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Influence of a slow moving vehicle on traffic: Well-posedness and
approximation for a mildly nonlocal model

Abraham Sylla*

Abstract

In this paper, we propose a macroscopic model that describes the influence of a slow moving large vehicle on road
traffic. The model consists of a scalar conservation law with a nonlocal constraint on the flux. The constraint level
depends on the trajectory of the slower vehicle which is given by an ODE depending on the downstream traffic density.
After proving well-posedness, we first build a finite volume scheme and prove its convergence, and then investigate
numerically this model by performing a series of tests. In particular, the link with the limit local problem of [M.L. Delle
Monache and P. Goatin, J. Differ. Equ. 257(11):4015-4029, 2014] is explored numerically.

Introduction

Delle Monache and Goatin developed in [20] a macroscopic model aiming at describing the situation in which a slow moving
large vehicle — a bus for instance — reduces the road capacity and thus generates a moving bottleneck for the surrounding
traffic flow. Their model is given by a Cauchy problem for Lightwill-Whitham-Richards scalar conservation law in one
space dimension with local point constraint. The constraint is prescribed along the slow vehicle trajectory (y(t),t), the
unknown y being coupled to the unknown p of the constrained LWR equation. Point constraints were introduced in
[19, 17] to account for localized in space phenomena that may occur at exits and which act as obstacles. The constraint
in the model of [20] depends upon the slow vehicle speed g, where its position y verifies the following ODE

() =w (p(y()" 1)) - (A)

Above, p = p(x,t) € [0, R] is the traffic density and w : [0, R] — R™ is a nonincreasing Lipschitz continuous function which
links the traffic density to the slow vehicle velocity. Delle Monache and Goatin proved an existence result for their model
in [20] with a wave-front tracking approach in the BV framework. Adjustments to the result were recently brought by
Liard and Piccoli in [28]. Despite the step forward made in [21], the uniqueness issue remained open for a time. Indeed,
the appearance of the trace p(y(t)*,t) makes it fairly difficult to get a Lipschitz continuous dependency of the trajectory
y = y(t) from the solution p = p(z,t). Nonetheless, a highly nontrivial uniqueness result was achieved by Liard and Piccoli
in [27]. To describe the influence of a single vehicle on the traffic flow, the authors of [26] proposed a PDE-ODE coupled
model without constraint on the flux for which they proposed in [9] two convergent schemes. In the present paper, we
consider a modified model where the point constraint becomes nonlocal, making the velocity of the slow vehicle depend on
the mean density evaluated in a small vicinity ahead the driver. More precisely, instead of (A), we consider the relation

§() = w ( [ ot +u0), t)u(m)dx) , ()

where 1 € BV(R;RT) is a weight function used to average the density. From the mathematical point of view, this choice
makes the study of the new model easier. Indeed, the authors of [5, 3, 4] put forward techniques for full well-posedness
analysis of similar models with nonlocal point constraints. From the modeling point of view, considering (B) makes sense
for several reasons outlined in Section 2.5.

The paper is organized as follows. Sections 1 and 2 are devoted to the proof of the well-posedness of the model. In
Section 3 we introduce the numerical finite volume scheme and prove its convergence. An important step of the reasoning
is to prove a BV regularity for the approximate solutions. It serves both in the existence proof and it is central in the
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1 MODEL, NOTION OF SOLUTION AND UNIQUENESS

uniqueness argument. In that optic, the appendix is essential. Indeed, it is devoted to the proof of a BV regularity
for entropy solutions to a large class of limited flux models. Let us stress that, in passing, we highlight the interest of
the BV discrete compactness technique of Towers [32] in the context of general discontinuous-flux problems. In the
numerical section 4, first we perform numerical simulations to validate our model. Then we investigate both qualitatively
and quantitatively the proximity between our model — in which we considered (B) —as ¢ — po+ and the model of [20] in
which the authors considered (A).

1 Model, notion of solution and uniqueness

1.1 Model in the bus frame

Note that we find it convenient to study the problem in the bus frame, which means setting X = x — y(¢) in the model of
Delle Monache and Goatin in [20]. Keeping in mind what we said above about the nonlocal constraint, the problem we
consider takes the following form:

8tp + 0y (F(y(t)vp)) =0 R x (O’T)
p(x,0) = po(z + yo) r€R
0= [ sttty

y(0) = yo.

Above, p = p(x,t) denotes the traffic density, of which maximum attainable value is R > 0, and

F(y(t), p) = f(p) —9(t)p

denotes the normal flux through the curve z = y(t). We assume that the flux function f : [0, R] — R is Lipschitz
continuous and bell-shaped, which are commonly used assumptions in traffic dynamics:

f(p) =0, f(0)=f(R)=0, 3 pe(0,R), f'(p)(p—p)>0forae pe(0,R). (1.2)

In |20], the authors chose the function Q(s) = %(1 — 5)? with a € (0,1) to prescribe the maximal flow allowed through a

bottleneck located at = 0. We can allow for more general choices. Specifically,
Q: [0, |wlLe] — RT

can be any Lipschitz continuous function. It is a well known fact that in general, the total variation of an entropy solution
to a constraint Cauchy problem may increase (see [17, Section 2] for an example). However, this increase can be controlled
if the constraint level does not reach the maximum level. A mild assumption on @ — see Assumption (2.7) below — will
guarantee availability of BV bounds, provided we suppose that

po € LY(R; [0, R)) N BV(R).

1.2 Notion of solution

Throughout the paper, we denote by
D1 (a,b) = sign(a — b)(F(§(t),a) — F(y(t),b)) = ®(a,b) — y(t)|a — b|

the entropy flux associated with the Kruzkov entropy p — |p — x|, for all € [0, R], see [25]. Following [20, 17, 6, 15], we
give the following definition of solution for Problem (1.1).

Definition 1.1. A couple (p,y) with p € L=(R x (0,7)) and y € Wh>((0,T")) is an admissible weak solution to (1.1) if

(i) the following regularity is fulfilled:
p € C([0, TT]; Lige (R)); (1.3)
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1 MODEL, NOTION OF SOLUTION AND UNIQUENESS

(i) for all nonnegative test functions ¢ € C2°(R x R*) and € [0, R], the following entropy inequalities are verified for
al0< 7 <7 <T:

[ [1o=rowe+ @y0(pm)oup dod+ [ o 1) - slp(a, r)da
T R R (14)

_ /R |p($,7”) — fﬁ|(,0(-’L',T/)d.'L‘ + 2/ Ry(t)(/ﬁ, q(t))(0,t)dt > 0,

where
Ry (r,q(t) = F(y(t), k) —min{F(y(t), x),q(t)}  and  q(t) = Q(y(1));

(iii) for all nonnegative test functions ¢ € C>°(]0,7T]) and some given ¢ € C°(R) which verifies ¢(0) = 1, the following
weak constraint inequalities are verified for all 0 < 7 < 7/ < T*:

- / / PO () + F(5(t), p)0n(p) dadt — / ol 7)o (x)(r)da
T R+ / R+ (15)

s [ el < [ auds

(iv) the following weak ODE formulation is verified for all ¢ € [0,T:

v =t [ ([ stesputenae) as (16)

Definition 1.2. We will call BV-regular solution any admissible weak solution (p,y) to the Problem (1.1) which also
verifies
p € L=((0,T);BV(R)).

Remark 1.1. It is more usual to formulate (1.4) with 7 =0, 7/ =T and ¢ € C°(R x [0,7")). The equivalence between
the two formulations is due to the regularity (1.3).

Remark 1.2. As it happens, the time-continuity regularity (1.3) is actually a consequence of inequalities (1.4). Indeed,
we will use the result [12, Theorem 1.2] which states that if €2 is an open subset of R and if for all nonnegative test
functions ¢ € C°(Q2 x [0,T)) and & € [0, R], p satisfies the following entropy inequalities:

T
/ / 1 — Ko + Dy (py 1)Datp dadt + / Ipo(x) — Rlp(z, 0)dz > 0,
0 Q Q

then
p € C([0,T]; Lije ().

1

1 (€)). We will use this remark several

Moreover, since p is bounded and Q\ has a Lebesgue measure 0, p € C([0, T]; L
times in the sequel of the paper, with = R*,

Remark 1.3. Any admissible weak solution (p,y) to Problem (1.1) is also a distributional solution to the conservation
law in (1.1). Therefore, inequalities (1.5) imply the following ones for all 0 < 7 < 7/ < T"

[ [ souten)+ FG0.00u000) asdi+ [ plam)p@piras

/

- [ steeteutia < [ awuoa

where ¢ and 1 are such as described in Definition 1.1 (iii).

The interest of weak formulations (1.5)-(1.6) for the flux constraint and for the ODE governing the slow vehicle lies in their
stability with respect to p. Formulation (1.4) — (1.6) is well suited for passage to the limit of a.e. convergent sequences of
exact or approximate solutions.

page 3



1 MODEL, NOTION OF SOLUTION AND UNIQUENESS

1.3 Uniqueness of the BV-regular solution

In this section, we prove stability with respect to the initial data and uniqueness for BV-regular solutions to Problem
(1.1). We start with the

Lemma 1.3. If (p,y) is an admissible weak solution to Problem (1.1), then y € W1>°((0,T)). In particular, 7 €

BV ([0, T]).
s(t) = w < /IR p(x,t)u(x)dx) .

Since u € LY(R)NL*(R) and p € C([0,T]; L, .(R)), s € C([0,T]; R). By definition, y satisfies the weak ODE formulation
(1.6). Consequently, for a.e. t € (0,T), y(t) = s(t). We are going to prove that s is Lipschitz continuous on [0, 7], which
will ensure that § € W1°°((0,7)).

