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THE ORBITAL COUNTING PROBLEM FOR
HYPERCONVEX REPRESENTATIONS

by Andrés SAMBARINO (*)

ABSTRACT. We give a precise counting result on the symmetric space
of a connected noncompact real-algebraic semisimple Lie group G,
for a class of discrete subgroups of G that contains, for example, rep-
resentations of a surface group on PSL(2,R) x PSL(2,R), induced by
choosing two points on the Teichmiiller space of the surface; and rep-
resentations on the Hitchin component of PSL(d, R). We also prove
a mixing property for the Weyl chamber flow in this setting.

Sur le comptage orbitale pour les representations hyperconvexes

RESUME. Nous trouvons un asymptotique pour le comptage orbitale
dans I’espace symétrique d’un groupe de Lie connexe, réel-algébrique,
semisimple et non-compact G, pour une classe des sous groupes dis-
crets de G qui contient, par exemple, representations d’un groupe
de surface dans PSL(2,R) x PSL(2,R) induites par la choix de deux
éléments de ’espace de Teichmiiller de la surface; et les representa-
tions dans la composante de Hitchin de PSL(d, R). Nous démontrons
aussi, dans ce contexte, une propriété de melange pour le flot des
chambres de Weyl.

Keywords: Lie groups, higher rank geometries, Hitchin representations.

Math. classification: 22E40, 37D20.
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1. Introduction

The Orbital Counting Problem is: given a discrete subgroup A of a
connected noncompact real-algebraic semisimple Lie group G, find an as-
ymptotic for the growth of

#{g9 € A:dx(0,9-0) <t}

as t — 00, where o = [K] is a basepoint on X = G/K, the symmetric space
of G, endowed with a G-invariant Riemannian metric.

When the group A is a lattice, this problem has been studied by Eskin-
McMullen [9]. They prove that the number of points in A - o N B(o, 1),
is equivalent (modulo a constant) to the volume vol(B(o,t)) of the ball of
radius t. Hence, the asymptotic has a polynomial term together with an
exponential term. Similar results have been obtained by Duke-Rudnick-
Sarnak [7].

We will hence focus on subgroups of infinite covolume. An important
tool for such groups, in negative curvature, is the limit set of the group on
the visual boundary of the space in consideration. On higher rank, it turns
out to be more useful to consider the Furstenberg boundary.

Let P be a minimal parabolic subgroup of G, and denote by .%g = ¥ =
G/ P the Furstenberg boundary of X. Benoist [2] has shown that the action
of A on .# has a smallest closed invariant set, called the limit set of A on
%, and denoted by La .

The limit set is well understood for Schottky groups. These are finitely
generated free subgroups of G, for which one has a good control on the
relative position of the fixed points on .# of the free generators, together
with nice contraction properties.

This precise information allows Quint [23] to build an equivariant con-
tinuous map, from the boundary at infinity of the group into .#. The
limit set is hence identified with a subshift of finite type. Quint [23] uses
the Thermodynamic Formalism on this subshift, to obtain an exponential
equivalence for the orbital counting problem.

This work consists in studying the orbital counting problem, for a class
of subgroups called hyperconvex representations, which we will now define.

The product .# x .Z has a unique open G-orbit, denoted by .#(?). For
example, when G = PGL(d, R), the space % is the space of complete flags
of R?, i.e. families of subspaces {V;}fzo such that V; C V41 and dim V; = i;
and the set .Z(?) is the space of pairs of flags in general position, i.e. pairs
({V;},{W;}) such that, for every i, one has

Vi @ Wy_; = R

ANNALES DE L’INSTITUT FOURIER



ORBITAL COUNTING FOR HYPERCONVEX REPRESENTATIONS 3

Let I' be the fundamental group of a closed connected negatively curved
Riemannian manifold (for any basepoint).

DEFINITION 1.1. — We say that a representation p : I' — G is hyper-
convex if there exists a Hélder-continuous p-equivariant map ¢ : s I' = F,
such that the pair (((z),((y)) belongs to .F®) whenever z,y € dsI' are
distinct.

If G is a rank 1 simple group, then its Furstenberg boundary is the visual
boundary of the symmetric space, and the open orbit .Z(?) is

{(z,y) € F X F :x +y}.

The classical Morse’s Lemma implies thus that a quasi-isometric embeding
I' — G is a hyperconvex representation (see Efremovich-Tichonirova [8]).

Hyperconvex representations where introduced by Labourie [16], in his
study of the Hitchin component. Consider a closed connected oriented
surface ¥ of genus g > 2. A representation 7 (X) — PSL(d, R) is Fuchsian
if it factors as

m1(2) — PSL(2,R) — PSL(d, R),

where PSL(2,R) — PSL(d,R) is induced by the irreducible linear action
of SL(2,R) on R? (unique modulo conjugation by SL(d,R)) and (%) —
PSL(2,R) is discrete and faithful. A Hitchin component of PSL(d,R), is
a connected component of the space hom(m (X), PSL(d,R)), containing a
Fuchsian representation.

THEOREM (Labourie [16]). — A representation in a Hitchin component
of PSL(d,R) is hyperconvex.

Finally, recall that if H is also a noncompact real-algebraic semisimple
Lie group, then the Furstenberg boundary of G x H is Fg x %#g. Hence,
if p: " = G and n : I' — H are hyperconvex representations, so is the
product p xn:I' — G x H.

Denote by C(Z) the Banach space of real continuous functions on a
compact space Z (with the uniform topology), and by C*(Z) its topological
dual. Denote by X the Furstenberg compactification of X (see Section
5).

THEOREM (See Section 5). — Let p: ' — G be a Zariski-dense hyper-
convex representation. Then there exist h,c > 0, and a probability measure
1 on X i, such that

ce ™™ Z Op(3)-0 @ Op(y=1).0 = H D H,
y€ETl:dx (0,p(7)-0)<t
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4 ANDRES SAMBARINO

2
for the weak-star convergence on C*(X ), as t — oo.

Considering the constant function equal to 1, one obtains the following
corollary.

COROLLARY. — Let p : I' — G be a Zariski-dense hyperconvex repre-
sentation. Then there exist h,c > 0, such that

ce My €T dx(0,p(y)-0) <t} — 1,
ast — oo.

The exponential growth rate h in Theorem A is explicit: it is the topolog-
ical entropy of a natural flow we construct, associated to the representation
p. On the contrary, not much information is known about the constant c.

As first shown by Margulis [19] in negative curvature, in order to obtain
a counting theorem, one usually proves a mixing property of a well cho-
sen dynamical system. In closed manifolds with negative curvature, the
geodesic flow plays this role. In infinite covolume, for example for convex
cocompact groups, one should restrict the geodesic flow to its nonwander-
ing set. When A is a lattice in higher rank, Eskin-McMullen [9] use the
mixing property of the Weyl chamber flow, to prove the counting result
previously mentioned.

