N

N

A GENERAL NOTION OF COHERENT SYSTEMS
Alexander Schmitt

» To cite this version:

‘ Alexander Schmitt. A GENERAL NOTION OF COHERENT SYSTEMS. 2021. hal-02391836v2

HAL Id: hal-02391836
https://hal.science/hal-02391836v2

Preprint submitted on 26 Sep 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02391836v2
https://hal.archives-ouvertes.fr

A GENERAL NOTION OF COHERENT SYSTEMS

ALEXANDER SCHMITT

ABsTRACT. We look at coherent systems for decorated vector bundles and propose a notion
of semistability. In the special case of tensor powers, we will examine this notion more
closely. In particular, we will construct moduli spaces with the help of geometric invariant
theory. It is an interesting aspect that ampleness of the linearization in the geometric
invariant theory construction yields a bound on the stability parameter for coherent systems.

INTRODUCTION

Classical Brill-Noether theory studies the existence of unusually large linear systems,
called special, on smooth projective curves. For this, one has to analyze how the number
hY(X, L) behaves as X varies over the moduli space A4 of smooth projective curves of
genus g and L varies over the Jacobian Pic? (X) of line bundles of degree d on X, g and
d fixed. Brill-Noether theory gives precise information on the locus of pairs (X, L) for
which 1°(X, L) exceeds a given number s and the locus of curves X of genus g that admit
a line bundle L with hO(X ,L) > 5. In this way, it is, e.g., possible to understand linear
systems on general curves. An exposition of Brill-Noether theory in the context of modern
algebraic geometry is given in the famous text [2].

Itis natural to consider analogous questions for vector bundles of higher rank, possibly re-
stricting to semistable or stable ones. To this end, Peter Newstead, the former chairman of the
international research group “VBAC — Vector Bundles on Algebraic Curves”, proposed the
Brill-Noether project (https://www.liverpool.ac.uk/~newstead/bnt.html, see
[32] for a list of open questions in this context). Brill-Noether theory for vector bun-
dles of higher rank turned out to be substantially different from Brill-Noether theory for
line bundles. To describe the relevant loci, it is natural to consider coherent systems, i.e.,
pairs (E,I") which consist of a vector bundle £ on a smooth projective curve X and a
subspace I' ¢ H°(X,E). The project of classifying coherent systems is an interesting
moduli problem in algebraic geometry. There is a notion of semistability for coherent sys-
tems which depends on a parameter, and, for each stability parameter, there is a projective
moduli space. This theory has been developed independently by King and Newstead [24]
and by Le Potier [27]. One may study these moduli spaces in their own right as in [7] and
[8] or in connection with moduli spaces of semistable vector bundles as in [6] or [5].

Analogs to coherent systems may be studied for any kind of decorated vector or principal
bundles. Brambila-Paz discussed the case of coherent Higgs bundles in [9]. Another
promising special case arises for symmetric powers. In that case, we can treat, e.g., linear
systems of conic or quadric bundles over curves. Moduli problems for these objects were
studied, e.g., in [17]. We will make some remarks on that problem in Section 1.3. It is also
discussed in [36], Section 5.1.

2020 Mathematics Subject Classification. 14H60, 14D20, 14L.24.
Key words and phrases. Coherent system, moduli space, geometric invariant theory, semistability, lineariza-
tion, ampleness.
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In this note, we will define semistability for coherent systems of decorated vector bundles.
It depends on a positive rational number d. In the special case of decorated vector bundles
associated with tensor powers of the standard representation of GL, (C), we establish the
following result.

Main Theorem. For a smooth projective curve X over the complex numbers, a,r > 0,
deZ W:=C", o: GL.(C) — GL(W®4) the a-th tensor power of the standard
representation, and

1
there is a projective moduli scheme %)5( Jo)Ox /d]s for &-semistable coherent systems (E, TI),

consisting of a vector bundle E of rank r and degree d on X and a linear subspace
I' ¢ HY(X, E®?) of dimension s.

(%) 5 <

The bound (%) on the stability parameter is a novel feature. We need to impose it in
order to perform the construction of moduli spaces with the help of geometric invariant
theory. In the setting of decorated vector bundles, there does not exist such a bound.
The notion of semistability simply stabilizes beyond some value d., (see [35], Proposition
2.3.6.5).! In the case of parabolic vector bundles, there also exist some a priori bounds
on the parameters ([37], Troisieme Partie, Définition 2). The reason in that context is that
beyond those bounds one needs to allow some coherent sheaves with torsion as well, but
the moduli spaces still exist (compare [40]). It will be interesting to investigate what the
precise meaning of the bound that we need to impose is. For example, if r is fixed, the
tensor power a is very large, and the dimension s of I is rather small, the bound is so strong
that the vector bundle underlying a semistable coherent system has to be itself semistable
(see Example 1.5.1). On the other hand, we will explain in Section 4 how the approach
6§ — 1/(a-(a—-1)-r®") corresponds to the process of letting the stability parameter in
[36] tend to infinity. To conclude this introduction, let us point out that new versions of
geometric invariant theory have been developed which are based on the theory of stacks
([21], [1]) or affine GraBmannians [18]. In situations where a traditional approach via
geometric invariant theory can be carried out, these techniques will lead to the same basic
conclusions. Still, it will be interesting to try them out in the setting of general coherent
systems.

Notation. We will work on a connected smooth projective curve X of genus g at least two
which is defined over the field C of complex numbers, and we will fix a point xg € X. We
write Ox (k) for Ox (k - xp), and, given a coherent Ox-module &, the symbol F (k) stands
for the Ox-module F é@ Ox(k), k € Z.

X

Given a scheme S and a vector bundle A on S, we write P(A) for the projective bundle
of lines in the fibers of A, i.e., for Proj(Sym*(A")), and P(A) for Proj(Sym* (A)).

For a cartesian product A x B in a category, welet 74 : AXB — Aandng: AXB — B
be the natural projections.

Acknowledgments. I would like to thank Leticia Brambila-Paz for explaining to me the
moduli problem of coherent Higgs bundles during the XII Coloquio Latinoamericano de
Algebra in Quito, 2017. Jochen Heinloth and Peter Newstead gave me important hints to
the literature. My special thanks go to Georg Hein and Norbert Hoffmann for explaining
to me the material around Proposition 2.4.6.

IThis includes the case that there are no §-semistable objects, for 6 > .



A GENERAL NOTION OF COHERENT SYSTEMS 3

Bradlow, Brambila-Paz, Garcia-Prada, and Gothen and Brambila-Paz and Edgar I. Cas-
tafeda are carrying out independent research on the case of coherent Higgs systems. Their
results will appear in forthcoming papers.

Last but not least, I am grateful to the referees for their various corrections and sugges-
tions to improve the exposition.

1. A GENERAL VERSION OF COHERENT SYSTEMS

As recalled in the introduction, classical coherent systems were studied, e.g., in [24] and
[27]. Bradlow, Brambila-Paz, Garcia-Prada, and Gothen suggested a version of coherent
systems for Higgs bundles. There is a nice candidate for a notion of semistability for
these objects which generalizes the one for classical coherent systems given in [24]. We
will state it in this section. However, the natural approach via geometric invariant theory
requires some bounds on the stability parameter which we will make explicit for some
representations.

1.1. Coherent systems. Let GL,-(C) be the linear algebraic group consisting of invertible
(r xr)-matrices, a € Z, H a finite dimensional complex vector space, and ¢o: GL,(C) —
GL(H) a homogeneous representation of degree a of GL, (C) on H. This means that, for
teC*, o(t-E,) =t*-idy.

Given a vector bundle E of rank r on X, we use o to associate with it the vector
bundle E, with typical fiber H. Finally, we fix a line bundle L on X. Now, a coherent
o-system is a pair (E, I') which consists of a vector bundle E on X of rank r and a subspace
Ic HO(X,EQ ® L). The triple (L,deg(E),dimc(I")) is the type of (E, T").2

Remark 1.1.1. i) Let (E, ") be a coherent p-system. The evaluation map gives a homo-
morphism ¢: I'® Ox —> E,. The pair (E, ¢) is a swamp for the representation o®dime (/")
(see [35], p. 136).

ii) For ¢ = idgL, (¢) and L = Ox, we obtain the coherent systems studied, €.g., in [24]
and [8].

1.2. Some numerical quantities. As for bumps (see [35], p. 116), the test objects for
semistability are weighted filtrations. Recall that, for a vector bundle F on X, a weighted
filtration is a pair (F,, @.) in which

Fo: {0}CFc---CFCF
is a filtration of F by subbundles and
e = (a1, ..., 1)

is a tuple of positive rational numbers.

Now, let (E, I') be a coherent o-system and (E., a.) a weighted filtration of E. Itinduces
a weighted filtration (B,,S.) of E, (compare [35], p. 176, and the proof of Proposition
3.4.3, below). Here, we write

Be: {0}CBIC--CByCE,,

set
bj=dimc(H'(X,B;® L)NT), j=1,...m,
and
m
pee.ry (Be,@d) = B (tk(B)) - dimc (1) = b - tk(E,)).
j=1

2The rank of E is encoded in the representation ©.
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Remark 1.2.1. Let 0 < s < dimg(H). Via g, GL,(C) acts on H and, so, also on
the GraBmannian Gr,(H) of s-dimensional subspaces of H. Pick 4 € ®r (H) and let
A: C* — SL,(C) be a one parameter subgroup. The one parameter subgroup A defines
a weighted flag (W.,, a.) inside C" ([35], Example 1.5.1.36). It was observed by Mumford
([30], Chapter 2, Proposition 2.7, [35], Proposition 1.5.1.35) that u(4, 4) depends only
on (W.,a.). Now, the one parameter subgroup o o A of SL(H) defines a weighted flag
(H., B.) inside H. Standard computations (e.g., [30], Chapter 4, §4, [31], Chapter 4, §6,
[35], Exercise 1.5.1.15) show that

m

1, 4) = Zﬁj - (dime(H;) - dime (4) — dime (H; 0 4) - dime (H)).

j=1
This explains to some extent the origin of u (g r)(E., a.).

As in [35], p. 139, we define

!
M(Ee, @) = ) ;- (deg(E) - 1k(E;) - deg(Ey) - ).
i=1

1.3. Coherent systems of conic bundles. Let us look at the representation o of GL, (C)
on the space Sym?((C")"). It corresponds to the action

o0: GL,(C) x Sym, (C) — Sym,.(C)

(g:m)+— (g7 -m-g”!
of GL, (C) on the vector space Sym,.(C) of symmetric (r X r)-matrices. So, a coherent o-
system consists of a vector bundle E on X of rank r and a subspace I" ¢ Hom(Sym?(E), L).
To get a concrete example, let us have a look at the case » = 2. There is the one parameter
subgroup

A: C* — SL,(C)
> Z_l 0
z L
a c

Vm = € Sym,(C), zeC*: A2 -m-A(z)7" = Fdra o
“lec b ymatt), 2 ) ¢ o= c z?*d)

We find the filtration

oref(o 9l Y 1) esmo

2
Bi=p2= 3
Now, let E be a vector bundle of rank two on X and N C E a line subbundle. It yields the
weighted filtration (E., a.) with

Eo: {0} S NCE and a,=(1).

The space H(X, By ® L) is the space of all symmetric forms ¢: Sym?(E) —s L in I" for
which N is contained in the radical, i.e., ¢(N - E) = 0, and HO(X, B> ® L) consists of all
symmetric forms ¢: Sym?(E) — L in I" for which N is isotropic, i.e., ¢(N - N) = 0.
A similar discussion applies to arbitrary rank and one step filtrations. The reader may
compare this to [36], Lemma 5.2.

Note

and the weights
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1.4. Semistability. Let § be a positive rational number. Using the quantities introduced
in Section 1.2, we say that (E, I') is 6-(semi)stable, if the inequality

M(Eo, a’o) +6- M(E,IN) (En Q.)(Z)O
is satisfied, for every weighted filtration (E,, a.) of E.