Since p € BV(R), there exists a sequence of functions (un)neny C BV(R) N C°(R) such that:

Proof. Denote for all t € [0,T],

fn <2 in L'(R) and  TV(u,) e TV ().
Introduce for all n € N and ¢ € [0, T], the function
6u(0) = | plaHina(@)d.
R

Fix ¢ € C°((0,T)). Since p is a distributional solution to the conservation law in (1.1), we have for all n € N,
T ) T
| wwitae= [ [ potvu)zdr
0 o Jr
—— [ [ PG 00u ) daa
0

- ' ( / F<y<t>,p>u;<x>dx) B(b)dt,

which means that for all n € N, &, is differentiable in the weak sense, and that for a.e. ¢t € (0,7,

&) = [ PO, ()
In particular, since both the sequences (|| ||1)» and (TV(u,)),, are bounded — say by C' > 0 — we also have for all n € N,

[énllte < RC and  [éallee < Ol fllue + w]L=R).
Therefore, the sequence (&), is bounded in W1>°((0,T)). Now, for all ¢,7 € [0,T] and n € N,

o ([ oteouwe) o ( [ ot tpmtens) +o ([ ote.oma@ac) —o( [ oo mpmaas)
+o ([ o mnaae) ~w ([ oo rintorae)

[ o tipn@de = [ ot (@)ae

= 2/w’ [l Rllpn — plles + llo'[Le € (t) — & (7))
< 2)w i Rllpn = prller + Cllw e (1 fllee + [[wllLee R) [E = 71.

K

|s(t) — s(7)| =

< 2w ||l Rl pn — pllne + (o[l

Letting n — 400, we get that for all ¢,7 € [0,T],
|s(t) — s(1)| < K|t — 7.

This proves that s is Lipschitz continuous on [0, 7], and it concludes the proof of the statement. O
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1 MODEL, NOTION OF SOLUTION AND UNIQUENESS

Before stating the uniqueness result, we make the following additional assumption:

Vs € [0, ||wllLe], argmax F(s,p) > 0. (1.7)
p€E[0,R]

This ensures that for all s € [0, ||w||L], the function F(s, ) verifies the bell-shaped assumptions (A.2). For example, when
considering the flux f(p) = p(R — p), (1.7) reduces to ||w|lL~ < R, which only means that the maximum velocity of the
slow vehicle is lesser than the maximum velocity of the cars.

We have the following result.

Theorem 1.4. Suppose that f satisfies (1.2) and (1.7). Fiz p, p2 € L*(R;[0, R]) "BV (R) and y},y2 € R. We denote by
(p,y') a BV -regular solution to Problem (1.1) corresponding to initial data (p},yd), and by (p*,y?) an admissible weak
solution with initial data (p%,y2). Then there exist constants «, 3,y > 0 such that

for a.e. t € (0,T), |Ip" () — p*®)lr < (|96 — w31 TV(p5) + llps — p3llnt) exp(at) (1.8)

and
for all t € [0,T], [y"(t) — (O] < Iy — 2] + (Blyb — 3] + 719 — 3ller)(exp(at) - 1), (1.9)

In particular, Problem (1.1) admits at most one BV -regular solution.
Proof. Since (p',y') is a BV-regular solution to Problem (1.1), there exists C' > 0 such that
vt € [0,T], TV(p(t)) < C.

Lemma 1.3 ensures that ¢*, 9% € BV([0,T]; RT). We can use result (A.5) to obtain that for a.e. t € (0,7,

t
o' () = P* )l < lyo — 5TV (o) + o — pplles + 2[1Q" L~ + 2R + C)/O 19" (5) — 9% (s)|ds. (1.10)
Moreover, since for a.e. ¢t € (0,7,

91 (8) = (O] < [l llws s 10" (1) = p* (O]t

Gronwall’s lemma yields (1.8) with a = (2||Q’||L~ + 2R + C) |||l |||l . Then for all ¢ € [0, T},
t
10 =201 < b s8] + [ 19— i (e)las

t
< 1d — 3R] + 1o e il / 10 (s) — p2(s) ads

<lys — ol + (Blyg — w3l + llps — pillLe) (exp(at) — 1),

where
B = TV(ps) o 1
QT +2R+C" "~ 2[Q e~ + 2R+ C”
The uniqueness of a BV-regular solution is then clear. O

Remark 1.4. Up to inequality (1.10), our proof was very much following the one of [21, Theorem 2.1]. However, the
authors of [21] faced an issue to derive a Lipschitz stability estimate between the car densities and the slow vehicle velocities
starting from

@ (P10, 8) — w (P2(04,0) |

For us, due to the nonlocality of our problem, it was straightforward to obtain the bound

o ([ tm@an) —o [ 2aouie) | < o sl ©) - 20

Remark 1.5. A noteworthy consequence of Theorem 1.4 is that the existence of a BV-regular solution will ensure the
uniqueness of an admissible weak one.
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2 TWO EXISTENCE RESULTS

2 Two existence results

2.1 Time-splitting technique

In [20], to prove existence for their problem, the authors took a wave-front tracking approach. We choose here to use a
time-splitting technique. The main advantage of this technique is that it relies on a ready-to-use theory. More precisely,
at each time step, we will deal with exact solutions to a conservation law with a flux constraint, which have now become
standard, see [17, 6, 15].

Fix po € LY(R;[0,R]) and yo € R. Let § > 0 be a time step, N € N such that T € [N§, (N + 1)§) and denote for all
n € {0,...,N + 1}, t" = nd. We initialize with

VteR, p°(t) =po(- +y0) and  Vte[0,T], 4°(t) = yo.

Fix n € {1,..., N + 1}. First, we define for all ¢ € (t"~1,¢"],

() = w </R N, — 6)u(m)dm> s = 0" (") and " = Q(s™).

Since both ¢" and p"~1(-,#"!) are bounded, [6, Theorem 2.11] ensures the existence and uniqueness of a solution
p" € L®(R x [t"~1t"]) to

Oip + 0z (F(s™, p)) = R x (t"=1 ")
px, ") = p"H(a, t" 1) reR
F(s™,p)| g < 4" te ("t tm),

in the sense that p™ satisfies entropy/constraint inequalities analogous to (1.4)-(1.5) with suitable flux/constraint function
and initial data, see Definition A.1. Taking also into account Remark 1.2, p™ € C([t" ™!, ¢"]; Li,.(R)). We then define the
following functions:

N+1
o ps(t) = p'lp-(t) + Z () Pl ()|
e o5(t),q5(t),s5(t) = o (t),q csTift e (1)
o ys(t) =yo + /Ot os(u)du
First, let us prove that (ps, ys) solves an approximate version of Problem (1.1).

Proposition 2.1. The couple (ps,ys) is an admissible weak solution to

Oeps + 0z (F(s5(t), ps)) =0 R % (0,7)

ps(z,0) = po(z + yo) reR

F(s5(t), ps)l =0 < a5(t) te(0,7) (2.1)
Us(t) =w </]R ps(z,t — 5),u(x)dx>

y5(0) = yo,

in the sense that ps € C([0,T];L{,.(R)) and satisfies entropy/constraint inequalities analogous to (1.4)-(1.5) with fluz

F(s5(+),-), constraint qs, and initial data po(-+yo); and ys satisfies, instead of (1.6), the following weak ODE formulation

for all t € [0,T], t
ys(t) = vo +/0 w </]R ps(x,s — 6)u(z)d:z:> ds.

Proof. By construction, for all n € {1,...,N + 1}, p" € C([t"!,¢"];L{,.(R)). Combining this with the “stop-and-
restart” conditions p"(-,t" 1) = p"~1(-,t"~1), one ensures that ps € C([0,7]; Li,.(R)).
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2 TWO EXISTENCE RESULTS

Fix t € [0,T]) and n € {1,..., N + 1} such that t € [t"~!,#"). Then,

t

t n—1 .k
ys(t) = yo + / os(s)ds =y + Z/ ok (s)ds + / o"(s)ds
0 iy Jtet ¢

n—1

n—1 tk t
=y + Z / w / PNz, s — 8) p(x)da | ds + / w / p" Nz, s — 8) p(z)dx | ds (2.2)
iy JtF1 R~ tn—1 RN~

ps(z,5—0) ps(x,5—9)

o+ [ w ([ s = oputeac ) as,

which proves that ys solves the ODE in (2.1) in the weak sense. Fix now ¢ € CX(R x RT;R™') and x € [0, R]. By
construction of the sequence ((p*,4"))s, we have for all n,m € {0,..., N + 1},

m m tk
/ / |05 — K|Owp + Py (1) (ps, ) O dadt = Y / " — K|Owp + @ (0", 1) Duip dadt
t» JR k=nt1/tFTt IR
m tk
> 30 8 10kt — ol o — [ 1gho ) il e —2 [ Rusl 040,00
R R e —— tk—1

k=n-+1 pk=1(z,th—1)

m

= /R|p5(m,tm) — Klo(z, t™)dx — /R |ps(z,t") — Klp(z, t™")dx — 2/ Resst) (1, q5(t)) (0, )dt.
t'n.

It is then straightforward to prove that forall 0 <7 < 7' < T,

/ / 195 — KlOup + Boyio) (93, 7)Duip dardt + / 1ps(2,7) — o, 7)dx
T R R

: (2.3)
- / |p(§($,7'/) - H‘QD(IE,T/)dLL' + 2/ ng(t) (Ha q(s(t))gﬁ(o,t)dt > 0.
R T
Proving that ps satisfies constraint inequalities is very similar so we omit the details. One has to start from
[ s0uton) + Fss(0).ps)0s ()
T R
and make use once again of the construction of the sequence ((p*,4"*))s to obtain
[ psten) + Flsslt),ps)oution) dndt = [ pil1hplayirda
T R+ R+
. (2.4)
+ [ e < [ st
R T
This concludes the proof. O

Remark 2.1. Remark that we have for all § > 0,
losllue < llwllLe  and  [lysllLe < [yo| + Tlw|[Lee-

This means that the sequence (ys)s is bounded in W*°((0,T)). Using the compact embedding of W1°°((0,7)) in
C([0,T1]), we get the existence of y € C([0,T]) such that up to the extraction of subsequence, (ys5)s converges uniformly
to y on [0, 7.

At this point, we propose two ways to obtain compactness for the sequence (ps)s, which will lead to two existence results.
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2.2 The case of a nondegenerately nonlinear flux

Theorem 2.2. Fiz py € L*(R;[0; R]) and yo € R. Suppose that f is Lipschitz continuous, satisfies (1.2)-(1.7) and the
following nondegeneracy assumption

for a.e. s € (0, ||w| =), mes{p € [0,R] | f'(p) —s=0}=0. (2.5)
Then Problemn (1.1) admits at least one admissible weak solution.
Proof. Condition (2.5) combined with the obvious uniform L* bound
Vo >0, V(x,t) € R x [0,T], ps(z,t) € [0, R],

and the results proved by Panov in [30, 31] ensure the existence of a subsequence — which we do not relabel — that converges

in Li, . (R* x (0,7)) to some p € Lj  (R* x (0,T)); and a further extraction yields the almost everywhere convergence on

R x (0,T) and also the fact that p € L>°(R x (0,7T); [0, R]). We now show that the couple (p,y) constructed above is an
admissible weak solution to (1.1) in the sense of Definition 1.1.

