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Abstract

In this article we are interested in linear hyperbolic systems of equations defined in the strip R x]0, 1[.
More precisely the aim of this article is to described the influence of the boundary conditions on the
behaviour of the solution. This question has already been adressed in [Benb| in which the author shows
that in the strip geometry, the self-interaction (meaning that a wave packet regenerates itself by repeated
rebounds against the sides of the strip) phenomenon becomes generic and can lead to some exponential
growth in time of the solution.

Here we restrict our attention to finite time problems (so that we are not interested in the possible
growth in time of the solution) however the main difficulty is that we do not require that the boundary
conditions lead to strongly well-posed problems but only to weakly well-posed problems (that is loss(es)
of derivatives are possible).

The question is thus to determine what can be the minimal loss of derivatives in the energy estimate
of the solution.

The main result of this article is to show, thanks to geometric optics expansions, that if the strip
problem admits a boundary in the so-called W R-class of [BGRSZ02] then the loss of derivatives shall be
at least increasing with the time of resolution. More precisely this loss is bounded by below by a step
function increasing with respect to time which depends on the minimal time needed to perform a full
regeneration of the wave packet.

AMS subject classification: 351.04 78A05

Key words: hyperbolic boundary value problems, weak well-posedness, geometric optics expansions,
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1 Introduction

In this article we study geometric optics expansions for the following hyperbolic system of partial differential
equations set in a two dimensional strip. With more details for some 7" > 0 we consider the system:

L(O)u := Opu + A10hu+ A20ou = f for (t,21,22) € |—00, T| x R x ]0,1] := Qp = Q,

Bot|z,—0 = 9o for (¢t,21) € |—00,T] X R := Qg 1 = 9y, )
Biujp,—1 = g1 for (¢t,21) € |—00,T] x R := 90Oy 7 = 0,

ujp<o =0 for (x1,22) € R x]0,1[:=T,

where for N € N, the matrices A; € Myyxn(R) and where the boundary matrix By (resp. Bip) lies in
M, xn(R) (resp. My, xn(R)). We assume that py and p; are the good numbers of boundary conditions
specified in Assumption

This article is mainly devoted to the construction of geometric optics expansions (also called WK B
expansions) for , that is the construction of an approximate solution of . This construction is performed
in the particular setting of weak well-posedness (more precisely for systems in the so-called W R-class (for ”
Weakly Real”) see [BGRSZ02]) in order to investigate what are the possible losses of regularity (or derivative)
of the solution compared to the data of the problem.

Such constructions of geometric optics expansions in this context have a long story starting (in the au-
thor’s knowledge) by the formal constructions given by [AM87] and [MRS83] (see also [Maj88]) to explain the
appearance of singularities in (non linear) fluid dynamics such as Mach stems formation. We also refer to
[CW17] (and the many references therein) for the construction of such rigorous geometric optics expansions.

Geometric optics expansions aim to construct an approximate solution of when the source terms are
highly oscillating, and if the approximate solution is ”close enough” of the exact solution to highlight some
phenomena on the exact solution of from the approximate one.

Consider in that f =0, gy = 0, so that the only non trivial source term is gy and it reads under the
form: for 0 < e < 1,

golt,z1) := g5 (t, 1) = e=?E"g(t 2y,

where ¢ is a linear phase function and where the amplitude ¢ is assumed to be sufficiently smooth and
vanishes for negative time.

In the high frequency regime, such a source term generically generates waves packets travelling from the
side 0 to the interior of the domain. In the more classical setting of the half-space geometry these waves
spread to infinity, they will never be reflected back, so the situation is simpler and well-understood.



However the same behaviour does not hold anymore if one considers more complex geometries like the
strip [Benb] because some extra waves coming from the possible reflections against the second component
of the boundary (namely the set {xo = 1} for the strip geometry) have to be considered in the geometric
optics expansion. These extra phases give raise to self-interaction phenomenon which have already been
discussed in [SS75] or [Benb]. By self-interaction we mean that a wave packet can regenerate itself after
several reflections against the different components of the boundary.

This possible self-interaction between the different waves implies that in order to initialize the construction
of the W K B expansion a new invertibility condition has to be imposed. This condition seemsﬂ to be linked
with a maximal growth of the energy during the repeated reflections. The growth of the solution during a
reflection is given by the so-called uniform Kreiss-Lopatinskii inverse.

Indeed, it is known from the seminal works of Kreiss [Kre7(] that the strong well-posedness of the problem
in the half-space (in the sense that we have existence, uniqueness of the solution and that this solution is as
regular as the source terms of the problem (in some weighted in time L?-norm)) is equivalent to the uniform
Kreiss-Lopatinskii condition. This condition means that in the normal mode analysis no stable mode is
solution of the homogeneous boundary condition.

More precisely it means that if ¢ is a frequency parameter then for all ¢ if E*(¢) stands for the stable
subspace (let us point that this space depends on A; and Az but not By or By) associated to the frequency
¢ then we have:

ker Bo N E*(¢) = {0} (2)

which implies that the restriction of By to E*(¢) is uniformly invertible (with respect to ¢) (we refer to
[Kre70]-[BGSO7] or to Definition for more details).

This inverse gives the coefficient of amplification/attenuation during the reflection against the side
{za = 0} of a wave travelling from the interior to the boundary {z3 = 0} with frequency (.

By localization arguments the uniform Kreiss-Lopatinskii condition on each side of the boundary is a
necessary condition for the strong well-posedness of the strip problem.

However it is also known from the litterature (see for example [ST88]-[Cou05]) that when the uniform
Kreiss-Lopatinskii condition breaks down on some specific parts of the frequency space (we refer to Section
for more details) then a new concept of well-posedness can be considered. More precisely such problems
are referred as weakly well-posed in the sense that we still have existence and uniqueness of the solution but
this solution is not as regular as (in Sobolev spaces) the source terms of the problem.

In the geometry of the half-space, these losses are well-understood. Indeed from the works of [ST88]-
[Cou05]-[CG10]-[Mar10]-[Les07]-[Benl4], the full characterization of the possible losses of derivatives is almost
achieved (up to some really specific cases of study).

The strategy is the following: first show an energy estimate with a loss of derivatives and secondly satu-
rate this estimate thanks to geometric optics expansions to show the sharpness of the estimate.

In the corner geometry this question has been investigated in [Benl7] in which the author shows that
the self-interaction phenomenon can be combined with the degeneracy of the uniform Kreiss-Lopatinskii
condition to lead to a Hadamard instability formed by the accumulation of arbitrary many weak instabilities
(that is to say losses of a finite number of derivatives).

In this article we address the same question but this time in the strip geometry. The main result of this

paper is that in such a configuration the loss of derivatives increases with the maximal time of resolution.
More precisely the number of losses is bounded by below by a step function of the form

T
(T = [} , where [] denotes the integer part function,
a

and where the coefficient o > 0 is explicit in terms of the group velocities of the hyperbolic operator (it
is explicitly given by the matrices A;, As) and corresponds to the minimal time needed to regenerate one

1 It has been shown on some examples in [Benb|, but a rigorous proof has not been established yet



phase by repeated reflections.

Consequently in terms of losses of derivatives the strip geometry can be seen as a median case between
the half-space geometry (where the number of losses is finite whatever is the time scale) and the corner
geometry (where this number can be made arbitrarily large independently of the time scale).

However let us remark that compared to the corner geometry for which the self-interaction phenomenon
relies on some very restrictive operators L(0) (more precisely on the geometry of its characteristic variety
see [BenlT] form more details) in becomes generic in the strip geometry. As a consequence the repetition of
a finite number of derivative is more generic for the strip problem than for the corner problem.

This kind of hyperbolic systems with increasing (with respect to time) losses of derivatives is not new.
It can happen even if one deals with linear hyperbolic systems of partial differential equations defined in the
full space.

Indeed, see [CSEM14] and the many references therein, it occurs when the coefficients of the hyperbolic
operator are of poor regularity or when the hyperbolicity assumption is weak as in [?].

Here one of the interesting point is that we recover the same kind of results but for hyperbolic operators
having constant coefficients and under a rather strong hyperbolicity assumption. The growth of the loss
comes from a repetition of weak instabilities which is possible because of the strip geometry and the particular
choice of the boundary conditions. Moreover the lower bound on the number of losses is explicit in terms of
the coefficients A; and A,.

Another point of interest is that compared to [Bena] where the problem is almost the same (the only
difference is the area of the frequency space where the uniform Kreiss-Lopatinskii condition breaks down),
the behaviour of the solution differs totally. Indeed in [Benal, this time dependence of the number of looses
is absent and the solution behaves like the one in the half-space geometry.

The paper is organized as follow:

e in Section [2| we give a formal discussion explaining why this increasing with respect to time loss of
derivatives is expected. This section is divided into a precise description in the framework of 2 x 2
systems and then a description of the needed generalizations to deal with the case where N > 2.

e In Section [3] we introduce some notations, the assumptions and we state the main results of this article
namely Theorem dealing with the increasing with time loss of regularity and Theorem the
construction of geometric optics expansion for .

e Section [4 is devoted to the construction of geometric optics expansions, that is the proof of Theorem
[3:3] It is the technical part of the article but the main ideas of the proof follows the ones described in
Section 2

e At last Section [5| gives some examples and comments and/or possible extensions of the results.

2 Formal discussion

In this paragraph we discuss the main ideas in the proof of the main results.

Firstly we give a justification when the considered system has two equations. Consequently there is only
two generated wave packets in the geometric optic expansion and the self-interaction phenomenon is quite
simple.

Secondly we describe the needed generalizations to deal with the case N > 2.

2.1 Formal justification for N = 2

Consider the system with f =0 and ¢g; = 0. It is supposed to be of hyperbolic type so that it should
satisfy the principle of finite speed of propagation. Consequently the non-zero source term on the boundary
09 can not influence immediately the behaviour of the solution near the boundary 9€; (where it should
be zero in absence of source term in the interior or on the boundary 9€;).



At least during a short time, there is no loss of generality by considering that the problem in the strip
acts like the problem in the half-space {z; € R, z2 > 0}.

Let (7,17) € R? be a fixed boundary frequency, it is natural to take as a first ansatz the one of the
boundary value problem in the half-space {z; € R,z > 0}:

L(0)u* =0 for t € |—00,T], 1 € R, 23 > 0,
Bouf,, o = gestTtaim g for t € |—00,T], x1 € R, (3)
“|Et§0 =0 for z1 € R, z9 > 0,

where gg is a smooth given amplitude vanishing for negative times.

The standard theory of linear geometric optics expansions see for example [Raul2] applies and we shall
consider for ansatz the function

UE(t, 7) ~ Z on (eé(tz+mﬂ+m2£1)ui7l(t’x) + eé(tz+mﬂ+m2£2)ui72(7§’x)) ; (4)
n>0

where & > 0 and &» < 0 are the (real) roots in the -variable of the dispersion relation det(7/+,nA;+£As) =
0.

In the following the wave packet associated to £ > 0 is said to be incoming while the one associated
to & < 0 is refered as outgoing. Following, for example [CG10], the outgoing phase can not influence
the incoming one in the interior of the half-space. However at the level of the boundary of the half-space
these waves packets can be mixed by the boundary matrix By. In the W R-configuration of [BGRSZ02] (see
[CG10]-[Could]) we are faced to a loss of derivatives. In the setting of geometric optics expansion this means
that a source term on the boundary scaling like O(e) induces a geometric optics expansion of order O(1).
This explains why the scale in terms of € is not the same in and in the ansatz.

To determine the leading order amplitudes, namely ug; and ug 5 and initialize the construction of the
approximate solution, we inject the ansatz in .

In particular when we consider the interior equation of we obtain that ug; (resp. uf,) lies in the
so-called stable (resp. unstable) subspace of L(9) (see (2)) and from Lax lemma (see [Lax57] and Lemma
its evolution in the interior is given by a transport equation (with constant coeflicients that only depend
on L(9)). Depending on the kind of the phase, these transport phenomena have a different behaviour. More
precisely:

e the outgoing phase induces a transport phenomenon from the "right” to the ”left”. Consequently in
the only non trivial transportable information is the one in the interior that is zero. So this amplitude
is, at least during a short time, zero and it is initially neglected in the WKB expansion.

e The incoming phase induces a transport phenomenon from the ”left” to the "right”. This time the
non zero source term on the boundary 9y can be transported. To solve this transport equation the
trace of the amplitude on 9 is required.