Let 7 be the Cartan involution on g = Lie(G), whose fixed point set is
the Lie algebra of K. Consider p = {v € g : 7o = —v} and a, a maximal
abelian subspace contained in p. Denote by at a closed Weyl chamber,
and M the centralizer of exp(a) on K. The Weyl chamber flow is the right
action by translations of exp(a) on

A\G/M.

When A is a lattice on G, the mixing property of this action is due to
Howe-Moore [13].

In this article, we prove a mixing property of the Weyl chamber flow
for hyperconvex representations. Before stating the result, let us recall the
Patterson-Sullivan theory in higher rank.

Consider a G-invariant Riemannian metric in X, and || || the induced Eu-
clidean norm on a, invariant under the Weyl group. Consider the Cartan
decomposition G = K exp(at)K, and a : G — a™ the Cartan projection,
then for every g € G, one has ||a(g)|| = dx ([K], g[K]). Hence, one is inter-
ested in understanding the growth of

#{g € A:|la(g)| <},

ANNALES DE L’INSTITUT FOURIER



ORBITAL COUNTING FOR HYPERCONVEX REPRESENTATIONS 5

as t — oo. Given an open cone ¢ in a™, consider the exponential growth
rate
he = limsup 28719 €A :alg) €7, Jlalg)] < s}
$—00 S
The growth indicator of A, introduced by Quint [20], is the map ¥ : a —
R U {—oc}, defined by

GaW) = vl inf b
where the greatest lower bound is taken over all open cones € containing
v. Remark that a (tv) = tpa(v) if t > 0.

Benoist [2] has introduced the limit cone Za of A, as the closed cone
in a® generated by {\(g) : g € A}, where A : G — aT is the Jordan
projection. Quint [20] proves the following theorem.

THEOREM 1.2 (Quint [20]). — Let A be a Zariski-dense discrete sub-
group of G. Then ¥ is concave, upper semi-continuous and the space

{vea:pa(v) > —oo},

is the limit cone £a. Moreover ¥ is nonnegative on £a, and positive on
its interior.

The growth indicator plays the role, in higher rank, of the critical expo-
nent in negative curvature. Denote by P the minimal parabolic group of
G, associated to the choice of a®. The set . = G/P is K-homogeneous,
the group M is the stabilizer in K of [P] € .%. The Busemann cocycle
0:G x F — ais defined to verify the equation

gk = lexp(o(g, kM))n,

for every ¢ € G and k € K, using Iwasawa’s decomposition of G =
K exp(a)N, where N is the unipotent radical of P.

THEOREM 1.3 (Quint [21]). — Let A be a Zariski-dense discrete sub-
group of G. Then for each linear form ¢, tangent to A in a direction in
the interior of £x, there exists a probability measure v, on %, supported
on LA, such that for every g € A one has,

A9Tp (1) g=elola™ @),
dv,

The measure v, is called a @-Patterson-Sullivan measure of A. Denote
by uo the unique element of the Weyl group that sends a* to —a*. The
opposition involution i : a — a is defined by i = —ug. One has i(a(g)) =
a(g™1), for every g € G, and thus ¥ oi = 1)a. Moreover if ¢ € a* is tangent

SUBMITTED ARTICLE : ARTICLE. TEX



6 ANDRES SAMBARINO

to ¥, sois poi. Hence, in higher rank, Patterson-Sullivan’s measures come
in pairs.

As in negative curvature, one can use these measures to construct in-
variant measures for the Weyl chamber flow. Consider the action of G on
F ) x a, via Busemann’s cocycle, defined by

9(z,y,v) = (97, 9y,v — 0(g,9)).

Denote by P the opposite parabolic subgroup of P, associated to the choice
of a*, the stabilizer in G of the point ([P], [P],0) € .#?) x a is isomorphic
to M, and we get thus an identification G/M = .2 x qa. This is called
Hopf’s parametrization of G.

Using Tits’s [31] representations of G, one can define a vector valued
Gromov product % : F@ — a (see Section 4) such that, for every g € G
and (z,y) € F3,

(g, 9y) — %n(z,y) = —(ioo(g,z) +0(g,y)).
For a given ¢ € a* tangent to ¥)a, the measure
ef“"(g“("'))uwi ® v, ® Lebg
in .Z® x a is thus A-invariant and a-invariant. Denote by X, the measure

induced on the quotient A\G /M. We call this measure the Bowen-Margulis
measure for ¢, its support is the set

A\(LY xa),

where L(AQ) = (La)?N.Z®). This set is analogous, in higher rank, to the
nonwandering set of the geodesic flow in negative curvature. An important
contrast though, is that when A is not a lattice and G is simple (of higher
rank), the measure x, is expected to have infinite total mass. For example,
Quint [22] has shown that if A\(L(Az) xa) is compact, then A is a cocompact
lattice.

We prove the following mixing property, for hyperconvex representations,
inspired by the work of Thirion [30]. He proves an analogous mixing prop-
erty for ping-pong groups.

THEOREM (Theorem 4.23). — Let p : I' — G be a Zariski-dense hyper-
convex representation, and consider ¢ € a* tangent to A in the direction
uy,. Then there exists k > 0 such that, for any two compactly supported
continuous functions fo, f1 : p(T)\G/M — R, one has

(2mt) 2nk(@=D/2y (fo - fi o exp(tuy)) = wXo(fo)xe(f1),

ast — oo.

ANNALES DE L’INSTITUT FOURIER



ORBITAL COUNTING FOR HYPERCONVEX REPRESENTATIONS 7

In Section 2, we recall results on Holder cocycles from [27], of particular
interest is the Reparametrizing Theorem 2.20. This theorem is crucial in
understanding the nature of

p(D\(LE) xa),

when p : T' = G is hyperconvex (Proposition 3.5). In Section 3, we prove
a general mixing property that will imply Theorem B. This is shown in
Section 4. In the last section, we prove Theorem A by adapting a method
of Roblin [25] and Thirion [29)].

2. Holder cocycles
Reparametrizations

The standard reference for the following is Katok-Hasselblat [15]. Let X
be a compact metric space, ¢ = (¢;)ter a continuous flow on X without
fixed points (i.e. no point in X verifies ¢;x = z for every t € R), and V a
finite dimensional real vector space.

DEFINITION 2.1. — A translation cocycle over ¢ isamap k : X xR — V
that verifies the following two conditions:
- For every x € X and t,s € R, one has

k(z,t + 8) = k(psz, t) + K(z, 8).

- For every t € R, the map k(-,t) is Hélder-continuous with exponent
independent of t, and with bounded multiplicative constant when t
is bounded.