Example 1.4.1. Suppose that o =id: GL,(C) — GL(C") is the standard representation
and L = Ox. Then, a coherent p-system is a coherent system in the usual sense, i.e., a pair
(E, T') consisting of a vector bundle E on X and a subspace I' ¢ H°(X, E). For a weighted
filtration (E., a,) of E, we get

1
H(Er) (Eos@2) = 3 ap - (tk(E;) - dime (I') — dime (HO(X, Er) N T) - 1k(E)).

i=1

Apparently, we only need to check weighted filtrations of the shape ({0} ¢ F C E, (1)).
So, for 6 € Q, the coherent system (E, I") is 5-(semi)stable if and only if the inequality?

deg(F) +6 - dime (H(X,F)NT) _ydeg(E) +6 - dim¢c (HY(X, E))
tk(F) = k(E)

is satisfied, for every non-trivial, proper subbundle F of E. This is equivalent to the notion
stated in [24], Definition 2.3.2, and [27], Définition 4.2.

1.5. Semistability for small parameters. If the representation o and the type are fixed,
the stability parameter ¢ is small, and (E,I") is a §-semistable coherent o-system, then
the vector bundle E itself has to be semistable. More precisely, if 6 < 1, then a coherent
o-system (E, I') of type (L, d, s) is 6-(semi)stable if and only if

(a) the vector bundle E is semistable,
(b) and, for every weighted filtration (E., a.), such that M (E., a.) = 0, i.e., such that
u(E;) = u(E)=d/r,i =1,..,1, the inequality

H,r)(Ee, as)(>)0
holds true.

Example 1.5.1. Suppose L = Ox, a >0, W = C", and that o: GL,(C) — GL(W®9) is
the a-th tensor power of the standard representation. In Section 3.1, we will see that, for a
d-semistable coherent o-system (E, I') of type (Ox, d, s) and a subbundle {0} € F C E,
one has

u(F) < u(E)y+6-a-s.
Now, u(F) — u(E) € Z[1/(rk(F) - tk(E))]. So, if

1

< —m8 ———,
a-(r-=1)-r-s

then d-semistability is equivalent to the conditions (a) and (b) stated above.

3The symbol “(<)” in conjuction with “(semi)stable” means that the notions “semistable” and “stable” are
being defined and that “<” is used in the definition of “semistable” and “<” in the definition of “stable”.
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1.6. Statement of the main result. Fix the representation g, the type (L, d, s), and the
stability parameter 6. For a scheme S of finite type over C, a family of coherent o-systems
parameterized by S is a family (Eg, ¢s), consisting of a vector bundle Eg of rank r on

S X X and a homomorphism ¢y : @gBXSX — Eg,o ® n (L), such that

Tsa(@s): O5° — nsu(Es,o ® 13 (L))

is universally injective (see [36], p. 27). Two families (E., 90}9) and (E2, goé) parameterized
by S are isomorphic, if there are isomorphisms g : Eé — Eé and A5 € I'(S, GL(0s)),
such that
@5 = (Us.o ®ide 1)) 0 95 0 (A5,

The moduli functor C)‘z Jo/Ld)s" Sch. — Sets assigns to a scheme § of finite type over
C the set of isomorphy classes of families of d-semistable coherent p-systems of type
(L,d,s) parameterized by S. It is somewhat similar to the moduli functor for decorated
vector bundles studied in [34] and [35] (compare Remark 1.1.1). As in the case of decorated
vector bundles, the existence of a coarse moduli space for this functor may be deduced from
the existence of a certain categorical quotient (see Section 3.2 and 3.3). For proving the
existence of the respective quotient, one may use geometric invariant theory. We will carry
this out for tensor powers of the standard representation. The techniques should extend to
all homogeneous representations.

Theorem 1.6.1. For a > 0, W := C", and ¢: GL,(C) — GL(W®9) the a-th tensor

power of the standard representation, the coarse moduli space %)‘; Jo/Ox /d/s for the functor

exists as a projective scheme, provided that

1
a-(a-1) -ra-t’

3
CX/Q/@x/d/S

0 <

The bound on ¢ grants that the line bundle in which we linearize the group action is
ample, so that the Hilbert—-Mumford criterion may be applied for determining the semistable
points.

2. PRELIMINARIES FROM GEOMETRIC INVARIANT THEORY

We will first recall some basic facts from geometric invariant theory. Afterwards, we
will discuss linearized line bundles on quot schemes in detail. This will be important to
understand the bound given in Section 1.6 (see Section 3.3.5).

2.1. Weighted flags. Let 1: C* — SL,(C) be a one parameter subgroup. It is diago-
nalizable, i.e., there exist a basis v = (vy,...,v,) of C" and integers g; < --- < g,, such
that

(1) Vte C*: A(t)(ZKl--v,-)=Ztg"-Kl--vi.
i=1 i=1
Now, let y; < -+ < 41 be the distinct weights occuring in { g1, ..., & },
L=max{j=1,.,t|g;=vi}, i=1,.,01+1,
and
Vi=(vi,euvy ), i=1,.,0+1.

The flag
Ve {0}=VoCVigC---CVicVy=C"
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does not depend on the choice of the basis v for which (1) holds. Setting ye := (1, ..., Y141),
we call (V,,v,.) the Z-weighted flag associated with A.

The i-th basic weight vector is
gfi) =(i=reni—ri, i), i=1.,r-1
———— —
ix (r—i)x

Since A is a one parameter subgroup of the special linear group, the important identity
r—1 l
_ i+l —&i (i) _ Yiel —Yi ()
(2) (gl""’gr)_zll - 8r _Zl: - 8r
i= i=

holds true. We set a; := (yi+1 —vi)/r,i = 1,...,1, ae := (e, ..., a;), and call (V,, a,) the
Q- o-weighted flag associated with A.

2.2. Parabolic subgroups. Let H be a semisimple linear algebraic group. For a non-
constant one parameter subgroup 1: C* — H, we define

3) Ou(1):={geG| limA(z)-g- A(z)~" exists in H }.
Z—00
This is a parabolic subgroup of H.# Fix a maximal torus 7 C H and let X, (T) be the
abelian group of homomorphisms from C* to 7. We also introduce X, o(7) := X4 (T) ® Q
z
and X, r(T) = Xu(T) % R. Since, for any positive integer k and any one parameter
subgroup A € X, (T), we have Qg (k- 1) = Qg (1), we may define Qg (£), for any element
€ € X, 0(T). We fix a Borel subgroup T’ ¢ B C H, set
Wa(B.T) = {leXea(l)|BCOu(0)},

and let 7 'p (B, T) be the closure of % (B, T) in X« r(T). We call this, slightly abusively,
a Weyl chamber. This is a rational polyhedral cone, and the edges of % g (B, T') correspond
to the maximal parabolic subgroups of H that contain B. If we let B run through the (finitely
many) Borel subgroups containing 7, we get a decomposition

Xeu(M) = | ) Za(B.T).
TcBcH

Example 2.2.1. 1) Let H be SLy (C), T the torus consisting of the diagonal matrices, and
(ey, ..., en) the standard basis. For each permutation o € &y, we get the full flag

We(o): {0} C{eon) S+ C{ep(i)s-meon-ty) S CN.
The stabilizer B, of W.(0) is a Borel subgroup, and o — B/, establishes a bijection be-
tween © and the set of Borel subgroups containing 7. Now, A € X, (T) lies in W (By,T)
if and only if the flag W, associated with A satisfies W; = (es(1), ..., €o(dime (W))) )
i=1,...,1. The edges of #'r (B, T) are spanned by the one parameter subgroups A (),
j=1,....,N -1, where 1, () is the one parameter subgroup that satisfies (1) with respect
tov,=eq@i,i=1,..,N,and (g1,...,gn) = gl(\{), j=1,.,N-1.
i) Let (W., 8.) and (W, .) be two Q(-weighted flags of C"V with

W.: {0}=W,CW C - CW,CWpy=C",
We: {0}==WoCW C---CW CWy =CV,

4The same definition may be used for arbitrary reductive linear algebraic groups. If A maps to the center of
the group, then the subgroup associated with A is the whole group.
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Be = (B]:.-.B8)), and Be = (B1, ..., B1). We write (W, B,) < (W,,B.) if I’ < [ and there
is a strictly increasing map ¢: {1,...,1" } — {1, ...,1}, such that
Yk € { 1, ...,l'} : W,i = Wl.(k) and ,3,'( =,8L(k)-
Note that ¢ is unique in this case. Now, let 1’,1 € %R (B,T) N X4 (T). Then, there is a
unique face F of #'r (B, T), such that A is contained in the relative interior of . Suppose
that A’ lies in &#. Then, the Q-weighted flags (W/, B.) and (W., B.) associated with A’
and A, respectively, satisfy (W, 8.) < (W, B.).
iii) Let (W., B.), (W[, B.), and (W,, B.) be three Q- o-weighted flags of length I’, I”,
and /, respectively. We write
(We, Bo) = (W, B + (W), BY),

if

o (W..Be) = (We, Bo) and (W[, B)) < (We, ),

e {1,..,1}=Im()UIm(),: {1,...,I'} — {1,..,1}and": {1,..,1”"} —

{1,...,1} being the respective strictly increasing maps,
e and, fork € {1,...,1},
Bi» ifk=1(k") and k ¢ Im(.”)

ﬁk = ]/(,,,, if k = Lll(k’/) and k ¢ Im(L')
ﬁ;d +ﬁ]’<I//7 ifk = L’(k') — L//(k,,)

Suppose that 1/,1”,1 € Ww(B,T) N Xu(T) and A = A’ + 2”. Then, the Q- -weighted
flags (W.,B.), (W/,BY), and (W,, B.) associated with A’, 1"/, and A, respectively, satisfy

(We, Ba) = (We. Bo) + (W], B)).

Now, suppose G is another semisimple linear algebraic group, n: G — H is a homo-
morphism, and S C G is a maximal torus with n(S) c T. It is clear that we may find
rational polyhedral cones VK C X r(S), such that

e for each k € {1,...,K}, there are a Borel subgroup S € A C G and a Borel
subgroup T C B C H, such that 7'y c 7 (A,S) and n*,R(Wk) c W(B,T),
Ner: Xe.r(S) — Xu r(T) being the R-linear map induced by 7,

N
« Xr(8) =7,
k=1
e for k, k’ € K, the intersection 7’y N 7 is a common face of both 7 and 7;{
For the rest of this section, we assume that G is SL,(C), H is SLy(C), and that
n: SL,(C) — SLy(C) is induced by a homogeneous representation ¢o: GL,(C) —
GLn (C). Let S c SL,(C) be the sugroup of diagonal matrices. After applying an inner
automorphism of GLy (C), if necessary, we may assume that 77(S) = o(S) is contained in
the torus 7 c SLx (C) of diagonal matrices. Now, suppose that 1’,1”,1 € X, o(S) are
one parameter subgroups, such that 1 = 2’ + 1’ and there exists an index k € {1,...,K }
with 1/, 1" € 7;(. Clearly, also A € 7;(. Now, A’, 1”7, and A define Q- (-weighted flags
V., al), (VI,al), and (V,, a.), respectively, and, as pointed out in Example 2.2.1, iii),

Ve, @) = (Vi ) + (V) ).

Likewise, 17x(2”), n«(2""), and n, (1) define Q. o-weighted flags (W,, 8.), (W.', B.), and
(We, Bo). Since 14 (') + 1, (2”") = n4«(4), and, by construction, there is a Borel subgroup
T c B c SLy (C) with 4 (1), nx(2""), nx () € # (B, T), we infer

“) (We, Ba) = (W, Bo) + (W, BJ).
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For A € X, o(S) with associated Q- ¢-weighted flag (Vo : {0} C Vi C--- CV; € C", a.),
define the type t(1) := (re, @s) by

ro:= (rver). r=dime(Vi), Q= 1l

Finally, let A1, ..., 4. € Xx(S) be the one parameter subgroups that occur as an indivisible
generator of an edge of a cone 7', C #'(A,S), k € {1,...,K }. We set®

(5) T (o) = {t(A), ....1(AL) }.