In the W R-class of [BGRSZ02], the degeneracy of the uniform Kreiss-Lopatinskii condition also induces
a transport phenomenon along the boundary 90y, which turns on the transport phenomenon from the
boundary to the interior of the domain.

More precisely, when plugging the ansatz (4)) in the boundary condition (3] we obtain that

UG,1,,,—o € Ker Bo N E(iT,n) # {0} = g, = ofe, (5)
where ¢f is some (unknown) scalar function and e is a generatorﬂ of ker By.

In [CGI0] the determination of of is made by a precise analysis of the boundary condition of order one.
And the precise value of the transport operator along the boundary of the half-space acting on gf is given

ZBecause N = 2 we have that dimker By = dimE* (iz,n) = 1.



in terms of the source term go. It permits to determine ug; by integration along the characteristics of the
transport operator (in the interior).

However this transport phenomenon of the incoming phase, because it goes from the ”left” to the right”,
will hit the boundary 9€2; in finite time so that to have a global view of the problem in the strip we have to
consider the influence of the reflection of this phase against this side of the boundary (see [Benb]). In order
to do so we consider the initial boundary value problem in the half-space {x; € R, 29 < 1}:

L(O)u =0 for t € ]—00,T], z1 € R, 23 < 1,
Biug,,_, = g, fortel]—oco,T], 1 € R,
uTtSOZO for z1 € R, 22 < 1,

where the non zero source term on the side 9€2; comes from the impact of the incoming amplitude against
this side.

As a consequence the initially neglected phase in the geometric optics expansion (namely the outgoing one
for the side 9€g) is now incoming for the side 9. It can transport the boundary source term g¢ from 9
to 0€y. Because the boundary condition on 0f2; is assumed to satisfy the uniform Kreiss-Lopatinskii condi-
tion, during this reflection there is no amplification phenomenon appearing in the geometric optic expansions.

However ug , the transported information will hit the side 92 in finite time. And we shall investigate
more precisely its reflection during this rebound.

When the amplitude associated to the outgoing phase impacts 9 it is reflected in the first consid-
ered amplitude in the geometric optics expansion that is the incoming phase. Consequently this phase is
regenerated back and it is precisely that we mean by self-interaction.

However recall that the boundary condition on 0§y is not assumed to satisfy the uniform Kreiss-
Lopatinskii condition but only to be in the W R-class. As a consequence during this reflection a new
amplification phenomenon/loss of derivative occurs.

Let o > 0 be the time needed to perform a regeneration of the incoming phase (we stress that it only
depends on the hyperbolic operator) then we have the following possibilities:

e if T < a the leading order in the geometric optics expansion should be of order zero if one starts with
a boundary source term of order one compared to €. Because the time is not large enough to see the
self-interaction. In particular, the results of [CG10] hold.

o if @ < T < 2« then the final time of resolution is large enough to see the reflection. The incoming
amplitude is regenerated and during this reflection we lose a second derivative. For such final times
the considered ansatz is of order zero for a boundary source term of order £2. However in the term
uf ; (that is the one carrying the two amplifications/losses) should be zero under the threshold ¢ < a.

We can reiterate exactly the same arguments for times on the form na < T' < (n + 1)« showing that
on these time scales the phase responsible of the degeneracy of the uniform Kreiss-Lopatinskii condition has
been regenerated exactly n-times so that if one starts with a source term on the boundary of order ¢”t!
then the leading order in the WKB expansion should be of order zero (the +1 comes from the fact that for
W R problems the first loss of derivatives is immediate) if the boundary source term is non zero.

Moreover in (4) the term carrying the n+1 amplifications, namely g ; is zero under the threshold ¢ < na.
Indeed because of the definition of o and the fact na < T < (n+ 1)a, this term comes from the source term
go which has been regenerated n times.

This remark is not harmless at all because we have to keep in mind that in the analysis of [CGI0] the
boundary condition of order one have to be considered to obtain the value of gf so that the term carrying
n + 1 amplifications in the WKB expansion should a priori depend on the term of order one carrying n
amplifications. This is in fact impossible if we fix n such that na < T < (n+ 1)a because the term carrying



n amplifications in the WKB expansion, namely uf ; can not be regenerated by self-interaction.

As a consequence we obtain the increasing in time loss of derivatives claimed in Theorem [3.2] because of
the construction of the WKB expansion.

2.2 Extension to the framework N > 2

The method described in the case N = 2 in the previous paragraph can be extended to systems with more
than two equations. However this extension implies some important technical difficulties that are listed
below:

e generically the source term on the boundary 0€2y induces more than one incoming phase. Let N 4 be
the number of incoming phases (that is to say the number of positive real roots in the £-variable of the
dispersion relation det(r/ 4+ nA; +£As) = 0).

Then each of the linear phases @y := 7t + nxy + ka2 travels to the boundary 9€2; and reaches it after
the time of travel a; > 0. During each reflection against the side 9§, there is generically more than
one generated outgoing phase. Let Ny be the number of outgoing phases (the number of negative roots
of the dispersion relation). Because we have in mind a constantly hyperbolic operator (see Assumption

,WehaVGNy—I—NﬁSN.

Like in the case N = 2, each of these outgoing phases p; goes back to the boundary 02y and impacts
it after the time of travel ay > 0. During each reflection all the incoming phases are regenerated and
we observe a loss of a second derivative and/or an amplification at the level of the WKB expansion.
Thus the self-interaction phenomenon is more elaborate than in the case N = 2 because there is Ng
paths of phases regenerated for a fixed incoming phase. However this more complicated self-interaction
phenomenon is generic in strip problems and was already considered in [Benb].

What may seem annoying in the previous arguments is that each of these paths induces a different
time of regeneration. However the discussion exposed in the framework IV = 2 can be extended to the
case N > 2 but the time of appearance of the losses of derivatives is now given by o := ming ¢ oy, + oy
that is to say the minimal time of travel in the regeneration process. Indeed the main term in the
WKB expansion that is the one carrying the maximal number of losses is the one associated to the
wave packet with the higher velocity.

e Another point to be considered when N > 2 is that even if we still assume that the boundary matrix By
gives a problem in the W R-class so that essentially dim(ker ByNE*(it,n)) = 1, this does not generically
implies that e defined in is a generator of ker By because, dimE*(it,n) = dimker By = 1 does not
hold any more. B

However, we can use the analysis of [CG10] to write a priori
WG, = o5+ Vv, (6)

instead of (b)), where pf and v§ are scalar (unknowns) functions, e and vy . are defined in such a
way (see Definition for more details) that the amplification during a reflection against {zo = 0} is
carried on e but not on vg . In other words the two terms in @ (that can a priori interact together in
the boundary condition) appear at different time scales, because they are not associated to the same
loss of regularity.

A precise analysis of the self-interaction phenomenon then shows that vf is explicitly given by the
self-interaction operator (see [Benb]) applied to some function of p§e evaluated one time ¢ —a > 0 so
that this term is in fact zero by the (new) definition of a.

Consequently we can conclude, up to several reformulations of the equations, that the ua  (the am-
plitudes associated to the incoming phases) are zero under the threshold ¢ < na and depend explicitly
on go which has been regenerated n times, exactly like in the framework N = 2.



The ideas exposed in this section are illustrated in the following figures.

Figure 1: Appearance of the characteristics induced by the source term N = 3 and p = 2 and first amplifi-
cation.

Figure 2: Appearance of the characteristics induced after the first reflection
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Figure 3: Appearance of the characteristics after the second reflection, second amplification

3 Notations and main results

In this article T' > 0 stands for the final time of resolution of the strip problem .
For convenience we define:

Q:=R X]071[, BQO =R x {0} ~ R x {1} =: an,
Qp :=]—00,T] x Q, 0Q 1 :=]—00,T] x 0Qp =~ |—00,T] x 0Q; =: 0 1.

We consider the following frequency space obtained after Laplace transform in time ¢ «~ ¢ := 7 + i7, with
v >0 and 7 € R, and Fourier transform in the z; variable z; «~ n € R;

E={{=(c=7+ir,n) e CxR\Q >0}, Z:=EN{Q2=0}.

Finally for a, b € CP we denote the scalar product on CP by a - b.

3.1 Notations and assumptions
3.1.1 About the operator L(9)

Firstly we assume that the operator L(9) is hyperbolic in the following sense:

Assumption 3.1 [Constant hyperbolicity] The system is constantly hyperbolic that is there exist 1 <
M < N, real valued analytic functions Ay, ..., Aar on R?\ {0} and positive integers puy, ..., jips such that:

M

VE = (€1,62) €8, det (71 + &A1 + &4z = [[(r+ N(©),

j=1
with A1(§) < --- < Am(§) and the eigenvalues A;(§) of &1 A1 + 24y are semi-simple.

The following assumption is also rather classical in the study of hyperbolic boundary value problems and
it is satisfied by many examples of physical interest (for example the wave equation or the linearisation of
Euler equations see Paragraph [5.1))

Assumption 3.2 [Non characteristic boundary condition] We assume that As is non singular, meaning that
det As # 0. Moreover the boundary matrices By and By induce the good number of boundary conditions that
is By € M, n(R) and B1 € My_, n(R) where p stands for the number of positive real roots of As.

Thanks to Assumption we can perform a Laplace transform with respect to time (¢ «~ o) and a
Fourier transform (z1 «~ 1) in the x;-variable in to write it under its so-called resolvent form.



Let ¢ € 2\ Ey, then (1) becomes

diﬁ(é) = (Q)u(¢) + f(¢) for x4 €]0,1[,
v ) )
)

in which the resolvent matrix .7 (¢) is defined by <7 (¢) := —A; ! (oI + inA;) where ~ stands for the Fourier-
Laplace transform.

The following lemma due to Hersh in [Her63] ensures that as long as the frequency parameter o admits
a non vanishing real part then the same holds for the eigenvalues of &7 ((). Consequently the evolution of
the solution of is ruled by generalized eigenmodes associated to generalized eigenvalues with strictly
positive (resp. strictly negative) real parts which are responsible of exponential increasing (resp. decreasing)
components of the solution with respect to the zo-variable.

Lemma 3.1 (Hersh [Her63]) Under Assumptions[3.1 and[3.9, let ¢ € E\E, then the eigenvalues of /()
have non vanishing real part.

We denote by E*(C) (resp. E“(C)) the generalized eigenspace generated by the eigenmodes associated to
negative (resp. positive) real part.

For all ¢ € 2\ Zy, dim E*(¢) = p and dim E*(¢) = N — p and we have CN = E*({) @ E*(().

However, Kreiss’s half-space theory [Kre7(] requires to have a look to the boundary of the frequency
space, namely Zy. For such frequencies it is clear that Hersh lemma generalically does not hold anymore
because of the possible degeneracy of the real part of the eigenvalues. To overcome this ”difficulty” we
use a more precise result due to [Kre70] for strictly hyperbolic systems and then generalized by [Mét00] for
constantly hyperbolic systems. It is the so-called block structure theorem.

Theorem 3.1 (Block structure) Under Assumptz'ons and for all ¢ € E, there exist a neighbour-
hood ¥V of ¢ in =, an integer L > 1, a partition N = py + -+ + pr, with py,...,ur > 1 and an invertible
matriz T, reqular on ¥ such that:

Ve eV, T™HOZ (OT(C) = diag (A (C), -, HL(C))

where the blocks <7;(¢) € My, <, (C) satisfy one of the following alternatives:
i) all the elements in the spectrum of <7;(() have positive real part.

i1) All the elements in the spectrum of </;(¢) have negative real part.
i) py =1, o7;(¢) € iR, 0,9(¢) € R\ {0} and <7/;(¢) € iR for all{ € Zy N Y.

