then specialize to the O(2) model and extract rigorous
bounds on the three-point function coefficient of two currents and the unique relevant
scalar singlet, as well as those of two currents and the stress tensor. Using these results,
and comparing with a quantum Monte Carlo simulation of the O(2) model conductivity,
we give estimates of the thermal one-point function of the relevant singlet and the stress
tensor. We also obtain new bounds on operators in various sectors.
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1 Introduction and summary of results

Three dimensional Conformal Field Theories (CFTs) display a rich variety and range of
applications. While some of them were introduced a long time ago in order to describe
long known phase transitions in condensed matter and statistical models, in recent years
the zoo of renormalization group (RG) fixed points has vastly grown.

The numerical conformal bootstrap represents a powerful tool to shed some light on
the intricate world of three dimensional CFTs. After its revival a decade ago [1-5], it



has been successfully used to extract the most precise prediction of critical exponents
in key examples [6-12]. Moreover, interesting studies also displayed hints of novel (and
yet unclassified) CFTs [13, 14]. Many other great results have been achieved in three
dimensions [15-29]. See also [30, 31] for recent reviews on the subject.

When examining the results obtained in the last few years, it appears evident that
bootstrap methods in presence of a global symmetry seem to be less powerful when com-
pared to simpler systems like the Ising model or its supersymmetric extension. One possible
argument is that, given that the theory is more involved, one simply needs to consider cor-
relators involving more than two scalars. In particular, relevant scalar operators seem to
play a crucial role.

A second explanation could reside in how the presence of a global symmetry is imposed.
In past studies, the existence of a global symmetry was injected by declaring that operators
entering a correlation function transform according to irreducible representations of the
global symmetry group. In addition, selection rules were imposed on the operator product
expansion (OPE) of these operators. A complementary approach was also initiated in [32],
where the presence of a global symmetry was enforced by studying the correlation function
of the associated conserved spin-1 current. The latter method is definitively preferable, but
comes at the expense of considering spinning operators and thus complicating the analysis.
As a plus side, however, it does not introduce any new parameter to scan over, since
conserved currents have fixed dimensions. In this work we push this approach one step
further, and explore the constraints arising from the mixed system of correlation functions
involving one conserved current, associated to a U(1) global symmetry, together with a
scalar field charged under it.

One should be careful with the latter statement: without further assumptions, includ-
ing a conserved current in the bootstrap does not give us the right to identify it with the
generator of the global symmetry under which the scalar is charged. A trivial counter
examples is the tensor product of a generalized free scalar field ¢ and a generalized free
vector field J,,. In order to impose that the external scalar and current couple non trivially,
one should force the correct global symmetry Ward identity, namely that the three point
function (¢¢J,) is non vanishing.! In this work we use this assumption in our studies of
the O(2) model. We plan to systematically make use of this assumption in more general
future explorations.

Among the obvious targets of our investigation one can list the O(2) vector model, the
Gross Neveu Yukawa model with NV = 2 fermions, and QEDg, both fermionic or bosonic,
where one identifies the global symmetry with the topological U(1)p. Although in principle
our set up could be used to analyze any system possessing a U(1) symmetry, we found that
our numerical bounds are subject to the same limitations as the single scalar correlator
analysis, namely they lose constraining power as the dimension of the scalar grows. For this
reason we mostly focus on the O(2) model where the charge-1 scalar has dimension close
to the free value. We also explored more general bounds and did not find other evidences
of CFTs saturating them.

In the numerical bootstrap framework this is equivalent to impose a finite current central charge C,
see section 2.1.



1.1 New data for the O(2) model

In this section we collect the most important constraints obtained in the present work.
The interested reader can find all the technical details and proper definitions in the next
sections. Additional and more general plots can be found in section 3.

As mentioned in the previous section, we mostly focused on the O(2) model. In this
case we identify our scalar ¢ with the order parameter of the Landau Ginzburg description
of the phase transition, while J, is the current associated to the global O(2) symmetry.
According to recent bootstrap results [10], this model is confined to live on a narrow island
in the plane (A4, Ag), where S here is the unique neutral relevant scalar operator. Previous
bootstrap studies also constrained the dimension of the unique relevant traceless symmetric
operator t;;, the central charge C7r and the current central charge C 7,2 [8, 15]. A few OPE
coefficients have also been determined in [10], such as A 668 and A\gsgs.

When bootstrapping a mixed system of scalars, one can impose gaps in various scalar
sectors and exploit the existence of few relevant operators to create islands in parameter
space. In our setup, however, the same strategy does not work.? Our strategy will then be
to identify a new set of assumptions that allow to create an island and use them to extract
constraints on CFT-data that have never been bound before, such as the parameter v and
the OPE coefficients Ajjg. While the latter is self explanatory, the former is related to
the three point function of two currents and the stress tensor —see section 2.1. As dis-
cussed in [33, 34], the conformal collider bounds require the parameter « to range between
[—1/12,1/12], with the extremes corresponding to free theories. Numerical evidences of
these bounds were also found by [32]. The value of this parameter in the O(2) model was
not known, although strong numerical evidences supported a negative value, which was
also confirmed by [32] under somewhat strong assumptions on the spectrum of the theory.*

In our explorations we found that a discriminant characteristic of the O(2) model is
the presence of a rather large gap between the stress tensor and the next spin-2 neutral
operator, let us call it 7”. This property translates in a sharp peak in the bound on A7
as a function of Ay and +, as shown in figure 1(b). Intuitively this happens because fake
solutions of crossing or non-local theories do not require a stress tensor but usually possess
a spin-2 operator close to the unitarity bound; hence the bound on 7" is effectively a bound
on the first spin-2 operator and only for local theories (which have a conserved stress tensor)
it becomes a bound on the second spin-2 operator. This property was also exploited in [25]
to create isolated regions in single correlator bootstrap.’

2These are defined respectively as the normalization of the two-point function of the stress tensor T},
and the U(1) current J,,.

3Because of Ward identities, the charge-1 sector does not contain scalars, besides ¢ itself. Gaps in the
other scalar sectors are not sufficient to create islands.

4In particular we checked that the assumption that all parity-odd operators have twist 7= A — ¢ > 2.5
is inconsistent for the O(2) model. The milder assumption 7 > 2 is still consistent.

®Indeed we checked that a sharp peak in the (Ag, Aps) plot appears also using a single correlator. This
can be used to bound A4 assuming a gap in Ars. However, even pushing the value of A, the single correlator
setup is not very powerful in excluding values of Ay close to free theory. On the other hand the mixed
correlator setup is able to carve out the left side of the bound even at low number of derivatives. Apart
from this, we would like to stress that the most important feature of figure 1(b) is that the peak persists in
the v direction, allowing us to constrain the value of this elusive parameter.
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Figure 1. On the left: allowed region in the plane (Ay,~y) assuming that the first spin-2, parity-even
and neutral traceless symmetric tensor 7" after the conserved stress energy tensor has dimension
Apr > 3.8,4,4.5,4.8,5. As the gap increases the allowed region shrinks to an island. On the right:
bound on Aps as a function of v and Ag. The bounds have been obtained at A = 13.

In figure 1(a) we show the allowed region in the plane (Ag,~) with increasing gaps on
T'. By raising the gap Apv, the allowed region shrinks to a very small island, with a Ay
value centered around the expected value of the O(2) model. By making the conservative
assumption Ap > 4, we are able to create an isolated region, with the parameter - confined
close to the lower extreme of its interval.

The above analysis shows that, in order to isolate the O(2) model, we can impose
a mild gap between the stress tensor operator and the next operator in the same sector.
In order to make this assumption rigorous one could consider the island created by the
mixed correlator bootstrap of scalars as in [10] and then derive a rigorous upper and lower
bound on Agv by moving inside the island. In what follows we then use two assumptions
to isolate the O(2) model, one more conservative and one more realistic: A > 4,4.5. A
refined analysis [35] of the O(2) model involving three external scalar operators, ¢, S and
the unique relevant charge two scalar ¢, has found Az > 4.6, which is consistent with both
our assumptions.

Since in this section we are focusing on the O(2) model, in addition to the gap on 7’
we will also input information from previous bootstrap analysis and use this assumptions
to determine bounds on new quantities.

Let us begin by «v and the OPE coefficient Ayys. We remind that, due to our framework,
the unique relevant neutral scalar S appears in two OPEs, schematically:

JXxJ~1+A5565+...,
PXP~ T+ N39S+ (1.1)
Let us define the ratio of OPE coefficients,

AJJs (1.2)

tan § = 2275
Apds
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Figure 2. Allowed region in the plane (v, 8) assuming the known O(2) constraints shown in table 1

and A, > 4,4.5. The lighter region has been computed at A = 13. The two smaller regions instead
have been computed at A = 19.

O(2) assumptions
Ay = 0.5191

Ag € [1.509,1.514]
Agr >3

Ay € [1.204,1.215]
Ay >3

AF=" >3

O < 0.9066 C'jteee

Table 1. List of assumptions used in our analysis. The bound for Ag is taken from [10]. The
bound for A; and C; are taken from [8]. S’ and t' are respectively the first operators appearing
after S and t. Evidences for the gap on Ag{fo were presented in [32].

We can then inspect what values of v and the angle 6 are consistent with the O(2) model
information we know. Figure 2 shows the allowed region in the (v, 6) plane once we input
the best determination for Ay and Ag from [10] as well as other known O(2) constraints
shown in table 1.5 Notice that in figure 2 and in the following plots we fixed the external
dimension to a precise value. Given the small size of the allowed range for Ay [10, 35],

moving this value would not alter the figure in a noticeable way.