For all 6 > 0 and ¢ € [0, T,

ys(t) = yo + /Otw (/R ps(, s — 5),u(x)daz> ds
~w+ [ t;w ([ oot utonaz ) as
o o [fomon)ars ([ )ocomenc)o

The last term vanishes as § — 0 since w is bounded. Then, Lebesgue theorem combined with the continuity of w gives,

for all ¢t € [0, T,
t
wlt) vt [ o ( / p(a:,S)u(w)dm> ds.
5—0 0 R

This last quantity is also equal to y(t) due to the uniform convergence of (ys5)s to y. This proves that y verifies (1.6).
Now, we aim at passing to the limit in (2.3) and (2.4). With this in mind, we prove the a.e. convergence of the sequence
(0s)s towards g. Since pu € BV(R), there exists a sequence of smooth functions (g, )neny € BV(R) N C2°(R) such that:

tn — pin LYR) and  TV(uy,) = TV (u).
n—-+0o0

n—-+oo

Introduce for every § > 0 and n € N, the function

€x(t) = / (s )i ().

Since for all § > 0, ps is a distributional solution to the conservation law in (2.1), one can show — following the proof of
Lemma 1.3 for instance — that for every n € N, €7 € W1°°((0,T)), and that for a.e. t € (0,7),

én(r) = / Fss(t), po)id, (2)da.

Moreover, since both the sequences (||t |lr1),, and (TV(un))n are bounded, it is clear that (£§), . is uniformly bounded
in W1°((0,T)), therefore so is (w(£}));,,- Consequently, for all n € N, § > 0 and almost every ¢ € (0,7,

outt) - ([ p(x,tmmdx)\ _ |w ([ ostant = omtents ) o ( [ pstont - dna(oic)
v ([ pstant = oyun(ade) — o ([ pstothnite) 4o ([ pstetimtonts ) o ( [ ostontalae)
#o ([ stotmaac) o [ ploutaras)|

< 2l Rlltn — pllis +6 sup [w()llwre + o / pi(@, Ou(z)dz — / ol u()dz| —» 0,
8 . a0,

page 8



2 TWO EXISTENCE RESULTS

which proves that (o5)s converges a.e. on (0,7) to ¥.

To prove the time-continuity regularity, we first apply inequality (2.3) with 7 = 0, 7/ = T (which is licit since ps is
continuous in time), ¢ € C°(R* x [0,7);R") and x € [0, R]:

T
| [ 105 = i+ o o5, oo dade + [ oot +30) = wliolz, 0)de 2 0,
0 R R

Then, we let § — 0 to get

T
/ / lp — K|Owp + Py (1) (p, K)Dppdadt + / lpo(z + yo) — K|e(z,0)dx > 0.
0o Jr R

Consequently, p € C([0,T];L{,.(R)), see Remark 1.2. Finally, the a.e. convergences of (cs5)s and (ps) to ¢ and p,
respectively, are enough to pass to the limit in (2.3). This ensures that for all nonnegative test functions ¢ € C°(R x RT)

and k € [0, R], the following inequalities hold for a.e. 0 <7 < 7/ < T
| 1o slore+ @400 90u dodt+ [ ot 7) = gt r)de
T R R

- /]R |p(x,7'/) - I€|QD(1',T,)CL’L' + 2/ Ry(t)("ia q(t))(p(oat)dt > 0.

Observe that the expression in the left-hand side of the previous inequality is a continuous function of (7,7’) which is
almost everywhere greater than the continuous function 0. By continuity, this expression is everywhere greater than 0,
which proves that p satisfies the entropy inequalities (1.4). Using similar arguments, we also show that p satisfies the
constraint inequalities (1.5). This shows that the couple (p,y) is an admissible weak solution to Problem (1.1), and this
concludes the proof. O

In this section, we prove an existence result for L initial data, but we have no guarantee of uniqueness since a priori we
have no information regarding the BV regularity of such solutions.

Assumption (2.5) ensures the compactness for sequences of entropy solutions to conservation laws with flux function F'.
However, it prevents us from using flux functions with linear parts — which corresponds to constant traffic velocity for
small densities — whereas such fundamental diagrams are often used in traffic modeling. The results of the next section
will extend to this interesting case, under the extra BV assumption on the data.

2.3 Well-posedness for BV data

To obtain compactness for (ps)s, an alternative to the setting of Section 2.2 is to derive uniform BV bounds.

Theorem 2.3. Fiz py € L' (R;[0, R])) "BV (R) and yo € R. Suppose that f satisfies (1.2) and (1.7). Suppose also that

Vs € [0, |wllL=], F(s,) € C([0, R\{p,}), (2.6)
where p, = argmax F (s, p). Finally assume that Q satisfies the condition
p€[0,R)]
Je >0, Vs € [0, ||wlL<], Q(s) < max F(s,p) —e¢. (2.7)
p€E[0,R]

Then Problem (1.1) admits a unique admissible weak solution, which is also BV -regular.

Proof. Fix § > 0. Recall that (ps,ys) is an admissible weak solution to (2.1). In particular, ps is an admissible
weak solution to the constrained conservation law in (2.1), in the sense of Definition A.1. It is clear from the splitting
construction that for a.e. ¢ € (0,7,

o) = [ oatet = (o).

Following the steps of the proof of Lemma 1.3, we can show that for all § > 0, o5 € BV([0,7];R"). Even more than
that, by doing so we show that the sequence (TV(0s))s is bounded. Therefore, the sequence (TV(ss))s is bounded as
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well. Moreover, since @ verifies (2.7), all the hypotheses of Corollary A.7 are fulfilled. Combining this with Remark A.3,
we get the existence of a constant C* = C*(||0,F ||~ ) such that for all ¢ € [0, 7],

TV(ps(t)) < TV(po) + 4R + C° (TV(gs) + TV(s5)) < TV(po) + 4R + C*(1 + | Q' |~ ) TV (s5). (2.8)

Consequently for all ¢ € [0,T], the sequence (ps(t))s is bounded in BV (R). A classical analysis argument — see [24,
Theorem A.8] — ensures the existence of p € C([0,T); Li,.(R)) such that

loc

€ [0, T, p2(t) — p(t) in Lige(R).

With this convergence, we can follow the proof of Theorem 2.2 to show that (p,y) is an admissible weak solution to
(1.1).Then, when passing to the limit in (2.8), the lower semi-continuity of the BV semi-norm ensures that (p,y) is also
BV-regular. By Remark 1.5, it ensures uniqueness and concludes the proof. O

2.4 Stability with respect to

To end this section, we now study the stability of Problem (1.1) with respect to the weight function p. More precisely, let
(1), € BV(R;R") be a sequence of weight functions that converges to p in the weak L' sense:

Vg e L*®). [ e’ @ie — [ alouta)da. (2.9)

Let (y§)¢ C R be a sequence of real numbers that converges to some yo and let (p§), C L'(R;[0, R]) be a sequence
of initial data that converges to pg in the strong L' sense. We suppose that the flux function f satisfies Assumptions
(1.2)-(1.7)-(2.5). Theorem 2.2 allows us to define or all £ € N, the couple (p*,y’) as an admissible weak solution to the
problem

ot + 0, (F (1), p)) =0 Rx(0,7)

p(2,0) = ph(z + y5) z€R

F (), p°)|,_, < QU (1)) te(0,T) (2.10)
70 = ([ Feouton)

y*(0) = yg.

Remark 2.2. Using the same arguments as in Remark 2.1 and as in the proof of Theorem 2.2, we get that up to the
extraction of a subsequence, (y*), converges uniformly on [0, 7] to some y € C([0,T]) and (p*), converges a.e. on R x (0, 7)
to some p € L*(R x (0,7)).

We have the following result.

Theorem 2.4. The couple (p,y) constructed above is an admissible weak solution to Problem (1.1).

Proof. The sequence (11*), converges in the weak L' sense and is bounded in L!(R). Then by the Dunford-Pettis theorem,
this sequence is equi-integrable:

Ve >0, da >0, VA € B(R), mes(A) <a = VLeN, / pf(z)de <e (2.11)
A
and
Ve>0, 3X >0, V€N, / 1 (2)de < . (2.12)
lz|>X

Fix t € (0,T) and € > 0. Fix o, X > 0 given by (2.11) and (2.12). Egoroff theorem yields the existence of a measurable
subset F; C [-X, X] such that

mes([-X, X]\E;) < a and p°(.,t) — p(.,t) uniformly on E;. (2.13)
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For a sufficiently large ¢ € N,

[ et @a = [ plotuta)da

S/ " — plp‘de + ’/ (p" — p)p‘da| + / (p" — p)u‘da| + '/ pu‘da — / puda
|z|>X Ey [— X, X\ Eq R R

<Rt o = plummy [ n@da B[ ufepde e 2R De,
X, X\E;

t

which proves that for a.e. t € (0,7),

[ o @ont@as — [ ety (2.14)
R > JR

We get that y verifies the weak ODE formulation (1.6) by passing to the limit in

(1) = o + /Otw (/R p’z(m,s)uf(x)dx> ds.