) puj > 1 and there exists kj € iR such that

kj (3 0
25(¢) = il
0 k;

where the coefficient in the lower left corner of ,97;(¢) € R\{0} and for all ¢ € 20N, o;(C) € iM%y, (R).
Theorem immediately implies that =y can be decomposed in the following way:
Definition 3.1 We have the partition
Z2o=EUMUHUG,
where we defined:

o E the elliptic area. That is the set of frequencies ¢ € Eq such that Theorem[3.1) is satisfied with blocks
of type i) and ii) only.
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e M the mized area. That is the set of frequencies ¢ € Z¢y such that Theorem [3.1] is satisfied with blocks
of type i), ii) and one of type iii).

e H the hyperbolic area. That is the set of frequencies ( € Z¢y such that Theorem is satisfied with
blocks of type iii) only.

e G the glancing area. That is the set of frequencies ¢ € = such that Theorem [3.]] is satisfied with one
block of type iv).

As already mentioned in the introduction we are here interested in the construction of geometric optics
expansions associated to hyperbolic frequencies, that is H.

When ¢ € H then the stable and unstable subspaces can be easily described; this precise description of
E?¢(¢) and E*(¢) permits to define the group velocities which play a crucial role in the construction. Indeed
in a classical way we have:

Definition 3.2 (Group velocities) Let ¢ € H then we have

e = B(Q) ® B'(¢) = (@@ ker Z(imn. ) ) © (P er Z(imn.&0)), ®)

kes Leo

where L (&o,&1,8&2) := &l + &1 A1 +E2As is the symbol of L(D) and where & (resp. €) is the incoming (resp.
outgoing) set defined by the set of m such that O¢ Ay, (n,&m) > 0 (resp. O¢Ai,, (n,&m) < 0) (see for example
([CG10)).
/

For k € .9 U O we introduce the group velocity associated to k by defining vi :== Vp,, (0, &k).

3.1.2 About the boundary conditions

In this paragraph we firstly recall the condition ensuring the strong well-posedness of the hyperbolic boundary
value problem in the half-space, namely the uniform Kreiss-Lopatinskii condition, and then we give another
type of boundary condition for which the problem in the half-space in known to be weakly well-posed, namely
the W R boundary conditions of [BGRSZ02].

Definition 3.3 [Uniform Kreiss-Lopatinskii condition] The strip hyperbolic problem satisfies the uniform
Kreiss-Lopatinskii condition on the side 0Q (resp. 9§ ) if for all { € E we have:

ker By N E*(¢) = {0} (resp.ker By N E*(¢) = {0}).

In such a situation the restriction of the matriz By (resp. Bi) to the stable (resp. unstable) subspace
E*(C) (resp. E™(C)) is invertible and we denote

Po = ¢o(C) = Baulss(o (resp. &1 = ¢1(C) == B;\xleu(c))' ©)

Definition 3.4 [0Qy WR problems [BGRSZ02]] Let Y := {¢ € E\ ker By N E*({) # {0}}. The strip hyper-
bolic problem is said to be in the W R-class for the side 09 if it satisfies the following conditions:

e the strip problem satisfies the (weak) Kreiss-Lopatinskii condition that is T N (2 \ Zg) = 0.
e T #( and T C H.

e For all ¢ € Y, there exist a neighbourhood ¥ of ¢ in Z, a regular basis (e1, ez, ...,€,)(¢) of E*(C) on
¥, an invertible and smooth matriz P(¢) on ¥ and a smooth real valued function © on ¥ such that
the following holds

V¢ €V, Byler, e, ..., ep] (¢) = P7H(()diag(y +i0((), 1, ..., 1) P({).

Crudely speaking W R boundary conditions are such that the uniform Kreiss-Lopatinskii condition de-
generates for at least one boundary frequency ¢ of hyperbolic type (meaning that the resolvent matrix .27 (¢)
is diagonalizable with purely imaginary eigenvalues) and in such a way that dim(ker By N E*({)) = 1. Let
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us stress that such boundary conditions are generic (see the examples in [BGRSZ02] and Figures .

For such a boundary condition we know from [Cou05] and [CG10] that the problem in the half-space is
weakly well-posed in the sense that it admits a unique solution w and that this solution satisfies the energy
estimate: there exists C' > 0 such that for all « large enough

1 1
2 2 2 2
Ml @,y + ItieamolZs o5,y < ( 1713 @y + 251V A gy + W90l iy + 31V 90 03 01 )

where Q stands for the half space {(t,z) = (t,2,24) € ]—00,T] x R4 x]0,00[} and where || - 2 (x) is

the time weighted norm defined by | - ||z (x) := le="" - || L2(x), where X C Q7. So for such a degeneracy of
the uniform Kreiss-Lopatinskii condition the solution exhibits a loss of one derivative in the interior and a
loss of one derivative on the boundary.

In this article we are interested in the influence of one boundary condition which does not satisfies the
uniform Kreiss-Lopatinskii condition but which is only in the W R—class on the behaviour of the solution of
the strip problemE|

Assumption 3.3 The boundary conditions of the strip hyperbolic problem satisfy the following:
e the boundary condition on O is in the W R—class in the sense of Definition [3.7)

e The boundary condition on 01 satisfies the uniform Kreiss-Lopatinskii condition in the sense of Def-

inition [3.3.

3.2 Main result and proof
The main result of this paper states that if the solution of exists then it has to develop a time depending

number of losses of derivatives. More precisely Theorem [3.2] gives an explicit lower bound on the number
of losses of derivatives. This lower bound is a step function depending on T" and of the group velocities of
the problem. In particular such a problem can not be (weakly) well-posed in infinity time.

3.2.1 Statement

Let T > 0 and consider the strip problenﬁ

3tu + A181u + AQ&QU = f on QT,

Bou|z,—0 = go on Qo r, (10)
Biujg,=1 =0 on 9Q 7,
u|t§0 =0 on Q.

Then the main result is the following:

Theorem 3.2 Let K > 0 be given; under Assumptions and assume that the strip problem
is weakly well-posed in the sense that for all f € L*(Qr) and go € HX (000 1) vanishing for negative times,
the solution u exists and satisfies the following energy estimate: there exists Cp > 0 such that

lul3e@ry < Cr (I 2ar) + 90 W3 020 ) (1)
then K > [ ] + 1 where a > 0 is the minimal time of regeneration given by
1 1
a:= min {—} > 0, (12)
(k,0)eFIXO ( Vi,2 Vi2

where v. o stands for the second component of the group velocity introduced in Definition [3.3

3The results of this paper hold mutatis mutandis if both boundary conditions are in the W R—class but we choose, to simplify
the computations in the proofs, to consider only one boundary condition in the W R—class. By convention let us say that the
boundary condition on 9 is in the W R—class.

4Because of the linearity of , the case where g1 # 0 is of little interest in its own. A careful study however shows that
Theorem holds if one changes the subscripts 0 into 1 up to modify a little the lower bound on K.
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The proof of Theorem relies on the construction of the geometric optics expansion associated to .
By linearity of and to simplify as much as possible the construction, we assume that f = 0.

Consequently, consider the highly oscillating boundary value problem in the strip Qp: for 0 < e < 1,

Opuf + A101u® + Asdu® =0 on Qr,

Boufm: = E[ ]+190 on 890)73 (13)
Blufm:l =0 on 0O 1,
uTtSO =0 on €,
where the source term on the boundary 0 r is given by
g(t,x1) == €= T go (¢ ay), (14)

for some fixed frequency (z,7) € R? and some given amplitude gy € H*> (90 1) vanishing for negative times.

The theorem giving the geometric optics expansion is the following

Theorem 3.3 (Geometric optics expansion for (| ) Under Assumptions-, - and- also assume
that (iz,n) € YT, then the cascades of equations . . admit a solution (u uy,. &InENkeFUE UNi-
formly bounded with respect to € where for all k € U0 and for alln € N, ug, . € ,92 (the profil space
defined in ) Moreover there exists gg in such that the ug , are not zdentzcally zero.

To conclude this section we give a proof of Theorem under the hypothesis that Theorem holds.
The proof of Theorem [3.3] that is the construction of the WKB expansion is the technical part of the article
and is performed in Section

3.2.2 Proof of Theorem using Theorem

The proof exposed follows the one of [CGI10] (see also [Benl7]). We proceed by contradiction. Assume that
K< [ ] + 1 and consider u® the exact solution of . Define the approximate solution ug,, given by the
truncated WKB expansion. More precisely

Ugpp - Z eew’cu kTe Z e”"ulk, (15)

ke U0 ke U0

where the ug . are the one glven by Theorem [3.3] By construction (see the cascades of equations (22)-(23)-
. . the remainder u® ug,,, satisfies the strip problem:

L(0)(u® —ug,,) = f¢  onQr,

Bo(u® — app)\o:z —0=0 on Q. r, (16)
By (u® — app)m:l =0 on 0 T,
(u® — uapp)|t§0 =0 onT.
where .
fi=¢ Z e%‘P’cL(a)uik.
keSO
From the energy estimate applied to and respectively we obtain
T)4q-
lu® = usppllzzon) < CrllFlliaar) ~ & and o lz2on) < Crllgdllzzong m ~ lFF75 (7

From the triangle inequality and using the fact K < [L]+1, ug,, is O(e*) with A > 0. This contradicts the
fact that the ug , are not identically zero.

O
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4 Construction of the geometric optics expansion

4.1 Useful notations for geometric optics expansions

This paragraph lists several notations that will be used in the following in order to simplify the reading.

Firstly let us point that the index ¢ will always be associated to outgoing modes and that the index
k will refer to incoming modes (or exceptionally to incoming and outgoing modes (in order to save some
notations)) (we refer to Definition . We recall that the set of incoming phases is denoted by .7, the set
of outgoing phases is denoted by & and finally we use the short hand notation ¢ := 4 U 0.

The operator (I — S¢) (see for a precise definition) denotes the self-interaction operator. The
transport operator along the boundary 9€y (which naturally appears for W R boundary conditions see
[CGI0]) is denoted by T (see for a precise definition).

As it is common in the construction of geometric optics expansions we use the following projections:

Definition 4.1 (Projections) Consider ¢ = (iz,n) € H, let for k = 1,...,#€, f := (i1,1,&) where &
stands for the k'" (real) root in the & variable of det £ (i, 1,§) = 0. We define the following projections:

e Pk the projection on ker £ (it, T, &) with respect to the direct sum .
o Q" the projection on Asker £ (i, T,&) with respect to the direct su (Az).

e Finally we define R* the pseudo-inverse of £ (it, 1,&k) characterized in a unique way by the relations:
REZL(it,n, &) = I — P* and PFR* = R*Q" = 0. (18)

At last we define here some elements that are used when one deals with geometric optic expansions in
the WR class, see [CGI10].

Definition 4.2 Under Assumption and let ( € T we introduce:

e a vector e € RN \ {0} such that ker By N E*(¢) = span{e}. And for convenience for all k € .7, we
define ey, := PFe.

o A vector b € RP\ {0} such that we have BoE*(¢) = {v € CP\ b-v = 0}.

o A vector space E(C) which is a supplementary vector space to span{e} in E*(C). Moreover the restric-

tion of By to E(C) is invertible and we denote its inverse by ¢o « := ¢o,(¢) = BO_“{;S(()'

4.2 The cascades of equations

In the general framework we consider the highly oscillating system of equations for 7" > 0

L(O)u* =0 in Qp,

Bouf,,_o = ef+lge on 0Q r, (19)
B;lulzzz1 =0 on 0 7,

“|€t§0 =0 on €,

where K := K(T) = [L] (where we recall that [-] denotes the integer part function) with o := minge s re o

% In the source term on the boundary d€y r, namely g°, reads:

Vk,2

gE = gs(ta'rl) = eé(It'FﬂIl)g(t’xl)

for a fixed frequency ¢ = (i7,n) € T and a fixed amplitude g € H*(Q2r) satisfying gj;<o = 0.