SWe demand positivity for a scan over the allowed intervals for Ag and A;. Instead for Ay we pick a
central value in the allowed island.
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Figure 3. Upper and lower bound on the central charge C'r normalized to the free value assuming
the constraints shown in table 1 and A7/ > 4.5. The bounds have been computed at A = 13.
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Figure 4. Bound on the dimension of the first neutral parity-odd scalar assuming the known O(2)
constraints shown in table 1 and Ap > 4.5. The bounds terminate because « is confined in an
interval, see figure 2.

Using the value determined in [10] for A ;¢ and (1.2) we then conclude (for Aps > 4):

~ = —0.0808(5),
Asss| = 0.645(4) . (1.3)

Similarly, we can extract upper and lower bounds on the central charge Cr. These are
shown in figure 3 and allow us to conclude:

Cr

——— =0.9442(6) . 1.4
C%ree ( ) ( )

Finally, using the same set of assumptions, we can extract upper bounds on low lying
operators. We stress that these are bona fide upper bounds and are not obtained by the
extremal functional method. As an example we show in figure 4 the upper bounds on the
first neutral parity-odd scalar as a function of v for fixed Ag. Again changing the value
of Ay within its allowed range does not affect the results in a noticeable way. Notice that
passing from A = 13 to A = 19 makes the bound stronger by a 5%, suggesting that the
bound is still not converged.

We repeated a similar analysis in other channels and we obtained the bounds summa-
rized in table 2.



¢ P Q|A=13 A=19
0 — 0| 745  7.13
1 — 1] 1014 859
2 — 1| 447 447
1 + 1| 29 295

Table 2. Upper bounds on operators in the O(2) models.

1.2 Conductivity at finite temperature

CF'Ts also play an important role in the description of certain quantum critical points. It
was observed in [36] that transport properties of systems near a quantum critical point
can be expressed in terms of CFT-data. There, the conductivity of a global symmetry
current in a (2+1) CFT non-zero temperature was computed in terms of the OPE J x J
and compared with a quantum Monte Carlo simulation (QMC) of the O(2)-model in the
limit of high frequencies, w > T.

The imaginary frequency conductivity is related to the thermal expectation value of
the current two point function by the expression

o(iw) 1 ,~ ~

o - —W<Ju=2(_w)‘]l’=2(w)>T + (contact terms), (1.5)

where o = e%/h is the conductance quantum unit and ju(w) denotes the Fourier transform
of the current J,(z).”

When using the OPE, the left-hand side receives contributions to all operators that
acquire a thermal expectation value.® The leading term comes from the identity exchange
and corresponds to a constant value, usually called oo, identified with the conductivity
at T' = 0. Next, for each primary operator O entering the J x J OPE, the conductivity
receives a contribution scaling as (T/w)>©. As pointed out in [36], in the O(N) model,
the leading term in the expansion is the unique O(N) singlet relevant scalar, followed by
the stress tensor and then irrelevant operators.

In order to compare our bootstrap prediction with the quantum Monte Carlo simulation
for the O(2) model, we first need to express the conductivity defined in (1.5) in terms of
the CFT-data. After a brief calculation,” summarized in appendix A, we obtain:

o(iw) Cy . Cyhrygs T(As +1)sin (%) r-1 (T>AS 1 701G (T)3
- — 32 = 5 AS w CT Tx .
T Ag T 3
= 0s + b1 () + by () +..., (1.6)
w w

"The conductivity is defined only on Matsubara frequencies w,, = 2wnT, but can be analytically contin-
ued to intermediate values.

80nly primary operators acquire a thermal expectation value.

9See also [37] for a similar expression.



where Ag is the dimension of the relevant singlet in the O(2) model, Y~! measures the
normalized thermal expectation value of S, and Hy, is the thermal one-point function of
the stress tensor xx component, see appendix A for a precise definition. The parameter
Asss is the OPE coefficient determined in (1.3). The central charges C'; and Cr measure
the normalization of the conserved current J,, and the stress tensor 7},,. Our conventions
are such that in the theory of a single complex scalar one has

cye =2, CFee=3. (1.7)

By fitting the quantum Monte Carlo data, [36] obtained the values c@M% = 0.5662(5),
pPMC = 1.43(5), b$MC = —0.4(1), AZMY = 1.526(65). In addition, they independently
determined T = 1.18(13), by fitting different observables, namely the one- and two-point
function of the operator S. Using (1.6) and the bounds on C; obtained in [8], we can test
the consistency of the results:

Bootstrap + QMC conductivity fit: T = 1.257(60) ,
QMC T direct fit: T =1.18(13).

We see that the two determinations of the parameter T are in agreement within their errors.
In particular the one using the bootstrap results for A;;5 and Ag is more accurate.'”

Plugging (1.3) and (1.4) in expression (1.6) we could also extract the value of the stress
tensor thermal one-point function. Unfortunately the fit of the conductivity performed
in [36] is marginally sensitive to the sub-leading terms and the value determined for bs has
a large uncertainty.!'’ Nevertheless, we can estimate:

Bootstrap + QMC conductivity fit: H,, = 0.105(30).

It would be nice to use the analytic bootstrap at finite temperature [39-41] to compute the
values of T and H,, and compare them with the predictions given in this work.

2 Setup

In this section we explain our setup. We first discuss which are the possible operators ex-
changed in the OPEs and we enumerate their associated OPE coefficients. In subsection 2.2
we explain how to write the crossing equations of the mixed J-¢ sector (the two sectors
with only currents or only scalars were already studied in the literature, e.g. [15, 32]). In
subsection 2.3 we sketch which are the relevant conformal blocks and how we computed
them. Finally in subsection 2.4 we summarize the full set of bootstrap equations in the
form of sum rules.

Before entering the details of the setup, let us introduce the embedding space formal-
ism [42], which will be useful to classify conformal invariant tensor structures. The idea

0Notice however that the value extracted for ¢ from the fit of the conductivity is quite off compared
to latest bootstrap and Monte Carlo determinations, which could be caused by systematic errors estimated
of order 5-10% in [38]. The value of AZ™ has instead larger uncertainties.

HNotice also that the next correction would come from the second neutral scalar S/, which has dimension
slightly above 3, and should therefore be treated on equal footing as the stress tensor.



is to uplift each coordinate to a null cone in R namely z € R - P € R*LI such
that P2 = 0. This is very convenient since the conformal group SO(d + 1, 1) acts linearly
on R41L1! thus trivializing the problem of finding conformal invariants —in fact the scalar
product P - P, of two embedding points is conformal invariant. In order to define correla-
tion functions in embedding space we uplift primary operators. We shall focus on primary
operators O(x,z) = 2z, -+ 2, O* " (x) in a traceless and symmetric representation of
SO(d), which are conveniently contracted with null polarization vectors z#. Each operator
O(z, z) with dimension A and spin / is associated to a field O(P, Z), which satisfies the
condition

O(\P,aZ + fP) = \"2a*O(P, Z), (2.1)

where Z € R“11 is an uplifted polarization vector. In the following we often classify con-
formal invariant tensor structures by using the embedding space building blocks introduced
in [42],
(Zi - Z;)(P; - Py) — (Zi - P)(Z; - B)
(Fi - Pj) ’
v, = L BB Py) = (Zi Bo) (B By)
LIk —
V2P P)(Pi - PL) (P - )

. (2.2)

For example the two-point function of a primary operator O with dimension A and
spin £ is defined as follows

HE
(O(Py, 21)O(Py, Zo)) = —22, (2.3)
Pr3
where P;; = —2F; - P;. The central charges of a theory are defined from the two point
functions of canonically normalized currents and stress tensors,
CJ H12 CJ H122
J(P1, Z0)J(Py, Z3)) = —— —— , T(P,Z)T (P, Z)) = — —=. 2.4
<(1ﬂ(22»(mﬂﬂ? <(1ﬂ(22»(mﬂﬂg (2.4)

However we keep these operators to be unit normalized according to (2.3). Therefore in
our conventions J and 7" are rescaled as follows

J = J4m)//Cy, T —T(4r)/\/Cr. (2.5)

2.1 3pt functions

One of the features that makes the scalar-current bootstrap richer and more involved is
the presence of various different OPEs:

J x J, J X ¢, o X ¢, OX . (2.6)

Imposing the equality of operators in J x J and ¢ x ¢ and asking for conservation of the
currents we can enumerate the allowed OPE tensor structures as indicated in table 3. The
operators are written in the form OQp, where ¢ is the SO(3) spin, p is the parity and @ is



JIOF JIOPZ Je0Pst Je0F=" 9e0P"  ¢e0Ps”
/=0 1 1 1 0 1
(=1 0 0
£>0,even 2 1 1 1 1 1
£>1, odd 0 1 1 1 1 0

Table 3. Summary of the number of allowed tensor structures for each three point function
in our setup. The labels ¢, £, @ respectively correspond to spin, parity and U(1) charge of the
exchanged operator.

the charge under the U(1) global symmetry. In the following we may drop some of these
labels for the sake of brevity.

For most of the three-point functions considered in table 3 there exists a unique tensor
structure. We will refer to the associated OPE coefficient as A, i.e.

AJJOp—o4 s AJJoO_ A0y 5 AppOy Asd0, - (2.7)

Conversely there are two distinct OPE coefficients in the three-point functions of two
currents and a parity even operator (’)?fo with even £ # 0 which we will define as

1 2

The explicit basis used to define OPE coefficients will not play an important role for the
understanding of the results. For this reason we decided to keep this definition implicit in
the main text and collect all the conventions in appendix B.