By definition, for all £ € N, the couple (p%,y*) satisfies the analogue of entropy/constraint inequalities (1.4)-(1.5) with
suitable flux/constraint functions. Applying these inequalities with 7 =0, 7/ =T, ¢ € C(R* x [0,T); R") and « € [0, R],
we get

T
| [ 16 = Ko + By (6", )i o+ [ 1o +) = el 0)da > 0
0 R R

The continuity of w and the convergence (2.14) ensure that (¢°), converges a.e. to 7. This combined with the a.e.
convergence of (p); to p and Riesz-Frechet-Kolmogorov theorem — (pg) , being strongly compact in L!(R) - is enough to
show that when letting ¢ — +oc0 in the inequality above, we get, up to the extraction of a subsequence, that

T
/ / |p — K|Orp + Py 1) (p, K)Orp dadt + / lpo(z + yo) — K|e(z,0)dx > 0.
0o Jr R

Consequently p € C([0,T]; Li,.(R)), see Remark 1.2. Finally, the combined a.e. convergences of (§°), and (p*), to § and
p, respectively, guarantee that for all 0 <7 <7 < T,

10" — K|Owp + By (0, K)Dup dadt — P — K|8ip + yr) (p, k) Dup dadt,
T R =400 T R

/T /R PDUo0) + P00 o0) dadt — / / PO + F((1), p)u () dadt

and that for a.e. 0 <7< 7' <T,

/ " Ry (5, Q (5(0))0 0, £)dt, / T o) edt — [ Ry @ 5000, 0, / " Q1) vyt

. {— 400

We just proved that (p,y) verifies inequalities (1.4)-(1.5) for almost every 0 < 7 < 7/ < T. The same continuity argument
we used in the proof Theorem 2.2 holds here to ensure that (p,y) actually satisfies the inequalities for all 0 < 7 < 7/ < T..
This concludes the proof of our stability claim. |
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2.5 Discussion

The last section concludes the theoretical analysis of Problem (1.1). The nonlocality in space of the constraint delivers
an easy proof of stability with respect to the initial data in the BV framework. Although a proof of existence using a
fixed point theorem was possible (¢f. [4]), we chose to propose a proof based on a time-splitting technique. The stability
with respect to p is a noteworthy feature, which shows a certain sturdiness of the model. However, the case we had in
mind — namely g — dp+ — is not reachable with the assumptions we used to the prove the stability, especially (2.9). We
will explore this singular limit numerically, after having built a robust convergent numerical scheme for Problem (1.1).
Let us also underline that unlike in [27, 28] where the authors required a particular form for the function w to prove
well-posedness for their model, our result holds as long as w is Lipschitz continuous.

As evoked earlier, the nonlocality in space of the constraint makes the mathematical study of the model easier. But in the
modeling point of view, this choice also makes sense for several reasons. First of all, one can think that the velocity 3 of the
slow moving vehicle — unlike its acceleration — is a rather continuous value. Even if the driver of the slow vehicle suddenly
applies the brakes, the vehicle will not decelerate instantaneously. Note that the LWR model allows for discontinuous
averaged velocity of the agents, however while modeling the slow vehicle we are concerned with an individual agent and
can model its behavior more precisely. Moreover, considering the mean value of the traffic density in a vicinity ahead of
the driver could be seen at taking into account both the driver anticipation and a psychological effect. For example, if the
driver sees — several dozens of meters ahead of him /her — a speed reduction on traffic, he/she will start to slow down. This
observation can be related to the fact that, compared to the fluid mechanics models where the typical number of agents
is governed by the Avogadro constant, in traffic models the number of agents is at least 1020 times less. Therefore, a
mild nonlocality (evaluation of the downstream traffic flow via averaging over a handful of preceding cars) is a reasonable
assumption in the macroscopic traffic models inspired by fluid mechanics. This point of view is exploited in the model of
[16]. Note that it is feasible to substitute the basic LWR equation on p by the nonlocal LWR introduced in [16] in our
nonlocal model for the slow vehicle. Such mildly nonlocal model remains close to the basic local model of [20]. It can be
studied combining the techniques of [16] and the ones we developed in this section.

3 Numerical approximation of the model

In this section, we aim at constructing a finite volume scheme and at proving its convergence toward the BV-regular
solution to (1.1). From now on, we note

aVb=max{a,b} and aAb=min{a,b}.

Fix po € LY(R; [0, R]) and yo € R.

3.1 Finite volume scheme in the bus frame

For a fixed spatial mesh size Az and time mesh size At, let ; = jAz, t" = nAt. We define the grid cells ICjJr% = (zj,2j41).
Let N € N such that T € [NAt, (N + 1)At). We write

N
R x[0,T] C U U 'P;Zr%, j”+% :’Cj+% % [tn,thrl).
n=0j€Z

We choose to discretize the initial data po(- + yo) and the weight function p with (p?Jrl) ) and (uﬂ%) . where for
2/j€ Jj€

all j € Z, p?+% and [y 1 are their mean values on the cell ICj+%.

Remark 3.1. Others choice could be made, for instance in the case pg € C(R) such that | ‘lim po(z) exists (in which
x| —+oo
case, the limit is zero due to the integrability assumption), the values pg L1 = Po (:vj +1F yo) can be used. The only
2
requirements are

. A .
Vj € Z, p?Jr% €[0,R], and p5= Zp?+%]l;¢j+% fond po(- + o) in Li.(R)
JET
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3 NUMERICAL APPROXIMATION OF THE MODEL

Fix n € {0,..., N}. At each time step we first define an approximate velocity of the slow vehicle s"*! and a constraint
level g™t
1
s =w Zp?%”ﬂ%mﬂ g "t =Q ("), (3.1)
JEZL

With these values, we update the approximate traffic density with the marching formula

" At
v.] € Z pn-i-l = pj+% A (‘F]njll( J+1ap]+ ) ‘Fn+1( ]_l7p]+ )) (32)
where, following the recipe of [6, 15],
F*(a,b) if j #0
n+1 .
‘Fj (aab) - { min {]:n-',—l(a b n+1} lfj =0, (33)

F" 1 being a monotone consistent and Lipschitz numerical flux associated to F|(s"!, ). We will also use the notation
1 1
p;lj__l _Hn-‘r ( j_lap]+1apj+ ) (34)

where 7—[;—”1 is given by the expression in the right-hand side of (3.2). We then define the functions

t
PR t) = pf ) i (e ) € PPy, s8(1),q0 (1) =" g T if te [P 6T and yR (1) =yo + / 5™ (u)du.
0

Let A = (Az, At). For our convergence analysis, we will assume that A — 0, with A = At/Ax verifying the CFL condition

A sup <H 0F ) <1, (3.5)
LOO

s€[0,]|wlLec]

OF*

-5

L
where F* = F*(x,y) is the numerical flux — associated to F(s,-) — we use in the scheme (3.2).

Remark 3.2. When considering the Rusanov flux or the Godunov one, (3.5) is guaranteed when

AU Mo + flwlluee) < 1.

3.2 Stability and discrete entropy inequalities
Proposition 3.1 (L stability). The scheme (3.4) is

(i) monotone: for allm € {0,...,N} and j € Z, ’H;LH is nondecreasing with respect to its three arguments;
(ii) stable:
¥ne{0,...,N+1}, Vj € Z, p,, €[0,R]. (3.6)

Proof. (i) In the classical case — j ¢ {—1,0} — we simply differentiate the Lipschitz function ’H;‘H and make use of both
the CFL condition (3.5) and the monotonicity of F"*!. For j € {—1,0}, note that the authors of [6] pointed out (in
Proposition 4.2) that the modification done in the numerical flux (3.3) does not change the monotonicity of the scheme.

(i) The L stability is a consequence of the monotonicity and also of the fact that 0 and R are stationary solutions of
the scheme. Indeed, as in [6, Proposition 4.2] for all n € {0,..., N} and j € Z,

n+1 _ n+1 _
H(0,0,00=0,  HI'(R,R,R) =R
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3 NUMERICAL APPROXIMATION OF THE MODEL

In order to show that the limit of (p®)a — under the a.e. convergence up to a subsequence — is a solution of the conservation
law in (1.1), we derive discrete entropy inequalities. These inequalities also contain terms that will help to pass to the limit
in the constrained formulation of the conservation law, as soon as the sequence (¢°)a of constraints is proved convergent
as well.

Proposition 3.2 (Discrete entropy inequalities). The numerical scheme (3.4) fulfills the following inequalities for all
ne{0,...,N}, j€Z and x € |0, R):

(Iogth =l = loyy = wl) Aot (255, —@7) At .

< R (5, 4" )AL e 1.0y + (B = B) ) AL (8- 1 — bjm0)

where 1 i
n n n T (3 7 n
! =F (pj_%Vf@,pj+%Vfi)—f (pj_%/\li,pj_,'_%/\fi),

By =min{F" (p" 1 V k0% V k), q" T} — min{F"T(p" 1 AR, pY AK), ¢}
2 2

1 1
2 2

denote the approximate numerical fluzes and
R5”+1 (Ha qn+1) = F(Sn+17 H) - min{F(5n+1, K)v anrl}'

Proof. This result is a direct consequence of the scheme monotonicity. When the constraint does not enter the calculations
i.e. j ¢ {—1,0}, the proof follows |23, Lemma 5.4]. The key point is not only the monotonicity, but also the fact that in
the classical case, all the constants x € [0, R] are stationary solutions of the scheme. This observation does not hold when
the constraint enters the calculations. For example if j = —1,

H" T (K, 5 K) = K+ ARgni (5, ¢ ).

Consequently, we have both
PV R S HIT (s V Ry VR PV R)

2

and
Pitl ANk 2 HT—LTl(pi% A K, Pi% A K, pg A I{) - )‘RS"+1 (Kﬁ qn+1)'
2

By substracting these last two inequalities, we get

" =kl = p Ve =" Ak
2 2 2

S Hﬁ?(ﬂzg \ K, pi% \ K, pg \ H) - Hf{l(ﬂz% A K, PZ% A K, pg A H) + )‘IR’S"‘*'1 (K/v anrl)

= 1oy = rl = A (min{ Py Vs, V), g = P V0 V)

_1 _1
2 2

+A (min{]—'"“(pﬁ AR, pg AK), gt} — .7:""'1(/)71% A K, pg A I'i)) + AR gnt1 (K, ¢" )

S

= Iy = ] = A (@F = @) + A (@F By ) + ARqunr (5,07 ),

which is exactly (3.7) in the case j = —1. The case j = 0 is similar so we omit the details of the proof for this case. O

Starting from (3.2) and (3.7), we can obtain approximate versions of (1.4) and (1.5).