5Recall here that from Assumption we have detAg # 0
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We choose for ansatz

us ~ ZE" Z eé‘pk(t’x)ui,k(t,x) (20)

n>0 ket
where the amplitudes ug, ; are in the profile space &7, defined as follows

Definition 4.3 Let T > 0, « be given by and X C R%. For all n € N we define

Py = Ppra(X)={uec H®(-00,T] x X)\ Up<(k—n)a =0 forn < K and uy<o =0 forn>K}.
(21)

For convenience we denote by &_1 = {0} the singleton containing the zero function.

In the phases, namely the oy (t,x), are defined by ¢y (t,z) := 7t + na1 + {pr2 , where the & are the
roots in the ¢-variable of the dispersion relation det £(7,7,£) = 0 (recall that £ is the symbol of L(0)).

Plugging the ansatz in the interior equation of gives the iterative relation:
ZL(dpr)ug =0 Vked,
i (dpr)ug, g+ L(O)uy, , =0 Vn>0,Vke A
If we now inject the ansatz in the boundary conditions of we obtain that for all n > 0:
B (St Ti) =t -
ke s leo |za=0
for the boundary condition on 9Q (... stands for the Kronecker symbol) and
B (Z SIS ei&uz,e> =0, (24)
kes tco |za=1

for the boundary condition on 9.
Finally concerning the initial condition it is automatically satisfied if

Vn >0, Vk €, u;, € P (25)

4.3 Determination of the leading order amplitudes
The first equation of written for n = 0 gives the polarization condition
Vk € A, PFuf = uf .
where we recall that the projection P* is introduceded in Deﬁnition Using the fact that for k € 7, ug ;. €
E?*(¢) and the decomposition given in Definition [4.1| we write

S s, (tan) = 65(t2a)e + V5 (t2)uo e (26)
kes

so that Yk € S, PRugy, = oger + Vg P 0o, = 05er + V5o, ks
’ To=

where e is a vector such that ker By N E*({) = vect {e} and vg . € EZ(().

Also note that in , 05 and v are scalar functions that inherit the profile space properties”| of ug ,
and that need to be determined to construct the trace of »_, . , ug; on Q. As we will see the knowledge
of these functions is the only thing needed to determine all the amplitudes in the WKB expansion.

Then we multiply in the left hand side the second equation of written for n = 0 by QF to obtain
Vke s, QFL(9)PFuf, =0,

and we are in position to apply Lax Lemma

6In fact we will see in the following that we have 05 € Po and v§ € F_1.

15



Lemma 4.1 (Lax, [Lax57]) Under Assumption[3.1] for all k € 7 we have the relation:
Q" L(0)P*u = (0; + vi, - V) Q" Pru,

where we recall that vy, stands for the group velocity associated to the phase py, introduced in Definition [3.3

Consequently if k£ € .#, from Lax lemma combined with and , we are interested in the transport
equation:

(0 + v - Vz)“ak =0 in Qr,
Vke 7, < Bo (Zkey uak)ug:o =—By (EZG@ U&) o 8 00,1, (27)
ug . € Yo,
while for £ € € we consider (using this time):
(O + vy - Vx)ug)e =0 in Qp,
vee 0, { B <ZZ€@> 655’51187@)‘12:1 =—B (Zkeﬂ eéfkuak)m:l on 9 T, (28)

€
Ug ¢ € Z.

The equation for outgoing amplitudes is warless indeed we can apply the uniform Kreiss-Lopatinskii
condition in the boundary condition on 9Q; r and then apply the projection P’ to obtain the desired value
of the trace of outgoing amplitudes, namely

ve € ﬁ7 ug’é‘ﬂ%:l = —eiéE[PE(ZSlBl Z eigkuak\IQZI' (29)
kes

However we can not use the same trick as it is done in [Benb] for incoming waves because we do not
assume the uniform Kreiss-Lopatinskii condition on the side 02y but that we are in the W R-class.

Consequently the main issue in the W R-class is that the boundary condition of (27)) does not provide
any information on p§ so that the components of the trace on the e are missing in

Let us assume for a while that of and 15 are given functions. Then it is easy to solve by integration
along the characteristics. We obtain

1 Vi1 1 Vi1
Vk € 7, ug . (t,x) = 05 <t — ——To, T — ’mg) e + U5 (t — —Z2, 81 — —=T2 | Vo k- (30)
VE.2 VE.2 VE.2 Vi.2

In order to save some notations in the following we introduce

1 v
to, =t ,(t,m2) =t — —xp and x, :=x, j(x) =21 — ﬂxg. (31)
Vi,2 Vi,2

Consequently at this step of the construction the right hand side of is a known function (or depending
on ¢f and v§) and we are free to integrate along the characteristics to obtain the value of the outgoing
amplitudes. More precisely for all ¢ € & we have

1 1 v v
ug o(t, x) = — P'¢1 B, Z e (680 pe (t ——+ — 1 —x2), 21 — ML L(1 - x2)> €k (32)
Py Vi,2 Vie,2 Vi,2 V2
i 1 1
— PZ(,ZSlBl Z eg(gki&)l/g (t - — 4 7(1 — 1’2),%1 - M + m(l — $2)> VO, %,k -
e V2 V2 V2 V2
Once again we introduce the short hand notations
1 1 Vi1 | Vel
te =t po(t,we) =t — — + — (1 —z2) and X ¢ :=x () =21 — + —=(1 —z3). (33)
V.2 V2 V.2 Vy,2
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So we can explicit the right hand side of the boundary condition of in terms of ¢f and v§. Indeed

we have
g _ g g _ €
By E u07k‘12:0 =—-By E u07£‘12:0 = VyVo,x = —¢07*Bo E u0,€|12:0’ (34)
kes lteo leo

where we used the fact that the uniform Kreiss-Lopatinskii condition holds on the restricted stable subspace

EZ(Q)-

So finally some computations (see [Benb]) give the following relation between of and v§:
(I —85)vgvo,« = Sioge, (35)

where we defined for functions fv, with f a scalar function depending on (¢,z1) and a fixed vector v:

(Sefo)(tyan) =30 37 e (1 — g 21 — Br) doBoP' 1 B1 Pro, (36)
el ke s
with Qe = Vi,2 — ﬁ > 0 and ﬁkl = ::; — % e R.

Note that up to the restriction of By to E3(() the definition of the operator S¢ is the same as the operator
of self-interaction of [Benb].

To determine v§vp . in terms of gfe it is sufficient to invert the operator (I —S2). The main argument in
order to do this is that we are in finite time and that the terms in the Neumann series expansion of (I — &%)
reads essentiallyﬂ under the form:

(S fo)(t, 1) = > f(t— A1 — B)RM

=0

where the R®! are matrices and where the coefficients A, > 0 and (resp. B; € R) are sum of terms in
{ow,ety o (resp. {Br,ety ) with I elements.

From the profile space definition g is zero under the time threshold aK < oy K forallk € &, (€ O
combined with the fact that A, is increasing with [ (because the ay ¢ are positive) it follows that ((S2)7 of)
is zero up to some j. Consequently the Neumann serie expansion contains a finite number of terms so that

(I —82)7! is well-defined.
Moreover in the case of vjug « we have a nice simplification. Indeed:

o0

VU0« = Z(Se)jgf)e.

j=1

But recall that of € & so that we have o5(¢,x1) = 0 as soon as t < K. Consequently we have:
T
t—apy<T—-a<al|—|+1] -a=aK.
o

So all the terms in the Neumann series expansion vanish and consequently we have v5vg .« = 0.

Remark This observation is totally natural. Indeed, the loss of derivatives studied in [CG10] for hyperbolic
boundary value problems in the W R-class comes from the component of ug 5, lying on vect {e} but not from
the one on EZ({) so we recover that v§vg . = 0 on the time scale ¢t < oK.

It follows that we can use this cancellation in and to express all the leading order amplitudes
in terms of gfj only.

The aim of the following is thus to determine pf in order to complete the construction of the leading
order term.

7Considering that the precise value of the terms in the expansion is not really necessary for the remaining of the proof we
do not give them explicitly here.
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4.3.1 Determination of g

The method to determine the unknown gf described here follows the one of [CG10] but it has to be adapted
to multiple losses of derivative as in [Benl]. The only equation of the WKB cascade in which ¢f appears is
the boundary condition of order one on the side d€2 7. This condition can be written in the following form:

By > Py, +Bo Sa- PMyusy, + Bo > Ui, o = OK.00- (37)
kes kes e

Taking the inner product of with the vector b introduced in Definition [4.2] (so that the first term in
the left hand side of vanishes) then gives:

b-By » (I— Pk)u‘jkmzo +b-Bo Yy Pluizlmzzo +b-Bo Y (I- Pe)ui,zllzzo =0xob-g,  (38)
kes e e

and we shall explicit each terms in the left hand side of in terms of .

Firstly we deal with the terms involving the unpolarized part of the amplitudes. Composing the second
equation of by R* (see Definition shows that the unpolarized part of the amplitude of order one
depends on the amplitude of the leading order amplitude. Indeed we have:

Vk € A, (I —PP)us,, = iRV L(O)uf .- (39)
We now use the following Lemma

Lemma 4.2 ([CG10]) For all k € 7, we have that RF Ay P* = 0.
Moreover if d =2 we also have RF A P* = Q¥ A, R* = —%RkPk.

We first compute (I — Pg)uiZ for ¢ € ¢ using (39). We have from (in which we use the fact that
vvg « = 0):

iR'LO)ug , = —iR'P'é1B1 Y ex & )0,05 (b, x)er —i RUALPY 9181 Y et 6809, 05 (t,x ) e

kes _ _Thepe ke.s
ﬂ

So for all ¢ € & ‘

(I =P, =—iR'P'¢1Br Y e S (Tgf) (b, x) ex (40)
kes
where the transport operator on the boundary 7 is defined by

T

T:=0, — ;81 (41)

The same kind of computations shows that the unpolarized part of the incoming waves are given by:
Vk €7, (I—P*)ufy =i(Tof) (t=,x-) Rrey. (42)

This completes the determination of unpolarized amplitudes in and its remains to determine the
polarized part of the outgoing amplitudes. In order to do so we essentially reiterate the computations made
to construct the amplitudes of order zero up to two non-trivial modifications:

e the amplitudes of order one are not polarized any more.

e We need to decompose the (unknown) polarized part of the trace ), , Prus Fayo OB the subspaces
N

vect {e} and E$(¢) by introducing two new unknowns scalar functions o§ and v§ (see (26)).

However we will have vf € , this time, so the terms involving v{ can not be neglected as the ones
involving 1§ in the previous discussion.
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Let us stress that these two modifications do not modify in an essential way the loss of derivatives process
(and more precisely the time of appearance of the losses). Indeed this process only depends on e and the
group velocities (which are given by the hyperbolic boundary value problem).

As a consequence compared to the equations on the leading order amplitudes the previously exposed
modifications will more or less only give rise to the same equations up to some (possibly complicated) extra
terms to take into account, however the main idea remains the one exposed in Section

Multiply the second equation of by QF for k € s and using Lax Lemma shows that the polarized
part of the amplitudes solves the following transport equations:

(O + Vi - Vi) QFPFuS |, = —QFL(O)(I — PF)us
Vk e 7,4 Bo Zkeﬂ Pk“i,k‘xzzo = —By Zfeﬁ“iew:o — By Zke](l - Pk)“ik‘w:o’ (43)
ui)k\tS(K—l)a =0,
and
(0 + Ve - Vo)Q'P'us y = —Q'L(O)(I — P')uf /_
vg € ﬁ’ Bl Zéeé’ egglpzuié\12:1 = _Bl Zkeﬂ eggkuik\aw:l - Bl Z@Eﬁ egfl (I - Pe)uiz\ru:l’ (44)
ui =0,
Alt<(K—1)o

and we begin by the resolution of .
Firstly we shall make the interior term explicit with respect to gf. From and Lemma we deduce
that for all k € #:

CQPL@)(T — PR, = — iQ* (LO)(T ) (b%) Rbex)
. (aft@s - ;afles) (s, %) Q" Rrer,
i (aftgs - Taflgz) (tsx) QF Ay Rbe,
n —_—
=—5QFRFey
= —i(T%05) (t,x_) Q" RFey. (45)

Once again, because of the degeneracy of the uniform Kreiss-Lopatinskii condition on 00y, the boundary
condition of is not sufficient to determine P*us Keg—o" So we introduce the notation:
Klay=

Vk € ja Pkuik‘ngg (t7x1) = Qi(t,fﬁl)ek + I/f(t,l‘l)’Ul,*,k, (46)

where v1 . 1= PFv1 . with v1 . € EZ(¢) and of € 21, 1§ € P are two (unknown) scalar functions.