Next we use Ward identities to relate some OPE coefficients to the central charges C;
and Cr of equation (2.4). Using the Ward identities for J, we fix the OPE A5 ; in terms

of Cy. For concreteness, in our normalization this relation takes the form'?

\ B 4r
ddJ — 7@'

From the Ward identities of T' the OPE coeflicients A paT Can be fixed in terms of Cr

and Ag. Similarly the OPE coefficients )\SI}T, A%T are fixed in terms of Cr and an extra

(2.9)

parameter that we call . In our normalization:

\/g CTfrcc

Nosr = 5 Doy 4 (2.10)
Mip = ﬁ(l —12y) e : (2.11)
8 Cr

\/g CTI"GE
N = (5 = 127) == (2.12)

12We always assume that the external scalar has charge Q = 1 under the global U(1).

~10 -



where Cr;, . = 3 is the central charge of a free complex scalar. The coefficient + is further
constrained by the conformal collider bounds [33] to lie in the following interval

1 1
< 2.1
2-7>12 (2.13)

The two extremes correspond to complex free scalar (v = —i) and free fermion theory

) 12
(v=13)-
2.2 Crossing equations

In this section we want to obtain all the crossing equations relevant for our setup. Fortu-
nately a big part of this goal is already solved in previous papers. For the scalar correlators
the situation is the standard one discussed for example in [15]. For the case of four currents
we exactly use the same setup detailed in [32]. What is left to discuss is the case of mixed
correlators of two scalars and two conserved currents. In the rest of the section we focus
on detailing this case.

Tensor structures. We start by considering four point functions of two scalars ¢; and
two (so far non conserved) vectors J;. In order to classify the different tensor structures in
their four point functions it is convenient to write the correlation functions in embedding

space [42],
(JL(Pr, Z1) 1 (P2) Jo(Py, Zs)$a(Py)) = K(P) il Folu,0)QV ({P;, Z3}), (2.14)
(I (Pr, Z1) TPy, Zo) 1 (Py)da(Pa)) = K(P) Eijlgsm QY ({P, Zi}), (2.15)
($1(P1)J1(P2, Z2)Ja(P3, Z3)$2(P1)) = K(P,) i hs(u,0) QW (P, 2} (2.16)

where u = P1oP3y/(P13P24) and v = Pas P14/ (P13 Pa4) are the usual conformal cross ratios.
The function K is a fixed kinematical factor

A=Ay A3—Ay

Dy ) 2 Pia) 2
K(F;) = k(v) <P14) A1 +A, (P13 )A3+A4 ’

(Pr2)” 2 (P34)” 2

The factor x(v) is introduced to get nicer definitions for the crossing equations. The tensor

(2.17)

structures () are the s-th component of the vectors Cj defined below

QW) = {H13, V1,23V3.21, Vi,23V3.41, V1,43V3.21, ViasV3 a1}
QY = {Hip, Vi23Vo14, Vi23Va34, Vi a3Va1a, ViazVaza} (2.18)
QM = {Ha3,V214V3 21, Vo 14V 41, Vo 34V3 21, VasaVa a1 }

where the structures H;; and V; j, are the building blocks of [42] defined in (2.2). So
far the structures Qs are fixed only by scaling. Extra constraints will be imposed in the

following by requiring that the two currents J; are equal and conserved and by imposing
that Aqf)l = A¢2.

- 11 -



Crossing equations. Now that the tensor structures are classified, we are ready to write
the crossing equations. Crossing equations are obtained by demanding the invariance of the
four point functions under the permutations 1 <+ 3 (i.e. of the operators inserted at point
Py and Ps3). This implies relations between different functions fs and relates the functions
gs and hg. The resulting equations can be diagonalized by introducing the following change

of basis,
5 15 1>
s == g Mf ss’ fs’a gs = ﬁ Z(Mg)ss’gs’v hs = ﬁy:l Mh ss’hs’v (2 19)
where My, 1, are 5 x 5 matrices defined as follows
00 0+v2 0 00 0+v2 0 00 0+v2 0
010 0 -1 01-10 0 100 0 -1
My=(1010 0|, M¢gq=|11060 0 1|, Mpy=|1011 0 O
10-1 0 0 100 0 -1 01-10 0
010 0 1 011 0 0 100 0 1
(2.20)

With these definitions the permutation 1 <+ 3 in (2.14) and (2.15) results in the following
set of crossing equations

fs(u,v):fs(v,u), S:1a2a4a57 fg(u,v):—fg(U,U),

5 . (2.21)
Js(u,v) = hs(v,u), s=1,2,3,4, J5(u,v) = —hs(v,u) .

Equality. When the two vectors and the two scalars are equal (i.e. J; = J, ¢; = O) we
can use extra crossing relations (for example a JOJQO is invariant under (1,2) < (3,4))
which constrain the functions f , 0, h

fs(u,0) =0,  gs(u,v) =0,  hs(u,v) =0. (2.22)
However, we are interested in the case of different scalar operators with the same scaling di-
mension Ay, = Ag,. In this case we are not allowed to use the crossing relation above, how-
ever (2.22) still holds. Indeed we could show that for Ay, = Ay, the conformal blocks which
decompose the functions f5, Js, B5 exactly vanish. Thus, the functions must vanish too.

Conservation. Conservation of the two operators J; gives four independent partial dif-
ferential equations (of the first order) for the functions fs (similarly for g5 and ﬁs),

5

S [ 3300 + (M) 350, + (MET) 5] Folw,v) =0, §=1,2,3,4,
s=1

5

S [(MED) 330 + (MED) 3300 + (M) 5 g5 (u,0) = 0, §=1,2,3,4, (223
s=1

5 ~
S [0+ )00+ O] i) =0, 9 =124,

where M, M,, My are 4 x 5 matrices which depend on u,v.
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Two of the four differential equations in (2.23) (for example s’ = 3, 4) involve only the
fifth functions f5 (similarly for g5 and ﬁ5) These two equations are therefore not important
in our setup since, as we argued above, the functions fg,, Js, ﬁ5 must vanish when J; = Js
and Aq$1 = A¢2.13

The remaining two differential equations, s’ = 1, 2, involve non zero functions. For the
case J1¢1J2¢2 one can use them to evolve the crossing equations of fg(u,v) = — fg(v, u)
and f4(u,v) = f4(v,u) from the line u = v to the plane. The crossing equation for f,
is trivially satisfied on the line therefore we do not need to impose extra equations. On
the other hand to ensure crossing symmetry for fg we need to impose the extra condition
f3(u, u) = 0. For the case of JJ ¢¢ the conservation equations can be used to evolve the
equations gs(u,v) = hs(v,u) and gu(u,v) = hy(v,u) from the line u = v to the full plane.
One can in fact explicitly check that the evolution equations for g3(u,v) and ga(u,v) are
exactly equal to the ones of hg(v,u) and hy(v,u). In summary the final set of crossing
equations for two conserved equal currents and two scalars with equal dimensions are

A

fs(u,v) = fs(v,u),  Gs(u,v) = he(v,u), (s=1,2) (2.24)

with the following constraint on the line

A~

f3(u7 U) =0 y QS(U7 U) = h3(u7 U‘) ) §4(U, U) = ?14(11’7 U) . (225)
2.3 Conformal blocks

In the previous section we explained how to write the crossing equations. The basic idea of
the bootstrap is to require the compatibility of the crossing equations with the conformal
block decomposition. In this section we explain which are the relevant conformal blocks
for our setup.

Let us consider a four point functions (O;020304) of operators O; with dimensions
A; and spin ¢;. By taking the OPE O; x O3 and O3 x O4 we obtain the following conformal
block decomposition

(01020304) = K Z Ag?(%o)\gg;@o gg’q) 01020501 (u,v)Qs , (2.26)
D,q

yS
S

where IC is the prefactor defined in (2.17), Qs are the four-point function conformal invariant
tensor structures (E.g. (2.18)) and A®) A\@ are the left and right OPE coefficients. The

conformal blocks gg) ’g) ©1020504 (3, 1) are functions of the cross ratios u and v, built out of

13As a curiosity we would like to report that, when the conformal dimensions of the two scalars is Ay
and the one of the currents is A, we could solve these two differential equations, finding

Ay

f5(u,v) = a1 (1 —2u+ (u—v)® - 21))7T (uv)

A A
¢ J
= T3

?
¢ A _A&7
J5(u,v) = ¢z WAty TS (1 —2u+ (u—v)? — 211) 2

- o A _Ay
hs(u,v) = cs3 T A RILNAS (1—2u+(u—v)2—2v) 2

where c¢; are constants of integration. Compatibility with the conformal blocks decomposition requires
Cc; = 0.
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the insertions of the four operators. They depend on the representation of the exchanged
operator O which is labelled by A, £ and +. The dependence on the external operators O;
is twofold. Firstly, they depend on their conformal dimension A;, through the combinations
A9 and Asg, where A;; = A; — A;. Most importantly they depend on the spins ¢; of O;
which are responsible for the presence of different tensor structures both for the OPE and
for the four point function. This affects the possible values of the conformal block labels
p, q and s.