Proposition 3.3 (Approximate entropy/constraint inequalities). (i) Fiz ¢ € C°(R x RT;R"), x € [0, R]. Then there
exists a constant C{ = CY(R,T,L), nondecreasing with respect to its arguments, such that the following inequalities hold
foral0<T<7 <T:

[ [ 16 = nidu+ @2 (6%,0) dup dadt 4 [ 19 (a,7) = wlp(a, s
T R R

- / ‘pA(xa T/) - H‘(p(,f’Tl)daj + 2/ RSA(t)(H7qA(t))(p<Oat)dt > _Cf(At + A.’L‘)
R T
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3 NUMERICAL APPROXIMATION OF THE MODEL

(i) Fiz p € C=([0, T}; R") and ¢ € C2(R) such that o(0) = 1. Then there exists a constant C5'Y = C£Y(R, T, L, ||Q||L),

nondecreasing with respect to its arguments, such that for all 0 < 7 < 7' <T:

/ / PR0,(p0) + FB (52 (1), )0 (010) dudt — / o2 (2, 7)) (r)da

R+
P

+ / P2 ()i )7 < / AOY(E)dt+ CEY(Ax + A),
R+ T

where <I>A ZZ@ llpn (z,t) and F>(s ZZF”H , 1,pj+ )]lpgé(ﬂ:,lﬁ).

n=0 jE€Z n=0 jEZ

P’I"OOf Fix k) m € N such that 7 € [tk tk+1) and 7 € [tnL tnL-i—l)_

(i) Define for all n € N and j € Z, <pj+1 = Aa:At // o(z,t)dxdt. Multiplying the discrete entropy inequalities (3.7)
T+

by <pj 1 then summing on n € {k,...,m—1} and j € Z, one obtains after reorganization of the sums (using in particular

the Abel /“summation-by-parts” procedure)
A+B+C+D+E>0,

with

m—1 n —_ o1 m—1 1 — o
n SOJ'_FL SO'J’,l n SO'J’,l ¥ 1
= D Dy | g | AvAL B=D ) 9 (JA:CJ AzAt,

n=k+1 j€EZ n=k jEZ
_ k _ k _ mo m—1
c=> Py = Elej 1 A > 05y = rlefy Az,
JEZ JEZ

ngnsw(n,qm) (cp’i% +<pg) At, Ezmz ((I)" <1>") ( " _wg) At

Inequality (3.8) follows from (3.10) with
Y — T 2 (- 4 .
Of = R (T max [0 o(- 0l +4 max 1000 1)l )
R (T mas 102,000 +2 s 100e( 0l + el +2710xels ).

making use of the bounds:

A-— / / |p? — K|Oppdadt
T R
/ /@A )0 pdxdt

C—/|pA(QJ,T)—FC‘4p({L‘7T)d$+/ |p2 (z,7") — k|p(z,7)dz| < 2R max ||0yp(-,1)||lL1 At,
R R te[0,T]

< T 2 o(- 1+ 2 . A
< (T 10Bel Ol +2 e [0l 0l ) At

< RL <T maX 102,0(-, )L Az +2 max ||3x<p(-,t)||L1At)
tel0,T t€[0,T]

D=2 [ Rosiolna® )0ty

cy

(ii) In this case, the constant reads

C5" = Rl (T4 e + 419 |lue) + Q= 9]l (2 + Tl =)
+ RL[[¢ [l 2ll¢' Il + Tll¢'ller + Tle"[lLr) -
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Indeed, following the proof of (3.8), define for all n € N and j € Z,

tn+1
1

. 1 [T+t
YP" = AL /tn P(t)dt,  and ;= Ar /T] p(z)dz.

Multiplying the scheme (3.2) by ¢;, 14", then summing on n € {k,...,m—1} and j > 0, one obtains after reorganization
of the sums (still using the Abel transformation)

A+B+C+ D=0, (3.11)
with
1—1 Qi1 — Q1
Z Zp]+130]+ (W) AzAt, B = Z Z«Fn+1 j_;,Pﬁ_ 1) (j+2AU> Y ATAL,
n=k+1j>0 n=k j>1 x
m—1
C:Zp§+%<pj+%kax—ij"jr%@jJr%wmAx, D = Zmln{f"“( "1 pg) ”H}gplw"At
j=0 j=>0 n=k

Inequality (3.9) follows from (3.11) making use of the following bounds:

A—/‘/ P2 0h(o)dadt
T R+

’

5- [ T FA @), 020 () dedt
T R+

< Rllollus (T[4" || + 2[[¢|lL=) At

< RL[[¢[L (2ll¢" [t At + Tll¢"[[p2 Az + T|¢" |1 Az)

C- pA(%T)w(fCW(T)dWr/ P2 (@, T (@) (r')dz| < 2R @l [[¢]|r= At

R+ R+

D*/ min {F2(s2(t),p2), 4> (1) } (1) dt| < [Qllre< ¢l (2A¢ + T|¢' ||~ Ax)

O

The final step is to obtain compactness for the sequences (p®)a and (y*)a in order to pass to the limit in (3.8)-(3.9). We

start with (y®)a
Proposition 3.4. For allt € [0,T],

y>(t) = yo + /Otw </R pA(m,u)y(x)dx> du. (3.12)

Consequently, there exists y € C([0,T]) such that up to an extraction, (y>)a converges uniformly to y on [0,T].

Proof. For all t € [0,T), if t € [t",t"T1) for some n € {0,..., N}, we can write

k=0t "
n—1 tk+1

:Wz/. D NRVINTS du+/ S [ gmieraae | du
k=0 JEZL JEZL

- /Otw </R pA(x,u),u(x)dx> du.
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Let us also point out that from (3.1), we get that for all A and almost every ¢t € (0,7T),

Bt =w </R pA(x,t),u(a:)dz> . (3.13)

Combining (3.12) and (3.13), we obtain that for all A,
5% |l = [I5% Lo < llwllLe  and  [ly® (e < Jyol + TwllLes-

The sequence (y*)a is therefore bounded in W1°°((0,T)). Making use of the compact embedding of W°((0,T)) in
C([0,T7]), we get the existence of y € C([0,7T]) such that up to the extraction of subsequence, (y*)a converges uniformly
to y on [0, 7. O

The presence of a time dependent flux in the conservation law of (1.1) complicates the obtaining of compactness for (p)a.
In particular, the techniques used in [10, 11] to derive localized BV estimates don’t apply here since our problem lacks
time translation invariance. In the present situation, it would be possible to derive weak BV estimates ([6, 23]). We
choose different options. Similarly to what we did in Section 2, we propose two ways to obtain compactness, which will
lead to two convergence results.

3.3 Compactness via one-sided Lipschitz condition technique

First, we choose to adapt techniques and results put forward by Towers in [32]. With this in mind, we suppose in this
section that f € C?([0, R]) and satisfies the following uniform concavity assumption:

Ja >0, Vp e [0,R], f"(p) < —a. (3.14)

Though this assumption is stronger than the nondegeneracy one (2.5), since f is bell-shaped, these two assumptions are
similar in their spirit. We will also assume, following [32], that

the numerical flux chosen in (3.2) is either the Engquist-Osher one or the Godunov one. (3.15)

Actually, the choice made for the numerical flux at the interface — i.e. when 7 = 0 in (3.3) — does not play any role. What
is important is that away from the interface, one chooses either the Engquist-Osher flux or the Godunov one. We denote
forallmne€{0,...,N+1} and j € Z,

DY :max{p;l% fp?Jr%,O}.

We will also use the notation .
7 =7\{-1,0,1}.

In [32], the author dealt with a discontinuous in both time and space flux and the specific “vanishing viscosity” coupling at
the interface. The discontinuity in space was localized along the curve {z = 0}. Here, we deal with only a discontinuous
in time flux, but we also have a flux constraint along the curve {x = 0} since we work in the bus frame. The applicability
of the technique of [32] for our case with moving interface and flux-constrained interface coupling relies on the fact that
one can derive a bound on D7 as long as the “interface” does not enter the calculations for D} i.e. j € 7. This is what
the following lemma points out under Assumptions (3.14)-(3.15). For readers’ convenience and in order to highlight the
generality of the technique of Towers [32], let us provide the key elements of the argumentation leading to compactness.

. A
Lemma 3.5. Letn € {0,...,N} and j € Z. Then, if a = Ta’ we have

Dy < max {D} 1, D} Djyy} - a (max (D] 1. D} Dy })° (3.16)

J—1

and

D;f“ < !

. 3.17
~ min{|j| - 1,n+ 1}a (3:17)
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Proof. (Sketched) Inequality (3.17) is an immediate consequence of inequality (3.16), see [32, Lemma 4.3]. Obtaining
inequality (3.16) however, is less immediate. Let us give some details of the proof.
First, note that by introducing the function 1 : z ++ z — az?, inequality (3.16) can be stated as:

DIt < (max {D}_,, D}, D}y, }). (3.18)

j—1
Then, one can show — only using the monotonicity of both the scheme and the function ¢ — that under the assumption
n

inequality (3.18) holds when (p?+§ - p?Jrl), (pj 1

— ) <0, (3.19)

it follows that inequality (3.18) holds for all cases. And finally in [32, Page 23], the author proves that if the flux considered
is either the Engquist-Osher flux or the Godunov flux, then (3.19) holds. O

The following lemma is an immediate consequence of inequality (3.17).
Lemma 3.6. Fiz 0 <e < X. Leti,J € N* such that ¢ € K; 1 and X € K; 1. Then if Azx/e is sufficiently small, there

11
erists a constant B = B (R, X, —, ) , nonincreasing with respect to its arguments, such that for allm >1i—1,
a’ €

J—1 —i—1
DoNog =Pl Do e~ < B (3.20)
j=i jm—T+1
and
J—2 —i—2
n+1 n+1
> P = Pyl > P71 = i sl < 20LB. (3:21)
J=i j=—J+1
Proposition 3.7. There exists p € L®°(R x (0,T)) such that up to the extraction of a subsequence, (p™)a converges

almost everywhere to p in R x (0,T).