Noticing that the source term in the interior of the transport equation lies along the characteristics
we obtain that

.z c ~
Pku‘ik(t,x) =0f (to,x)er +vp(to,xy) U1,k — Zvi(’r%'o) (t-,x5) QkaRkek, (47)

)

where QF = (Q"CRan )L

We now turn to the resolution of in terms of 05, o and v5. In order to do so we shall explicit
the dependency of the source terms with respect to these functions. Firstly for the interior source term,
reiterating essentially the same computations as for , we have:

~Q'LO)(I — P'yus , = iQ"R'P'¢1 By Y e &8 (T205) (to, x) ey
kes
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Then , and and the uniform Kreiss-Lopatinskii on the side 0 1 give

Peui@:@:l = — Z €E(£k &) E (t e - Tk, 1) Pe(z)lBlek: (48)
kes V2
i 1
_ Z e (Er—te) e (t - -k 1) P'¢1Bivy s i
kes Vhi2 vk
L(&p—&e) 1 -
e v
iy E (t B ’“) P'6 B0 Q Rrey
ke vk, Vh2
; 1
—i Z e;(&k*&)(']‘gg) <t -z — Vk’1> PeqﬁlBleek
ke.s Vk2 VE,

. L(gp— 1 Vk,1 ¥4 ¢
7 es(fk &e) T Qs (t_ —, ) P ¢ B{R P (ﬁ Bjeg.
§ E ( 0) k2 1 1 1D1€k

Vi,2
el kes 2

Consequently we are in position to solve the transport equation and we obtain:

qui,g _ Z eé(fk—flz)gi (te,x) P£¢1Blek (49)
ke
_ Z @€ (b, x, ) P $1B1v1 sk
ke
L(Ex—&0) ~
es
-+ 1 Z 8) (t<_,X<_) Pg(blBleQkRkek
ke
—iy e%@r@(mg) (tex) P61 Bi R ey
ke
+i 30 ST eHET(T ) (b, x) PYé1BiRY PY 41 Baey
el ke s
11—z igg, A
i 2 D e @I (T205) (b, x) Q"Q'R' P'¢1 Brex
2

kes

where the first terms in the right hand side of comes from the transport of the boundary source term,
the last one comes from the transport of the interior source term (which lies along the characteristics).

Consequently the trace of P‘fu1 , on the side Qg 1 is a sum of functions evaluated in (¢t — ag ¢, 1 — Bi,¢)-
However by definition of the proﬁle space Fy we have that 0§ (t — age,- — Br,e) = 0 for all ¢ < T and for all
(k,£) € # x 0. So all the terms involving gf in can in fact be neglected and we obtain that

> Pluig,, == Zeé(fk_&)@i(t — are @1 — Bre) P o1 Bier (50)
teo ke teo
-y Zei SV (t — e, w1 — Bre) Pldr Bios s
ke teo

At this step of the discussion all the terms in have been explicited in terms of gf, o] and vi. So
from ({0), and (50), rewrites (note that the contribution of the (I — P*)uf , is zero):

(TQ(E))(tazl) 5K ocb - g+ cb- By Z Z Eé S &) g t — Qk¢, T1 — ﬂkj)Plthlek (51)
keS LeE
Hcb-Bo Y Y eF Tt — gy — Brg) Plor Bi PR
ke tee

with ¢ := # 0 so that we can express g in terms of pf and v§ by solving a transport equation

1
i-Bo >oney Rren
along the boundary.
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Now we shall determine v§v; , in terms of o] and pj. We consider (23)) written for n = 1. This condition
reads:

k€ S, Vivt e = 0P 009 — PP60.Bo > ure,,_y — PPdoBo D (1= P )ury .
Leo k'es

Using 7 and combined with the fact that of € P, becomes

(52)

(I = S vive)(t, 1) = 0k,000,49(t, 1) + (SSote)(t, x1) — ido,« Bo Z (T05)(t, z1)Rrey, (53)
ke

and once again we determine vfv; , from the Neumann series expansion, from the definition of the profile
space we have:

vi(t, z1)v1,« =0k 0 Z ) bo,g + Z S o5e —i Z S5 Z (T 05) 0. BoR" ey,

Jj=0 j>1 j>0 kes
=61c.000,.9 + Si0i —i Y (Tog)do,-BoR ey (54)
kesS

This equation determines v{v; . € P4 in terms of the (still) unknowns functions o§ and of.
An interesting point is that in (51) we are not interested in v{v; , but in the v§(t — ag e, x1 — Bre)v1
which are known to be zero from (54). As a consequence reads:

(T0§)(t, 1) =6k.0¢b-g+cb-Bo Y Zeé 78 05 (t — gy, w1 — Bre) PPé1 Biex, (55)
Kes LeO

so we have determined of in terms of o5.
In particular, if K = 0 (which is equivalent to impose that the information carried by the source term
can not perform a full reflection) reads:

(Too)(t,x1) = cb- g,

which is nothing but the transport equation on the boundary find in [CG10]. Consequently if K = 0 then
the construction of the ug gy k€ J is complete because ¢f is easily determinable from the resolution of the
boundary transport equation.

A consequence of is that to construct gf we should construct pf. Also note that in , 05 depends
on o evaluated at a time scale large enough to ensure that the wave packets have perform a full reflection.

This means, in particular, that the terms carrying the (K -+ 1)** loss of derivative come from the term
carrying the K*" loss which have made a complete regeneration.

For future purpose for all n > 1 let

D PR () = 05 (t a1)e + Vi ., (56)
kes

where v, . € E**({) and where g, € &, v;, € P, _1. We also define for all k € .7, vy, 41 1= kan)*.

Then with these new notations and the previous remarks the remaining of the construction is clear. We
reiterate essentially the same kind of computations to obtain an equation giving 5 in terms of g5 at a time
scale larger than the minimal time to perform a full regeneration of the phases and so on.

So an iterative process will give an equation of the form:

05(t,z1) = Fo(g) + F-1(0%11), (57)

8t is clear from that 1/1111 « € Po. Indeed the last two terms in the right hand side of are in Zy. Then the first
term in the right hand side of (| is by definition in Zk. However the Kronecker symbol 1mplles that it is non zero if and
only if K =0.
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where Fy(g) only depends on the source term g (evaluated on time scales large enough to take into account
K full regeneration) and where F_;(0%_ ) only depends on g%, (evaluated on time scales large enough to
take into account K + 1 full regeneration). However by definition of the profile space 0% ,, € Pk 1 = Pk
so that F_1(0% ) is zero and determines of in terms of the source term g only. Using this expression
in and then completes the construction of the ug , for k € 7.

However, let us point here that unfortunately some technical details complicate the sketch of proof.

e Firstly in all the computations exposed so far we used the fact that 5 = 0 which implies non trivial
simplifications. This will not be true any more for 15 as soon as n > 1 (recall that from (54)), v is not
zero for aK <t < (a+1)K).

As a matter of fact the expressions determining (I — P*)ug, ., (I — P“)ut , and Péufw will include

some extra terms compared to , and when n > 1.

e A direct consequence of the previous remark is that the equation determining g5, in terms of of, ,; is
more complicated than (51)) as soon as n > 1 (indeed some extra terms are expected).

However a much more annoying point is that to pass from to we used in a non trivial way
that the contribution of the terms involving v{ in the right hand side of . This will not be true
any more as soon as n > 1.

So that because of we expect that (compared ) the equation determining o has in its right
hand side a term involving of, that comes from the contribution of vy, ;.

What saves the day is that these terms depend on gf, but only on time scales large enough to perform a
full regeneration. Consequently the new equation determining of, takes the form

(I = %) (Toy,) = Fulg) + Fa1(0h11), (58)

where F,(g) only depend on the source term, F,,_1(05,,;) only depends on o}, ., and Z;, is an operator
evaluating on times larger than the minimal time needed to perform a full regeneration of the phases. So we
can solve by taking the Neumann series expansion of the right hand side to obtain a relation giving o,
in terms of g5, ,; and the iterative argument described to obtain the expected equation applies.

4.3.2 The general equation on ¢}, 05,4, V5, V5,1 for n > 1

The general equation on ¢}, 0,1, v;,, v, for n > 1 In this paragraph we essentially reiterate the
computations performed in Section to obtain an equation linking the unknowns components of the
trace namely the o}, of 1, V5, vy forn > 1.

We however have to take into account the influence of the component v v, . and the fact that the am-

plitudes ug, 4, k € J# are not polarized any more.

The main result of this paragraph is the following proposition:

Proposition 4.1 For alln > 1, for k € % and { € O there exist functions ﬁ;,c,np, fﬁ)k,p, G omp and
.0p Such that we have the following decompositions
VEe S, g (tx) = F0 g np(tx) + Fp (6 0) + o (B x5 ) en + 17 (b, X05) Un ek (59)
and
VEE O, us, (6, @) =T 4 (10) + Gy g, (6x) = Y €2 7800 (6, x) P'61 Brey (60)
kes
=) e @ TEIE (b x ) PPy Brug s
kE.s
Moreover F: 0 Py ks Gromp Ond 9y, depend linearly on the ¢ and the v§ for 0 < j <n—1.
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In the decomposition (resp. (60), the terms F kmp (resp. 97, ) correspond to the unpolarized part

of the amplitude wuj, , (vesp. wuj, ,), whereas 77, (resp. G op) correspond to the polarized part of the

amplitude u;, ; (resp. uj, ,) that does not depend on the higher order unknowns 0541 and vy, g

Proof : The proof is based on an iterative process.

Because of the results of Paragraph The decompositions and (for n = 1) holds with
yl k np (I Pk)ul k= Z(7—90) (t—>7x~>> R €k,
Pk = i (T705) (b5,%5) Q*Q Rrey,

Vi,2

)

and

W otnp =~ 1 Z eé(ﬁk—&)(ng) (t—,x) R'P'¢1Byey,

ke.s
Gigp=—1 Z - (T of) (te,x.) P'é1 B1R"e;
ke.s
et (En—E) , ek

+i Z (T205) (te,x) P'o1 B1Q"Q" Rey
kes k2

+iy Z ex (& =8 (T g2) (b, x) P'¢1 ByRY P ¢ Byey,
kES U0
1-— i ~

- Zﬂ Z e= k=) (T205) (b, %) Q“Q"R'P'¢1 Brey,.