Two translation cocycles k1 and ko are Livsic-cohomologous, if there
exists a continuous map U : X — V, such that for all z € X and t € R one
has

(2.1) k1(z,t) — ke(z,t) = U(prx) — U(x).

Denote by p(7) the period of a ¢-periodic orbit 7. If x is a translation
cocycle then the period of 7 for k, is defined by

Ly(7) = k(2 p(7)),

for any x € 7. It is clear that L, (7) does not depend on the chosen point
x € 7, and that the set of periods is a cohomological invariant of .

SUBMITTED ARTICLE : ARTICLE. TEX



8 ANDRES SAMBARINO

The standard example of a translation cocycle is obtained by considering
a Hoélder-continuous map f : X — V, and defining x5 : X xR — V by

(2.2) nf(:z:,t):/o flosz)ds.

The period of a periodic orbit 7 for f is then

[i=] " tou)ds.

We say that a map U : X — V is C! in the direction of the flow ¢, if for
every z € X, the map t — U(¢,z) is of class C', and the map

A

T = =
t=0

ot

is continuous. Two Holder-continuous maps f,g : X — V are Livsic-
cohomologous if the translation cocycles xy and g are. If this is the case,
the map U of equation (2.1) is C' in the direction of the flow, and for all
x € X one has

o)~ olw) = 5| Ulous).

If f: X — R is positive, then, since X is compact, f has a positive
minimum and for every « € X, the function k¢(z,-) is an increasing home-
omorphism of R. We then have a map ay : X x R — R that verifies
(2.3) ap(z,kp(z,t) = kp(z, ap(z,t) =1,
for every (z,t) € X x R.

DEFINITION 2.2. — The reparametrization of ¢ by f : X — R} is
the flow ¢ = ¢/ = (Y)ier on X, defined by ¢y (x) = bas(z,t)(2), for all
t € R and x € X. If f is Holder-continuous, we will say that 1 is a Holder
reparametrization of ¢.

Remark 2.3. — If two positive continuous functions f,g : X — R are
Livsic-cohomologous, then the flows ¢/ and 19 are conjugated i.e. there
exists a homeomorphism A : X — X such that, for all x € X and ¢ € R,
one has )

hWf ) = 4] (ha).

Denote by M? the set of ¢-invariant probability measures on X. The

pressure of a continuous function f : X — R is defined by

P(6,f) = sup h(ém)+ /X fdm,

memM?

1. This is standard, see [26, Remark 2.2.] for a detailed proof.

ANNALES DE L’INSTITUT FOURIER



ORBITAL COUNTING FOR HYPERCONVEX REPRESENTATIONS 9

where h(¢p, m) is the metric entropy of m for ¢. A probability measure m,
on which the least upper bound is attained, is called an equilibrium state
of f. An equilibrium state for f = 0 is called a probability measure of
maximal entropy, and its entropy is called the topological entropy of ¢,
denoted by hiop ().

If 7 is a periodic orbit of ¢, and g : X — R is continuous, then a standard
argument shows

ky(z,p(T)))
(2.4) /0 g(6! p)ds = / af.

In fact, if m is a ¢-invariant probability measure on X, then the probability
measure m# , defined by

dm* - f()

(2.5) o

is invariant under /.

LEMMA 2.4 ([27, Section 2]). — If h = hyp(pf) < oo, then the map
m — m¥ is a bijection between the set of equilibrium states of —hf, and
the set of probability measures of maximal entropy of 1.

Anosov flows and Markov codings

Assume from now on that X is a compact manifold, and that the flow ¢
is C'. We say that ¢ is Anosov, if the tangent bundle of X splits as a sum
of three bundles

TX =FE*® E' ¢ EY,
that are d¢,-invariant for every ¢t € R and, there exist positive constants C'
and c such that, E° is the direction of the flow, and for every ¢ > 0 one has
ldpv|| < Cev]| for every v € E*, and ||dp_sv| < Ce™°||v| for every
v € B*, for any Riemannian metric on X.
We need the following classical result of Livsic [18]:

THEOREM 2.5 (Livsic [18]). — Let ¢ be an Anosov flow on X and k :
X xR — V a translation cocycle. If L, (1) = 0 for every periodic orbit T,
then k is Livsic-cohomologous to 0.

As the next lemma proves, one can always chose a translation cocycle of
the form ky, in the cohomology class of a given translation cocycle .

SUBMITTED ARTICLE : ARTICLE. TEX



10 ANDRES SAMBARINO

LEMMA 2.6. — Let ¢ be an Anosov flow on X, and let k : X XR — V be
a translation cocycle, then there exists a Holder-continuousmap f : X — V
such that the cocycles k and Ky are Livsic-cohomologous.

Proof. — Fix C' > 0, and consider the translation cocycle k¢, defined by

1 C
Wt = & /0 k(6 (2), £)ds.

The translation cocycles k¢ and & are Livsic-cohomolgous since they have
the same periods. One easily checks that x€(-,t) is of class C* in the
direction of the flow and thus, k¢ is the integral of a Holder-continuous
function along the orbits of ¢. O

The following lemma is useful.

LEMMA 2.7 ([27, Section 3]). — Consider a Hélder-continuous function

f: X — R, such that
Gl
— >k,
p(7) Tf

for some positive k and every periodic orbit T of ¢. Then f is Livsic-
cohomologous to a positive Hélder-continuous function.

In order to study the ergodic theory of Anosov flows, Bowen [5] and
Ratner [24] introduced the notion of Markov coding.

DEFINITION 2.8. — The triple (X, m,r) is a Markov coding for ¢, if ¥
is an irreducible two-sided subshift of finite type, the maps w : ¥ — X and
r: X — R% are Holder-continuous and verify the following conditions: Let
0 : X — X be the shift, and let 7 : ¥ x R — ¥ X R be the homeomorphism
defined by

F(x,t) = (ox,t — r(x)),

then

i) the map I1 : ¥ x R — X defined by (x,t) = ¢¢(w(x)) is surjective
and F-invariant,

ii) consider the suspension flow " = (0} )ier on (X x R)/7, then the
induced map II : (¥ x R)/# — X is bounded-to-one and, injective
on a residual set which is of full measure for every ergodic invariant
measure of total support of o”.

Remark 2.9. — If a flow ¢ admits a Markov coding then every reparametriza-
tion ¥ of ¢ also admits a Markov coding, simply by considering the new
roof function r'(z) = for(x) f(¢psx)dx.

ANNALES DE L’INSTITUT FOURIER



ORBITAL COUNTING FOR HYPERCONVEX REPRESENTATIONS 11

A Markov coding is a very accurate measurable model for a flow ¢.
If ¢ admits a Markov coding, then it has a unique probability measure
of maximal entropy, and the function II : (¥ x R)/# — X induces an
isomorphism between the set probability measures of maximal entropy of
o" and that of ¢. In particular the topological entropy of ¢ coincides with
that of o”.