There are different strategies to compute conformal blocks. In this paper we mostly
used a recurrence relation [15, 43] which builds the blocks as a power series in the radial
coordinates r = |p|,n = (p+ p)/(2|p|) of [44], where

z z
S S . — 2.27
P vIo2)p P A+ vioa)e (2:27)
and v = zZ and v = (1 — 2)(1 — 2z). The recurrence relation is defined by studying the
analytic structure of the conformal blocks as functions of A. It takes the form

0102050 ,q) ©O1020350 RA ,q) ©O102030
h(Apéqs) 10203 4( ):hgz)s 10203 4 +Z nA X PZ;I:I h(Apsz; 203 4(T’n)’

(2.28)
where h(Apfg (r,m) = (4r)~ Aggpeqs) (r,n). There are a few ingredients that enter this formula:
he, R4 and the labels A%, A4,¢4,n4. The latter are known from representation theory
for any conformal block in generic dimensions, while ho,, R4 can be computed by some
standard computations [43, 45, 46]. Moreover, recently the paper [47] appeared with a
closed form solution for hs and R4 for any conformal block in d = 3. This will be a very
useful tool to implement the conformal bootstrap in more complicated situations involving
mixed correlators with spinning operators.

For our setup we need to compute five different kinds of conformal blocks

¢¢¢¢>(

J JJ
94 J9 ¢JJ¢

JJ ,q) JJJJ
U, ’U) ) g(Q s (ua U) I g@ s (Ua ’U) ) gg’)s ¢¢(U, U) ’ g(p q) (u7 ’U) ) (229)

O,s
where ¢ here stands for any scalar operator of dimension Ag. In the following we discuss
how we computed these conformal blocks and some of their features.

oppp: The scalar block is a single function of the cross ratios which we computed, as
customary, by means of the recurrence relation (2.28).

JpJ¢p: The mixed blocks g <Nd)(u,v) were computed in [45] using the recurrence rela-
tion (2.28). We used the ancillary file that was included in the publication. Notice
that in [45] the blocks are defined for generic spacetime dimension d and also
for generic non conserved vectors Ji, Jo and different scalars ¢1, 2. The package

@ q) J¢J¢( v) for s = 1,...5 and for O belonging both to traceless

generates ¢
symmetric representatlon of spin ¢ (in this case p,¢ = 1,2) and to the mixed
symmetric representation (¢,1) of SO(d) (in this case p,q = 1). For our setup
we need to consider ¢1 = ¢ and J; = Jy conserved in dimension d = 3 —their

normalization is discussed in appendix C.2. This implies that we do not need to
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compute the 5 structures labelled by s but only the three combinations useful to
decompose (2.24) and (2.25) (one of these combinations is computed only in the
u = v line). Finally, we stress that the (¢, 1) representation of SO(d) is identified
as a parity odd spin ¢ representation of SO(3).

¢JJp: The blocks g?;JSJ ¢(u,v) have the same exact features as gé‘i‘] d’(u,v). Indeed they
can be computed from the latter by using permutation of the operators 1 <> 2 as
explained in appendix C.3. In particular one can compute the blocks g%{s‘] qb(u, v) at
some order in the r expansion by knowing the blocks g(‘]fs‘] d)(u, v) at the same order
(provided that the complete dependence in the variable 7 is known at that order).
However we decided to compute these blocks by using the differential operators
of [48] to test if this algorithm was as effective as the recurrence relation. In our

implementations, the recurrence relation was faster.

JJp¢p: We computed g%{s‘]qs(u, v) using the recurrence relation (2.28) as we detail in ap-
pendix C.1. Our program works in arbitrary dimensions and for generic vector and
scalar operators. For a generic setup p and s take values from 1 to 5. In our case,
due to conservation, p only runs over 1 and 2 and we only require s = 1,2,3,4
(two on the u, v plane plus two at the u = v line) which are enough to expand the
crossing equations (2.24) and (2.25).

JJJJ: The gg’g) JJJ‘](u, v) blocks were computed in [32] using a recurrence relation valid
for generic vectors in d = 3. Of the 41 values of s, only 11 combinations are useful
to expand the crossing equation for conserved equal currents (5 on the full u,v
plane, 5 on the v = v line and 1 at the point u = v = 1/4). Moreover, for the
conserved blocks, the values of p,q again run only from 1 to 2. In this work we
re-used the blocks generated for the paper [32].

Generating the five ingredients is not trivial. The JJJJ blocks are the hardest task which
was already done. However, computing the blocks ¢JJ¢ and JopJ¢ is also very expensive
because they both depend on the value of A,. We decided to generate these functions at
low derivative order with an explicit dependence on A4. This enabled us to perform some
exploratory scans in the dimension of ¢. We then computed them at higher derivatives for
some fixed values of Ay compatible with the O(2) model. Finally, the computation of the
JJ oo and ¢ppopp blocks is reasonably fast.

2.4 Sum rules

The bootstrap equations are obtained by combining the crossing equations of subsection 2.2
with the conformal block decomposition of subsection 2.3. They take the form of sum rules
for some functions FI= which are defined in terms of combinations of conformal blocks,

_Dot+Ag
2

FHI010:0:01 — n(v)g81020304 (u,v) £ (u > v), k(v) =wv (2.30)

In what follows we write down the sum rules for all the considered correlators. The goal is
to reach a single vectorial bootstrap equation that can be analyzed by means of semidefinite

programming.
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The scalar sector. Let us start by reviewing how the scalar bootstrap equations arise.
By equating the OPE channels (12)(34) = (13)(24) of the correlation function (¢pge), we
get the following equation

> D g0l Fs 7 (w,w) = 0. (2.31)

Q=0
OAZ+

The same strategy applied to (¢¢p¢) generates two equations

+ppdd +opdd
S PusolPES (w0) T 37 esolPFS 9% (u,0) = 0, (2.32)
09=0 09=2
AL+ AL+

parametrized by the label +.

The mixed sector. As we explain in subsection 2.2, the crossing equations for the mixed
correlators take a simpler form in the hatted basis (2.19). It is therefore convenient to define
new functions F# which are rotated accordingly,

FEYO7 (w,0) = m(0) ™ 28y (M7 ) g% u,v) £ (u 5 v),

N f
FPE99 (0, 0) = (o) S0y (M) e g9 (u, 0) £ (u 65 0), (2.33)

s'= g

FEI2(,0) = wl0) 7 S (M e gl P, v) £ (u 6 0),

In this notation it is easy to write the bootstrap equations. From (J¢J (E) we get two
equations on the plane and one on a line

S colsoPES vy =0, s=1,2, (2.34)

Q=1
OAZ:E

1JpJ
S volhsolPFS Y (wu) =0, s=3. (2.35)
097!
AL+

Here o is a sign which depends on the normalization of the three point functions.' In our

1 ifO=¢
g = { (_1)f+p+1 lf O ;é q; 5 (236)

where p = 0,1 and ¢ are respectively the parity and the spin of the exchanged operator O.

case

From (¢J.J¢) we get four equations on a plane (labelled by s = 1,2 and [#]) and two
on the line (s = 3,4),

Z Z/\JJO)‘¢¢OFO?9&]JJ¢¢(U v)F Z Uo|)\J¢o! [i ¢JJ¢(u,v):0, s=1,2, (2.37)
OQ 0g=1 OQ 1
AL+ AL+
Z Z Jo)‘qsqsoF(Q)[HJJW( u)— Z Uo!/\mo\QF([gﬂw‘w(u,u):0, s=3,4. (2.38)

Q=0 1 Q=1
OAu-q OXex

14This is due to the fact that we need rewrite the OPE coefficients in a positive combination,

o _ o 12
/\¢J¢7A¢J$ - )‘J¢¢>)‘¢>J¢ - ‘/\J¢>¢| ’

Aos0ros5 = Asoross = (=) TP Aol (1>0).
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The current sector. Finally we review the sum rules for (JJ.J.J) as obtained in [32]. In
that case conservation and equality of the currents produced a set of 5 crossing equations
valid on the plane, 5 on a line and a single one at a point. In terms of opportune functions
FIHE 15 the equations are casted into the following sum rules

2 2
SN A AN, FSPVT I vy 1 3 N gso PRSI (u0) =0, s=13,15,16,17

p=le=loZyd 03’
2
a1, F1JJIT
ZZ > )‘JJO+ JJO+F<[9+](fq) v)+ Y Ao |2FO o () =0, s=T7
=m0z o0
7323 117
ZZ > >‘JJO+ Jfo+ ([ot](fq) (uw)+ > [Asso_| FH (u,u)=0, s=1,2,4,5,6
p=1q= 1OQ 0 Ogéo
Hpagsar (11 o +gus (11 7
ZZ > )‘JJO+ JJ0+F0+,M (4 4)+ Z Asso_[°Fo <4 7)=0, s=3
p=te= 10251 AZ—

In the equations above we explicitly show the parity of the exchanged operator since the
number of OPE coefficients depends on this quantum number.

The bootstrap equation. Since AE]’)}O+ASQ}O+ and /\SP}OAM;O are not ensured to be
positive quantities, it is necessary to rearrange the equations into a single expression that
can be studied using the standard semidefinite programming techniques,

T T

oo Asd0. Asg0, Agﬁf‘;m A(l)(%
A Vﬁo N 0 Vk(y+ 0 + Y Ajjo. VA54+ Arjo.
2 2
o \ Ao, )‘JJO+ 00 even + /\(J}m )‘EI}O+
+ 3 Dol DD Puio PVR2+ Y usolPVe+ Y el Ve
OZQodOd + OZQ¢107 OFQ> 1l+ Oz% 11—
+ 3 DoV A2V =0. (2.39)
Il I NI Y AWO+
Q=2
£ even,+

where A; = (1,1). Here we have separated the case of (9?:0? . from the other £ > 0, since in
former case there is no OPE coefficient Afjg}o. In appendix D we write explicitly all the vec-
tors VAQ 04 where A is the conformal dimension, £ is the spin, =+ is the parity and @Q = 0,1, 2
is the charge of the exchanged operator. By construction all the vectors V are 23 dimen-
sional. The 23 components of the vector VA(% Zg are 3x3 matrices for £ > 0, and 2x2 matrices
for £ = 0. The components of all the other vectors V do not have any matrix structure.
In the next sections we use the following convention to denote the gaps of the exchanged

operators

Ag 4 = Gap for operators with spin ¢, parity £ and charge Q. (2.40)

1>The exact meaning of the functions F™! is defined in [32], where it is used the notation F* — H and
FE S P
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Figure 5. Bound on the dimension of the first neutral parity-even scalar operator as a function of
Ag. For Ay < 1.5 the bound is driven by the scalar bound. The plateau for larger values of Ay
corresponds to the bound from the current bootstrap. The bound displays a kink corresponding to
the O(2) model. The bounds have been obtained at A = 13.