V2 ey

Assume that and hold at the order n. Then following the computations performed in Paragraph
and using the standard relation for unpolarized parts we define for all k € .&

frfﬂ’k’np(t, x) = iRkL(a) ( ,‘ik’np + ﬂ,‘ik’p) (t,z) +i(To) (t—,x) RFey, + (Tvy) (b, %) Rkvnﬁk’*
(61)

and for all £ € 0

grf—i—l,@,np(tvx) :ZRZL(a) ( S,Z,np + gn N p) (t .T -1 Z 6% gkigl)(TQ;) (tHaXF) RZPZQSlBlek (62)
ke s

—i 3 & (TL) (b, x) REPYG1 Bivg o
ke s

In particular, it is clear from the iterative assumption, that such #; +1 ke.np a0d ye nt1.0.np depend linearly
on the ¢ and the v5 for 0 < j < n. So that to determine the terms .77, ,  and gn+1 ¢p We consider the

polarized parts P*us i1,k and Pty ni1.0- Once again reiterating essentially the computations performed in
Paragraph [I-3.1] we have to solve the transport equations:

(at + Vi - vm) n+1 k— 7QkaL( ) n, k: np
Vke ja P un-‘rl k‘rz o Qn,kek + Vﬂ+1vn+1’kw* (63)

u761+1,k € '@Tb'i‘h
and

(8t + vy - Vx) n+1 = 7Q QZL( ) n,f,np
Vie o, Peui+17g‘22:1 = _PZ¢1Bl [Ze’eﬁ e?(fz 5Z)gn,€/,np‘2271 Zkeﬂ es(gk §0)y, +1 Klgo=1]" (64)

e
Upt1,e € ‘@nﬁLl'
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Integrating along the characteristics implies that the decomposition holds at the order n + 1 if
we define:

Frernplt 1) = —i- =G Q [ LOVRYLO) (F o + Finy) (1) (63)

Vi,2

1
+ ((yzéi)Rkek + (szﬁ)Rkvn,k,*) <t - T2,T1 — Vk’11172> },
Vi,2 Vi,2

)

which clearly depends linearly on the o5 and the v} for 0<j5<n.
Using this expression in the transport equation (64)) then shows that the decomposition (59)) holds at the
order n + 1 if we define:

grerl,Z,p(twr) Voo QéQe( ( ) n+1,¢, np)(t7m> (66)
i, l—2 vy,
_ PZ¢1B1 Z ec (& fe)g A1k, gyt <t + 27.%1 +(1—x9) 1)
o Vy2 V2
- 1—29 /A1
—PlpBy Y e [Jnﬂvk’npw - f/‘nﬂ,k,p‘wzzl} <t+ et (1- xg)w .
ke.s 2 2
O

We also have the proposition

Proposition 4.2 For all n > 1 we have the following

&€ € &

Vk S j y k TP\ 2= 0’ ynJCvnp\mz:l S 97171 and y k sMP |29 =0 = 0 y k P |zg=1 € '@’I’Lfl
g g

VEE O Gty Intpeger € Pt LGy i Gty € Pr2e

Proof : Once again the proof relies on an iterative argument. Clearly from the initialization made in the
proof of Proposition Proposition holds for n = 1.

Assume that Proposmon 2| holds for some n then from (61) combined with t_, _, =t and because
L(0) and T leave the space &7, invariant, it is clear that /n+1 kunpiay—o © P, Indeed the first term in the

right hand side of is in 4@”,1 by the iterative assumption, the Second one is in &, by definition of ¢,
and the last one lies in &,,_1 by definition of v;.

Because t_, , _, =1 — ﬁ’z, it is also clear from and that 77 Dlay1? ys,k,p\zzﬁ € Pp.
Concerning the terms {4 c pand @e o1.0.np the iterative assumption combined with the equality te e =

t,,, implies (using (6 and . that Gty Dnirump € Pn (the limiting term in ¥° 1 mp 18
(Toy,)(t—,,_,,") with a repercussion in (66)).
Finally the iterative assumption and the equality t.  _, = ax, shows that the first in the right hand
side of (62| . is in £2,,_o, the second one in &,,_1 and the last one in &, 5. Consequently %nﬂ’z)np e P_1.
Using this result in the expression of 47, ,  shows that the limiting term in the right hand side of .
is the first one (which lies in 42,1, the other ones are in &2,,_5).

]

First reformulation : v} as a function of the ¢} for j € [0,n] The aim of this paragraph is to
show that the (unknown) ”almost-stable” component of the trace of the incoming modes on 0y r can be
expressed in terms of the "purely-unstable” components that is the o5 for all j € [0,n].

The first step is to consider the boundary condition at the order n. Multiplying this equation by
@0, in the left hand side we obtain that

Tk € I Vitnge = Onsr ik PPG0.g = PRo0.Bo D (1= P¥)us P60, BoY ufy, .

k'es Leo
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equation that from Proposition [£.1] reads:

(I = S)ivne =0n k1P 00,9 + Si05, = 6080 D Frs knppa, o (67)
ke s
= 00-B0 Y Gty = 90580 Gt
lteo Leoc

From Propositions and we can writﬂ

n—1
ys,k,np‘mzzg = Z F + Z IE‘ln m,x and Zgn np|yy=0 rfé,p‘IQ 0" Z G + Z Gn m,*)

kes m=0 Leo

where (with a slight abuse of notations) for all n > 0, m € [0,n — 1], F;, ,,, and Gj, (resp 5, .« and
Gfl m.«) are linear operators that only depend on g5, (resp. v;,) and satisfying that Fn m> Gom € P, (resp.
nmw G%m* € <@m—l)-

With these new notations in hand, from the Neumann series expansion of I — 8¢, becomes for all n

eN,

n—1 min(m,K) n—1 min(m—1,K) L min(n,K) '
Vin,e = O K41 Z ) o9 + Z Z ST+ Y. Y STt Y. (S ok,
m=1 j=0 j=1
(69)
where we defined
Ve = —b0Bo (F p + G ) € P and Y = —¢0.2Bo (F5 s + GE ) € Pt

Equation essentially gives the expression of vy, in terms of the o5, v5 for m € [0,n], ¢ € [1,n —1].
The main result of this paragraph is then to show that up to change the definition of the ye | YeE

n,m? mn,m,*
we can restrict the second sum in the right hand side of . to m € [1,n —2]. In other words we can
express v, in terms of the gf, for m € [0,n—1] and the v for ¢ € [0,n—2]. Consequently an iterative argu-

ment (recall that v§ = 0) shows that for all n € N we can express V¢ in terms of the g5, for m € [0,n—1] only.

We give here the details of the computations for the special case n = K + 1. Firstly because this term will
be of particular importance in the rest of the proof (more specifically in the reformulation of the equation
determining ¢f, ; in terms of ¢f,) and secondly because this term is the most delicate to handle with because
of the source term g.

Proposition 4.3 For all m € [0, K] (resp. m € [1,K —1]), there exist linear operators Vg, ,, (resp.
Vet 1.m.«) only depending on o5, (resp. vy,) such that

K—-1m-1 K
V41 VK416 = Z( j¢0 xg + Z Z (89) HVK-H mt Z Z (S5) ]%K—i-l myx T Z(Si)j9%+1e (70)
7=0 m=0 j=0 m=1 j=0 j=1

Proof : We start from equation [69 written for n = K + 1 in which we isolate the only term depending on
Vi (namely ¥, k.,

K K m K—1m-1 K
Vi 4+1VK 41, :Z(SE ) do,-9 + Z Z (S5) 7/K+1 m T Z Z 7/K+1 mye T Z(Sj)ﬂgi(ﬂe (71)
7=0 m=0 j=0 m=1 j=0 Jj=1

K-1
+ Z 7/K+1 Ko+ (VicVUK £)-
7=0

9As the reader will notice, the precise expression of the operators Fromy Fom,« and G, o, GF, 4, is of little interest for the
following. Indeed the only interesting point is their behaviour Compared to the profile spaces. So to save some tedious formula
we will not give the precise expressions here.
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From equation [69] written for n = K we also have

K—-1 m _ K—-1m-—1 K
Vicvicw = S S S T+ 3 S (ST + S (S0P Oices (72)
m=0 p=0 m=1 p=0 p=1

from which it follows (recall that 771? 41K« 18 linear with respect to v vy .) that

K—

,_.

K-1K-1 m

VT Wicvid = D0 3 SV D Tt (S i (73)
]:0 m=0 j=0 p=0
::72+1,77L
K—1K-1 m-1 N
+ R DRI [ L7
m=1 j=0 p=0
::7i(+1,m,
K-1 K
+ Z j,VK+1 K, [(S)Pokcel .
7j=0 p=1

For all m € [0, K — 1], p € [0,m], the T¢,, x. [( S E m} € Py C Py, and only depend on the

05, Consequently for all m,j € [1, K — 1] the (85)97/K+1 m € Pm—; and the first sum in the right hand
side of (73) can be restricted to j € [0, m].

Slmllarly for all m € [0,K — 1], p € [0,m — 1], the T, ., [(55)?“/7[;,”} € Po1_p C Py so0 the

second sum in the right hand side of can be restricted to j € [0,m — 1].
Using these remarks in shows that holds if we define:

~, —€
Vm € [[17K - H]’ %1‘3-&-1,771,* = Aj/é—kl,m,* + A//K-l-l,m,* € ‘@m—lv

Vm € [[OvK - 1H7 q//I?—&-l,m = 771§+1,m +7i(—o—l,m € (@m
K
and Yy k= Vi1, + Z Vi1, x4 [(S5)Pokce] € Pk

p=1
([l

With Proposition in hand, by an iterative argument, we can state the main result of this paragraph.
Namely that the vZ can be expressed in terms of the o, for m € [0,n + 1], more precisely

Proposition 4.4 For alln > 1, m € [0, K], there exist linear operators Wm only depending on g5, and
satisfying Wy, € Pm such that

n—1 m min(n,K)
Vitne =g+ Y Y (S W+ Y, (S o, (74)
m=0 j=0 j=1

where for alln > 0, 9, is a linear operator (only depending on the source term) such that: 4, =0 ifn < K
and G 11 := Z]K:O(Sf)j@éo,*-

Second reformulation: of as a function of the ¢f,, m € [0,n — 1].  The aim of this paragraph is to
give a relation expressing o5, in terms of the of,, for m € [0, n].
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Taking the scalar product of the boundary condition at the order n + 1 by b (see Definition
reads, thanks to Proposition

b- By Z ﬁzﬂ,k,nmw:o =0nxb-g— Zgﬁﬂ,e,nmmfo + gﬁ+1,l,p‘m2:0 (75)
kes teo
+b-By Y Y e @08 (t— e, m1 — Bre) Pldr By
keSS LeO
+b-By Y Y e @ us (E— g, w1 — Bro) PYé1Bron 1 s
kES 1O

In the spirit of the previous paragraph, in order to fix the ideas and save some notations, we describe in
this paragraph the computations for n = K. From we thus have:

K K K K
b By (z S ]FKm) g b B, (z Gt 3 G;m,m,*) (76)
m=1

m=0 m=1 m=0

+ ﬁs(giﬂrle) + ﬁE(”i{JrlUK-H,*)v

where we defined for a scalar function f defined on Qg r and v € CV we defined

ﬁe(fv) :=b- By Z Z eé(é’“*&)f(t — Qe X1 — ﬂk,g)PZqﬁlBlka. (77)
ke S belO

The aim of the end of the paragraph is to rewrite under the generic form

(I =) (0i) = F-1(9) + Y Fml0m) + Frcs1(0hc11);

K-1
m=0

where the .7 are some linear operators to be determined and where JZ is a linear operator ”costing at least
the time needed to perform a full regeneration”. As a consequence, the Neumann series expansion of I — 57,
contains a finite number of terms

In order to do so, we make more explicit in terms p% . In the following we list all the terms involving

0%

e Obvious terms. Because of (68), the terms Fi 1.1 and G i in (76) clearly involve g% . Moreover
from (65)) we can write:

K K-1
b'BO Z ]Fi(+1,m = bBO Z F%+1,m+b'BOF§(+1,K (78)
m=0 m=0

K-1
=b-By > Fiy1,+ib-Bo Y (Toi) RN Pke,
m=0 kes
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and from and some computations show that we can write:

K-1
b- By Z Gig1.m =b- Bo Z Git1m (79)
—ib- By Z > eF O (T 5 ) (t — g, 21 — Pro)R'P'é By Pre
kEF LEO
—ib-By Y Y et E T (T i) (t — ke, w1 — Bre) PPy B1 R Phe
kES LeO
< eslbete) ¢ Sk Ak pk pk
+ib-Bo Y Y ————(T?0%)(t — ak e, w1 — Bro) P'd1 B1Q* Q¥ RF Pre
kesteo  R2
, ex(tim 5‘) At Rl pt k
—ib-By Y Z 0x)(t — ke, 21 — Bre)Q QR P 1B P'e
kes o 2

+ib-By > Y Z =68 (T g2 ) (t — g, 1 — Brg) Pldy By P ¢y By RF PPe.
kedgleOl' 0O

So that at this step of the discussion using and we write as follows:

K—-1
i(C —H®)(o5ce) + b BOZFK+1 m T BOZGK+1W—b g=b-Bo Y Fiiim (80)
m=1 m=1 m=0
K—-1
_b'BO Z Gi{-ﬁ-l,m
m=0

+ RE(0511€) + RE (Ve 41 Vi 41,1)s

where for v € CV and f a scalar function the operators C : CV — C and He : CN = C are defined by

C(fv) := (Tf) xb-By »_ RFP*v, (81)
kes
and
H(fv) :=b- By Z Z eé(Ek_ge)(Tf)(t — ag, 1 — Bro)R P o1 B Pru (82)
ke.s Le6
+b- By Z Z e Ex =€) (T f)(t — 0,1 — Bre) PP g1 B RF PRy
ke te6
65(5’“ &) ¢ Sk Ak pk pk
—b-By Y Y ————(T?)(t — ape; w1 — Bre) P’ o1 B1QQF R* Prv (83)
kes teo M2
65(5’“ 5'3) 72 =00l e k
+b-By Y > ————(T?F)(t — are,w1 — Bre) Q' Q R P'¢1 By Pro
kesteo 42

~b-Bo Yy > Z SO (T )t — anp, w1 — Bre) P o1 BLPY ¢1 By RF Pro.

kesgLeOl'e0

The definitions of C and H in themselves are of little interest. The only point to keep in mind is that
C evaluates at time ¢ whereas H* evaluates at times ¢ — a;, ¢ in particular for any m € N we have that
Hs(gzm) C @mfb

In all the terms that depend directly on % have been treated. Indeed the right hand side only
depends on the ¢f, , m € [0,K + 1]\ {K} and vg_ ,, while the left hand side depends on the vy, for
m € [1, K].