Recall that a flow ¢ is transitive if it has a dense orbit.

THEOREM 2.10 (Bowen [4, 5]). — A transitive Anosov flow admits a
Markov coding.

The following is standard.

PRrROPOSITION 2.11 (Bowen-Ruelle [6]). — Let ¢ be a transitive Anosov
flow. Then, given a Hélder-continuous function f : X — R, there exists a
unique equilibrium state for f, moreover, the equilibrium state is ergodic.

The equilibrium state of the last proposition can be described as follows
(see Bowen-Ruelle [6, Proposition 3.1]). If (X, m,r) is a Markov coding for
the Anosov flow ¢, then consider the function F': ¥ — R defined by

r(z)
F(z) = / F(ou(ma))t,

and consider the equilibrium state v, of F'—P(f). Then for every measurable
function G : X — R, one has

(2.6) /X defzj,:dy /E /0 " 6y(ra) ().

We finish this subsection with the following classical result.

THEOREM 2.12. — Let M be a closed connected, negatively curved Rie-
mannian manifold. Then the geodesic flow on T'M is a transitive Anosov
flow.

Holder cocycles on 0,

Let M be a closed connected negatively curved Riemannian manifold
M, and denote by M — M its universal cover. The group I' = m (M) is
hyperbolic, and the visual boundary of M is identified with the boundary
at infinity O I of the group, endowed with its usual Holder structure (see
Ghys-de la Harpe [10]). We will now focus on Holder cocycles on 9T .

SUBMITTED ARTICLE : ARTICLE. TEX



12 ANDRES SAMBARINO

DEFINITION 2.13. — A Hoélder cocycle is a map ¢ : T' X 05" — V, such
that

C(,YO’VD (E) = C(,YOu’Vl‘r) + C(Pylvx)a

for any 9,71 € I and « € 05T, and such that c(v, -) is Holder-continuous,
for every v € I' (the same exponent is assumed for every v € I').

Recall that each v € T' — {e} has two fixed points on ds.I", 74+ and ~v_,
and that for every © € 9,,I' — {7y_} one has v"z — v, as n — co. We will
refer to 4 as the attractor of 7. The period of v for a Hélder cocycle c is
defined by

e() = c(v,74)-
The cocycle property implies that for all n € N, one has £.(v") = nf.(v),
and £.(y) only depends on the conjugacy class [y] of 7.

Two Holder cocycles ¢ and ¢’ are cohomologous, if there exists a Holder-

continuous function U : 0, I' — V, such that for all v € I" one has

c(v,x) = ¢(v,2) =U(yz) = U(x).

One easily deduces from the definition that the set of periods of a Holder
cocycle is a cohomological invariant. The following theorem of Ledrappier
[17] relates Holder cocycles with Holder-continuous maps 7'M — V.

Recall that the set of periodic orbits of the geodesic flow of M is in
one-to-one correspondence with the set of conjugacy classes [I'] — {e} of
I'—{e}. If y € T, then [y] will freely represent its conjugacy class in I', and
its associated periodic orbit on T1M.

THEOREM 2.14 (Ledrappier [17, page 105]). — For each Hélder cocycle
¢ : T x 05 = V, there exists a Holder-continuous map F, : T'M — 'V,
such that for every v € I — {e}, one has

Le(y) = F,.
]

The map ¢ — F, induces a bijection between the set of cohomology classes
of V-valued Hélder cocycles and the set of Livsic-cohomology classes of
Hélder-continuous maps from T'M — V.

Two Holder cocycles ¢ and ¢ are dual cocycles if for every v € T' — {e},
one has ¢z(y) = £.(y~1). If this is the case we will say that the pair {c,c}
is a pair of dual cocycles.

Denote by 92T the set of pairs (z,y) € (0s[')? such that z # y. A
function

[,]: 02T =V

ANNALES DE L’INSTITUT FOURIER



ORBITAL COUNTING FOR HYPERCONVEX REPRESENTATIONS 13

is a Gromov product for a pair of dual cocycles {¢,¢}, if for every v € T
and (z,y) € 02T one has

vz, vyl = o, y] = = (v, ) + (7, 9))-
Remark 2.15. — The existence of these objects, for a given Holder co-

cycle, is a consequence of Ledrappier’s Theorem 2.14, see [27, Section 2]
for details.

We will now focus on real valued Hoélder cocycles with non negative
periods, i.e. such that ¢.(v) > 0 for every v € I" — {e}. The exponential
growth rate of such cocycle is defined by

1 I — 2L, <
e timoup PEHOL € ) = (e} 1 60) <5}

5—00 S

0,00},

(it is a consequence of Ledrappier’s work [17] that a Holder cocycle ¢ with
non negative periods verifies h. > 0).

Remark 2.16. — A simple argument shows that two dual cocycles have
the same exponential growth rate, i.e. h. = hg.

For v € T'—{e}, denote by || the period of [y]. We will need the following
two lemmas.

LEMMA 2.17 (Ledrappier [17, page 106]). — Let ¢ be a Hélder cocycle
with nonnegative periods and finite exponential growth rate, then

1
2 < inf ZC('V) < u 20(7)

m yer—{e} |7 er—fep 1l

for a positive m.

<m,

LEMMA 2.18 ([27, Section 2]). — Let ¢ : T’ x doI' = R be a Hélder
cocycle with nonnegative periods and finite exponential growth rate, then
the function F, is Livsic-cohomologous to a positive function.

If ¢ has finite exponential growth rate then, following Patterson’s con-
struction, Ledrappier [17] proves the existence of a Patterson-Sullivan prob-
ability measure p on JxI' of cocycle h.c, this is to say, u verifies

dﬁY*,u(x) _ e—hcc(’yfl,z)
dp
for every v € I" and x € 0,T.
THEOREM 2.19 (Ledrappier [17] page 102). — Let ¢ be a Holder cocycle
with nonnegative periods. If h. < oo there exists a unique Patterson-

Sullivan probability measure of cocycle h.c. Conversely, if for some positive
h, there exists a Patterson-Sullivan measure of cocycle hc, then h = h,.
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14 ANDRES SAMBARINO

Denote by p and 7w the Patterson-Sullivan probability measures associ-
ated to ¢ and ¢ respectively and consider a Gromov product [-, -], for the
pair {c¢,¢}. Remark that the measure

el dfa() du(y)

on 92T, denoted from now on by e~"<l['/fi@y, is T-invariant. The following
theorem is crucial to understand the Weyl chamber flow.