In this notation the bootstrap equations (2.39) depend on the following five infinite families
of gaps,

=0 =0 =1 =1 =2
AP, AP0, AP APT AP (2.41)

For brevity we sometimes refer to the gap of important operators by their name, e.g.

Ag = A?:&_, Ay = A?:O?Jr, A = A?:Q?Jr, and so on. We assume that the CFT is

unitarity, namely that all gaps in (2.39) are consistent with the unitarity bounds,

Agiovi>§_1, AL >l+d-2. (2.42)
If we increase enough some of the gaps AE 4, we may find that the equations (2.39) cannot
be satisfied. In this case we say that the corresponding CF'T is excluded. We can thus think
of Ay and the gaps (2.41) as the knobs which can turn to generate bounds. Equation (2.39)
can also be used to compute upper bounds on OPE coefficients. In the following we show
some interesting bounds obtained in this setup. All semi-definite problems have been solved

using SDPB [9] with parameters as in [32].

3 Results

3.1 Bounds on operator dimensions

Scalar operators. We begin by studying the bound on the first parity-even scalar, neu-
tral under the global U(1) symmetry. We denote its dimension by Ag. As shown in figure 5
the bound coincides with the constraint one would get by bootstrapping only the scalar
correlator (¢ppp¢), until it reaches the maximal value allowed by the current bound [32]. At
that point the bound becomes flat and independent on the external dimension. Although
no new interesting features appears, this bound represents a validation of our methods and
shows how the different crossing relations interplay.
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mixed, A = 13

7 =-==-- single, A = 27

Figure 6. Bound on the dimension of the first charge-2 parity-even scalar operator as a function
of A,. The bound displays a kink in corresponding to the O(2) model. The continuous line was
obtained using the mixed system of bootstrap equations at A = 13; the blue dashed line only uses
the scalar correlator at A = 27. The grey dotted line is the generalized free theory line. The red
(black) dots correspond to the dimension of the monopoles with charge ¢ = 1/2 and ¢ = 1 in bosonic
(fermionic) QED; computed in large-N expansion [49, 50]. Here we show respectively N = 10,12
and N = 4,6.

Next we consider a bound on the dimension of the first parity-even charge-2 scalar t.
We denote its dimension by A;. This operator only appears in the ¢ x ¢ OPE, thus it
is natural to expect that the bound is completely driven by the scalar crossing equations
only. We show this plot in figure 6, together with the same bound obtained using only
scalar correlators at higher A.1® The bound only shows a kink in corresponding to the O(2)
model, nevertheless it allows to make contact with another set of CFTs that must obey
our exclusion plots.

The infrared fixed point of fermionic and bosonic QED; contains a topological global
U(1) symmetry: we can then interpret ¢ as a scalar monopole operator with topological
charge ¢ = 1/2 under this symmetry and identify J, with the associated current; then
the bound on Ay is interpreted as the bound on the smaller monopole with charge ¢ = 1.
Interestingly the dimension of these operators have been computed in a large N expan-
sion [49], where N is the number of copies of fermions or bosons in the gauge theory. The
predictions are shown in figure 6: although they do not saturate the bound, they seem to
get close for small values of N (where however the large-N expansion is not accurate).

The only other sector containing scalars in the mixed system of J and ¢ is the neutral
parity-odd one. We do not show its bound here, since it coincides exactly with the one
obtained in [32], except that it has a termination point dictated by the maximal value of
Ag allowed as a function of Ag.

Operators with spin. We now move to bounds on operators with spin. We have already
pointed out in section 2 the advantages of bounding the dimension of le —the first neutral
parity-even spin-2 operator after the stress tensor— to pinpoint the O(2) model. Let us
now review this statement by exploring the bound on A7 on a broader range of parameters.
In figure 7 we show its upper bound as a function of the external dimension Ay and the
parameter v € [—1/12,1/12] defined in (2.12).

18Given the numerical complexity of our setup we could not push the mixed correlator analysis to the
same value of A.
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Figure 7. Bound on the dimension of the first neutral parity-even spin-2 operator after the stress
tensor as a function of Ag. Different curves corresponds to different values of the parameter ~
defined in (2.12). The dashed curves correspond to the function min(4,2A4 +2). The bounds have
been obtained at A = 13.

We observe two interesting features at the extremes of the ~ interval. Close to the
v ~ —1/12 the upper bound on Az, develops a sharp peak corresponding to a somewhat
large gap in the spin-2 sector.!” We interpret this gap as the signal of the existence of a
local CFT. Non-local theories or fake solutions of the crossing equations do not require a
conserved spin-2 primary. As a result for those theories the bound on Ag is actually a
bound on the first spin-2 operator. In section 1 we exploited this peak to create an island
in the (Ay,v) plane and provide the first precise determination of ~ for the O(2) model.'®

In the proximity of the other extreme the bounds shows instead a clear kink around
Ay ~ 0.91. Although it would be nice to interpret this feature as an existing CFT, we
are not aware of obvious candidates. The value 7 ~ 1/12 suggests that the putative
CFT should admit a description in terms of fermions: in that case the scalar ¢ could
be a fermion bilinear with a large anomalous dimension. Another possibility is that ¢
is a monopole operator of a QEDj-like theory.!? Unfortunately the parameter « for the
topological current has never been computed. We leave the investigation of this kink for
future studies. It is also plausible that this is a reminiscence of the trivial solution in
which ¢ is a generalised free field and J is a decoupled conserved current. In this case one
has A7 = min(4,2A4 + 2). This solution is shown by a black dashed curve in figure 7.
We observe indeed that for values of v outside the conformal collider interval the bounds
approaches this solution.

We also notice that all the curves in figure 7 eventually reach a plateau. We checked
that at this point the Ag-independent constraints from (J.JJ.J) take over.

17 An alternative way to achieve a sharp peak in the bounds, is to impose a gap on J’, the next spin-
1 neutral operator after the conserved current J. Indeed the peak appears even in the single correlator
setup [25]. Unfortunately our setup is not very sensitive to this gap, since J’ only appears in the OPE of
¢ X ¢ in the scalar correlator. The resulting bounds are thus similar to the single correlator ones. For this
reason the gap on J’ will not play a major role in this work.

80One can show the peak persist once additional information about the O(2) model is injected, such as
the presence of a single relevant neutral scalar.

19For instance large- N computation and bootstrap studies suggest that the smallest monopole in fermionic
QED; with 4 flavours has dimension Ajs ~ 1.034. Bosonic QED, is instead believed not to have a fixed
point at small N. In principle U(1) Chern-Simons theories with non vanishing x must also obey our bounds.
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Figure 8. On the left: bound on the dimension of the first charge-1 parity-even spin-1 operator as
a function of Ay. Assuming a gap of 4 in the charge-1 parity-even spin-2 sector removes the fake
primary effect. On the right: same bound with and without the assumption of no relevant neutral
vectors besides J. The bounds have been obtained at A = 13.

So far we have considered bounds on operators that were accessible both using the
scalar correlator alone or the four current correlator alone. Let us now move to operators
in the @@ = 1 sector, i.e. appearing in the OPE Jx ¢. We recall that, due to conservation, the
only scalar allowed in the OPE is ¢ itself. Moving to spin-1 operators, we find parity-even
and parity-odd charge-1 vectors.

In figure 8(a) we plot the bound on the dimension of the first parity-even vector charged
under the global U(1). With no additional assumption the bound displays the characteristic
fake-primary effect discussed in [51] due to a contamination from charge-1 spin-2 operators
at threshold. By imposing a gap in the latter sector, the fake-primary effect is removed.
In addition to the jump, the bound also displays a kink approximatively in correspondence
with the O(2) model. However we observed that, injecting additional information, the
height of the kink changes substantially.?’ For instance, by imposing the existence of a
single relevant spin-1 neutral current, the bound drops as shown in figure 8(b). We checked
that imposing extra assumptions does not substantially improve the bound further.?!

We conclude the section by presenting in figure 9(a) and figure 9(b) bounds on the first
parity-odd charge-1 vector and tensor. Also in this case we must remove the fake primary
effect by imposing a finite gap in the spin-2 and spin-3 charge-1 parity-odd sector. In the
former case, however, the bound turns out to be heavily dependent on the gap. With a gap
smaller that 4.1 the bound seems to diverge when approaching the O(2) model, however
increasing the gap to 4.5, changes drastically the shape of the bound. We should point out
that further investigations show that a gap in the spin-2 charged parity-odd sector of 4.5
is inconsistent with additional assumptions about the O(2) model.

Notice also that the bound in figure 9(a) stops existing as Ay approaches 0.96. A
similar phenomenon was observed in [52]. Also in our case, the point where the bound
stops existing shifts as we increase A. We believe this is a numerical artifact which could
be cured by imposing ad hoc gaps in the spectrum.