Proof. Fix 0 < ¢ < X and t > Ae. Denote by Q(X,¢) the open subset Q(X,¢) = (=X, —¢) U (¢, X). Introduce i, J,n € N
such that e € K 1, X € K;_1 and t € [t", t"F1). Remark that

(n+1)At >t > e > A(i Az) = iAt,
i.e. n >4 — 1. Then, if we suppose that Az /e is sufficiently small, we can use Lemma 3.6. From (3.20), we get
TV(p™(t)jacx.e) < 2B (3.22)

and from (3.21), we deduce
/ |p2 (z,t + At) — p®(z,t)|dz < ALBAL. (3.23)
Q(X,e)

Combining (3.22)-(3.23) and the L™ bound (3.6), a functional analysis result ([24, Theorem A.8]) ensures the existence of
a subsequence which converges almost everywhere to some p on Q(X,¢) x (Ae,T). By a standard diagonal process we can
extract a further subsequence (which we do not relabel) such that (p)a converges almost everywhere to p on R x (0, 7).
(]

Theorem 3.8. Fiz py € LY(R; [0, R]) and yo € R. Suppose that f € C? satisfies Assumptions (1.2)-(1.7)-(3.14). Suppose
also that in (3.3), we use the Engquist-Osher flux or the Godunov one when j # 0 and any other monotone consistent
and Lipschitz numerical flur when j = 0. Then under the CFL condition (3.5), the scheme (3.1) — (3.3) converges to an
admissible weak solution to Problem (1.1).

Proof. We have shown that — up to the extraction of a subsequence — y® converges uniformly on [0,7] to some
y € C([0,T]) and that p® converges a.e. on R x (0,7 to some p € L>(R x (0,T)). We now prove that this couple (p, )

is an admissible weak solution to Problem (1.1) in the sense of Definition 1.1.
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3 NUMERICAL APPROXIMATION OF THE MODEL

Recall that for all A and ¢ € [0, 7],

y2(t) =yo + /Otw (/R pA(x,u)u(x)dx) du.

When letting A — 0, the dominated convergence theorem ensures that y satisfies (1.6). Apply inequality (3.8) with 7 = 0,
7 =T, e CPR*x[0,7);RT) and « € [0, R] to obtain

T
/ / 1p2 — k|0 + @2 (p2, k) Dy dadt —|—/ Ip5 — K|p(z,0)dz > —CY(Az + At).
o Jr R

Then the a.e. convergence of (s*)a to ¢ — coming from (3.13) — and the a.e. convergence of (p®)a to p ensure that when
letting A — 0, we get

T
| [ 1o w106+ By . 0010 dadt+ [ lpo(a -+ 30) — sl O > 0
0 R R

and consequently p € C([0,T];L{, .(R)), see Remark 1.2. Now, we pass to the limit in (3.8) and (3.9) using the a.e.
convergence of (s2)a to g and of (p)a to p as well as the continuity of @ and w. Consequently, for all nonnegative test
functions p € C°(R x R1) and « € [0, R], the following inequalities hold for almost every 0 < 7 < 7/ < T

[ [ 1o sloe+ @400 )0s dodt + [ ot 7) = gl ride
T R R

_ /]R lp(z, ") — Kklp(x, 7")dz + 2/ Ry (K, q(t))p(0,t)dt > 0.

To conclude, note that the expression in the left-hand side of the previous inequality is a continuous function of (7,7’)
which is almost everywhere greater than the continuous function 0. By continuity, this expression is everywhere greater
than 0, which proves that p satisfies the entropy inequalities (1.4). Using similar arguments, one shows that p also satisfies
the constraint inequalities (1.5).

This shows that the couple (p,y) is an admissible weak solution to (1.1), and that concludes the proof of convergence. O

We proved than in the L framework, the scheme converges to an admissible weak solution, but note that there is no
guarantee of uniqueness in this construction. Also stress that we cannot extend this result to general consistent monotone
numerical fluxes beyond hypothesis (3.15).

3.4 Compactness via global BV bounds

The following result is the discrete version of Lemma 1.3 so it is consistent that the proof uses the discrete analogous
arguments of the ones we used in the proof of Lemma 1.3.

Lemma 3.9. Introduce for all A > 0 the function £2 defined for all t € [0,T] by

fA(t>:/RpA(x,t)u(x)dx.

Then €2 has bounded variation and consequently, so does s*.

Proof. Since p € BV (R), there exists a sequence of smooth functions (p)eeny C BV(R) N C°(R) such that

e —plls — 0 and  TV(u) — TV(u).
L— 400

{— 400

Introduce for all £ € N and t € [0, T], the function £ (t) = / p™(z,t)pe(z)dz and let K > 0 such that
R

vl e Na HM@HleTV(MZ) <K.
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3 NUMERICAL APPROXIMATION OF THE MODEL

For all / € N and t,s € [0,T), if t € [tF,¢*T1) and s € [t™,t™T!), we have

€2 (1) — €2(s)| = €2 (%) — €2 (™) = | / oA (o ) ) e — / P2, E™) ag ()

_ k p+1
= Z(pj+é Pivs) ZZ Pty p§+%) Az

JEZ JEZ p=m
. +1 +1 ¢
- Z%(f” D) = TR 00 ) ) s A

p=m je

k—1
1

= ZZ]—‘]”L Pl )(uj+3 — 1) A < RL Y TV(u)At < RLE (|t — s| + 2At).

p=m jEL p=m

Consequently, for all £ € N; A > 0 and ¢,7 € [0, 7], the triangle inequality yields:
£24(t) = €2(7)| < 2R||p — puellLr + RLE (|t — 7| + 2A¢).
Letting £ — 400, we get that for all A > 0 and ¢,7 € [0, 77,
|€2(t) — €2(7)| < RLK (|t — 7| + 2A¢),

which leads to

N
TV(ER) = D |25 ) — €2(t%)| < BRLK(T + At).
k=0
This proves that ¢& € BV([0,T]). Since w is Lipschitz continuous, s2 also has bounded variation. ]

Theorem 3.10. Fiz pg € L}(R; [0, R]))NBV(R) and yo € R. Suppose that f satisfies (1.2)-(1.7)-(2.6) and that Q satisfies
(2.7). Suppose also that in (3.3), we use the Godunov flux when j = 0 and any other monotone consistent and Lipschitz
numerical flur when j # 0. Then under the CFL condition (3.5), the scheme (3.1) — (3.3) converges to a BV -regular
solution to Problem (1.1).

Proof. All the hypotheses of Lemma A.4 are fulfilled. Consequently, there exists a constant C° > 0 such that for all
ne{0,...,N},

TV (pA(tn+1)) S Tv(po) +4R+CE <Z |qk+1 o qk} +Z |sk+1 o Sk|>
k=0

F=0 . (3.24)
< TV (po) + 4R + C*(1+ [Q'le=) 3 5541 — ]
k=0
Making use of Lemma 3.9, we obtain that for all n € {0,..., N},
Dol = =D A () — 2 (1)) < lwllue D €3 ) = €2(17)| < BRLK|w||Le (T + At).
— — k=0
where the constant K was introduced in the proof of Lemma 3.9. The two last inequalities lead to

vt € [0,T], TV(p™(t)) < TV(po) + 4R + 3C°(1 + ||Q'||L ) |lw||L~ RLK (T + At). (3.25)

Therefore, the sequence (p»)a is uniformly in time bounded in BV (R). Using [22, Appendix], we get the existence of
p € C(]0, T] L .(R)) such that

loc

VEE 0,T], p2(t) — p(t) in Lioe(R).

Following the proof of Theorem 3.8, we show that (p,y) is an admissible weak solution. Then passing to the limit in
(3.25), the lower semi-continuity of the BV semi-norm ensures that (p,y) is also BV-regular. O
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4 NUMERICAL SIMULATIONS

Remark 3.3. Note the complementarity of the hypotheses made in the above theorem with the ones of Theorem 3.8.
Recall that in Theorem 3.8, we needed the Godunov flux only away from the interface.

4 Numerical simulations

In this section we present some numerical tests performed with the scheme analyzed in Section 3. In all the simulations
we take the uniformly concave flux f(p) = p(1 — p) (the maximal car velocity and the maximal density are assumed to be
equal to one). Following the hypotheses of Theorem 3.10, we choose the Godunov flux at the interface, and the Rusanov
one away from the interface. We will use weight functions of the kind

pn(x) = 2" (),

1
yom
for one (in Section 4.1) or several (in Section 4.2) values of n € N*.

4.1 Validation of the scheme

In this section, to link the traffic density to the slow vehicle — say a bus — velocity, we consider the function

(=1

w(p) = —————,

SRR

where «, 8 are chosen such that w(0) = 0.8 and w has a sufficiently large (nonpositive) slope at point p = 0, as illustrated
in Figure 1 (left). We choose this function guided by the idea that even a moderate traffic density disrupts the slow
vehicle, and the disruption canbe progressive. This explains the important decrease of the bus velocity at low density
(0 < p<0.4). And when the bus is really slow, the high density (0.4 < p < 1) does not really affect its velocity.

Remark 4.1. The function w we chose above is not of the form as required in [27, 28]. Once again, let us stress that the
particular form w(p) = min {Vius, 1 — p}, where V¢ is the maximum bus velocity, is crucial for the well-posedness result
of |27, 28] to hold. Indeed, it is essential in the analysis of [27, 28] that the velocity of the bus be constant (equal to Viys)
across the nonclassical shocks. Our nonlocal model is not bound to this restriction.

The set-up of the experiment is the following. Consider a domain of computation [0, 6], the weight function p; and the
initial data

po(x) = 0410907 (), 5o =0.7.

2
1—
We consider a constraint defined by Q(s) = 0.8 x ( 5 S) .

10

car velocity o8
w 07
0.8
06
0.6 05
— ¥
04 £
04 03
0.2
02
01
00
oo
0.0 0.2 04 06 0.8 10 0 1 2 3 4 5 13 7
density time

Figure 1: Evolution in time of the subjective density £ and the bus velocity g (640 cells).

As we can see in Figure 1 (right), at first the bus travels at near maximum velocity. Then as the cars behind him overtake
it, the density £ ahead of it increases which makes him go slower. Finally when all the cars have overtaken it, the bus can
once again travel at maximum speed. The approximate solution p® is represented in Figure 2.
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4 NUMERICAL SIMULATIONS

Time= 0 Time=0.80 Time=2.4
10 10 10
— ph A _AA

08 p 08 p 08 p
. — bus — bus — bus
T 06 06
n
c
@ 04 04 04
T

0.2 02 0z f

0.0 00 0o

0 1 2 . 3 4 6 1 2 . 3 4 [ 0 1 2 ) 3 4 5 6
Time=3.9 Time=4.77 Time=7
10 10 10
— A _ A A

0.8 p 08 p 08 p
. — bus — bus — bus
il 06 06
n
c
Q 04 04 04
=

0.z 02 0z

0.0 00 0o [\

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
space space space

Figure 2: The numerically computed solution x + p®(z,t) at different fixed times ¢ (640 cells).