THEOREM 2.20 (The Reparametrizing Theorem [27]). — Let ¢ be a
Hélder cocycle with nonnegative periods such that h. is finite. Then:

(1) the action of T' in 82T x R via c, that is,

V(@Y. s) = (yz, 7y, s — (v, 9)),
is proper and cocompact. Moreover, the flow 1 on I'\(9%T x R),
defined by
Vel (x,y,8) =T(z,y,s — ),
is conjugated to a Hélder reparametrization of the geodesic flow on
T'M. The conjugating map is also Holder-continuous. The topolog-
ical entropy of ¢ is he.

(2) The measure
ehellm e e ds
on 82T x R induces on the quotient I'\(0%." x R) a positive multiple
of the probability measure of maximal entropy of 1.

Remark 2.21. — Consider F, : T'M — R given by Ledrappier’s Theo-
rem 2.14 for the cocycle c. Lemma 2.18 implies that F is Livsic-cohomologous
to a positive function. The reparametrization in Theorem 2.20 is given by
this positive function.

3. The action by translations of V on T'\(02T x V)

Recall that M is a closed, connected, negatively curved Riemannian
manifold, I' is its fundamental group (for any base point), and V is a
finite dimensional real vector space.

Fix a Holder cocycle ¢ : T' X 9,oI" — V, and denote by .Z. the smallest
closed, convex cone of V' that contains the periods {.(y) : v € T — {e}}.
The dual cone of %, is the set of linear forms that are nonnegative on this
cone:

L ={p eV ¢|g >0}
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ORBITAL COUNTING FOR HYPERCONVEX REPRESENTATIONS 15

A direct consequence of the Reparametrizing Theorem 2.20 applied to
@ o c is the following one.

COROLLARY 3.1. — If there exists ¢ € £, such that hy.. is finite, then
the action of T on O2.T' x V via c, that is,

Yz, y,v) = (vo,vy,v — c(7,9)),

is properly discontinuous.
Denote by int(.Z7) the interior of .. One has the following lemma.

LEMMA 3.2. — If p € £} is such that hyo. < 00, then ¢ € int(Z£)), in
particular int(.£7) is nonempty. Moreover, for every 6 € int(.£)), one has
hgoe < 00.

Proof. — Consider the map F, : T'M — V associated to ¢ by Theorem
2.14. One has

o /M F) = o(te(y)) > 0.

Moreover, since hgo. < 00, Ledrappier’s Lemma 2.17, applied to ¢ o c,
implies that there exists k£ > 0 such that

1 1
F)=—
el

RIS
for every v € T' — {e}. Anosov’s closing Lemma (c.f. Shub [28]) states that
the convex combinations of the Lebesgue measures on periodic orbits are
dense in M?, thus
- ([ F.dm) > k for every ¢-invariant probability measure m,
- the set

o( o(le(v)) >k,

{/chm:mEM¢}

is compact and generates the cone .Z,.
Hence, ¢ is positive on the cone .Z. — {0}, i.e. ¢ € int(ZF).
If 6 belongs to the interior of Z*, then 6| & _¢o1 > 0. Hence, there exists
a positive a such that ¢(v) < af(v), for all v € Z,.. This implies that
hgoe < ahyoe < 0o. This finishes the proof. O

Assume from now on the existence of ¢ € £ with finite hyo.. We
then have a natural map between P(int(.Z)")) and P(.Z,) as follows. Fix
F,: T'M — V associated to c.

DEFINITION 3.3. — For ¢ € int(.Z}), denote by m, the equilibrium
state, on T' M, of the function —hyocp o F, (recall Proposition 2.11). The
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16 ANDRES SAMBARINO

dual direction of R, is the direction in .Z,. given by the vector

/chmw,

Remark 3.4. — A change in the Livsic-cohomology class of F, does not
change the value of the integral of F,. over any ¢-invariant measure. Hence
u, is well defined, independently of the choice of F.. Remark also that
if t € Ry, then hypoe = hgoc/t, hence, the dual direction of Ri¢, only
depends on the direction given by ¢.

and is denoted by u, € P(Z.).

Fix also a dual cocycle € of ¢, and a Gromov product [-,] : 92T — V for
the pair {c,¢}. Denote by p, and M, the Patterson-Sullivan probability
measures of cocycles hyoc 0 ¢ and hyoc o € respectively. The function

['a ']4/7 =¥o ['7 ]

is a Gromov product for the pair {¢ o ¢, p o ¢}. Denote by €., the measure

on T'\ (02T x V) induced by the measure

Qp = e el e @ py @ Leby,

where Leby is a fixed Lebesgue measure on V. The measure €2, is called

the Bowen-Margulis measure of the pair {c,¢} for the linear form ¢.
Choose a vector u, € u, such that ¢(u,) = 1, and consider the flow

w? = (wf)ier on T'\(0AT x V) induced on the quotient by

(,y,v) = (z,y,v — tuy).

PROPOSITION 3.5 (Straightening the action of V). — For every ¢ € £}
such that hyoc < 00, there exists a Hélder reparametrization of the geodesic
flow ¢ = >%, a Holder-continuous map f : T*M — ker ¢, with zero mean
for the probability measure of maximal entropy of v, denoted by mj ie.

fdmy,# =0,
™M
and a Hélder-continuous homeomorphism

E:T\(OAT x V) = T'M x ker ¢,

that conjugates the flow w¥ with the flow 12)\ = (Jt)teR on T'M x ker ¢,
defined by

-~

(3.1) up, v0) = (e (p), vo — / F(ep)ds).
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ORBITAL COUNTING FOR HYPERCONVEX REPRESENTATIONS 17

The map E also conjugates the actions of ker ¢, on T'\(92.T x V) and on
TYM x ker ¢ (by translation on the fibers), and is an isomorphism, up to
a multiplicative constant, between the measures ), and mw# ® Lebyer ¢ -

Proof. — Consider the action of I on 92, T' x R via ¢ oc. Then one has a
I-equivariant fibration @ : 92T x V — 92T x R with fiber ker ¢, given by

e(x,y,v) = (z,y, 0(v)).
The measure (AZ; disintegrates over the measure
e—h«poc[‘,']wﬁw [%4) joe X LebR

on 92T x R, with conditional measures the Lebesgue measure on ker ¢.

Since hyoc is finite, the Reparametrizing Theorem 2.20 applies and thus,
the action of I' on 2T x R via ¢ o ¢ is properly discontinuous. More-
over there exists a Holder-continuous homeomorphism E : I'\ (02T x R) —
T'M, that conjugates the translation flow with a reparametrization of the
geodesic flow. Denote this reparametrization by . The image of the mea-
sure induced on the quotient by

€_hwoc["']¢ﬁap X j X LQb]R7

is sent by F to a positive multiple of the (unique) probability measure of
maximal entropy of 1.