20Tt could be that the kink observed without further assumptions corresponds to another CFT.
21Gee also the upper bound presented in table 2 found under additional constraints.
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Figure 9. On the left: bound on the dimension of the first charge-1 parity-odd spin-1 operator as a
function of A,. The dashed red line corresponds to the value of Ay of the O(2) model. The two lines
corresponds to different gaps in the charge-1 spin-2 parity-odd sector to remove the fake primary
effect. On the right: bound on the dimension of the first charge-1 spin-2 parity-even operator as
a function of Ay. When the bound reaches 5 it jumps to a much higher value. The bounds have
been obtained at A = 13.

3.2 Bounds on central charges

Among the OPE coefficients appearing in the conformal block decomposition of our cor-
relation functions, the one associated to the exchange of the stress tensor plays a special
role. It is indeed related to the central charge Cr by conformal Ward identities. As shown
in (2.12), the precise relation involves the parameter v, which due to the collider bounds is
constrained in the interval [—1/12,1/12]. Using the bootstrap, we can then place a lower
bound on the central charge as a function of the external dimension Ay and the parameter
~. Lower bounds on the central charge for theories with O(2) symmetry have also been com-
puted using the scalar correlator [15] or the current correlator only [32]. In the former case
the bound decreases with A, and is always weaker than the free theory value Clree with
a change of slope in proximity of the O(2) model.?? In the latter case the bound remains
below the free theory value for the allowed range of v and rapidly increases outside.??

In figure 10 we show the results of our analysis. For values of Ay close to unitarity, the
bound displays a minimum in correspondence with the free scalar theory values of v and
Cr (the red dot in the picture). Increasing Ay to 0.5192 the bound gets slightly weaker
to accommodate a smaller central charge, as expected in the O(2) model (dashed line in
figure 10(b)). Interestingly one can already observe that Cr < C&° requires a negative ~.
Increasing further the value of Ay makes the bound relax to the bounds obtained using
currents alone, figure 10(d).

We conclude this section by studying the constraints imposed on the central charge
Cj. Due to Ward identities, this quantity is related to the inverse of the OPE coefficient
Ay according to (2.9). Notice that the latter OPE coefficient appears both in the scalar

*2The discontinuity appeared to be slightly off in Ag.
23 Assuming a mild gap after the stress tensor make the collider bounds more manifest and the bounds
rapidly grows for |y| > 1/12.
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Figure 10. Lower bound on the central charge Cr/Craee as a function of v for A, = 0.505,
0.5192,0.605,1.05. The shaded region is allowed. The bounds have been obtained at A = 13.

correlator and in the mixed channel, schematically:

dX P4+ Aygs+..,
IX G~ Nggsh+.... (3.1)

There is however an important difference between the above expressions: in the first line
the block associated to the exchange of a conserved current is continuously connected to
non conserved spin-1 blocks; on the contrary, in the mixed channel, the block associated to
the exchange of ¢ itself plays a special role and is, in fact, isolated. In practice this means
that this block cannot be mimicked by an operator arbitrarily close in dimension and one
can hope to place also an upper bound on C; under suitable assumptions. We will come
back to this shortly.

Let us begin by exploring lower bounds on C'y. This is shown in figure 11 as a function
of Ag. By comparison we also show the bound obtained using the scalar correlator with
higher numerical power. The shape is substantially similar and the only distinguishable
feature is in correspondence with the O(2) model, as already observed in [53].24

24The fact that the bound decreases for large external dimensions is expected: if one interpret J as a topo-
logical U(1) current in QED; and ¢ as a monopole operator then one has the asymptotic behavior [49, 54]:

1 Cy 3.2423 0.1423 1
Ay ~ 0.265N; — 0. — ~ 1-— —
¢ =~ 0.265N¢ 00383+O(Nf> , Cffee N; ( N, +O<N?>) ,

where Ny is the number of fermions in the UV theory. Unfortunately our bound is still far from these values.
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Figure 11. Lower bound on C; as a function of Ag. The solid line is computed at A = 13 using
the mixed system of J-¢ correlators, while the dashed line is computed at A = 27 using only the
scalar correlator. Both lines show a feature corresponding to the O(2) model.
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Figure 12. Upper bound on C; normalized to the central charge of a free complex boson as a
function of Ay at fixed values of the parameter v assuming Cp < 0.95C’¥ee. The bounds have been
obtained at A = 13.

As mentioned earlier, in a pure scalar bootstrap setup, extracting bounds on C'y would
require to isolate the current conformal block by assuming a gap on the next spin-1 operator.
In the present framework, however, the isolated nature of the ¢-conformal block in the
mixed channel can be exploited to compute such a bound. Notice that a finite value of C;
implies that the scalar is indeed charged under the external current .J. Despite the fact
that we would like to focus on those cases, it is perfectly legitimate to have a correlation
function of a conserved current associated to a U(1) under which the complex scalar ¢ is
neutral.?> Thus, we do not expect an upper bound to exist without further assumptions.

In our investigations we found that assuming a small value of the central charge Cr
forces a finite value of C;. This is shown in figure 12, where we computed an upper bound
on C; as a function of Ay for several values of v. This is the first numerical evidence
that the existence of a local stress tensor, together with a set of selection rules, implies the
presence of conserved current in the scalar OPE.

We could go one step further and ask for what values of the central charge such a
bound exists. This question can also be recast as a lower bound on C7, assuming C; — c0.

25The simplest case is a tensor product of a generalized free vector field and a generalized free scalar
theory. Alternatively one can consider for instance the O(4)-vector model identify ¢ = ¢1 + i¢2 and J as
the generator of rotations in the 3—4 direction.
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Figure 13. Lower bound on the central charge normalized to the central charge of a free complex
boson as a function of the parameter «y at fixed values of A, assuming that the scalar ¢ is neutral
under the symmetry generated by the current J. The bounds have been obtained at A = 13.

Figure 13 answer precisely this question. We observe that if the central charge is below
the bound for given v and Ay, the scalar must be charged under the external current J.
Intuitively this result can be restated as: in order to have an extended symmetry, one needs
enough degrees of freedom. While this statement is obvious in free theories, it interesting
to show that it can be extended to interacting CFTs, although at present the bound on C;
only exists for small Cr and A, close to the unitarity bound.?¢

4 Conclusions

In this work we studied the impact of considering correlation functions involving a spin-1
conserved current and a scalar operator charged under the associated global U(1). Using
numerical bootstrap techniques we have explored the space of constraints. We found that
only the O(2) model seems to stand out, appearing as kinks in several operators bounds
and as a sharp peak in the bound on the first spin-2 operator after the stress tensor. By
using these features we manage to constrain several observables that are not accessible
by the scalar bootstrap, such as dimensions of certain operators and three-point functions
coefficients involving two currents and a third operator. In particular, we determined with
some accuracy the OPE coefficient A ;jg, where S is the unique relevant neutral deformation
in the O(2) model. This parameter controls the leading correction to the conductivity o in
the O(2) model at finite temperature and high frequencies. We expressed the dependence
of o in terms of the CFT data and compared it to the QMC simulations of [36] to extract
the expectation value of the operator S at finite temperature. Our determination agrees
with the direct QMC determination and is more accurate.

We also accurately determined two more quantities, v and the central charge Cr,
appearing in the next-to-leading correction of . Their knowledge allowed to extract the
thermal expectation value of the stress tensor from the fit of the conductivity. In order
to improve the sensitivity to sub-leading corrections, the precision of the QMC simulation
should be increased, with particular attention to systematic errors.

*6Indeed for larger values Ay, the bounds of figure 13 are on top of the bounds with no assumptions on
C'y shown in figure 10.
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Recently a QMC study of the Gross-Neveu model was performed in [55], together with
a fit of the conductivity. It would be interesting to repeat our bootstrap analysis and
extract the relevant CFT-data to compare with those results.?” In order to focus on the
Gross-Neveu model one should presumably consider external fermions.

Part of the motivation of this work was to establish whether it is worthwhile to include
conserved currents in the bootstrap. For certain questions we observed that the presence of
the spin-1 current was not determinant. On the other hand, when scanning over parameters
such as v and 0, we observed interesting interplay of the crossing equations. To make a
conclusive statement one should consider an even more complicated system and include the
neutral scalar S as an external operator. That analysis, in conjunction with new algorithms
to cheaply scan over the OPE parameter space [35] could represent the correct approach
to deal with CFTs with global symmetries.
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A Conductivity in terms of CFT data

We begin by defining the two point function of the U(1) current:

(J(@1)J (22)) = (J (21, 21)J (22, 22)) = «fﬂ?)?% ISP CIES T;)IET;Q - 22)

In the above expression all polarizations z; and ccordinates are three dimensional and,

(A1)

as usual ziy = (z1 — x2)*. With this normalization the current J# satisfies the global
symmetry Ward identity and in the case of a free scalar field C’ffee =2.

We are interested in the leading terms in the OPE expansion of J¥* x JY, with a
particular interest in the contribution of the smallest dimension scalar operator, let us call
it .S, which is normalized according to

(S@)S(O) = 55 (A.2)

This can be obtained by matching with the leading term in the z; — x5 expansion of the
three-point function [32]:

CivVA 5 (Ag — 2)His + AsVi23Vo s

J(x1)J(x2)S(x3)) = 7
(J(21)J(22)S(x3)) (@2 "7z o[ B[] As s A

(A.3)

2"We thank William Witczak-Krempa for bringing this work to our attention.
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where as usual we are working in three dimensions. The prefactor C;v/A/(47)? has been
added so that the three-point function coefficient b\ 75 is defined for unit-normalized cur-
rent and scalar. The three point function coefficient is related to the one used in the main
text and appendix B simply by

Asss = —AsAiss. (A.4)

The structures H and V —which correspond to the physical space projection of the H and
V of (2.2)— are written as follows,

($12 : Zl)(l‘IQ : 22)

H1222’1‘22—2

|212]2 ’
V1723 _ (:C12 : Zl)|l‘13| B (-T13 : Zl)‘x12‘ (A5)
|z12]|723] |z13]|723]
A~ o (:CZ?) : 22)|l‘12| (-TIQ : Z2)‘£23‘
Vo31 =
223|713 |z12]|713]

By matching with the OPE expansion we get:

. b\
[Huu“sx

J(z1)x J(22) ~ PN

Cy
(4m)?