2.3. Actions on GraBmannians. Let H be a complex vector space, r its dimension,
0<s<r,qg=r-s, and ®r?(H) the GraBmann variety of g-dimensional quotient
spaces of H. The special linear group SL(H) is acting in a natural way on ®t9(H). Fix
(x: H— Q) € G19(H). Suppose that 1: C* — SL(H) is a one parameter subgroup
and let (H.,&.) be the associated Z-weighted flag. It is well-known and easy to see
(compare [30], Chapter 4, §4, [31], Chapter 4, §6, [35], Exercise 1.5.1.15) that

m+1
©) ux) = = Y ey - (dime (¥ (H))) = dime (x(Hy-1)) ).

J=1
2.4. Linearized line bundles on quot schemes. Linearized line bundles on quot schemes
for vector bundles on curves were studied by Drezet and Narasimhan [10] in characteristic
zero. They correspond to line bundles on the moduli stack of vector bundles on X. The
Picard groups of moduli stacks for principal G-bundles of fixed topological type d € 71 (X),
G areductive linear algebraic group, were determined by Biswas and Hoffmann [3], building
on a large selection of previously studied special cases.

Fix integers r > 0, d,andn > 0. Set pg :=d+r-(1 —g), p :=r-n+ py, and pick a
complex vector space V of dimension p. We look at the quasi-projective quot scheme Q
that parameterizes quotients x: V ® Ox (—n) — E, such that E is a vector bundle of rank
r and degree d and H°(k(n)): V — H°(X, E(n)) is an isomorphism.6 The group GL(V)
acts on Q via

c: GL(V) xQ — Q

(g,4) F ko (g7 ®idy(-m))-
Suppose Z is a line bundle which is linearized with respect to the group action . Since
the subgroup Z := C* -idy < GL(V) acts trivially on Q, there exists an integer w, such
that Z acts via (¢ - idy, £) — t" - € on each fiber of & over Q. We call w the weight of
Z.

We assume that, for every semistable vector bundle E of rank r and degree d on X,
H'(X,E(n)) = {0}. This implies that every semistable vector bundle E of rank r and
degree d can be written as a quotient x: V ® Ox (—n) — E, such that H(k(n)): V —
HO(X, E(n)) is an isomorphism.

Remark2.4.1. i) Welet Q% c Q be the GL(V)-invariant open subset consisting of quotients
k: V®0Ox(—n) — E, such that E is semistable. The complement of Q% has codimension
at least two ([22], proof of Corollary 3.2, p. 1311, [13], Theorem 8 (a), p. 53, compare also
[4], Lemma 2.1). So, the Picard group of GL(V)-linearized line bundles on Q agrees with
the Picard group of GL(V)-linearized line bundles on Q%.

5Since all pairs consisting of a maximal torus of SL,- (C) and a Borel subgroup containing that maximal torus
are conjugate, this set does not depend on the choices of S and A.

6This implies that H! (X, E(n)) = {0}. So, by [28], Theorem 8.2.1 (i), Q is smooth. The variety Q is
connected and has dimension p2 +72 - (g — 1).



10 ALEXANDER SCHMITT

ii) Note that the stack quotient of Q% by the action of GL(V) is the moduli stack
Bunis/ 4(X) of semistable vector bundles of rank  and degree d on X. Therefore, the Picard
group of GL(V)-linearized line bundles on Q% agrees with the Picard group of the stack
Bunjs/ 4(X) ([39], Tag 06WT). As recalled in Part i), the complement of Bunjs/ 4(X) in the
moduli stack Bun,./4(X) of all vector bundles of rank r and degree d on X has codimension
at least two, so that we may identify the Picard groups of Bunis/ 4(X) and Bun, 4(X).
Altogether, we see that the Picard group of GL(V)-linearized line bundles on Q agrees
with the Picard group of Bun,./4(X).

Let Eg be the tautological vector bundle on the stack Bun,;;(X) X X and xg: V ®
n% (Ox (-n)) — Eg the universal quotient on Q X X.

Remark 2.4.2. Clearly, the vector bundle Egq is the pullback of Ey under the morphism
Qx X — Bun,/4(X) x X.

Example 2.4.3. i) Let 2 be a scheme and & a coherent Ogxx-module which is flat over
2. Let us explain how the determinant of cohomology of & is constructed. The general
formalism has been developed in [25]. We use the construction presented in [23], Section
2.1, and [38], Section 6.1. For large k, the direct image mo«(F ® ny (Ox (k))) will be
locally free. We set

Py =y, (ng[*(Fi ® n}(ﬁx(k)))) ® 1y (Ox (k).

Note that we have a surjection
P() — F
and that o (Po) = 0. We let Py be the kernel of the above surjection. By Hilbert’s syzygy
theorem and [23], Lemma 2.1.7, P; is also locally free and satisfies g« (P1) = 0. Then,
the complex
Rlﬂ'g[*(Pl) e Rlﬂ'g[*(Po)
of locally free sheaves on 2 has the direct image sheaves of # as cohomology sheaves, and

this construction is compatible with base change. We define the determinant of cohomology
of # as

D(F) = det(R' mou (Po)) ® det(R' moys (P1)) .
This construction has the following properties (compare [12], Section 2, [29], Section 1):

e (Base change.) For a morphism f: 2’ — 2 and an 2-flat coherent Oy x -module
F , one has

D((f xidx)*(F)) = f*(D(F)).

e (Short exact sequences.) Let

0 > F > P > 73 > 0

be a short exact sequence of 2-flat coherent Oy x-modules. Then,
D(%) = D(F1) ® D(F3).

o (Projection formula.) For an 2-flat coherent Oy x-module & and an invertible
Oyg-module &,

D(F @ my(Z)) = D(F) @ L*X.

Here, y is the Euler characteristic of the restricted sheaf &|sxx, s € S.
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Using this, we define the line bundle Dg on {Q as the determinant of cohomology of the
universal family Eq. The techniques apply also to the universal bundle Es on Bun, ;4(X) X
X and lead to the line bundle Dy on Bun,,;(X). By the functorial properties of the
determinant of cohomology, Dg is isomorphic to the pullback of Dy under the morphism
Q — Bun, ;4(X). The line bundle Dg is linearized with respect to the GL(V)-action on
Q, and its weight is pg = d + r - (1 — g). Faltings used the determinant of cohomology
in his alternative construction of the moduli spaces of vector and Higgs bundles on curves
([14], see also [20]).

ii) We may view Eg[Bun, , (X)x{xo} s a vector bundle on Bun, /4(X). Let Ry be the
determinant of this vector bundle. Similarly, we define the line bundle Rq on Q. It is
linearized with respect to the GL(V)-action on Q, its weight is r, and it is isomorphic to
the pullback of Ry under the morphism 2 — Bun,/4(X).

We need the natural morphism
(7 ba: Q — Pic?(X)
(k: V®0Ox(—n) — E) —> det(E).
It factorizes over the morphism Q — Bun,;4(X).

Proposition 2.4.4. The quotient of the Picard group of Bun, 4(X) by the Picard group
Pic?(X) is freely generated by Ds and Rsg.

Proof. This is contained in [3], Theorem 5.3.1, iii). |
Let’s do some computations with the linearized line bundles we have just constructed.

Lemma 2.4.5. i) For k € N, the determinant of cohomology of the vector bundle Eq (k) :=
Eq ® ny(Ox (k)) is isomorphic to Dg ® ng.

ii) The determinant of cohomology of Eq(n) is isomorphic to the trivial line bundle
linearized by the character det: GL(V) — C*.

Proof. 1) We prove the result by induction on k, the case k = 0 being trivial. The short
exact sequence

{0} Ox Ox (1) Otxo) {0}

may be pulled back to Q x X and tensorized by Eq(k). The result is the short exact
sequence

{0} —— Egq(k) —— Eq(k+1) —— Egjox(x) — {0}.

The determinant of cohomology of Egq|gx{x,} i Rg. So, the claim follows from the
induction hypothesis and the formula for the determinant of cohomology of a short exact
sequence.

ii) By our general assumptions, the push forward of the quotient homomorphism V ®
Oqxx — Egq(n) is an isomorphism V ® Ogq — mox(Eq(n)), and the higher direct
images of Eq(n) are zero. So, the determinant of cohomology of Eq (n) is trivial, and the
result follows from Part i). ]

In constructions with geometric invariant theory, we need linearized line bundles of
weight zero in order to have any hope for finding semistable points. Let & be a GL(V)-
linearized line bundle of weight w. Denote by % the trivial line bundle linearized by the
character det: GL(V) — C*. It has weight p. So,

Qp Q—-w
Lo @
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is a GL(V)-linearized line bundle of weight zero. In the following computations, we will
write such a line bundle in additive notation as

p-£L-w-%.

Pick m € N and let 9,, be the determinant of cohomology of Eq (m +n). By Lemma 2.4.5,
we have

P Dm—w-LH
®) =(po+n-r)-(Dg+(m+n)-Rg) - (po+(m+n)-r)- (Dg+n-Rg)
=m - (—I" . DQ + po- RQ).
Setug :=a-r*'-d+r*-(1-g)andu := a-r*- n+uy. The determinant Ty
of cohomology of Eg“ is a line bundle on Bun, 4(X). Its weight is a - up.” Note that
it is the pullback of the determinant of cohomology of the tautological vector bundle on

Bun,a 4. a-1.4(X) via the morphism Bun, /4(X) — Bun,a;,..a-1.4(X) induced by the
representation ¢: GL,(C) — GL(W®%), W :=C".

Proposition 2.4.6. Up to a possible twist by the pullback of a line bundle on Pic? (X),
ngza-rafl -Dg +y- Ry,
for an appropriate integer y.

Remark 2.4.77. Of course, y may be computed from the weight of Tg. We will not need the
explicit form of y in the sequel.

First proof of Proposition 2.4.6. We write
Tg =x-Dg+y-Rg.

It follows from a result of Kumar, Narasimhan, and Ramanathan ([26], Theorem (5.4)) and
Biswas and Hoffmann ([3], Proposition 4.4.4) that x is the Dynkin index ([3], Remark 4.3.3,
iii), [111, §2, [15], (1.6.45)) of osL, (c): SL-(C) — GL(W®%). The Dynkin index of
the standard representation SL, (C) — GL(W) is one ([26], Lemma (5.2)), and for tensor
products of representations, the formula

Dyn(7; ® 72) = dimc(72) - Dyn(71) + dime(71) - Dyn(2)
holds true ([15], (1.6.47)). This shows that the Dynkin index of st (c) is @ - ra-l, m]

Second proof of Proposition 2.4.6. Here, we will work with linearized sheaves on the quot
scheme Q. Let by be the determinant morphism from (7). Since we would like to
perform our computations modulo the Picard group Pic?(X) and forming the determinant
in cohomology commutes with base change, we may restrict to a fiber of dbg. So, let L
be a line bundle of degree d on X and Qj, be the quot scheme, parameterizing quotients
k:V ® Ox(—n) — E with det(E) = L. Then, there is a line bundle N on Q; , such that

det(Eg, ) = g, (N) ® nx (L),
i.e.,
) c1(Eg,) = ci(ng, (N)) +c1(nk (L))

7The weight of the determinant of cohomology is the rank of the determinant of cohomology, 1 in this case,
multiplied by the weight of the sheaf, which is a in the case at hand.
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The Grothendieck—Riemann—Roch theorem ([16], Theorem 15.2, [19], Appendix A, The-
orem 5.3) states that

Ch(ﬂQLl(EQL)) = JTQL*(Ch(EQL).td(TﬂQL)).
The degree one component is the first Chern class of Dg, . Since the relative dimension of
mgq, is one, we need to look at the degree two component of the class in the brackets of the
right hand side of the equation. Now, setting ¢ := ¢ (7% (Tx)), we have

td(Trg, ) = 7% (td(X)) = 1+ % -c.

Up to algebraic equivalence, we have

Sre=(-g)[Rux ()],

The degree two component we need to look at is
(1-g8) - ci(Egq,).[Qr x {xo}] +cha(Eg,).
Here, we would like to point out that 7% (L).[QL X {xo}] = 0, so that
(10) ci(rg, (N).[Qr x {x0}] = c1(Eq,)-[Qr x {x0}].
Let
Lo QL e QL X X
K > (k,X0)

be the inclusion. By definition,

Lg (det(EQL)) =Rg;, .
So, the projection formula ([16], Proposition 2.5 (c)) yields

c1(Egq,)-[Qr % {xo}] = w«(c1(Rg,))-
Since g, oy =idg, , we see that
(1 c1(Dg,) = (1-8) - c1(Ra,) +ma,«(cha(Eg, ).
Now, in order to prove the proposition, we need to carry out the analogous computation for
EZ¢. Since
L
ch(Eg‘L‘) =ch(Eg, )%,

we see that

CI(ES(Z) =a-r"" ci(Eg,),
chy(EQY) = (‘21) 2 ci(Eq,)? +a - chy(Eg,).
Up to algebraic equivalence, we have

ci(mx (L)) =d - [Qr x {xo}].