However from the first reformulation we can make the terms depending on the v¢, for m € [1, K] more
explicit in terms of % it is the aim of the following.

28



e "Hidden” terms coming from v§ Reiterating'’| the same computations as the ones performed to
deal with the terms depending directly on g% in (76) we can write under the form:

K-1 K-1

i(C — HE)(0%ce) +i(C — H*) (Viv ) =b-g—b-Bo ¥ Fiei1m—b-Bo ¥ Gicprm  (84)
m=0 m=0

K-1 K-1
E : e § : €

—b- By IE‘KJrl,m,* —b- By GK+1,m,*
m=1 m=1

+ R (05 41€) + RE (Ve 41V 1,0)-

Because of Proposition (applied with n = K) combined to the linearity of C and ﬁ, we can write:

K—-1 m K— —
i(C— HE) (ives) =i 3 > C(SIY W5 — Z Z (S
m=0 j=0 =1 j=0
K -1

+iZC(S§)jQ§(e—ZZ’HE ) 0%ce,
j=1 j=1

where we recall that the WK are linear operators depending on ¢f, and such that %5, € Zp,.
Consequently we write under the form:

K-1 K-1

i(C—H)(o5%e) =b-g—b-Bo > Ficy1m—b-Bo Y Giciypm (85)
m=0 m=0

K—-1 m ) K—1m—1 ~ )

—ib-Bo Y Y C(S Wi +ib-Bo > > H(S) Wi
m=0 j=0 m=1 j=0
K-1 K—-1

—b- BOZFK-l-lm* b- BOZGK+1m*
m=1

+ R (0% 11€) + R (Vi 41V +1,5)5

where we defined:
L K ' K-1 _
Ho=H i) C(S)Y +iy H(SD),
j=1 j=1

and in particular we remark, because the sums in the right hand side in this definition start at j = 1
=€
that H (Pn) C Pm—1.

The left hand side of only depends on g%. The two first lines in the right hand side only depend
on the g%, for m € [0, K — 1] and the third one on the v¢, for m € [1, K — 1]. Consequently in order

to obtain an equation depending on the o, only we express the third line of the right hand side of o5,
only.

From Propositionit turns out that (recall the slight abuse of notations F 1 ., . = Fg 1y o [V5,0m,4]

10Note that the terms 0% and v, play exactly the same role as in (61)),(62),(65) and
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and Gy s = Gli1 v [VinUm,s])

K—-1 K—-1m-1 p
~b-Bo Y Fiey1m. =—b-Bo > Foerrme (S5 )]
m=1 m=1 p=0 j=0
K—-1 m
—b- By Z F 1.m. )Jgfne] ’
m=1 j=1
K-1 K-1m—-1 p
—b- By Z G?(Jrl,m,* =—1b-By Z Z ZGK+1 m,x SE)JWni,p]
m=1 7

m=1 p=0 j=0
K-1

—b- By X;Z;GKH mox )jgfne] ’
m=1j

Consequently can be rewritten under the form:

K-1
i(C=H)(0ie) =b-g+ D X + R (0 11€) + R Vi1 Vx4, (86)

m=0

where for all m € [0, K — 1], %@}m is a linear operator that only depends on gf, satisfying that
Zm € Pm. These operators are explicitly given by:

m m—1
j:()\—,_/ =0 ~—_————
EPm EPm—j EPm—1-j
m—1 p
Z Z K+1,m,* + G?(—i—lﬂn,*) [(‘S:)JWWEL,IJ
p=0 j=0
EPm—j

Ms

( §(+1,m,* + G%Jrl,m,*) [(Si)]wni,p] )

Jj=1
EPm—j-1

Consequently the only term that does not depend on the ¢5,, m € [0, K+1] in is the one depending
on v ;. The last step is just to reformulate this term.

¢ End of the reformulation: the term depending on v, Exactly as it as been done for the terms
depending on the v;,, we use Proposition in order to express the term R (Vg VK 41,«) in the right
hand side of in terms of the of,. From the linearity and the definition of R* we have:

K-1 K—1m— K-1
RE (Vi 1v1,0) = D RES dog + ) Z S sim+ D RS Wi
=0 m=1 j—0 %,_/ =0 %,_/
€EPKr-1-j EPm—j—1 EPK—j-1
K-1
Z QK+1€
=1 EPK_j-1
so that we rewrite in its final form:
N K-1
(I = H5)(0ke) = =iC(b- 9) +6 + D Xt + R (05c410) (88)
N—— m—0

EPK



where for a scalar function f we defined

-1
Cf = (b-BO Z Rkek> T 1fe (89)

kes

anc@

K-1
e = 5(# —i > RS Wik H) is s.t. Ym € N, H(Py,) C Prn_1, (90)
j=0
RE == —iC (’Ra + Z RE(Sf)j> is s.t. Vm e N, R(Z,,) C Pr—1, (91)
j=1
K71~ . ‘
&=—iy C (Rf(si)ﬂqso,*g) € Pr_1,
=0
’ EPKr—j-1

and where for all m € [0, K — 1], 2% ,, only depends (linearly) on of,, 2% ,, € P is given by:

K—-1
Lo =—1C | Zcm + > RIS Wieam | - (92)

Jj=0

Because the operator 15, ”costs” (in terms of time) at least the time needed to performed a full regener-
ation of self-interacting phases, we can inverse (I — H5 ) from its Neumann series expansion. Consequently,

becomes:

K K—1 K—1 m K-1
oie=—i > (Hi) Clb-g)+ > (Hi) &+ > > (M) Zgm+ > (Hi) R (0%11€), (93)
Jjr=0 Jx=0 m=0jx=0 Jx=0

which is an equation determining o5, in terms of the ¢f, for m € [0,k — 1] U {K + 1}.

The generic equation for ¢f; last reformulation The aim of this paragraph is to show that the
unknown component of the trace g% _, can be express in terms of the ¢, for m € [0, K — 2] U{K + 1}

Proposition 4.5 There exist a linear operator H5._, satisfying that for all m € [0, K], H5%_1(Pm) C
Pm-1 and for allm € [0, K —2] a linear operator 2 _, ,, (depending only on ¢, ) satisfying that 2% _, ,, €
P, such that we have the equality:

K-1 K-2
gie=—i Y (Hi ) "OREHEYRCO-g) + Y (Hi ) REHK)NE  (94)
Jrk+jik—-1=0 Jrk+jik—-1=0
K-2 m ) K-2 ) )
YD M ) Lt Y, (M )R (M) R (0 410)-
m=0 jg_1=0 Jrk+ik—1=0

Proof : If we reiterate exactly the same computations as the ones performed to obtain the equation
but this time with an initialization at n = K — 1 in we can show that there exist an operator ’H;_l
satisfying that for all m € [0, K], H5 | (Pm) C Py and for all m € [0, K — 2] linear operators 2,5%,

(only depending on the ¢f,) satisfying 2 ;E € &, such that

1,m
K-2
(I =HE )k qe) = D X5, +RE(o5ce) (95)
m=0

HNote that because of the terms depending on Wf?-ﬁ—l K in its definition, H, effectively depends on the choice n = K + 1 in
the previous computations. The subscript K in the notation is thus there to highlight this dependency, because the operator
to be inverted to determine o5, will change with m. It was not the case for .f
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Indeed, compared to the computations leading to the initialization at n = K — 1 in makes the two

terms depending on the source term in the right hand side of disappear (because, for n = K, they come

from the Kronecker symbol d,, g in the right hand of and from the term depending on vg ).
However if we define

K-2 K-2
HE = 5(7{5 —iy ﬁf(s;fy‘%gKl) and 250%, = —iC | Zx—1m+ > RIS,
Jj=0 j=0

that is that we essentially take the same definitions (up to the first subscript) as for H3, and 27, (see

and (92))) then holds.

Indeed from its definition (see ) it is clear that R® does not depend on the initialization.
From combined with the fact for all m € [0, K], R°(Z,) C Ppm—1 it turns out that:

K—1 K-2 K—1m—1
RE(o5ce) =—1i 3 RE(HK)NCb-g)+ > REHE“E+ > > REHL) S L
Jr=0 Jjrk=0 m=1jxg=0
K-2 )
+ ) RE(H5 )R (05 1)
Jjrk=0

equation that we can use in the last term of the right hand side of to rewrite this equation under the
form:

K-1 K—2 K—2
(I = H5e 1) (05 —1e) =—i 3 RE(HFG)Cb-g)+ > REHLY E+ Y Lo 1m (96)
Jjx=0 Jr=0 m=0
K—2 ‘
+ Y RE (M) R (0% 410);
jx=0

where we introduced

K-2
= HEL DY REHY Xk
j=0

m—1
Ym e [0,K — 2], 25 1, = Xt + Y REHK) X
j=0

From their definitions it is clear that H3%_; and % K—1.m satisfy the required properties. Because
% 1(Pm) C Pp—1, we can invert (I — H_,) by taking its Neumann series expansion and fol-
lows.

O

By iteration (or more precisely, several applications of Proposition [4.5)) we then obtain

Proposition 4.6 For all ¢ € [0, K] there exist linear operators Hic_, satisfying that for all m € [0, KT,
% (Pm) C Pm—1 and for all m € [0,K — q — 1] a linear operator X% _, . (depending only on of,)
satisfying that 2%, ,, € P such that if we introduce j = (ji, jKx -1, JK—q) € N9+ and deﬁnﬂ

H: 2= (O (e, PerrRE) (M3, (o7)

r=—gq

q q
12We use the convention () A, = AgoAjo---0Agifg>0and O A, =Tifg<O0.

r=0 r=0
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then we have the equality:

q m
O ge=—i Y HCh-g)+ Y. H&+ > D> (Hi ) L5 ym (98)
[7I<K—q |7I<K—g-1 m=0 jr_4q=0
+ Y HER (0% 110,
[JISK—g—1

where |j] =30 jr—r.

4.3.3 The explicit expression of gj, end of the determination of the leading order amplitudes

From Proposition (applied to ¢ = K) we directly obtain the explicit expression of gf in terms of the
boundary source term. More precisely, we have

Proposition 4.7 The unknown trace component gge is given by
ghe = —i(R*)KC(b- g) = (i) (CRE)KC(H - g), (99)

where we recall that R¥ is defined in and C is defined in .
Moreover there exist source terms g € Px such that of is not identically zero.

Proof : We apply Proposition with ¢ = K. The only non trivial sum in the right hand side of is

the first one and it is restricted to j = Oyx+1. Consequently gfe = —iHurx+1C(b- g) and the first equality in
follows from the definition of H; (see (97))).