(A.6)
y ((AS—2)(21.22)—(AS—4)

(9612-»‘2;)125‘6212'22)) S\(/?i) +} .

Next, let us consider the contribution to the OPE of the stress tensor 7),,. Follow-
ing [32], we can write this term as
C; 3 (4n)?

J(x1) X J(22) ~ (4m)2 321 Cr

(tl(I12721,Z2)aﬁ + 12’Yt2($12,21,22)a5> Tap(x2), (A7)

where

tl(xlg,zl,@)“/ﬁl(x) =2} z”PO‘B (62, (51,)33’8 + 250‘(55 + 32,3, ﬁc’B — 55W§:0‘3§“f8)

1/ (A.S)
to(x12, 21, 20)* P (x) = 2424 P aﬁ (22, 0087 — 26067 — 38,,2,2%%” — 36,,8°27),
and we explicitly introduced the projector on traceless symmetric indices
1! 1 / / / ’ 2 1!
P =5 (53 0 +05 0% — Snapn® 5) : (A.9)

In order to compute the conductivity we need to take the Fourier transform at point o
of the expressions (A.6) and (A.7). Using standard formulas, see for instance appendix B
of [56], we obtain:

/d3$1d3x26ip1'xleip2'm2J(xl,zl) X J(xa, z9) ~

B 30, . A I'(Ag + 1)sin ($> S(ps)
(BT [ 1o ™G g3 B 7S 2 P2
(2'1 /w(pl)ZQ) ( |p1] 4 (p1 + p2) dr|pr[As—1 2_ Ag JA +
C; 1 /- - -
+ L= (tl(pl, 21, 22)ap + 129t2(p1, 21, Zz)aﬁ) T (p1+p2) + ..., (A.10)
Cr |p|
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where

zl (p1, 21, ZZ)aﬂ = 3Zle2/ (naunﬁu + NapNpy — NapMuv + Pubrlas — PP Nap
_ﬁaﬁunﬁu - ﬁﬁﬁu”au - ﬁaﬁ/ﬂ?ﬁu + ﬁaﬁﬁn;w + ﬁaﬁﬁﬁuﬁu) ) (A~11)
B(p, 21, 2)ap = (4T (0)) (Mg — 3pabs)

with fu,,(p) = (M — Pubv) and P, = pu/|p|. By choosing the polarizations along the 2nd
direction z; = (0,1,0), the momenta

1 =w, p2=—-w+Dp, w:(97070)7 (A12)
and taking the expectation value of the previous expression at finite temperature, we obtain:

(Ja(—w)Ja (w+p))r ~ (273)5% ()| €2
X (_ Cy Ciryss ['(As+1)sin (%

SN—
3
=
N~

Ag 2 3
C ) _720WQHM<T> ne
32 4r 2—Ag Q)] Cr Q2 Q]

(A.13)

where we defined

(S(0))r = BT?5, T = g ; (T22(0))r = (T33(0))r = _%<T11(0)>T = H,,T?.

(A.14)
Finally, given the relation [36],
o(iw) 3.3 1
?(%) 6*(p) = —W<J2(—W)J2(w +p))r, (A.15)
we obtain equation (1.6) shown in the main text.
B Three point functions
B.1 Scalar-scalar OPE
We start by normalizing the OPE of two scalars O7 x Oy such that
(=z-2)f
O(z,2)01(0) ~ Ai20 = FeTNTEY] 02(0), (B.1)
T 2

where 2, is a null polarization vector. The operator O is a parity even operator of spin
¢ and A is the OPE coefficient. The symbol ~ means that we consider only one primary
operator exchange, in this case Os. We are therefore omitting the contribution of all the
other primaries and all the descendants in the OPE of O x O;. We use this normalization
for both the cases O1 = Oy = ¢ and O; = ¢, Oy = ¢. Notice however that for ¢ x ¢, the
equality of the operators forces £ to be even.
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B.2 Current-scalar OPE

We normalize the scalar current OPE J x ¢ as

O (,2)J (0, 21) ~ }<¢( 60, prgwm,zl),
(B.2)
1 6(0)

OZ,_(‘T,Z)J(O,Zl) ~ ﬁ W)\Jd)(gf t_($72721),

where Oy 1 is a parity even/odd operator of spin ¢ and charge one, and A are OPE co-

A+A j—Ag+l+1
—— .

efficients and o = The coefficients a, and b, are defined to match the

conventions of [45],
(=2)1(d/2)e—1

ar
= bp=————. B.3
U=ETRA -1, T Z2(d+0—3) (B-3)
The leading OPE tensor structures are defined as follows
tgkl)(xa Z, Zl) = (.Z' ’ z)é(x : 21) 3
(@, 2,21) = (- 2) 12 (z - 2), (B.4)
t_(2,2,21) = |z|(z - 2) Le(x, 21, 2) .

)

in terms of the vector w = {2(av— 1), —2ac+d + ¢} /¢, determined by imposing conservation

When ¢ = 0 only ti) survives. In (B.2) a single combination of t(p is used. This is written

of J. Finally we set d = 3 in all formulae above.

B.3 Current-current OPE

The normalization of the current-current OPE is as follows

oi(g;,z)Jl(o,m)AJMZ @ D (g 22 2), (B.5)

2 €120+
(a2)o= &

= % In (B.5) ¢ runs from one to five for parity even

where a, = %4—04, =
operators. The correspondent OPE structures take the form

t[JJ} (1)(17, Z, 217 ZQ) = (CE . 2)6(2’1 . 22)372 y

t[‘”]( )(56,2,21722) = (v 2)6(95 ) (@ 22),

t[‘”]( )(x, z21,22) = (-2)7 (2 21) (2 - 22)2?, (B.6)
t[‘m( )(:E, z,21,%2) = (v - 2)4—1(z - 22)( - Zl)mQ’

t[‘m( )(x, z,21,2) = (2 2) 72z 21)(2 - 22)2?

By imposing equality and conservation of the currents J; we find only two linearly inde-
pendent structures

5
S (mi)gp 5 P, 2, 2,2), (5=1,2), (B.7)
p=1
where
C{(@=A)+A) (A-DE+A) 26A-2) 0 —L(A-2) b
[ N N 0 I+ A—2A—L —A+1 (B.8)
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For parity odd operators there are four possible tensor structures

tLJ_J] 1) _ e(x, z1,29)(x - z)ﬁ

tLJ_J] @ _ e(x,z,21)(x - z0)(x z)1

[JJ] (3) ¢ (B.9)
ty = e(z,2,20)(x - 21) (- 2)1

NG (e 2 20) (2 , \-2,2

0 — = ) % 1)(2 22) + 6(x72722)(2 21)](1' Z) L.

For conserved equal currents we obtain just one structure which takes a different form for
£ even or odd,

> (mo)y t) P, 2,21, 2), (B.10)
p
with
(A —3,0,0,0) ¢ even,
_= B.11
" {(0,A—£—3,A+€+1,1—A) > 1, odd. (B

When ¢ = 1 there are no allowed tensor structures, while for £ = 0 there is one.

C Conformal blocks

C.1 JJ¢o

The blocks for .J.J¢¢ are computed using the recurrence relation (2.28). We first consider
correlators of two vectors Vi, Vo and two scalars ¢q, ¢2, we finally restrict to the equal,
conserved case. In order to use (2.28), we have to compute the coefficients R4 and the
functions hso.

As described in [43], R4 are obtained as the product of three terms,

(Ra)pp = (M,(LlL))pp’ Qa M,E;R) ) (C.1)

where Q4 and M4 are respectively related to the two- and three-point functions with
primary-descendants operators. For our case the three terms in (C.1) were already com-
puted in the literature. Indeed Q4 and MEXR) are the same as for the scalar blocks of [43],
while (MIE‘L))pp/ are the same of [32]. Thus, the only missing computation is that of h((f;)& <
These functions are obtained by solving the Casimir differential equation at leading order
in large A [15, 43]. The Casimir equation mixes the five structures resulting in a system

of 5 coupled differential equations. We introduce the ansatz
(1 _ TQ) l—h
Vr2=2nr+1(r2+42nr+ 1)3/2 '

The resulting differential equations for PS(S/) (r,n) are then easily solved using Mathematica.