Invoking (10), we compute

c1(Eq,)? = ci(nh, (M) +2d - ¢1(En,).[Qe % {x0}]
= ng, (€1 (N)?) +2d - c1(Exg, ). [Qr x {x0}].
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Since the relative dimension of 7gq, is one, the projection formula ([16], Proposition 8.3
(c)) shows that ﬂ'QL*(ﬂ'gL (B)) =0, for every B € A*(Qr). Using this observation, we
arrive at the formula

a

c1(Ty,) = (1—g)-a-ra1+2-d-(2

) -raz) c1(Ra,) +a-r" rg,«(cha(Eg,)).

A comparison of this formula with (11) shows that the assertion of the proposition is
true. [}

Lemma 2.4.8. Let k € N and Eq(k) := Eq ® nx(Ox(k)). Then, the determinant of

2. .a-
cohomology of Eq(k)®9 is isomorphic to Tq ® Rg(” TR

Proof. For | € Z, we set Fo(l) = E&* ® ny(Ox (1)), so that Eq(k)®* = Fg(a - k),
k € Z. We prove the claim by induction on k. For k = 0, there is nothing to prove. For the
inductive step, we use the short exact sequence

{0} —— Fa() —— Fa(+1) —— (Eg")jax(x) — {0}

It shows that the determinant of cohomology of Fg (I + 1) differs from the one of Fgq (/) by
the factor

_ra—]
det((Eg“)jax(x)) = RZ*" .
This enables us to reduce the case k + 1 to the case k. O
Let Z be the determinant of cohomology of Eg(n)®4. It is a GL(V)-linearized line

bundle of weight w := a®> - r* - n + a - uy. Using additive notation again, the line bundle
p - £ —w- % has weight zero. With Lemma 2.4.8, we compute

p-L-w-%H
=(rn+ pg) - (xDg + (azr

=((a®>-r* " —x)-n+y)-(po-Rg —r- Dg).

a-1

n+y)Rq) — (xpo + yr + azran) -(Dg +nRg)

After plugging in the value for x found in Lemma 2.4.8, this reads

(12) p-L-w-L=(@r""-a-r"Y-n+y) (po-Ra-r-Dg).

3. MODULI SPACES

In this part, we will look at the moduli problem for coherent p-systems for the repre-
sentation ¢ of GL,(C) on GL(W®%), W := C", given as the a-fold tensor power of the
standard representation, for a > 2. We also assume L = Ox. This should be a key step for
understanding the moduli problems for arbitrary homogeneous representations. We will
carry out the construction with the help of geometric invariant theory. One important step
is to rewrite the quantity u (g r)(E., @.) in such a way that the computations of [24] and
[35] may be adapted. In this context, it is also crucial to find the right linearization of the
group action. Here, we will see that the line bundle in which we will linearize the group
action will be ample only for stability parameters below some threshold (14). Throughout
this section, we fix the type (Ox, d, s) and the stability parameter 6.
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3.1. Boundedness. In order to check that the family of all vector bundles E for which there
exists a subspace I ¢ HO(X, E®%), such that (E, I') is a 6-semistable coherent o-system of
type (Ox, d, s) is bounded, we have to find a constant Cy, such that, for every -semistable
coherent o-system (E,I") of type (Ox,d,s) and every subbundle {0} € F C E, the
inequality

u(F) < §+co

is satisfied. So, assume that (E, I') is a §-semistable coherent o-system of type (Ox, d, s)
and {0} ¢ F ¢ Eisasubbundle of E. Let (Bs : {0} S By € -+ C Byt C E®, Be =
(B1, ---» Bm+1)) be the Qs p-weighted filtration associated with the Q- o-weighted filtration
({0} C F C E, (1)) of E. As before, we let £, = (&1, ..., Em+1) be the vector of Z-weights.
The values for €4, ..., £,41 are

a-tk(F)-b-r, b=0,..a,

i.e.,
m=a and gj=a-(k(F)-r)+(-1)-r, j=1,.,a+1.
So,
1
ﬂj_ra717 ]_19 9a
Clearly,

rk(BJ) S ra - 1’ j = 1, ...,a.
We conclude
pErn({0y SFCE (1) <a-r-s.

By ¢-semistability,

' ueEr ({0} S FCE, (1)

<
tk(F) -r

+d-a-s.

d d
u(F) < —+6 —
r r

3.2. A parameter space. Suppose that we are given a bounded family B of vector bundles
on X. We assume that E, det(E) € B, for every d-semistable coherent o-system (E, ") of
type (Ox,d, s).

We may find an index ny € N, such that, for all n > ng, the following properties are
satisfied:

e For every vector bundle E € B, the vector bundle E (n) is globally generated and
H'(X.E(n)) = {0}.

e For vector bundles Fy,....,F, € B, Fi(n) ® --- ® F,(n) is globally generated,
H'(X,Fi(n) ® --- ® F,(n)) = {0}, and the natural linear map

HY(X,Fi(n)) ® - ® H (X, Fa(n)) — H(X,Fi(n) ® - ® Fu(n))

is surjective.
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e For f < r%,;3 avector bundle E € B, subbundles Fl.j, i=1,..,a,j=1,..,f,of E
which also belong to B,

f
Z::ZF{(n)@)‘“@Fg(n)
j=1

is globally generated, H'(X, X) = {0}, and the natural linear map
S

P H(x.Fl(n) - & Fi(n) — H(X,2)
j=1

is surjective. (The sum is taken inside E(n)®%.)
Fix n > no, set p := r(n+1-g)+d, pla) = r*-(a-n+1-g)+a-r*"-d,

q = p(a) — s, pick a vector space V of dimension p, let Q be the quasi-projective quot
scheme parameterizing quotients k: V ® Ox (—n) — E where E is a vector bundle on X
of rank r and degree d and H*(X, «(n)): V — H°(X, E(n)) is an isomorphism, and &
the GraBmannian of g-dimensional quotients of V&4,

On T := Q X ©, there is the universal quotient

Xx: y®a ® O — Kg,

obtained by pulling back the universal quotient yg: V®* ® Oy — Kg on & via ng, and,
on T X X, there is the universal quotient

kz:V @ ny(0x(-n)) — Eg,

obtained by pulling back the universal quotient kg : V ® 7% (Ox (-n)) — Eg on Q x X
via mgq X idx. By the assumptions made at the beginning of this section, the sheaf

®a
Hyo = ﬂ'g*((Eg ® ﬂ;((@X(n))) )

is locally free of rank p(a). Our assumptions also imply that the homomorphism
Ve @ Oy — Ho o

is surjective. Let A, « be the kernel of this homomorphism. The subscheme &’ is defined
as the locus where the homomorphism

Apa — Ko
between locally free sheaves is zero.

Remark 3.2.1. On Q, we may define the vector bundle
% ®Ra
Hyq = ﬂg*((EQ ®ﬂX(@X(n))) )

8Given a Z-weighted filtration ({0} =: Ey € E; € -+ € E; € Ej41 := E, (¥1,-.-, y1+41)) of a vector
bundle E of rank r, the weights occuring in the induced weighted filtration (B., £¢) of E®4 are of the form
Yip + o+ Vig With (i, ..., 1) € {1,...,1+1 }*4. So, for a weight £ € Z, we set
I(g) = {(i1,uia) € {1, [+ 1Y |y +- 4y, <&}
Then, the subbundle of weight £ in the weighted filtration (B, &) is
E; ® - ®Ej,,
(i1senria)€l (&)

the sum being taken inside E®“. Since [ + 1 < r, the cardinality of I (&) is at most 9.
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The scheme &’ that we have just constructed is the GraSmann bundle &t (H, gq) over Q.
Since Q is a smooth quasi-projective variety ([28], Theorem 8.2.1), we see that &’ is a
smooth quasi-projective variety, too. The above contruction shows how it is embedded into
<, and this will help us to understand the group action and its linearizations.

Let Z c X be the subscheme defined by the sheaf Ox (—a - n). On ¥ x X, there is the
short exact sequence

(0} ESa (Ez o n;(@x(n)))m SN

®a
- (Eg ® % (@X(n))) ® 1% (07) ——> {0},
The sheaf (Ex ® 715, (Ox (n)))®* ® 7% (0z) is flat over T, and the sheaf

®a
Qog = ﬁz*((Es ® X (@X(n))) ® ”;((@Z))

is locally free of rank a - n - r¢. Let B, & be the kernel of the tautological quotient
Hg’:rl@/ e K(z‘@r

on Gr?(H, q). It is a locally free sheaf of rank s on &’. In fact, it is the tautological
subsheaf of H, e when we interpret the GraBmann bundle 9 (H, g) of g-dimensional
quotient vector spaces of the fibers of H, g as the GraBmann bundle Gt (H, q) of s-
dimensional sub vector spaces of the fibers of H, g. Finally, we let @ be the closed
subscheme of &’ where the homomorphism
Boe — Qozie
between locally free sheaves is zero. The universal quotients
Xe: y®a ® Og — Kg

and

kg: V®@ny(0x(-n)) — Eg
are constructed, by restricting y¢ and kg to © and © X X, respectively. Using these
families, we may interpret & as a parameter scheme for pairs (k: V ® Ox(-n) — E,I")

in which (E,TI’) is a coherent o-system of type (Ox, d, s) and « is a quotient, such that
HO(k(n)): V — H°(E(n)) is an isomorphism.

Remark 3.2.2. Let S be a scheme of finite type over C and (Eg, ¢s) a family of §-semistable
coherent p-systems of type (Ox, d, s) parameterized by S. We have

@s: 08, — EJ* — (Es ® ﬂ}(@x(”)))m-
By the definition of universally injective, the image of
sa(5): 0F — s (Es @ 2% (05 ()|
is a subbundle, and we get the quotient
JTS*((ES ® iy (Ox (n)))®a) — K.

Now, we may cover S by a family (S;);¢; of open subschemes, such that, for each i € I, we
have a quotient
ks, V ® 1y (Ox (—n)) — Es|s;xx
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for which
”S*(KSi ® iy (@x(n))) Ve os — ”S*(ES\S,»XX ® Ty (@X(Vl)))
is an isomorphism. We then obtain the induced quotient
xsi: V¥ ® Os; — Kgs,

The pair (ks,, ys,) defines a morphism fs, : S; — &, such that there is an isomorphism
between ks, and ( fs, Xidx)* (kg) which induces an isomorphism between ys, and f (xe;).
iel.

3.3. The group action and the linearization. The group GL(V) acts in a natural way
on &, and two points (k1: V ® Ox(-n) — E1, 1), (k2: VQ Ox(—n) — E3, I3) € &
lie in the same GL(V)-orbit if and only if the coherent p-systems (Ey, 1) and (E3, I3)
are isomorphic (see also Remark 3.3.1, ii). Therefore, constructing the moduli space
%g Jo/6x /d]s for coherent p-systems of type (Ox, d, s) amounts to proving the existence of
the categorical quotient for the GL(V)-invariant open subscheme U of & parameterizing
d-semistable coherent p-systems of type (Ox,d,s). This can be done with the help of
geometric invariant theory. For this, we have to find a suitable linearization of the GL(V)-
action.