The functions ¢ o F, and F .. are LivSic-cohomologous, since they have
the same period for every periodic orbit of the geodesic flow. Lemma 2.18
implies then that, o F, is Livsic-cohomolgous to a positive function, hence
we can (and will) assume that o F. > 0. Remark 2.21 states that the flow
1) can be taken as the reparametrization of the geodesic flow ¢ by ¢ o F.
The probability measure of maximal entropy of ¢ is m<p# (recall that m,,
is the equilibrium state of —hyocp © Fr and use Lemma 2.4).

Abusing notation, denote again by

P:T\(AT x V) = T\(0AT x R),

the map induced on the quotients by @ : 02T x V — 92T x R. For every
u € V, one has

Eo @(3773%’0 - u) = 1/1¢(u)(E($7yv @(U)))y

in particular the flow w¥ is (semi)conjugated to ¢ by E o @, i.e. for every
t € R one has

EoGowf =y0Eo0p.
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18 ANDRES SAMBARINO

The action of the abelian group ker ¢ on 92T x V, commutes with the
action of I and preserves the fibers o~ !(z,y,t) of . Hence we have an
action of ker ¢ on the quotient, and one finds that

Eop:T\(QAT xV) = T'M

is a vector bundle with fiber ker ¢, and the group ker ¢ acts by Hoélder-
continuous homeomorphisms on I'\(§% ' x V) preserving the fibers, and
acting transitively on them. Using the zero section of a vector bundle, and
the action of ker o, one can trivialize this bundle. Hence, I'\(6%T' x V)
is (Holder) isomorphic to TTM x ker ¢, and this isomorphism is ker -
equivariant.

Denote by U = (¥;);cr the flow on T'M x ker ¢, corresponding to the
flow w? via this last identification. Since w¥ commutes with the action of
ker ¢, the same occurs for ¥, and thus we can write

Wi (p,vo) = (Ye(p), vo — K(p, 1)),

where k : T'M x R — ker ¢ is a translation cocycle over 1. Lemma 2.6
implies the existence of a Holder-continuous map f : T'M — ker ¢, such
that the cocycles k and sy are LivSic-cohomologous (for the flow 7). The
flow U is hence conjugated to the flow ¢ = ({/}})teR on T' M x ker ¢, defined
by

Di(p,v) = (Wu(p), v — / F(ts(p))ds).

Denote by E : T\(0%T x V) — T'M x ker ¢ the composition of the trivi-
alization of I'\(0%T' x V) defined above, with this last conjugacy between
U and 12)\ By definition, E conjugates the flows w¥ and 12, and is ker -
equivariant.

We remark that the image by E of the measure Q, on T'M x ker ¢,
is a measure that disintegrates as a ker p-invariant measure on the fibers,
and a positive constant multiple of mw# on T'M. This measure is then a
positive constant multiple of m,# @ Lebier, -

It remains to check that leM fdm,# = 0. In order to do this, recall
that ¢(u,) = 1 and that u, is collinear to the vector [ F.dm, hence

(3.2) /chmg, = ug,/ap o Fo.dm,,.

For every v € I' — {e}, let £2(7) be the projection of the period £.(7) on
ker ¢, using the decomposition V' = ker ¢ @ u,,. Remark that, for any v € V
and v € T' — {e}, one has

’7(’7777+7’U + 68(7)) = (’yfvﬁer,fU - E@OC(’Y)UW) = WZPOC(»Y)(’Y*/Y%*,U)'
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Yiote(r) ()

{6

fiber over p

Figure 3.1. If p € T*M belongs to the periodic orbit associated to [7],
the translation on the fiber ker ¢ by the flow 1, at the returning time,
is given by £2(7).

This is to say, £2(v) is the displacement on ker of the flow w?, over a
point of the form (v_,v4,v), at the return time ¢ (4e(7)) = Lpoc(7)-

Consider also F, = F? + (¢ o F.)u,, using this same decomposition.
Equation (3.2) implies that

Fldm, =0,
TM

O(y) = / F?.
(7]

Since zz and w¥ are conjugated one has, for p € T*M of the form (y_, vy, 1),

moreover one has

— Lpoc(Y)
Bty 20) = (0,0 — /0 F@bap)ds) = (p,v + £2(7)).
Hence,

ésoOC(’Y)
O(y) = - / fpds=— | fooF.,
0

(]
by equation (2.4) with f therein equal to ¢ o F.. Livsic’'s Theorem 2.5
implies that the functions F? and —fp o F, are Livic-cohomologous for
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the flow ¢, thus

0= /Ffdmw = —/fgpochmW = —/fdmg,#/@ochm¢.
This finishes the proof. O

Mixing properties of the action of V on I'\(92.T x V)

Now that we have a good description of I'\ (92T x V'), together with the
action of V, we can use Markov codings and a theorem of Thirion [30], to
prove a mixing property.

Consider ¢ € £, with hyoe < 00, and u, € u, such that ¢(u,) = 1.
For vg € ker ¢ and t € RT, denote by w/"™ : T'\(92T' x V) — T\ (02T x V)
the map induced on the quotient by

(]},y,’U) = (Z‘,y,’U - tug& - \/FUO)~

If | - | is a Euclidean norm on V, denote by I = Il : kerp — R the
function defined by

2
[0 [ug|? = (v, uy)

(3.3) I(v) =

THEOREM 3.6. — Let ¢ : T' X 0,,I' = V be a Holder cocycle, such
that the group generated by its periods is dense in V. Fix a linear form
p € £} such that hgoo < 00. Then there exists ¢ > 0 and a Euclidean norm
| - | on V such that given two compactly supported continuous functions
fo, f1 : T\(0AT x V) — R, one has, for every vy € ker ¢,

2rt) V=02 (fo - frowd ™) — ce ™ W20, (f0)Q0u(f1),
ast — oo.

The remainder of the section is devoted to the proof of Theorem 3.6.
Applying Proposition 3.5, we get a Holder reparametrization of the geo-
desic flow v, together with a Holder-continuous map f : T' M — ker ¢ and
E:T\(04T x V) = T'M x ker ¢ that conjugates:
- the actions of ker ¢ on T'\(02,T' x V) and on T*M X ker ¢,
- the flow w® on T\(#2.T x V) with the flow ¢ = (¢)ser on T*M x
ker ¢, defined by equation (3.1).
We will thus study mixing properties of

t(2,0) o (Ge(p), 0 — /0 Fbsp)ds — VEw).
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Consider a Markov coding (X, 7,r) for ¢ (Remark 2.9). According to
equation (2.6), there exists an equilibrium state of the shift o : ¥ — X,
denoted by v, corresponding to the measure mw# via the Markov coding,
i.e. for every measurable function G : T*M — R one has

r(z)
(3.4) Gdm,# = — /2 /O Gy () dsdu, ().