W (r,n) = A(r) P (), Alr,n) =

(C.2)

The solution is given by

(P -1)*@m+A43) 0 0 0 0
0 A1A§ —27’277A1A3 —27’277141143 47“47]2./41
P = 0 —2rA1Ay —A1AsAs  4r3nAyp 2rPnAgAs |, (C.3)
0 —2rA A 4r3nA, —A1As Az 2r°nA Ay
0 4T2A1 2T‘A1A2 2T‘A1A2 AlA%

— 30 —



with A1 = (1472 —2rn), Ay = (=1 + 12 — 2rp), A3 (1 +72). Hence the functions he
can be written as a linear combination of the five hs as follows

5
W () =Y b 2 o), (C.4)

S/

where the functions f are constants of integration that can be fixed by imposing the correct

initial conditions fé(f_{ J(n) = hg;)z e

the OPE limit x9 — x1, x4 — x3 of the four point function [43],

(0,7m). We then determine these constants by studying

43 ®) (5 l
_ (p) _ ty (B2, I(w2a) - Dz, I(212) - 21, 22)(— 234 - 2)
x%l—rgcl Z fﬁi,s(n)Qs = g'(h — 1)[ . (05)

xr4—x3 s=1

Here (—x34 - 2)° comes from the scalar OPE (B.1) and t?jr) are the OPE structures defined
n (B.6). Here we also introduced the differential operator D¥ = (d/2 — 1+ z-0,) 0¥ —
$2#0? and the reflection matrix I(z)"” = ¢ — 2z#z" /2%, Finally, the conserved blocks

for J.J¢¢ are obtained from the contraction (m+)pqh(q), where m is defined in (B.8).

C.2 JopJo

As we mention in section 2.3, we compute the conformal blocks of J¢J¢ by using the an
improved version of the ancillary file of [45] The code produces a single block for the
parity-odd exchanges and four blocks g(A Ohs 7) (for p,q = 1,2) for the parity-even exchanges.
To be consistent with the OPE basis defined in appendix B.2, we write the parity-even

conserved block as follows,

2

gacs = Y @)y @) gl D, (C.6)
plyqlzl
where
oB =0 +1),A -0y}, B ={—0(t+1),A- Ay} . (C.7)
C.3 ¢JJ¢

The conformal blocks for the ¢JJ¢ can be obtained from the ones of J$.J¢ by using crossing
symmetry 1 <+ 2. Indeed it is easy to see that the functions hy of (2.19) are related to the

f5 as follows,

()l (50 )]
(u+v+1)fi (u,1>+2ﬁf2(u,1>+(u+v—1)},<“,1ﬂ,
(—u+v—1)f < )—2ff2( > (—u+v+1)},<“,1>],
ha(u,0) = ety (2,2

}All(u, U) _ _,UA¢+AJ+%

A 1
ho(u,v) = §UA¢+AJ

A 1
hs(u,v) = §UA¢+AJ

UU

s, 0) = —vdetArt fy (“ 1) . (C.8)

)
v v
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1 5 7 9 11 13 15 17 19
Al [do 31 L2 $3 L4 Bs5 o g U7 Ys
1 3 _ 1 1 _ 12 137 _ 367 4859 ____ 5669
PAe+ 2 8 42 1056 25025 4534920 24025386 3893984640 9546570900

Table 4. OPE coefficients for parity even operators in the conformal block decomposition of J¢.J¢
and ¢JJo.

9 11 1 15 17 19 21 23
Al | $2 Y3 Ba By e 27 28 29

1 1 1 _ 107 17 193 2969 1319
Pae— | 15 182 510 373065 198835 12606300 695987820 1564192575

Table 5. OPE coefficients for parity odd operators in the conformal block decomposition of J¢J
and ¢JJ .

In terms of radial coordinates the equations above relate fzs (r,m) to fs(r, —n). Therefore,
by means of (C.8), we can reconstruct h,(r,n) to some order O(r") by knowing fs(r, —1)
to the same order. In particular, since fs is evaluated at —n, its complete dependence in
71 has to be known at that order. This would require extra computations. Indeed, we only
need some derivatives at n = 1 of the J¢J¢ blocks and their full dependence in 1 was
not computed. For this reason, instead of using (C.8), we built the ¢.JJ$ blocks using the
differential operators of [48]. The final conserved blocks are then put in a basis compatible
with (C.8). This allows to have the same definition for the OPE coefficients that multiply
the JsJs and the sJJs blocks.

C.4 Conformal block decomposition

As an example, let us compute the conformal blocks decomposition of ¢.JJp and J¢Jp for
the theory of a free complex boson. We use the unit normalized current J* = \7—%(@1)8“@5 -

@O+ @) and compute the correlators by Wick contractions,

Fo(u,v) = {1u3/4 <\/a <\}17 + 2) + 1) ,0, %{*/Eﬁ, u;f,o} , (C.9)

2
" B u3/4 (\/’lj(ﬁ‘f'Q)‘Fﬁ) u3/4 % u5/4+u7/4 u3/4
() = 202 T 2y 232 2w [ (C.10)

Here the functions fs and hs are the ones defined in (2.14) and (2.16). Because of the nor-
malization explained in appendix C.3, the conformal block decomposition of the functions
fs and hg give the same OPE coeflicients po. These are exemplified in tables 4 and 5 for
O being respectively a parity even and a parity odd operator.
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D Vectors for the bootstrap equations

In this appendix we detail the form of the 23-dimensional vectors in (2.39). The vector
VA ¢ + takes a different form for £ = 0 and ¢ > 0 (even),

100
(V&g) _ Rl }¢¢¢¢( o000,
Leven/ 1 0 0 0
o 100
(V?ﬂ);FEjWW(u,w 000 |, o
000 (V352), = F5 1499 u,0) (0 0) 7
100
Q70 =g Jeee Q=0 [+16005 10
(Vfg‘i;t)g =Fo, " (wv) 8 8 8 (VS = Fo P ) 00
= Q=0 _ pl-1éoes L0
(veD) =si (o). (VAL ), = Fo. " (wv) (0 0) :
- _ Q=0\ _
(VZBLE )8 =87 (u,v), (VA,0,+>7 =S (u,v),
even QZO _ S_ u U
(v?;ﬂ)g:s;(u,v), < AQ’O’;'>8 :( )
(o (VG52 - 1)
Vi ) =385 (u,v), Q=0 B
Foven (VA,0,+) 0o Sy (u,v),
n =0
(ven), =it (VES),, =S (ww),
Q=0 — ot
(VZAZ+>12_S+(U u), (VA70+)12_S4 (u,u),
VAQg?I» - R13(u7v) )
(V(}AH> =R3(u,v) ( Q7:70 )13 (D.1)
even / 13 (VA,O,+) " = R15(U,U) 5
Ve ) =R (u,v), —0
( eriet. 14 15 (Vgo,.;-) 15 Ryg(u,v),
0 Q=0) _
(V/erf/e-;)w = Rig(w0), (VA,0,+)16 = Rz (u,v),
Q=0 +
(Vgl 3)16 =Ri7(u,v), (VA,0,+)17 =R7 (u,0),
even Q:(] _ n
00 (vE52), = Bi (ww),
Vi (u,v), o0 .
gvo(;l 17 (VA,O,+) 19 = R2 (’LL, ’LL) )
v ) Q=0 _ pt
( ZAef/:r—n 18 (VA7O +)20 - R4 (7_[,7 U) 9
=0
(Vzgl 3)19 (), (VAQvaJr)Ql = R (uyu),
ye=0 ) = R (u,u)
Ve ) (u,u), ( A0+ ) 99 6 (U, U),
( (Aef/:;) 20 (VQ:O) _R+ (1 1)
(VAZ+> 7'R5 u,u) A0+ )93 3\474)”
oven / 21 <V§;i> -0, i=4.5.6
(VA ¢ +) = R+ U U)
¢ even / 22
11
Q=0 _pt+( =
(Vf:;;>23_n3 <4’4) ’

(vet) 0. a5,

£ even
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The matrices R and S are 3 x 3 and they can be written in terms of the functions F' as

follows,
0 0 0
RE(u,0) = | 0 F[ji]a DIITT (4 ) F<[9i+](1 DI o) | (D.2)
0 &](SUJJJJ( )F(E)ij(EQ)JJJJ(u7U)
0 FEOII03(, ) pEICII95(, )
Sf(u,v)zé FEIOT799(y ) 0 0 . (D.3)
F([Qi_‘—],(Q)Jquqb( )

The matrices R and S are their 2 x 2 counterparts,

0 0 JI¢é 01
RE(u,0) = (0 FEEADIII U)> o SE() = g EGY ¢¢<u,v>< ) . (D)
O+S u,

All the other vectors do not have any matrix structure,

(vezr) - Fé }“5“5“5‘?( ),

£ odd

e - g
<V§z3> ) +1¢¢>¢>¢>( N (v ;+) | (u,v), (D.5)
e (V&j)i:o, (i+#2,3).
(V&S) =0, (i#1,2,3)
¢ bdd
(V2e2) = 6 5 (),
(VAQZ:O) _ F([g J(1,1) JJJJ(UW)’ (VAQ,:,iL _ O-OF([Q ]J¢J¢>(u’ v),
(V32 = FE5 ) (V7k)y = o0 FbLE w,0),
(Vo) = FGI07 (0, 0), (VL) = coF5 M7 (u,u),
(VAQ,E,O—)” ([9+](1 1) JJJJ(%v) 7 (VAQ,:,D7 - F[+]¢JJ¢(U’U) 7
(ngo—)ls = FH(1 2 JJJJ(U,U) , (VAQ’:i)S =0 F([g ]d)‘]‘w(u v), 0.6
(VEE? ) g = FOla " (). (VeiL), = —oorsl ).
(ngg)% o FH(I Y JJJJ(U’ u, (VAQ,Zi)m - F<[9 ]¢JJ¢(Ua v),
(VEZ2),, = s ), (VE7L),, = ~ooFBI5 ),
(ngg)m [+] 1 1) JJJJ(u’u) , (VAQ,Zli)m _ —aongiJ‘]‘b(u,u) ’
(ngg)zg s +](1 DITIT (174,174 (VAQZ:i)Z —0,  otherwise.

(ngg), =0, otherwise ,

Recall that the sign sigma is defined in (2.36).
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