To justify the second inequality recall that by definition:

K—1
RE = —ié“(fés +3 7%8(3:)]‘) — _iC (7%8 + vs) :
j=1
So for all m € [0, K], R*(Pm) C Pm—1 and V(L) C Pp,—a (because the sum defining V° starts at
j =1). Consequently if we expand (R%)X then all the terms containing at least one occurrence of V° vanish
when they are applied to C(b- g). So the second equality in (99) is proven.

To conclude we have to justify that for some source terms g we have that g is not identically zero. Let
for example g := ¥(t, x1)b, where ¢ € 2(]—o0, T[ x R) vanishes for negative times. Then we have €(b- g) =

162 (b Bo > je.s Rkek)f1 1) # 0. Because of the definition of R we can separate the functional part

of €(b- g) and the vectorial one and we just need to justify that Re(.7Le) # 0 which is generically true
(and is always satisfied under Assumption up to impose moreover that ker By Nker By = {0})

O

Proposition then completes the construction of the leading order amplitudes. Indeed, the amplitudes
ug  and ug , for k € S, £ € O can be explicitly expressed in terms of the source term g by using and

VSEOinand.

4.4 Determination of higher order amplitudes and summary

In this paragraph we describe the main steps in the determination of the higher order amplitudes and we
illustrate our discussion for the amplitudes of order one, namely the uf , for k € 7.

First recall that as soon as n > 1, the amplitudes uj, , are not polarized any more so that we have to
determine (I — P*)ug , and P*ug , separately.
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e About the unpolarized part: because the leading order amplitudes are determimed7 the construction of
the unpolarized part of the uj , for k € " is automatic. Indeed, from (42)) and the (I — Pk)u‘ik
are explicitly given in terms of 06 which is known from Proposition @

More generically, if all the ¢S, and vg, are known for m € [0,n — 1], from Proposition the same

holds at the order n (because .7 ; . and 9y, . depend linearly on the of, and vy, for m € [0,n—1]).

e About the polarized part: From and 7 the Pkuik, k € Z and the Peuiz, { € O depend
explicitly on of, v{ and gf.

So that from Proposition combined with (which determines v§ in terms of ¢f and of) it is
sufficient to construct g to end the construction of the Pkuik, kest.

To determine pj one may use Proposition (with ¢ = K — 1) so that determines pf in terms of
the source term g (the two first term in the right hand side of (98)) and ¢f (the third term).

Unfortunately the last term in the right hand side of then becomes R™ (0%, e) € P, (indeed,
the amplitude of order one may perfectly a priori depend on the one of order K + 1 which has made
K completes regenerations).

To overcome this difficulty, the simplest way is to start from with the initialization n = K + 1
(recall that we used n = K to obtain the relation on ) and to reiterate the same computa-
tions/reformulations made to derive (93). This method leads to an equation of the form:

m

Ok 1€ = Eg 41+ Z Z Hicr) Zeirm + Z K1) R (0 426), (100)
m=0 j=0

where & k41 is a term depending exphcltly on g and where the 2%, . and Hj , have the same
expressions as the 2% and Hi, (see (87) and ( . with the subscript K replaced by K + 1. Let us
stress that the other occurrences of K in and are consequences of the profile spaces so that
they stay unchanged.

Similarly the last sum in the right hand side of is still indexed by j € [0, K — 1] because
0% 12 € Pk

So relteratmg the same computations as the ones performed to obtain Propositions [4.5] and [4.6] from
gives (up to some harmless modifications in the definitions of the H5 and the % I'?m) the analogous

of for 9%, that is

Ok 11-q¢ = gK+1q+ Z Z K1- q ’qﬁi(ﬂ_q,nﬂr Z HiRE(Q%Jrze)a (101)

m=0jx_q=0 |§|ISK—qg—1

where c% Kqu explicitly depends on the source term. So the choice ¢ = K in gives the desired
value of o in terms of the source term g and ¢f (coming from the only non zero term in the first sum
of the right hand side of -, namely 21 ) only. Indeed the crucial point is that the contribution
of 0%, in the right hand side of ( is zero for ¢ = K.

This completes the determination of of and consequently the one of the polarized part of the amplitudes
of order one.

More generically, Proposition ensures that to conclude the construction of the Pkue K k€ HC it is
sufficient to know the o}, and the m for all m € [0,n — 1]. Indeed the terms .7,  and gn ¢,p depend on
the ¢¢, and the v¢, for all m € [0,n — 1]] and the last terms in the right hand sides of . . ) only depend
on of, and v;,

Thanks to Proposition [4.4] the construction of the P*u ug, i, k € A is thus over if we know all the g7, for
m € [0,n].
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5 Examples and comments

5.1 Examples

Theorem applies for example to the wave equation or the linearisation of Euler equations. Moreover
these two examples show clearly that W R-boundary conditions for hyperbolic boundary value problems are
far to be anecdotal.

The 2d—wave equation (see[BGRSZ02] and [CG10]) We consider the boundary value problem for
the classical waves equation

Zu=c2Au in Qp,
atu\x2=0 + a(azQU)\;crz:O + b(amlu)|x2=0 =go On 8QO,Ta (102)
up<o =0 on I,

and equipped with any boundary condition on the side 9§21 1 such that the problem in the half-space {z2 < 1}
is strongly well-posed. In (102) the parameter a,b € R and the parameter ¢ > 0 stands for the speed of sound.

The scalar wave equation can be seen as a linear system of hyperbolic partial differential equations of
order one and size N = 3. The associated system is constantly hyperbolic and non characteristic.

The parameters such that the boundary condition on 9 1 is in the W R-class are also known (we refer
to [BGRSZ02| for the details of the computation) and are illustrate in Figure [4| (in which SS (resp. SU)
stands for the set of problems that are strongly well-posed (resp. ill-posed )).

Linearisation of Euler equation We consider the linearised Euler equation around a constant subsonic
incoming (for the side 0§y ) state. This system reads

Owu+ A101u+ Asdou = f  in Qrp,

Boujz,—0 = 9o on 9,1, (103)
Biujg,—1 = g1 on 0 1,
u|t§0 =0 on Q,

where the matrices A; and A, are given by

0 -1 0 M 0 -1
Aj=|-1 0 0|,4=|0 M o],
0 0 0 1 0 M

in which M € |—1,0[ stands for the Mach number. The system (103) is constantly hyperbolic and non-
characteristic. The boundary matrix By is taken under the form

BO = [1 a b] y

35



IS

- WR WR
o
55
-~ WR WR

\444444441
. CQ’J )
\ 1
U W T
!
/
/
!
li
\
\
\
S
n
wn e

Figure 5: The influence of the boundary condition on the strong well-posedness of ((103)).

where a,b € R. The boundary matrix By € May3(R) is assumed to be strictly dissipative (we refer for
example to [BGSOT] for a precise definition) or at least to satisfy the uniform Kreiss-Lopatinskii condition.
Depending on the values of a and b we have the following behaviours for the class of belonging of
(see [Benld] for the details of the computations). So that the boundary condition By is in the W R class and
consequently Theorem [3.2] applies for all boundary parameters, a, b such that b # 1, lying in the set

1+ Mb 1 1+ Mb
WR:=1(a,b) e R2\ b < —M and |a| > ——— } U< (a,b) € R? b<—anda>—}.
{< )R l m} {< JERAD < myp and el > = I

1
={(a,b) € R*\ b < —M and | >Q;}u{(a,b) eR?\b< 7 &nd |al >Qg_}.

5.2 Conclusion and comments

In this article we have shown that if one of the boundary conditions of the strip degenerates in the W R-class
then the loss of derivative of the solution with respect to the regularity of the source term on the boundary
has to be at least bounded by below by a step function increasing with the final time of resolution.

The source of the instability is exactly the same as in the half-space but the geometry of the strip in
itself permits to regenerate this instability an arbitrary number of time if the final time of resolution is large
enough. In particular one can generically (unless that By is particular enough to destroy the self-interaction
phenomenon) not expect that a ”good” choice of the boundary condition on B; compensate the instability
generated by By.

On the one hand, one can not expect weak well-posedness in infinite time to hold. But on the other hand
if the final time of resolution is fixed once for all then the construction of the geometric optics expansion
exposed in Section [4]seems to indicate that the loss of regularity of the solution on the boundary in bounded
by above by [g] 4+ 2 so that it remains finite.

All the results above have been stated when the strip is defined by R x ]0, 1[ in order to have a readable
expression of the transport operator along the boundary 9Qy namely 7. However compared to [Benl7] we

36



do note used the precise value of the coefficient associated to 0, to solve this transport equation. It seems to
indicate that the results of this article can be mutadis mutandis extended to higher dimensional strips that
is to say to R4™1 x ]0,1[ for d > 2.

In the half-space geometry it is also known that for a problem in the W R-class there is in addition of the
loss of one derivative on the boundary one loss in the interior. Theorem does not give any information
about a lower bound on the loss of regularity in the interior.

However it seems that a construction of the geometric optics expansions for a non trivial source term in
the interior can give essentially the same time depending loss of regularity in the interior.

At last, in this article we just consider the case of the degeneracy of the uniform Kreiss-Lopatinskii
condition for a frequency of hyperbolic type. However other kind of degeneracies are possible depending
on the type of the considered frequency. We give here some results and reasonable conjectures about the
associated losses of derivatives for the other kind of frequency.

e ( € Z\Eg. In this case the boundary value problem in the half-space to known to generates Hadamard
instability and consequently the same should occur for the associated problem in the strip.

e ¢ € E. In such a framework it has been shown by [ST88] in the half-space is

Hu”iz(@ﬂ + ||ulxd:0||§{—1/2(3§7,) <Cr (Hf”iz(ﬁT) + ||g||H1/2 3QT))
so that we have a loss of one derivative for the boundary term only.

In particular the problem is strongly well-posed if and only if it is homogeneous on the boundary. If it
not the case any more then using the fact that elliptic modes are associated to exponentially decreasing
with respect to the normal variable x4, these wave packets can not propagate the singularity from one
side of the boundary to the other and consequently the singularity is not amplified (see [Benal). As a
consequence the energy estimate in the strip geometry is the same as the one in the half-space that is
to say a loss of a single derivative on the boundary 09 (if it is this condition that does not satisfiy
the uniform Kreiss-Lopatinskii condition):

Hu||2L2(QT) + ||U|xd:0||?{—1/2(agoj) + ||u|$d:1|‘%2(aQLT)
< Cr (113200 + 190 W302/2(0020 ) + 1911320020 ) -

e ( € M. In such a framework it has been shown in [Cou(2] that depending on the part of the stable
subspace in which the uniform Kreiss-Lopantiskii breaks down the energy estimate in the half-space
can be

||UHL2(Q ) + Hu\zd 0||H1/2(3QT) <Cr (”sz 3/2(] 00, T]xRd—1) + ngl/z(BQT)>

if the uniform Kreiss-Lopatinskii condition breaks down for an elliptic mode and

Hu”i;(ﬁT) + Hu\deOHHl/z(aQT) <Cr (||fHL2 (H1 o (=00, TIXRI=1)) + Hg‘lHl/Z(aﬁT)) 3

if the uniform Kreiss-Lopatinskii condition is not satisfies on a hyperbolic mode. Consequently in the
first case we observe a loss of one half of derivative in the interior and one derivative on the boundary
while in the second case the losses are one in the interior and one on the boundary.

Once again using the fact that elliptic modes can not propagate the singularity the energy estimate
for a degeneracy of the uniform Kreiss-Lopatinskii condition on an elliptic mode should be the same
as the one in the half-space that is

HU||%2(QT)+HU\M=0||2L2(690,T) + Hu|$d=1|‘%2(890¢)
< CT <||f||iz (Hl/Z(]—oo T]xRd~-1)) =+ ||go||i11/2(8Q0’T) + ||91%2(BQLT)) )
zg Tt ’

while if the uniform Kreiss-Lopatinskii condition degenerates for a hyperbolic mode, the singularity is
transported and thus amplifies with time and we are in the framework studied in this article.
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