TN del/Lp
Define K : ¥ — V by

r(z)
K(z) =r(z)u, +/ f(Ws(mx))ds,
0
and K : S xV = xV by K(z,v) = (oz,v — K(z)).
LEMMA 3.7. — Themap 7 : ¥ x V — T'M x ker ¢, defined by

»(v)
1(@,0) = (o) (72), 0 — p(0)t / F(o(m2))ds)

= ¢ap(v)(7m§7 U= ‘p(v)usa)v
is K -invariant, and induces a measurable isomorphism between the measure
induced on (X x V) /K by v,®Leby and a positive multiple of the measure
my# @ Lebyer , on TTM x ker .

Proof. — Let’s show that m is K -invariant, the proof is an explicit com-
putation. Remark that Property i) in the definition of Markov coding states
that, for every x € ¥ and ¢ € R, one has ¢;_,()(m(0x))) = (7 (x)). Now,

(K (2,0)) = b x(a) ((0w), v = K (@) — p(v - K (2))u,).

Observe that
0

~r(@)
- / Sstloe s == [ J(tsio x(oa)is =

0

r(z)
- f(Ws(mr))ds = / f(Ws(m(ox)))ds.
r(z) 0

Recall that K(z) = r(z)u, + fr(r) f(s(mz))ds, hence

N - r(x)
TR (2,)) = Bo(o)—r(oy (W0, 0 — / F(a(m))ds — p(v)up) =

=N r(x) —r(zx)
Brotoy (@), v — P(w)uy — / £ (ths())ds — / F(ths(r(o))ds.

0
This proves the K-invariance. The remaining statements follow from equa-
tion (3.4) and Property ii) of Markov codings. O
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Hence, the flow 121\ is measurably conjugated to the translation flow on
(¥ x V)/K, in the direction given by u,. Remark that, since Proposition
3.5 states that [ fdmjf =0, equation (3.4) applied to G = f yields

/Kdug,: (uw—i—/fdmf)/rdl/@:u@/rduw.
) b )

Moreover, this conjugation also conjugates the actions of ker ¢ on T'M x
ker ¢ and on (X x V)/K.

Observe that the periods of K are the periods of the Hélder cocycle c,
and remark that ¢ o K = r > 0. Theorem 3.6 is thus a consequence of
Proposition 3.5, and the following theorem due to Thirion [30], applied to
V=",

THEOREM 3.8 (Thirion [30]). — Let ¥ be a subshift of finite type and
K : ¥ — V a Hélder-continuous map such that the group generated by
its periods is dense in V. Assume there exists ¢ € V* such that ¢ o K is
Livsic-cohomologous to a positive function. Consider an equilibrium state
v of o and denote by

T:/KdI/EV.
o

Define K : £ xV — £ x V by K(z,v) = (¢(x),v — K(z)). Then there
exists a Euclidean norm |-| on V such that given two compactly supported
continuous functions fo, f1 : (X x V)/K — R, and vy € ker ¢, one has

(2mt) (dim V=1)/2 /(2 i fo(z,v) fi(z,v — tT — Vtwe)d(v @ Leby)
X

converges, as t — o0, to
ce_I(UO)/Q/ R de(V 39 Lebv)/ . fld(y® LebV))
(SxV)/K (ExV)/K

where ¢ > 0 is a constant and I(vy) = (Jvo|2|7|> = (v, 7)?)/|7]2.

Proof. — Let us give some hints on the proof for completeness, the basic
method is that of Guivarc’h-Hardy [12]. Consider a Holder-continuous
function g : ¥ — R, and the associated Ruelle operator, defined by

Ly(T)(z)= Y e WT(y),
yeSio(y)=a

where T : ¥ — R is Hoélder-continuous. It is a standard fact that g can be
assumed to be normalized such that the equilibrium state v, is the unique
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probability measure on X such that L7 = v. One then considers the semi-
Markovian chain on ¥ x V defined by

Pewy= D € /W8y 0ik0m)
yEeS:io(y)=x
The proof then consists on explicitly verifying the hypothesis of Babillot
[1, Theorem 2.9], see Thirion [30] for details. O

4. Convex representations and the Weyl chamber flow

We are now interested in studying representations I' — G, of the fun-
damental group I' of a closed connected negatively curved Riemannian
manifold, admitting equivariant maps from Jd,I' to some flag space of a
connected, noncompact real-algebraic semisimple Lie group G.

Let K be a maximal compact subgroup of G, and consider 7, the Cartan
involution on g = Lie(G) whose fixed point set is the Lie algebra of K.
Consider p = {v € g : 7v = —v} and a a maximal abelian subspace
contained in p.

Let ¥ be the set of roots of a on g. Consider a closed Weyl chamber
a®, T the set of positive roots associated to a™, and II the set of simple
roots determined by X*. Let W be the Weyl group of ¥, and denote by
ug : a — a the longest element in W, which is the unique element in W
that sends a® to —a™. The opposition involution i : @ — a is defined by
i= —UqQ-.

To each subset 6 of II, one associates two opposite parabolic subgroups
of G, Py and Py, whose Lie algebras are, by definition,

po=00® P s.® P 9-a

aext ae(I1-0)
and
po=00® P oo® P ga
aext ac(ll-0)

where (0) is the set of positive roots generated by 6, and
o ={weg:|v,w] =al)w Vv € a}.

Every pair of opposite parabolic subgroups of G is conjugated to (P, FV’(;)
for a unique 0, and every opposite parabolic subgroup of Py is conjugated
to P, : the parabolic group associated to

i0={aoi:ae€b}.
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Fix from now on a nonempty subset of simple roots § C II and let
F9 = G/Py. The space F;y X Fy has a unique open G-orbit, denoted by
y@)

0 -

DEFINITION 4.1. — A representation p : I' — G is f-convex if it admits
two Hélder-continuous p-equivariant maps, £ = £, : OscI' = Fy and n =
M : Oocl' = Fig, such that whenever x # y in OxI', the pair (n(z),{(y))
belongs to fe(Q).

The space %11 = % is the Furstenberg boundary of the symmetric space
of G, hence, a II-convex representation is called hyperconvex.

We recall some definitions from Benoist [2]. An element g € G is proximal
in %y if it has an attracting fixed point on .%y. This attractor is unique and
is denoted by gi. The element ¢ also has a fixed point ¢’ on .%; g, which is
the attractor for g~ on % ¢. For every x € %y such that (g%, ) € ,9’6;2),
one has g"x — gi. The point g? is called the repelling hyperplane of g.

LEMMA 4.2 ([26, Section 3]). — Let p : I' — G be a Zariski-dense 0-
convex representation. Then for every v € T — {e}, p(y) is proximal in %y,
&(v4+) Is its attracting fixed point and n(y-) is the repelling hyperplane.

The equivariant functions & and 7 of the definition are hence unique,
since attracting points v; are dense in 0T

Busemann cocycle of p

To a #-convex representation p : I' — G, one associates a Holder cocycle
on Js.I'. In order to do so, we need Busemann’s cocycle of G, introduced
by Quint [21].