Remark 3.3.1. i) We introduce the GL(V)-action, here, because the stack quotient [&/
GL(V)] will be an open part of the moduli stack of coherent o-systems, and GL(V)-
linearized line bundles on & correspond to line bundles on this part of the moduli stack,
just as for the quot scheme (Remark 2.4.1). This will be important for checking when the
line bundles in which we will linearize the group action will be ample, using the results from
Section 2.4. Since the center C* - idy acts trivially on &, we will only need the induced
SL(V)-action and the SL(V)-linearizations for doing the constructions and computations
within geometric invariant theory (see Section 3.4.4).

ii) Let S be a scheme of finite type over C and (E., goé), (E2,<p§) two families of
d-semistable coherent p-systems of type (Ox, d, s) parameterized by S. Suppose that

Kg: V@ ny(0x(-n)) — Ej
is a quotient for which
TS (KLS ® iy (@X(n))) 1V 0s — my (E‘S ® iy (Ox (n)))

is an isomorphism, i = 1,2. Let (¢5,1s) be an isomorphism between (Eg, ¢g) and
(E2, gpg) as in Section 1.6 and K ls the quotient bundle introduced before, i = 1,2. There is
an induced isomorphism 775 : Kg —> KZ, such that the diagram

b ((El @k (@ (n)))®a) — s k!
Sk S x \¥X S

TS ((d’s ®id7r;é (0x (n)>)®a)l l’]s

®a
ﬂS*((Eg ®ﬂ'§(@x(n))) ) — K3
commutes. Next, ms (k5), s ® iz (ox (m))» and s« (k2)7!, yield

Us: Ve @S—HTS*(E; ® ﬂ;‘((@x(n)))—ﬂrg*(Eé ® ﬂ;‘((@x(n))) — Ve 0.
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The diagrams

V®7T;((@)((—I’l)) —_ Eé V®u®@s E Ké,
Hs ®id7r;. (6x (-n ))l \st and H?“\L lﬂs
V ey (0x(-n) — E3 Ve ® Oy — Kg

are now commutative. Finally, us defines a morphism Lg: § — GL(V), and, as in
Remark 3.2.2, the family (E%, ¢¥) a morphism fi: S — &, i = 1,2. The morphism fZ
agrees now with
(Ls.fs)
S — > GL(V) x® —> ©.

3.3.1. The line bundle Sfé. We denote by RQ the closure of Q in the projective quot scheme
that parameterizes all quotients k: V®Ox (—n) — & in which & is a coherent Ox -module
of rank r and degree d. We have the universal quotient
kg V @y (0x(-n)) — Fg.
For m € N, we set N,,, :== H°(X, Ox (m)). Then, we have the homomorphism
Xam: (V&N ®Og — 71'5*(975® 7y (Ox (m + n))), m € N.

If m > 0, then the sheaf on the right hand side will be locally free of rank p,, :=
r-(m+n+1-g)+d, xg,, will be surjective and induce a GL(V)-equivariant embedding

of Q into the GraBmannian & of pm-dimensional quotients of V ® N,,,. Define
Oq(m) = det(ﬂg* (975 ® iy (Ox (m + n)))), m > 0.

Remark 3.3.2. In (8), we proved the formula
(Og(m)®P) g = (R ® Dg(f”)g’m, m > 0.

This shows, in particular, that Rgp *® Dg(_r) is an ample GL(V)-linearized line bundle on

Q which extends to an ample GL(V)-linearized line bundle on Q.

We fix a natural number m that is sufficiently large and define Z@L as the pullback of
Og(m) to .

3.3.2. The line bundle ZZ. The vector bundle H, g is linearized with respect to the
GL(V)-action, and we define
Zz =det(Hp)".

Remark 3.3.3. i) By construction, H, g is the pullback of H, g under the morphism
© — Q. So, £ is the preimage of £Z := det(H,, g)" under this morphism.

ii) If a = 1, then, according to Lemma 2.4.5, Sfé is the trivial line bundle linearized
by the character det™!. For the construction of the moduli space with geometric invariant
theory, we will only need the SL(V)-action (see Section 3.4.4). This makes Eé disappear in

the setting of [24]. For a > 1, we need this line bundle in order to match 2°(X, E®%(a - n))
and h°(X, E (n))“ in the formulas that we find (see Sections 3.4.6 to 3.4.8).

3.3.3. The line bundle fZé. The determinant of K is an ample line bundle on & which is
linearized with respect to the GL(V)-action. We let gé be the pullback of det(K) under
the morphism © — ©.
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3.3.4. The linearization. Define
+a-s-90
(13) =240
m-r-90
and
Ny = (28T L0 Z3.
This line bundle carries a natural GL(V)-linearization. We modify this linearization by a
suitable rational multiple of the determinant, so that the resulting GL(V)-linearized line
bundle has weight zero.

3.3.5. The line bundle (£)®" ® Z%. We use additive notation. Let w be the weight of
n- Zé + Eé. According to (8) and (12), we have - up to a pullback of a line bundle on
Pic?(X) - the identity

p-(n-3é+§fé)—w-£fo

“_1)'”—y)'(P0'RD—F'DQ)

:(((ls—(a.(a—l).ra—l)).n+(P0+r0f'6S-6_y)

Recall from Remark 3.3.2 that pg - Rq — r - Dg is an ample line bundle. So, in order to
grant that (£2)®7 ® Z£Z is ample for n > 0, we need

S S
a-(a—-1)-ra-t’

=(m'77—(a~(a—1)'r

“(po-Rq —r-Dg).

(14) 5 <

3.4. GIT-Semistability implies semistability. The parameter space that we constructed
actually depends on the choice of a natural number n. So, we will denote the parameter
space constructed with respect to n € N by &, in this section. The scheme &, is endowed
with linearized line bundles Sfén and Sfén, n € N. In order to define the first linearized
line bundle, we also need to fix a natural number m. In order to emphasize this, we denote
the line bundle defined with respect to m by .,(Zén (m) in the sequel, m € N. The rational
number introduced in (13) also depends on m, and will be denoted by 7(m), m € N. The
linearized line bundle for the GIT construction is, therefore,

Ny = (L, (m)®" @ Zg ©Ly . m>0.

The formula in Section 3.3.5 shows that .4}, (,,) does not depend on the natural number .
Therefore, we have a well defined notion of (semi)stability on &,,, n € N. The aim of this
section is to prove the following result.

Theorem 3.4.1. There are a natural number ny, such that, for each natural number n > ny
and each (semi)stable point S = (k: V ® Ox(—n) — E,I') € &,, the coherent o-system
(E,T) is 5-(semi)stable.

Given a projective scheme X, a reductive linear algebraic group G, an action G X ¥ —
X, a linearization G X & — < of this action in the line bundle £ on ¥, a point ¢ € %,
and a one parameter subgroup 1: C* — G, we let

uz(d,%)

be Mumford’s numerical function in the convention of [35], (1.9).
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3.4.1. Boundedness of GIT-semistable coherent systems. As n varies, the parameter spaces
©,, form an infinite family of quasi-projective schemes, and this infinite collection will not
parameterize a bounded family of vector bundles on X. This problem disappears when we
restrict to suitable loci of semistable points inside the &,,, n € N. More precisely, we have
the following property.

Proposition 3.4.2. There is a constant Ci, such that, for every n € N, every semistable
point S = (k: V® Ox(-n) — E,I') € ©,, and every subbundle {0} C F C E, the
estimate
d
uF) < =+C
r
is satisfied.
Proof. Set
1 +a-s-6
a==-a-(a-1)-r*" and ,8:=u
0 r-o

Using the formulae for Sé from Remark 3.3.2 and 17 - e.?é + Eé from Section 3.3.5, we
see that

—-y.

%-(n-gén+5fé"—w-$0):(a-n+ﬁ)-ffén(m)—w’-ffg.

Now, let S = (k: V® Ox(—n) — E,I') € &, be a semistable point, F C E the
maximal destabilizing subbundle, and Wy C V the subspace that maps onto H(X, F(n))
under the isomorphism H%(X, x(n)): V — HY(X, E(n)). Pick a basis (v1, ..., vp,) for
H°(X, k(n))""(Wg), complete it to a basis v = (v1,...,v,,) for V, and let 1p: C* —
GL(V) be the one parameter subgroup that is defined with respect to the basis v by the
weight vector g},h* ). We shall make use of the fact that

H Aoy (AF,S) = 0.

With the initial observation, this becomes
m
(¢-n+p) “HL (m) (AF,S) + > M3 (AF,S) 2 0.

Let us first find an estimate for u(Ag,S) := KL (m) (AF,S). For this, we denote

by hp(m) the dimension of the image of Wr ® H?(X, Ox(m)) under the linear map
V ® H'(X,0x(m)) — H°(X, E(m + n)) induced by H°(X, x(n)) and H*(X,E(n)) ®
HO(X, 0x(m)) — H°(X, E(m +n)). By (6), we have

w(Ap,8) = (p —hp) - hp(m) — hp - (pm — hp(m)) = p - hp(m) = hp - pp.

By definition and the Le Potier—Simpson estimate ([28], Lemma 7.1.2) for the semistable
vector bundle F°

hi(m) < h°(X, F(m+n)) < deg(F) +1k(F) - (m+n+1),
and, obviously,
—hp < —x(X,F(n)) = —deg(F) +1k(F) - (n+1-g),
so that
p - (deg(F) +1k(F) - (m+n+1)) — (deg(F) +1k(F) - (n+ 1 =8)) - pm = u(r, S).

9For this, we need u(F) + m+n > 0. We may restrict to the case u(F) > d/r and, then, for n >
—|min{ 0, d/r }], this assumption will be met.
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The left hand side is a linear polynomial in m and n, and the coefficient of m is
deg(E) - rk(F) — deg(F) - tk(E).

The coefficient of n is r - tk(F) - g and can be bounded from above by r - (r — 1) - g. The
constant term is d - tk(F) - g +r - tk(F) - g - (1 — g) and can be bounded from above by
di-(r=1)-g,d; :=max{d,0}.

The linearized line bundle gén is induced by the Pliicker embedding of ® into

pla)-s
[P’( A v®“) .
For this reason,
toy (AF,S) < (pla) =s)-a-(p—hr) <(p(a)=s)-a-p
and
2

ﬂ-,uys Ap,S)<r®-a*> m-n+a-(r*-(1-g)+a-r* ' -d—s)-m.
p e

Altogether, we see that
(¢-n+p)-((d-1k(F)—deg(F)-r) -m+r-(r=1)-g-n+d,-(r-1)-g)

2

+ra*> mon+a- - (1-g)+a-r“t.d—s)-m

m
> ity (5 S) 2 0.

We claim that, for n > 0, this implies
a-(d-rtk(F) —deg(F)-r) +r®-a*> >0,

i.e.,

ra-l. g2 d T -a
r

Hmax(E) = p(F) < g + o tk(F) <
Let us assume that our claim is false. We set
A:=d-1k(F) — deg(F) - r,
Ki=r-(r-1)-g-n+d,-(r-1)-g,
Ky :=r%-d?,
Ki=a-(r*-(1-g)+a-r*“ . d-s).
Note that K, K>, and K3 depend only on a, r, d, and s. We know that
(15) ((@-4+K) -n+(B-4+K3)) -m+K; >0.
There is a natural number K4 which depends only on a, r, d, s, and ¢, such that
a-A+Ky < _KL4
Estimate (15) implies
(16) (—Ki4+,3-A+K3).m+Klzo.
There is a natural number n{, depending only on a, r, d, s, and 6, such that

Vn>n|: -+ A+K3<-2-Kj.
K,
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Because of (16), we have
-K; 1
-t B-A4+K3 2
This is impossible, because m is a positive rational number.
For the finitely many remaining values of n, namely, 1, ..., ni — 1, we don’t need to worry,
because, for these, E lives in a bounded family parameterized by the quasi-projective scheme
S u---u @n’l—l- This finishes the arguments. O

3.4.2. A finiteness result. Given a vector bundle E and a weighted filtration (E,, a.) of
E,E.,: {0} CE| C--- CE; CE,the tuple t(E., @) := (Fe, @) With re := (11, ..., 1)
and r; := tk(E;), i = 1,...,1, is the type of (E.,@.). By means of a straightforward
generalization of the definitions in Example 2.2.1, ii), iii), we define the relation “<” on
weighted filtrations of E, and “+”. Now, let (E, ") be a coherent o-system and (E,, a.),
(EV,al), and (E., @.) weighted filtrations of E, such that

(Ee,aa) = (Eg, ) + (E[, ).
Let (B.,8.), (B.,B.), and (B., B.), respectively, be the induced weighted filtrations of
E®a_ If also

(B, Ba) = (B, By) + (B, BY),

then, clearly,
(17) M(E.,Q.)'f'é',u(E’]")(E.,Cl.) =
M(E,a,)+6 - wEry(ELal) + M(E],a))+6 - uE r(E] a).