A convergence analysis is also performed for this test. We introduce the relative errors

A A A
EZ = [0® = p*l|L1o.myw ®));

and

Ep = y® =yl

In Table 1, we computed these errors for different number of space cells at the final time T'= 7. We deduce that the order
of convergence is approximately 0.80 for the car density and is approximately 0.95 for the slow vehicle position.

o InEY)
o InEY

-3

line of slope 0.796

lineof stope 0-947

-7

70 65

In(Ax)

-85 5.0 75

Figure 3: Rates of convergence.

6.0

=5

Number of cells EpA EyA
640 6.504 x 1072  2.825 x 1072
1280 4.006 x 1072 1.763 x 1072
2560 2.089 x 1072 5.178 x 1073
5120 1.301 x 1072 4.525 x 1073
10240 7.673 x 1073 2.697 x 1073
20480 4.055 x 1073 9.047 x 10~

Table 1: Measured errors at time T = 7.

4.2 Comparisons with experiments on the local model

Now we confront the numerical tests performed with our model with the tests done by the authors in [14] approximating
the original problem of [20]. We deal with a road of length 1 parametrized by the interval [0, 1] and choose the weight

function p;. Moreover,

2
w(p) =min{0.3; 1 —p} and Q(s) =0.6 x (1 — S) .

e Case 1. First, consider the initial datum

po()

{

0.4 B
05 if z>05 07

2

if x<0.5 0.5,
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4 NUMERICAL SIMULATIONS

The numerical solution is composed of two classical shocks separated by a nonclassical discontinuity, as illustrated in
Figure 4 (left).

e Case 2. Next, we choose
0.8 if <0.5
polz) = { 0.5 if z>05 %0705 (4.2)

The values of the initial condition create a rarefaction wave followed by a nonclassical and classical shocks, as illustrated
in Figure 4 (right).

Time=0.7295 Time=0.8245

10{ — p° 10f — p?

—— bus —— bus
08 08

0.6 ¥
04 J 0.4

02 0z

density
density

0o T T T T oo T T T T
0.0 02 04 0.6 0a 10 0.0 0.2 04 0.6 08 10

space space

Figure 4: Evolution in time of the approximate density corresponding to initial data (4.1) (left) and (4.2) (right), with
640 cells.

e Case 3. Finally, still following [14], we consider

= 0.4. (4.3)

0.8 if <05
po(w) =

04 if z>05 P

Here the solution is composed of a rarefaction wave followed by nonclassical and classical shocks on the density that are
created when the slow vehicle approaches the rarefaction and initiates a moving bottleneck, as illustrated in Figure 5.

Time=0 Time=0.1645
10 10
A A
— P — P
08 08 {
— bus AN — hbus
Zos 06
(7]
3 N
- 04 04
02 02
0.0 . . . 0.0 . : : :
0.0 02 04 06 08 10 00 02 04 06 08 10
Time=0.2995 Time=0.7245
10 10
A A
08 p 08 p
—— bus —— bus
s 06
1]
c \\7
ZLoa 04
02 02
00 T T T T 00 . T T v
0.0 02 04 06 08 10 00 02 04 06 08 10
space space

Figure 5: Evolution in time of the approximate density corresponding to initial data (4.3) (640 cells).

With these three tests, we can already see — in a qualitative way — the resemblance between the numerical approximations
to the solutions to our model and the numerical approximations of [14]. One way to quantify their proximity is for

page 23



4 NUMERICAL SIMULATIONS

example to evaluate the L! error between the car densities and the L error between the bus positions. More precisely,

note (p>,y>) the approximation of the BV-regular solution to (1.1) obtained with the scheme (3.1) — (3.3), and note
(p®,7") the couple obtained with this same scheme but
replacing  s"Tl =w Zp?+%“j+%Ax by s"Tl=w (pg) .
JEZ

Let us precise that this is not the scheme the authors of [14] proposed. However, this scheme is consistent with the problem

Op+ 0y (F(y(t),p)) =0  Rx(0,T)

p(x,0) = po(x + yo) reR

F(y(t), p)l =0 < Qy(1)) te (0,T) (4.4)
y(t) = w (p(0+,1))

y(0) = yo

and behaves in a stable way in the calculations we performed. Therefore, the couple (5°,7>) is expected to give a
reasonable approximation of the solution to (4.4). With this in mind, for the case (4.3) and with the weight function p4,
we computed in Table 2 the measured errors

Ef = [Ip® = 7% luiomi@®)  and  Efs =y — 7% L.
Number of cells Eﬁl Eﬁoc

640 3.028 x 1073 1.158 x 102

1280 3.290 x 1073 1.255 x 1072

2560 3.463 x 1073 1.322 x 102

5120 3.571 x 1073 1.365 x 1072
10240 3.638 x 1073 1.391 x 102
20480 3.677 x 1073 1.407 x 102
40960 3.699 x 1073 1.416 x 1072
81920 3.713 x 1073 1.421 x 1072

Table 2: Measured errors at time T = 0.7245.

These calculations indicate that for a sufficiently large number of cells J > 81920,

EA ~371%x107°  and  Ef. ~142x 1072

This indicates the discrepancy between our nonlocal and the local model (4.4) of [20]. The idea is now to fix the number
of cells J = 81920 and to make the length of the weight function support go to zero. In Table 3, we have computed for
different weight functions, the error between the approximations of the two models. This error corresponds, as in the
above calculation, to the residual error observed starting from a sufficiently small Az.

weight function B Ef.
I 3.713 x 1073 1.421 x 102
3 3.676 x 1073 1.409 x 102
s 6.056 x 107*  2.539 x 1073
7 1.883 x 107*  7.845 x 1074

Table 3: Measured errors at time 7" = 0.7245

Even if we are unable — at the moment — to rigorously link our problem (1.1) with u — o+ and the original problem
(4.4) of the authors in [20], this last experiment corroborates the conjecture that our model (1.1) is the singular limit of
the local model (4.4), in the case w is of the form w(p) = min {Vius; 1 — p}. The other interesting question is whether the
local model is well posed beyond this particular choice of w.

Acknowledgements. The author is most grateful to Boris Andreianov for his constant support and many enlightening
discussions.
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A ON BV BOUNDS FOR LIMITED FLUX MODELS

A  On BV bounds for limited flux models

We focus on the study of the following class of models:
Op+ 02 (F(s(t),p)) =0 Rx(0,T)
p(2,0) = po(a) zER (A1)
F(st) o)y <alt) e (0.1),
where s € BV([0,77; [0,]) for some ¥ > 0 and ¢ € BV([0,T];R"). We suppose that F' € C'([0,X] x [0, R]) and that for
all s € [0,X%], F(s,-) is bell-shaped i.e.
Vs €[0,%], F(s,0) =0, F(s,R) <0, 3 p, € (0,R), 0,F(s,p) (p, — p) > 0 for a.e. p € (0, R). (A.2)

This framework covers the particular case when F' takes the form:

F(s(t),p) = f(p) = s(t)p,

with bell-shaped f : [0, R] — R™, which our model (1.1) is based on. This class of models is well known, especially when
the flux function is not time dependent, cf. [17, 6]. In this appendix, we establish in passing the well-posedness of Problem
(A.1), but our main interest lies in the BV in space regularity of the solutions. More precisely, we aim at obtaining a
bound on the total variation of the solutions to (A.1l), using a finite volume approximation which allows for sharp control
of the variation at the constraint. Note that the alternative offered by wave-front tracking would be cumbersome because
of the explicit time-dependency in (A.1). In the general case, entropy solutions to limited flux problems like (A.1) do not
belong to L>°((0,7); BV (R)), see [1]. We will show that it is the case under a mild assumption on the constraint function
q — see Assumption (A.10) below — and provided that

po € LY(R; [0, R)) N BV(R).
Throughout the appendix, for all s € [0,X] and a,b € [0, R], we denote by
D, (a,b) =sign(a — b)(F(s,a) — F(s,b))

the classical Kruzkov entropy flux associated with the Kruzkov entropy p — |p — k|, for all € [0, R], see [25].

A.1 Equivalent definitions of solution and uniqueness
Let us first recall the following definition.
Definition A.1. A bounded function p € L>(R x (0,7)) is an admissible weak solution to (A.1) if
(i) the following regularity is fulfilled:
p € C([0,T); Lig(R));

(i) for all nonnegative test functions p € C°(R x RT) and x € [0, R], the following entropy inequalities are verified for
alo <7< 7 <T:

/ / 1 — Ko + Bugey (ps K)o dadt + / 1ol 7) — sl 7)da
T R R (A3)

= [ ot ) = et o +2 [ R (rsa(®)pl0,8)d > 0
R T

where

Ry (K, q(t) = F(s(t), k) — min {F(s(t), x),q(t)} ;
(iii) for all nonnegative test functions ¢ € C*°(]0,7T]) and some given ¢ € C°(R) which verifies ¢(0) = 1, the following
weak constraint inequalities are verified for all 0 <7 < 7/ < T

- / / pOL(o) + F(s(t), p)u(pp) dixdt — / plie, 7)) (r)d
T R+ R+ (A4)

’
T

+ [ ol < [ @i
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A ON BV BOUNDS FOR LIMITED FLUX MODELS

Definition A.2. An admissible weak solution p will be called BV-regular if it verifies
p € L=((0,T); BV(R)).

As we pointed out before, this notion of solution is well suited for passage to the limit of a.e. convergent sequences of
exact or approximate solutions. However, it is not so well-adapted to prove uniqueness. An equivalent notion of solution,
based on explicit treatment of traces of p at the constraint, was introduced by the authors of [7]. This notion of solution
leads to the following stability estimate.

Theorem A.3. Fiz s',s*> € BV([0,7];[0,%]), p, p2 € LY(R; [0, R])) N BV(R), ¢*,¢*> € BV([0,T];RT). Denote by p' a
BV -regular solution to (A.1) with data p},q*,s' and p* an admissible weak solution to (A.1) with data p%,q?,s%. Suppose
that the fluz functions (t, p) — F(s'(t), p), F(s%(t), p) satisfy (A.2). Then for a.e. t € (0,T),

104 (6) — P@O)le < 19h — P2lles +2 / 1g4(7) — 3(r)[dr +2 / IF(s1(r), ) — F(s2(r), ) [=dr
(A.5)

¢
+ [ 0P (51 ().) = 0, P27, |y TV (7))
In particular, Problem (A.1) admits at most one BV -reqular solution.

Proof. Since our interest to details lies rather on the numerical approximation point of view, we do not fully prove this
statement but we give the essential steps leading to this stability result.

e Definition of solution. First, the authors of [7] introduce a subset of R? called germ, which can be seen as the set of all
the possible traces of a solution to (A.1). Then, they say that p is a solution to (A.1) if it satisfies entropy inequalities
away from the interface — i.e. with ¢ € C°(R* x R™) in (A.3) — and if the couple constituted of left-side and the right-side
traces of p belongs to this so-called germ.

e FEquivalence of the two definitions. The next step is to prove that this latter definition of solution is equivalent to Defi-
nition A.1. This part is done using good choices of test functions, see [7, Theorem 3.18] or [6, Proposition 2.5, Theorem 2.9].

e First stability estimate. One first shows that if s = s?, then for a.e. ¢t € (0,7, one has

o' (&) = P @)l < llps — Al + 2/0 la'(T) = ¢*(7)ld. (A.6)

The proof starts with the classical doubling of variables method of Kruzkovv|25, Theorem 1] and then uses the germ
structure, what the authors of [7] called L!-dissipativity, see |7, Definition 3.1] and [6, Lemma 2.7].

e Proof of estimate (A.5). The proof is based upon estimate (A.6) and elements borrowed from [8, 18]. Most details can
be found in the proof of [21, Theorem 2.1]. O

Remark A.1. Though the definition of solutions with the germ explicitly involves the traces of p, we did not discuss the
existence of such traces. A first way to ensure such existence is to deal with BV-regular solutions. That way, traces do
exist and are to be understood in the sense of BV functions. Outside the BV framework, existence of strong traces for
solution to (A.1) is ensured provided an assumption on the fundamental diagram like (2.5), see [2, 29]. Finally, if one does
not want to impose such a condition on the flux, (which is our case in this appendix), one can follow what the authors of
[7] proposed (in Section 2) and consider the "singular mapping traces."

A.2 Existence of BV-regular solutions

We now turn to the proof of the existence of BV-regular solutions by the means of a finite volume scheme.

Fix po € L'(R; [0, R]). For a fixed spatial mesh size Az and time mesh size At, let z; = jAz, t" = nAt. We define the
grid cells Kj 1 = (2;,2;41) and N € N* such that T € [NAt, (N +1)At). We write

N

n n o n n+1
Rx[0,7)c JUP}. Ty = Ky x [ ).
n=0j€Z
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A ON BV BOUNDS FOR LIMITED FLUX MODELS

We choose to discretize the initial data pg and the functions s, g with (p?Jrl) , (8™)n and (¢™),, where for all j € Z and
2/

n € {0,...,N}), p?Jrl, s" and ¢" are their mean values on each cell K;, 1 and [t",t"T1). Following [6], the marching
2
formula of the scheme takes the form:
n € {0, b Vi€ » Pyl = j+%_fm( j+1(Pj+%an+%)_ j(Pj,%aPH%))v (A7)

where (.b) £
n _ F™(a,b if j£0
Fj(a,b) = { min {F"(a,b),¢")} if j =0,

F™ being a monotone consistent and Lipschitz numerical flux associated to F(s",-). We then define

(A.8)

P2 (x,t) = p;?+% if (x,t) € P;L+% and  s2(t),¢%(t) = s", ¢ if t € [t", "),

Let A = (Az, At). For the convergence analysis, we will assume that A — 0, with A = A/Az, verifying the CFL condition

(%,

s€[0,X]

oF

) <1, (A.9)

Loe H

where F° = F°(x,y) is the numerical flux — associated to F'(s,-) — we use in the scheme (A.7). From now, the analysis
of the scheme follows the same path as in Section 3. In that order, we prove that the scheme (A.7)-(A.8) is L stable,
satisfies discrete entropy inequalities similar to (3.7) and approximate entropy/constraint inequalities similar to (3.8)-(3.9).
Only the compactness for (p™)a is left to obtain since the Li, . compactness for the sequences (s*)a and (g2)a is clear.
One way to do so is to derive uniform BV bounds.

Lemma A.4. We suppose that pg € L1(R;[0, R]) NBV(R) and that q verifies the assumption

Je >0, Vt € [0,T], Vs €[0,%], ¢q(t) < n}g}}({]F(s ,p) — € = qe(s). (A.10)
pE
Then, there exists a constant C° = C°(||0sF||r) nondecreasing with respect to its arqument such that for all n €
{0,...,N},
n n
TV(p (1)) < TV(po) + 4R + C° <Z = g 3 sk|> , (A1)
k=0 k=0

where p> = (p?+%>nj is the finite volume approzimation constructed with the scheme (A.7)-(A.8), using the Godunov

numerical flurz when j =0 in (A.8).

Proof. With this set up we can follow the proofs of [13, Section 2] to obtain the following estimate:

n
¥ € {0, N}, Y i = i S TV(po) + 4R +2) | (Pt (6°1) = 5 (0)) = (o (") = Por(dh) ]
jez k=0
where for all k € {0,..., N}, the couple (pgx(q*), psr(¢¥)) € [0, R]? is uniquely defined by the conditions
F(Skaﬁsk (qk)) = F(Sk7\p/sk (qk)) = qk and Z)\sk (qk) > Ibls’“ (qk)

Denote by Q(g) the open subset

where for all s € [0,X], Qs(¢) = (Ps(g=(5)), Ps(ge(s))). By Assumption (A.10), the continuous function (s, p) — [9,F (s, p)|
is strictly nonnegative on the compact subset [0, X] x [0, R]\Q(¢). Hence, it attains its minimal value Cy > 0. Consequently,
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for all s € [0,%], if one denotes by I : [0, ps(ge(s))] — [0, ¢-(s)] the nondecreasing part of F(s,-), this function carries out
a C!-diffeomorphism. Moreover,

_ 1
va e 0.0, (15 (@) < &
Then, for all k € {0,...,N — 1},

|Portr (@) = Por (@) = [T (1Y) = Per (dF)]

1 B . 1 _ B .

< a\q’““ — "1+ |(I34)(6") = Bor (6M)] = (Tolfz’“+l — ¢+ |50 = (I o Lo (e (d"))]
1 o 1 3 5

<& (I = g%+ |¢* = Lyerr (Por(dM))]) = o (I = ¢ + | F (s*, B (¢")) = F (s"7, 5o (d¥)) ])
1 1+ |0.F ||t

< g (6 =+ oot = o)) < DRI (oo gy )

Using the same techniques, one can show that the same inequality holds when considering |ﬁsk+1 (") = pgr (qk)|. There-
fore, inequality (A.11) follows with
= (LE12Fe)

Co
|

Remark A.2. Recall we suppose that F' : [0, %] x [0, R] is continuously differentiable, but if we look in the details of the
proof above, we actually need F' = F(s, p) to be continuously differentiable with respect to s and

Us €0, Fls) € G0 RN 7. = argmax Fp)

Corollary A.5. Fiz py € L'(R;[0,R]) "BV (R), s € BV([0,7],[0,%]) and ¢ € BV([0,T],RT). Suppose that q verifies
Assumption (A.10). Let p™ = (p?+l) be the finite volume approximate solution constructed with the scheme (A.7)-
2

n,j
(A.8), using the Godunov numerical flux when j =0 in (A.8), and any other monotone consistent and Lipschitz numerical

flux when j # 0. Then, there exists p € C([0,T]; Li,.(R)) such that

loc

VEE0,T], p2(1) 5 plt) in Ligo(R).

Proof. Since s and ¢ have bounded variation, inequality (A.11) leads to an uniform in time BV bound for the sequence
(,oA) A+ Then the result from [22, Appendix] establish the compactness statement. O

Theorem A.6. Fiz py € LY(R;[0,R]) N BV(R), s € BV([0,7;[0,%]), F € C([0,%] x [0, R]) verifying (A.2) and
q € BV([0,T];R™"). Suppose that in (A.8), we use the Godunov flur when j = 0 and any other monotone consistent and
Lipschitz numerical flurz when j # 0. Finally, suppose that q satisfies (A.10). Then under the CFL condition (A.9), the
scheme (A.7)-(A.8) converges to an admissible weak solution p, to (A.1), which is also BV -regular. More precisely, there
exists a constant C° = C*(||0sF||L) nondecreasing with respect to its argument such that

vVt € [0,T], TV(p(t)) < TV(pg) + 4R+ C* (TV(q) + TV(s)). (A.12)

Proof. From the scheme (A.7), one can derive approximate entropy/constraint inequalities analogous to (3.8)-(3.9) of
Section 3. We note p the limit to the finite volume scheme, the compactness of (pA) A coming from the last corollary.
We already know that p € C([0,T]; L}, .(R)). By passing to the limit in the approximate entropy/constraint inequalities
verified by (pA)A we get that p satisfies (A.3)-(A.4). This shows that p is an admissible weak solution to Problem (A.1).
Finally, from (A.11), the lower semi-continuity of the BV semi-norm ensures that p € L*°([0,7]; BV (R)) and verifies
(A.12). This concludes the proof. O

Corollary A.7. Fiz py € L*(R;[0,R]) N BV(R), s € BV([0,7];[0,%]), F € C([0,%] x [0, R]) verifying (A.2) and
q € BV([0,T];R"). Suppose that q satisfies Assumption (A.10). Then Problem (A.1) admits a unique BV -regular
solution p. Moreover, p satisfies the bound (A.12).

Proof. Uniqueness comes from Theorem A.5, the existence and the BV bound comes from Theorem A.6. O
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Remark A.3. Under the hypotheses of Corollary A.7, if we prove the existence of an other admissible weak solution p
0 (2.1) (by another method, splitting for instance) , then Theorem A.3 ensures that p = p.
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