We would like to use this additivity property to simplify the notion of §-semistability in a
way that is useful for theoretical considerations and probably also for concrete computations
with the semistability concept as in [35], Section 2.3.3.

Proposition 3.4.3. Let (E,I") be a coherent o-system and 6 € Qsg. Then, (E,I') is
O-(semi)stable if and only if it satisfies the condition of 6-(semi)stability for all weighted
filtrations (E,, a&e) with1°

t(E., @) € T (0).

Here, finiteness refers to the finiteness of the number of weight vectors a, that are needed
for testing semistability.

Proof. Let ¢ = (ey,...,e,) be the standard basis of C", S c SL,(C) the subgroup of
diagonal matrices, and § ¢ A c SL,(C) the Borel subgroup that corresponds, in the
notation of Example 2.2.1, to the identity. The a-fold tensor power (C")®“ has the
basis (e; == ¢; ® --- ®e;,,i = (i1,....,iq) € {1,...,r }*4), ordered, e.g., by the lexico-
graphic ordering. We use this ordered basis to identify (C")®¢ with CV, N := r¢, let
o0: GL,(C) — GLy (C) be the a-fold tensor power of the standard representation, and
n: SL,(C) — SLy (C) the induced representation. Under these circumstances, 77(S) is
contained in the subgroup T c SLy (C) of diagonal matrices.

Now, let (E.,a,) be a weighted filtration of E, E, : {0} € E; € --- € E; C E,
ae = (ay,...,qp). Since, for £ € Z, the semistability condition evaluated at (E,, @) is
equivalent to the semistability condition evaluated at (E.,, ¢ - @.), we may assume without

!

loss of generality that a; € (1/r) - Z. Letr; :=rk(E;),i = 1,...,1. Then, } a; ~g§r") is an
i=1

integral weight vector, and we define A as the one parameter subgroup of SL, (C) defined

10Recall Definition (5).



24 ALEXANDER SCHMITT

by this weight vector and the standard basis e. The Q. -weighted flag (W, a.) associated
with A features

We: {0} C (et oer)C---C(el,.nen)cC,

and A C Qsi, (0)(4),ie, 1 € %(A, S). As described in Section 2.2, there is an index
k € {1,...,K} with 1 € 7. Suppose that ’,1”" € 7 N X,(S) are one parameter
subgroups with ” + 1”7 = A. As noted in Example 2.2.1, iii), the Q-¢-weighted flags
(W.,al)and (W], @) associated with A" and 1"/, respectively, satisfy (W/, a}) < (W, @),
W/, al) = (W, ), and (W, ) + (W, a)) = (W.,a.). We define Qg (c)(2'),
0L, (¢)(4”), and QgL (c)(4) by Formula (3). These are the GL, (C)-stabilizers of the
flags W;, W', and W,, respectively. We point out that
QaL, (c)(1) € QaL, (c)(A) N Qar, (c)(1”).

Let (E) be the frame bundle of E. The filtration E, of E corresponds to a section
o: X — P(E)/QqL, c) ().
The induced sections
o' X = P(E)/Qat, ©) () — P(E)/Qa, ©) (1),
o X = P(E)/Qot, () () — P(E)/Qat, ) (1”)

yield filtrations E, and E’, respectively. Note that the length I’ of E, matches the length
of W, and the rank of the i-th entry of E_ the dimension of the i-th entry of W.,i =1, ...,[".
The analogous statement holds for E.’ and W.". So, we get the weighted filtrations (E, a,)
and (E., @) of E, and it is apparent from the construction that

(E., ) + (E),a]) = (E., aa).
By construction, there is a Borel subgroup T ¢ B c SLy (C) with U*(?k) c W (B,T).

The one parameter subgroup 74 (1) defines a Q- o-weighted flag (V., 8,) in CV. For the
frame bundles 2 (E) and 2 (E®%), we have an inclusion #(E) — P(E®%), and

0+(0): X 55 P(E)/Qar, ) () — P(E®)/QcLy c)(0 0 )

defines a filtration B, of E®“. The length m of B, matches the length of V, and the rank
of the i-th entry of B, the dimension of the i-th entry of V,, i = 1,...,m. So, we get the
weighted filtration (B., 8,). This is the weighted filtration of E®¢ associated with (E., ).
Likewise, (E., a.) and (E/, @) lead to weighted filtrations (B, 8,) and (B), B.) of E®4.
Since we have the commutative diagram

P(E)/QaL, (c)(1) ————— P(E)/QqL, (c)(1)
P(E®) [QcLy ) (00 ) — P(E®)/QcLy (c)(00 )
and a similar diagram for 1", the same discussion as before shows
(Bhﬁ') = (B:’ﬂ:) + (B£,$ﬁ:,)

Now, let /l’]‘, e /l’Zk be the minimal integral generators of the edges of the cone 7;{.
Then, there are non-negative rational numbers aj, ..., ar,, such that

_ k k
A=ay- B+ vap, -k
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Again, we may multiply A by a positive integer and assume that aj,...,ar, are natural
numbers. So, we get weighted filtrations (B!, ), ..., (BE<, aF*) of E®4 with

Ly

(Ba, o) = ) ai - (BL, BL).

i=1

Since 1(BL, BL) = 1(A¥) € T (o), i = 1, ..., L, this and (17) yield the claim. o

3.4.3. Bounded filtrations. Given a constant C, the family By (C) of isomorphy classes [ F]
of vector bundles F of rank r and degree d with pmax (F) < (d/r)+ C is bounded. Given a
second constant D, the family B, (C, D) of vector bundles [G], such that u(G) > d/r — D
and G is a subbundle of a vector bundle F with [F] € By(C) is bounded, as well. Let C;
be the (positive) constant from Proposition 3.4.2.

Proposition 3.4.4. There is a constant Cy, such that a coherent o-system (E,I") of type
(Ox,d,s) with [E] € By(C)) is 6-(semi)stable if and only if it satisfies the condition of
O-(semi)stability for weighted filtrations (E., &s) of E with [E;] € B1(C1,C,),i=1,...,1,
E.:{0}CE C---CECE.

Proof. By Proposition 3.4.3, we need to check the condition of §-(semi)stability only for
weighted filtrations (E,, @.) of E with t(E,, @.) € T (0). So, we pick atype t = (re, ®e) =
(715 11(1))s (@15 oy r))) € T (0), anindex ig € {1,...,1(¢) }, and let (E,,a,) be a
weighted filtration of E of type ¢ with [E;)] ¢ B1(C>).

First,

;- (d . I'k(Ei) — deg(E,) . V)
ie{l,..., (1) }:

i#ip
d
> Z a/,'~(d~rk(Ei)—(—+C1)'fk(Ei)'r)
r
ie{l,..., (1) }:
i#ip
:—C1~ Z a’['rk(E[)'r.

ie{l,...1(t) }:
[ES)

Knowing ¢, we may easily define a positive constant K f (r,d,Cy,t,i), such that the latter
term can be bounded from below by =K (r, d, C1, ,ip). Since there are only finitely choices
for ¢ and iy, we can find a positive constant K| (r, d, C;) which depends only on r, d, and
Ci with K| (r,d, Cy,t,ip) < Ki(r,d,C1),t € T (0),i0 =1, ..., 1(2).

Next, let (B,, 8.) be the induced weighted filtration of E® and m the length of B,.
Recall that we use b; := dimC(HU(X, Bij)nrl),j=1,...m.Clearly, b; <s,j=1,...,m.
So, we have

m
,u(E’r)(E.,a.) :Zﬁj . (rk(B]) ~s—bj-a-r)
j=1
m 1(1)
Z—S~Z,8j-a~r=—s-a~(yr—y1)=—s~a-Za,~~r.
j=1 i=1
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(tk(B;))

(1k(E7)) 5
77 = (y1,...,Yr), and, so, .Zlﬁf'%w =(a-yy,....,a-y,). Thereis
J:

1
Here, Y, a; -y,
i=1
positive constant K (s, #), such that the last expression is bounded from below by —K7 (s, 7).
Again, there is a constant K»(r, a, s), depending only g, i.e., on r and a, as well as on s,
with KJ(s,1) < K»(r,a,s),t € T (0).

Finally,
@i, - (d - 1k(Ejy) — deg(Ej,) - )

Zaio . (d . I‘k(EiO) - (? — C2) . I'k(EiO) . r)

=a/,~0 . I'k(EiO) . C2

Here, we have used that ;, € (1/r) - Z. Altogether, we see that
0
M(Ee,@0) +6 - p(e.r)(Ee, @) 2 =Ki(r,d, C1) = Ka(r,a,s) + = - Ca.
r

Since the set 7 (o) depends only on r and a and the constants K}, K;, and K3 depend
only on a, r, d, s, and C; which, in turn, depends only on a, r, and §, we see that we
can find a constant C,, depending only on a, r, d, s, and ¢, such that the expression
—-K(r,d,Cy) — Kx(r,a,s)+ (6/r) - C, is positive. ]

3.4.4. Proof of Theorem 3.4.1. To ease notation, we will drop the indices » and m from
the symbols for the parameter space and its linearized line bundles again. The center
C* -idy of GL(V) acts trivially on & and the line bundle .#;,. For this reason, we look
from now on at the induced action of the group SL(V). The subspace I" ¢ H°(X, E®%)
defines (p(a) — s)-dimensional quotients y: H°(X, E(n)®*) — K and y: V®* — K.
We assume that the bounded family B defined at the beginning of Section 3.2 contains the
family B, (C, C;) from Proposition 3.4.4. According to that proposition, the condition of
o-(semi)stability for (E, I') has to be checked only for weighted filtrations of E, such that
the isomorphy classes of the subbundles of E occuring in the filtration belong to B.

We pick a weighted filtration (E., @.) of E, such that E; € 8B, i = 1,...,/, and a one
parameter subgroup 1: C* — GL(V), such that its Q- o-weighted flag is (V., @,) with

H(X,k(n))(V;) = H*(X,Ei(n)), i=1,..,1

We denote by (E.,7y.) and (V.,7y.) the corresponding Z-weighted filtration and flag,
respectively. Let (H,, Z.) and (H., B.) be the Z-weighted and Q.o-weighted flag, respec-
tively, associated with the one parameter subgroup given as the composition of A and the
homomorphism GL(V) — GL(V®9).

Let us start with a tuple i = (i1, ...,i4) € { 1,...,] + 1 }*% and set

Vi=V;®---®V;,, and E;:=FE; ®---Q®FE;,.
Remark 3.4.5. Our assumptions imply that the quotient V®* — HO(X, E(n)®?) maps Vi

surjectively onto H(X, E;(a - n)).

This just indicates that the first weight is a - y; and the last one a - y,-. Apparently, not all the intermediate
weights will be multiples of some y;,i =2, ...,r — 1.
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The space V; is a subspace of the space H (i) in the flag H, that is associated with the
weight

a -1
(18) E£::7i1 +yla_a 71+Z(7’k 71)—61 71+Z(Zas P)

Define
1() = {£= (s oorta) €{ 1o [+ 1P| T+ 47, < g}

H)= Y, Ve

(€l (i)

Then,

the sum being taken inside V®¢. Likewise, E ; is contained in the bundle B(i) in the filtration
B, that corresponds to the weight

(19) ci=a- y1+Z(Z )

Setting
T@) = 1= @ ta) € (1 L+ 1Yy 4oy, <o,
we get
B@)= ) B
LeJ (@)
the sum being taken inside E®“. It is apparent from (18) and (19) that
1(i) = J ().

Remark 3.4.6. The assumptions at the beginning of this part show that the quotient V®¢ —s
H°(X, E(n)®%) maps H(i) surjectively onto H’(X, B(i)(a - n)).

Write £, = (&1, ..., £g+1) and &4 = (&1, ..., £441). From the above observations, we infer
H=p,and, given j € {1,...,u+ 1} and i with &; = &;, we have &; = &;. Involving (18)
and (19), we draw the important conclusion that
20)  Bi-p*r=Em—&) - r=(epm—g) p=Fi -1 p. j=l..pu
3.4.5. The weight on Efé. By (6) and our assumptions,

1+1

-5 (hO(X, Ei(m +n)) — h°(X, Esi (m + n)))
i=1

1+1 1+1

= > T B (X, Ei(m + ) + > Fi - hO(X, Eiy (m +m)
i=1

i=1

~

1+1
EOZ:{O} - Z ~‘ . hO(X E,‘(m +n)) 271+1 hO(X’ Ei(m + I’l))

=1 i=1
_E [
BB i p (XL Ei(m + 1) = Fiat - P
i=1

Now,

71+1 Zaz X E; (l’l))
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Altogether

1
Ht (48 = Y i (p - BO(X Eilm+ ) = po - 10X, Es(m)).
i=1
Since p,, = r-m+p and, by our assumptions, h1°(X, E;(m+n)) = tk(E;)-m+h°(X, E;(n)),
we find
1
Hp (4 S) =m Y - (p k(B = - HO(X, Ei(n) )
i=1
1
=m- Z ;- (d - k(E;) — deg(E;) - r)
i=1
=m-M(E.,a,).

Finally, we note

1
@D npgy(LS) =5 = M(Ew )+

SIS

! !

+i—7-;a-s-ai-rk(E,-)—;a-s-ai-hO(X,Ei(n)).

3.4.6. The weight on ffé The surjection V¢ ® Og — H,, & yields a GL(V)-equivariant
morphism & — &rP(@ (V®4) @rP(@ (V®9) the GraBmannian of p(a)-dimensional
quotients of V®¢, The GL(V)-linearized line bundle Sé is the pullback of O, p(a) (vea) (-1)
under this morphism. Therefore, Formula (6) may be used. Taking into account Remark
3.4.6, we find

p+l
2 (4.8) = 5+ (KX, Bja-m) = (X, By (a-m)).
=

3.4.7. The weight on fZé. Here, we can directly apply (6). Using Remark 3.4.6 again, we
see

pu+l

== Y&« (dime (v (H))) - dime (x(H; 1))
j=1

u+l
=35 (dimc(;\?(Ho(X, Bj(an)))) - dimc(/?(HO(X, B (an)))))
=1
:4+1
== > & (K(X. Bja - m) - dime (H(X, Bj(a - m) 0 1)
=1
— HO(X, Bj1(a - m)) + dime (HO(X, Bj-1(a - m) N T)).
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3.4.8. The weight on Efé ® 3&. Combining the computations of the last two sections, we
get

Hzlez? (4,5)

e+l
= &+ (dime (HO(X, Bj(a - m) 1 T) = dime (HO (X, Bj-1(a - m) N T)).
J=1
By construction of &, we have
HY(X,Bj(a-n))NT=HX,B;))NT, j=1,.,u+l.
We infer

HZzlez} (14,8)

p+l p+l
= Z &;-dime(H'(X,Bj) NT) - Z g;-dime(H(X,Bj_1) N T)
j=1 j=1

M=

p+l
Boz{0) > &) - dimc(HO(X, B)) N 1T) -
Jj=1
l M
J:

&js1 - dime(H(X, Bj) N T)

+

1

~.
1l

= Za -s-a; - (X, Ei(n)) —ZEJ - p® - dime(H*(X,B;)NT).
i=1 =1

For the last equality, we have used that B, = E(n)®¢, so that H(X,B,.) N T =T
Using (20), we write

M~

(22) 052 (4,S) = a-s~ozi-h0(X,Ei(n))—§- B, r-dimc(HO(X, B;)NT).

i=1

~.
I[M1=

3.4.9. The weight on J/V;,. Putting (21) and (22) together, we find

1
/J-/Vﬂ (/l, S) = Ir_) : (E : M(Eo, Q’.)+

l H
+Za~s~ai -1k(E;) —Zﬁj -r? -dim@(HO(X,Bj) OF)).

i=1 Jj=1
We multiply the right hand side by & - r/p. The result is

1

M
M(E., ) +6 - (Z a-s-a; tk(E;) - Zﬁj -7 . dime (HO(X, B,) N r)).
i=1 J=1

Now, s = dim¢ (I”) and

! M

Za ca; - tK(E;) = g441 = Zﬁj -1k(B)).
' =1

i=1 J
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Abbreviating b; = dimC(HO(X, B;j)NT),j=1,..,u+1,asin Section 1.2, we see that

! u
Za.s.alrk(El)—Zﬂj'radimC(HO(X,B])mF)
1 Jj=1

i=
M
:Z,Bj - (tk(B;) - dimg (') = bj - r?)
j=1
:ﬂ(E,F) (EO, a.).
Altogether, we infer that u A (4, $)(>)0 implies
M(E., @)+ - ue,r)(E., @) (2)0,

as desired. O

3.5. Semistability implies GIT-semistability. We now return to the more exact notation
introduced at the beginning of Section 3.4. In addition, we will write V,, for the vector
space of dimension p = d +r - (n+ 1 — g) used in construction of &,, n € N. Let us
fix n for the moment. For a point S = (x: V,, ® Ox(—n) — E,I') € &, and a subspace
W c V,,, we let Fy be the image of W @ Ox (-n) — V,, ® Ox (—n) - E. The family of
torsion free sheaves Fy obtained from a point S = (x: V,, ® Ox(-n) — E,I') € &, and
a subspace W C V,, is bounded. This implies that there is a natural number m(n), such that,
form > m(n),apoint § = (x: V,, ® Ox(-n) — E,I') € &,, and a subspace W C V,,, the
linear map W ® H°(X, Ox (m)) — H°(X, Fw (m + n)) is surjective. Set Cy := & - a - s.
Using the notation of Section 3.4.3, we have shown in Section 3.1 that [E] € By(Cp). In
Section 3.2, we have introduced a natural number 7, such that /! (X, E(n)) =0, for every
&-(semi)stable coherent p-system (E, I') of type (Ox, d, s) and every n > ng. We have the
following converse to Theorem 3.4.1.

Theorem 3.5.1. There is a natural number ny > ng, such that, for every n > n, every
O-(semi)stable coherent o-system (E, ) of type (Ox, d, s), and every isomorphism V,, —>
H°(X, E(n)), the resulting point S = (k: V, ® Ox(—n) — E,I') € &,, is (semi)stable.

Proof. Step 1. — Let C4 be a positive real number. We look at a subspace W c V,,, such
that u(Fw) < (d/r) — C4. Note that, by the Le Potier—Simpson estimate'? ([28], Lemma
7.1.2 and bottom of Page 106)

dim¢ (W) ShO(X, Fw (I’l))
S(k(Fw) = 1) - tmax (Fw ) + p(Fw) +1k(Fw) - (n+1)

Sl'k(grw) . (g +n+ 1) + (I‘k(gw) - 1) -Co—Cy

1

d
ka(«ofw)'(; +"—Cf1), Cy= ~Co—1+—-Ca.

12For this to work properly, we need that (d/r) — C4 + n + 1 is non-negative. The constant C, that we will
introduce below does not depend on n, so that (d/r) — C4 +n+ 1 > 0 will be true, for n > 0.
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We now have
p - x (X, Fw (m +n)) —dime(W) - pm
>p - x (X, Fw (m+n)) —tk(Fw) - (g +n-— C[’l) “Pm
=(d+r-(n+1-g)) - (deg(Fw) +k(Fw) - (m+n+1-g))
—rk(?w)-(g+n—C4) (d+r-(m+n+1-yg)).
Since Fy is a quotient of the semistable vector bundle W ® Ox (—n), we have u(Fw ) > —n,

i.e., deg(Fw) = —rk(Fw) - n. So, the above polynomial is bounded from below by
(d+r-(n+1-g)) - tk(Fw) - (m+1-g)
—rk(Fw) - (§+n—C:t) (d+r-(m+n+1-g))
>(d+r-(n+1-g)) -tk(Fw) - (m+1-g)
—k(Fw) - (§+n—c4) (d+r-(m+1-g))—1k(Fw) - (‘71 —c;) n—rton?
Apart from the term —2 - n?, this is a linear polynomial in m and n. The coefficient of m

istk(Fw) - r- (C;+ 1 - g). We may assume that Cy is so large that C; + 1 — g > 0. Then,
the coeflicient of m is bounded from below by

Ci=r-(Ci+1-yg).
The coefficient of nis =2 -tk(Fw ) - d +1k(Fw ) -r-C; = =2-r-max{0,d } =: C(. Finally,

the constant term is

tk(Fw)-r-(1-g)* - d*+1k(Fw) - Cp - (d+r-(1-9))

k(Fw)
r
>r-(1-g)?—d*+r -min{0,d+r-(1-g)}-C;=C.

Finally, we look at the expression
(@-n+p)-(p-x(X,Fw(m+n)) —dimc(W) - pp) —m - (p(a) —s) - a

23)  2(a-Cl-r*-a’) m-n+(B-Ci+a-(r*-(1-g) +a-r*'-d-s))-m
+(@-C,=rY) n*+(a-Co+p-Cl)-n+p-Ch

We choose Cy, such that, say, @ - Cg —r%. 4% = 1. This choice depends only on a, r, d, and

0. The remaining coefficients of the polynomial then depend only on a, r, d, s, and J. So,
for n > 0, both

g+ﬁ~C§+a-(r“~(1—g)+a-r“_1-d—s)>O

and
3

%+(a/~C6’—r2)-n2+(a~C7’+ﬁ~Cé)~n+ﬁ~C7’>O.

For such an 7 and m > n?, the expression on the right hand side of Inequality (23) will be
positive.

Step 2. — Let us look at a one parameter subgroup A: C* — GL(V,,). It defines a
Q. o-weighted flag (W,, %) with W, : {0} S W C --- C W; C V, and & = (P4, ..., ).
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Let us write {1,...,1} = I"ul” with I’ = {iy,...,ip } and I"" = {1, ..., jir }. We now
introduce the weighted filtration (W/, ¢,) with

W./ : {O} _C— Wi] g tee _C— Wil/ -C— Vn’ (ﬁl]’ .. ll')
and the weighted filtration (W.’, ¢.') with

W {0}CW; S CW, SV, 9 =(8],....97).

We choose an appropriate basis (vl, ..., vp) for V,,, such that A is defined with respect to

(dime (W;))

that basis by the weight vector Z i - gp . Let A’ and 1" be the one parameter
i=1

subgroups that are defined w1th respect to the basis (vi,...,vp) by the weight vectors
L (dime (W5, )
Z iy, - and Z Vi 8p

@>0 we1ghted flag of A’ and /l" is (W,’, ¥,) and (W/’,9), respectively. Using the notation
from the proof of Proposition 3.4.2, we have, for m > m(n),

(dlmf( Ih

, respectively. Then, 1 = A’ + 1", and the

ﬂ(gl )®7j(m) ®32 (/1, S)

(@ -n+p)- Hzl (m)(/1 S)

Elﬁ El

(a-n+p)- Zﬂ (P x(X, Fw,(m +n)) — dimec(W;) - pp)
i=1
p
=L ane ) Y i (o x (X, P, (m o+ m) - dime (W) - p)
h=1
»

+ % (a-n+pB)- Zﬁjk . (p -)((X, 97ij (m+n)) - dim¢ (W},.) ~pm)
k=1

“HzL Hyenm el (2,8)
) "
+ el (@-n+p)- Zﬂjk “(p-x(X, Fw;, (m +n)) —dimc(W;,) - pm).
k=1

By means of the Pliicker embedding, we have

pla)-s
r: J\ v —c

Since the exterior power is a direct summand of the tensor power, we get

7o y®lap@-=s)

— C.

We use [35], Lemma 1.5.1.41, to infer

"

s (A,8) 2 pgy (V.S) - (Zﬂjk) ~(p(a) =s)-a-p.

k=1
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Altogether, we see that

Ky om) (/l’ S)
Z:“/V,,(m) (/l,, S)

”
+ % . (Z B - (P~ X (X, Fw,, (m+n)) —dime (W) - pm —m - (p(a) - s) -a)|.
k=1

Now, we choose C4 as in Step 1 and assume that n is large enough and that m >
max{ n%, m(n) }. Then, we define

d
I = {ve{l,...,l}|p(9wv) < ——C4} and 17 :={1,..,I}\I.
r

If I + @, Step 1 shows

14

D28 (P x (X, Fw, (m+n)) = dimc (W) - pm —m - (p(a) = s) - @) >0,
k=1

so that
M‘/V'I('") (/l’ S) > IJ-/Vzl(m) (/ll’ S)

Step 3. — If (E,I') is a §-semistable coherent system of type (Ox,d, s), then, as
recalled at the beginning of this section, [E] belongs to the bounded family By (Co). We
choose Cy as in Step 1. We will assume that B (Cy, C4) C B and that n is so large that the
conditions presented at the beginning of Section 3.2 are satisfied.

Remark 3.5.2. Let E be a vector bundle of rank r and degree d with un.«(E) < d/r + Cy,
{0} € F C E a subsheaf with u(¥) > d/r — C4. Then, there are only finitely many
possibilities for deg(#). Moreover, pmax(F) < d/r + Cy. Therefore, the family of all
locally free Ox-modules &, such that u(%) > d/r — C4 and & is isomorphic to a subsheaf
of a vector bundle E with [E] € By(Cp) is bounded, too. We may assume that this family
forms part of B. In particular, we may assume that H' (X, % (n)) = 0 for all these sheaves
and n > 0.

Let us look at a one parameter subgroup A: C* — GL(V,,) and its Qs ¢-weighted flag
(We, %) with W, : {0} ¢ Wy C--- € W, €V, and & = (P, ...,%). By Step 2, we may
assume that u(Fw,) > (d/r) — Cs,i = 1,...,1. Let Fy, C E be the subbundle generated
by Fw,,i=1,...,1. We get the filtration

{0} CFw CFwy,C---CFw, CE.
We remove the improper inclusions and arrive at the filtration
Ee: {0}CE C---CECE.

Let
o {l, ., l+1}y—{1,..,l+1}

be the map defined by the rule
Vie{l,.,l+1}Vje{l,.,[+1}: ()= & Fy, =E,,
using W41 ==V, and E;,, := E. Also define

TG)={ie{l,..l} |t =/}, j=1,.,0+L
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As before, we let (v1,...,vp,) be a basis of V,,, such that the image of (vi,...,v,(x, Ej(n)) )
under the isomorphism H?(X, (n)) is H*(X, E;(n),j=1,. L1.B3 Next, for j =1,...,1,

we set
> o

i€T (j)

Now, let 1 be the one parameter subgroup that is defined with respect to the basis (vy, ..., V)

by the weight vector Z aj - ;,X XE/ MWD e Q.o-weighted flag of A features
j_

W, : {0} € HO(X, k(n)) ™" (HO(X,El(n))) C-o CHY X, k(n)™" (HO(X, Ej(n))) cv,
and @, = (a1, ...,ai).
Claim. py, . (4,8) = pwr, ., 4, 9).

With this claim, we will be done, because, for u Figimy (2, S), the computation in Sec-
tion 3.4.4 can be just done backwards to deduce w4, (1, 5)(>)0 from M(E.,a.) + 6 -

1, (Ee, as)(2)0.
First, we note that

n(m)

l

K1 (A.8) = 3 i (p - (X, Fw, (m +n)) = dime (Wi) - pin).-
i=1

We have y (X, Fw, (m +n)) =1k(Fw,) - m+ x (X, Fw,(n)), i = 1, ..., [, so that we infer

l
R (A8) =m- Y i+ (p - tk(Fy,) - dime (W) - 7)
i=1

+ > 0 (P x(X, Fw, () — dimc (W) - p).
i=1
According to Remark 3.5.2, (X, Fw, (n)) = h°(X, Fw, (n)) > dimc(W;), i = 1,...,1. It
follows that

1
Ko (4,8) = m- Z 9 - (p - tk(Fw,) — dime(W;) - r).
i=1
This yields
I
Z ¥ - (p - tk(Fw,) — dime (W) - r)
i=1
I !
Za s - 9; - tk(Fw,) - Za -5 -9 - dimg (W;).
i= i=1
Fori = 1,...,1, k(Fw,) = tk(E,(;)) and dimc(W;) < h°(X, Fw, (n)) < hO(X, Fw,(n)) =
hY(X, E+(iy(n)) = x (X, E<(i)(n)), so that

p - tk(Fw,) —dimc(W;) - r > d - tk(E(;)) — deg(E ;) - 1.

Q)I'—‘
\I'U

n(m) - prgi(4,5) 2

13Recall that we assume that 81 (Cp, C4) € B. This implies H' (X, F (n)) = 0, for a vector bundle F with
[F] € 8. In particular, we have h*(X, E; (n)) = x(X, Ej(n)), j = 1, ..., L.
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So, we arrive at the estimate

~

Lp
@) nm) pgy(4,8) 25 = Zl i (d - tk(Er(y) - deg(Exp) -7)
p ! !
+7~Za's'ﬁ[ ~rk(ET(,~))—Za's~ﬁ,- dlmc(Wl)

i=1 i=1

I .
Next, let y; < - -+ < 41 be the distinct weights forming part of ) 9; - g;dlmt(w")). We
i=1

set
G:={yi++vi | (i1 i) € {1, [+ 1}}
and let
51 << EH_,.I
be the distinct elements of G. Fori = 1,..., u + 1, we consider
U; = Z W,®---W;,

(i15ee-» ig)e{l,...,[+1 }*4:
Yyt HYia &

and
By = > Fw, ® - ® Fw,,.

(i15---, ig)ef{l,..., 1+1 4
i+ +Yiq <E

The sum is taken within V®* and E®¢, respectively. Setting

~ _Eixl =& .

ﬁi = %, l:1,...,,u,
(Ue,Bo) With Us : {0} S U; € -+ C Uy, and Ba = (B, ..., B) is the Qso-weighted flag
in V®“ induced by (V.,%). In a similar fashion, we let £; < --- < {3, be the disctinct

W (X,.Ej(m)) define

1
entries of the weight vector }, «; - gp

j=1
G={++ 8, | Groefa) €{ LI+ 1}
and
£ < - < Epyl
as the distinct elements of G. For j =1, ..., u + 1, we declare
Bj = Z Ej1®-'~®Eja.

(Jtseeerdia) €{ 1,y lH1 P4
Siyt i <&

Note that the filtration
B.: {0}CB ¢ CBzGCE®

is the filtration of E® induced by the weighted filtration (E., as) of E.
Next, using B,41 = E ®a = Bgi11, we introduce

L, .,u+1}— {1, ., u+1}
ir—min{j=1,.,0+1|% cB;}

and
T'()={ie{l,..l}T@)=j} j=1L.,a+L
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We point out that

Fori e {1,...,u+1}, welet H; be the image of U; in H°(X, %;(a - n)). As in Sections
3.4.6 to 3.4.8, we compute

l

M
K2 oz3 (1.5)= Za cs -9 - dime (W;) — Zﬁ, - p® - dime(H; N 1.
i=1 i=1

The last formula and (24) show that

l
1
>-- L. Z 9 - (d - tk(E7(;)) — deg(Er(i)) - 7)

P
+o Za 59 - tk(Erp) — Zﬁj p - dime(H; N 1.

i=1 i=1
Now,
1
D 00+ (d-1k(Er(p) - deg(En) - r) = Y ;- (d - 1k(E) - deg(E;) - 1),
i=1
1

Za s -V - 1k(Er(y)) =

i=1

DM T

a-s-aj-1k(Ej)+a-s- Z D -r,
i€T (I+1)

.
I
—_

M
D Bj-p®-dimc(H;n 1) <) By p* - dime (H(X, By (a-m) O T)
i=1

M‘:\ EM:

E. p“ - dime (H°(X, Bj(a-n))NT)

Z p* - Bi

i€T (u+l)

IA
T

+
“n

E “.dime(H°(X,B,;)NT)

T Mw:\

P Bi.
i€T (u+1)

> opeti= D pp

ie€T (I+1) i€T (p+1)

+
5

Finally, we verify that

For this, observe that, for [y := min(7'(I + 1)), there is the identity

Z P = v — -
i€T (I+1)



A GENERAL NOTION OF COHERENT SYSTEMS 37

Since a - vy, is the weight of 9&“ and this subsheaf generates E®“, this weight belongs to
0
T’(u + 1). On the other hand,

a
By= Y E®*D @ E @ E®.,
k=1
It is now straightforward to check that, for anindex i € {1, ..., u } with & < a-y,,, we have
B; C By, ie., 1(i) < . As before, we have
2 El =a- Y+ —a-vyi-
i€T (u+1)
Our arguments prove that
1
. Z a; - (d . I'k(E/) - deg(E,) . }")
j=1
1 I
+2.3 a5 a; k(B = Y B, p? - dime(HO(X. Bj) N T)
j=1

ety (4, 8) 2

SR
S

r
J=1

=S,y ) ,5).
This finishes the proof of the claim. O

3.6. The quotient and conclusion of the proof. Forn € N, let Q,, be the quasi-projective
quot scheme used in the construction of &,,. It is an open subscheme of a projective quot
scheme ﬁn. We have constructed &,, as a closed subscheme of €, = Q,, X ®,,. Let
@n be the closure of &, inside the projective scheme En = 5,, X &,, (compare Section
3.3.1). The action of GL(V,,) on &, is induced by an action of GL(V,) on ¥, and the
GL(V,)-linearized line bundle .#;,(,,) is the restriction of an ample GL(V,,)-linearized line
bundle W,I(m) on Z,. Let §ZS be the set of points that are semistable with respect to
the linearization in 7,](,,,). In Theorem 3.4.1 and 3.5.1, we have shown that, for n > 0,

©% := &, NI, consists of those points (k: V, ® Ox (—n) —> E, I') for which (E,T) is

~n

a d-semistable coherent p-system of type (Ox, d, s).
Proposition 3.6.1. Forn > 0,
& =8,n%,.
Proof. In view of the arguments in the proof of Proposition 3.4.2, this is a straightforward
adaptation of the proof of [35], Proposition 2.3.5.17. O

By this proposition and Mumford’s geometric invariant theory [30] (see also [31], [35],
Chapter 1), the categorical quotient &% /GL(V,,) = c” JGL(V,,) exists as a projective
scheme. The observations in Remark 3.2.2 and 3.3.1, ii), together with Theorem 3.4.1 and
3.5.1 imply that this quotient is the moduli space ¢ that we have been looking

X/o/Ox/d]s
for. O

4. OUuTLOOK

In [36], we discussed a different approach to solving the moduli problem for general
coherent systems. To this end, we constructed in [36], Section 4.2, a parameter scheme ‘3
that is, in the notation of the present article, endowed with a (GL(C) x GL(V))-action.
The stack quotients [B/(GL;(C) x GL(V))] and [&/GL(V)] are isomorphic as stacks.
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This can be used to compare the (GL;(C) X GL(V))-linearized line bundles on 8 to the
GL(V)-linearized line bundles on @. We need to verify that the quotient 5 /GL, (C) in the
sense of geometric invariant theory, which is an orbit space, coincides with the parameter
scheme & from this note. Then, the (GL;(C) x GL(V))-linearized line bundle Zy on B
that corresponds to the GL(V)-linearized line bundle Zg on @, in fact, descends to Zg
via the quotient map 8 — &. By [33], Section 1.3, or [35], Theorem 1.5.3.1, we know
that the points in % that are semistable with respect to the linearization in Zs map onto the
points in & that are semistable with respect to the linearization in Zg under the quotient
map p — &. In [36], we also introduced a notion of semistability for general coherent
systems which depends on a positive rational number . Fix a, d, and 5. Based on the
above observations, we expect the following picture:

e For £ € Q., there is a number 6(¢) € Qp, such that a coherent p-system
(E,TI) of type (Ox,d,s) is e-semistable in the sense of [36] if and only if it is
6 (&)-semistable in the sense of the present paper.

e As g ranges over (0, ), the parameter & ranges over (0,1/(a - (a — 1) - r¢71)).
In particular, the limiting process & — oo corresponds to the limiting process
§—1/(a-(a-1)-r* ).

The proof of this conjecture will involve subtle boundedness results for coherent p-systems
and will be considered in the future.
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