The set # is K-homogeneous, denote by M the stabilizer of [P] in K.
One defines oy : G X % — a to verify the following equation

gk = lexp(aﬂ(gv kM))nv
for every ¢ € G and k € K, using Iwasawa’s decomposition of G =
K exp(a)N, where N is the unipotent radical of P.

In order to obtain a cocycle only depending on the set .%p (and G), one
considers

the Lie algebra of the center of the reductive group Py N Py. Consider also
P : @ — ag, the only projection invariant under the group Wy = {w € W :
w(v) = vV € ag}.
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Remark 4.3. — One easily verifies the following relation: pjg = iopgoi.
Quint [21] proves the following lemma.

LEMMA 4.4 (Quint [21, Lemmas 6.1 and 6.2]). — The map py o on
factors trough a map og : G X %y — ag. The map oy verifies the cocycle
relation: for every g,h € G and x € %y, one has

Ue(ghax) = 0'9(97}11') + O'g(h,ﬂ?).

The cocycle associated to a f-convex representation 3 = 8p : ['x 0o ' —
ap is defined by

Bo(y, ) = ag(p(7),&(x))-
Denote by A : G — at the Jordan projection, and define \g : G — ay by

Ao (9) = pa(M(g)).

LEMMA 4.5. — Let p: I' = G be a Zariski-dense 6-convex representa-
tion. Then the period of By for v € T' — {e}, is

Bo(v:7+) = Aa(p(7))-

Proof. — The proof follows from Lemma 4.2. See [27, Lemma 7.5] for
details. m

Remark that a f-convex representation is also (by definition), i#-convex.
Define then By : T' x 05 = ag by B¢ = iSBig. One has the following.

LEMMA 4.6. — The pair {Bg, B} is a pair of dual cocycles.

Proof. — The proof follows from Remark 4.3, together with Lemma 4.5,
and the fact that i(A(g)) = A(g~ 1), for every g € G. O

Consider .Z3,, the closed cone associated to By. Since £, is contained
in pg(a™), it does not contain any line, and thus the dual cone £, has non
empty interior.

LEMMA 4.7. — Let p: I' — G be a Zariski-dense 6-convex representa-
tion, and consider ¢ in the interior of the dual cone £ , then the cocycle
@pofBg: T x 0’ = R has finite and positive exponential growth rate h.

Proof. — The proof follows exactly as [27, Lemma 7.7]. O
Applying Corollary 3.1 to the cocycle By, one directly obtains:

COROLLARY 4.8. — Let p : I' = G be Zariski-dense 0-convex represen-
tation, then the action of T' on 92T x ag via By is properly discontinuous.

Even though we will not use it on this work, we remark that Lemma 4.7,
together with [27, Corollary 4.1], imply the following counting result:
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COROLLARY 4.9. — Let p : I' — G be a Zariski-dense §-convex repre-
sentation, and consider ¢ in the interior of £ . Then there exists hy, > 0,
such that

hete™ "' 4{[7] € [[] primitive : p(Ag(p7)) <t} = 1,

as t — oo.

Gromov product

The purpose of this section is to define a Gromov product for the pair
{Bs, By }- We begin with the following result of Tits [31] (see also Humphreys
[14, Chapter XI]). Recall that a representation A : G — PGL(d,R) is
proximal if there exists g € G such that A(g) is proximal in P(R?).

PROPOSITION 4.10 (Tits [31]). — For each « € II there exists a finite
dimensional proximal irreducible representation A, : G — PGL(V,,), such
that the highest weight x, of A, is an integer multiple of the fundamental
weight w,,. Moreover, any other weight of A, is of the form

Xa_a_znﬁﬂa

pell

with ng € N.

Fix a nonempty subset 6 of IT and consider A, : G — PGL(V,), a
representation given by Tits’s proposition for a € . Since A, is proximal
and « € 0, the parabolic group Py is contained in the stabilizer of a line in
P(V,,). Thus one obtains a continuous equivariant map &, : %y — P(V,,).

The dual representation A% : G — PGL(VY) is also proximal, and its
highest weight is x, i. Hence, one obtains another equivariant map 7, =
&t Fio — P(VY). Moreover, if (z,y) € 9}52) then

M0 (7)(a(y)) # 0.

Consider a scalar product on V,, invariant under A, (K) such that A, (exp a)
is symmetric. The Euclidean norm || ||, induced by this scalar product ver-
ifies

log[[Aa(9)lla = xa(alg)),

for every g € G, where a : G — a™ is the Cartan projection (observe that
the operator norm only depends on Ry || [|a)-
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LEMMA 4.11 (Quint [21, Lemma 6.4]). — For every o € 6 and v € &, (x)
one has
Ae(o)elle

Xa(oo(g, ) = log ol

The set {walq, : @ € 6} is a basis of aj and hence s0 is {Xa|a, }aco. Thus,
defining

|o(v)]
Iellallvfla
for any ¢ € n,(x) and v € £,(y), provides a definition of . Moreover, no-
tice that if (z,y) € ﬁa(m are such that &, (z) L kern,(y) for the Euclidean
norm || ||, and all @ € 6, then

(4.1) Gy(z,y) = 0.

Xa(%y(2,y)) = log

LEMMA 4.12. — For every g € G and (x,y) € 9’52), one has

Go(97,9y) — Yo(v,y) = —(igia(g, ) + 00(9,9))-

Proof. — For any norm || || on a vector space V, every g € PGL(V) and
every (¢,v) € P(V*) xP(V) — {(p,v) € P(V*) x P(V) : p(v) = 0}, one has

-1

\wogil(gv)\ ~log @l _ . el g gl
e eg=lgvll lellvll el [[o]
The lemma follows from this formula together with the definition of ¢ and
Quint’s Lemma 4.11. O

The following corollary is immediate.

COROLLARY 4.13. — Let p: I' = G be a Zariski-dense 6-convex repre-
sentation. The function [-,"] : 05,T?) — ay defined by

[I7 y] = g“)(n(l‘)v g(y))v
is a Gromov product for the pair {3y, Bg}-

Mixing

We need the following theorem of Benoist [3]:

THEOREM 4.14 (Benoist [3, Main Proposition]). — Counsider a Zariski-
dense subgroup A of G. Then the group generated by {A\(g) : g € A} is
dense in a.
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Recall that the Bowen-Margulis measure of the pair {8y, 3s} for ¢ €
int(Z5) is the measure Q, on T'\(93,T x ag), induced on the quotient by

e*hw[';']wm X o ® Lebae’

where p, and 7, are the Patterson-Sullivan probability measures with
cocycles hy,p o B9 and hyp o Bg, respectively. Benoist’s theorem (and the
continuity of pg) guarantees the missing hypothesis of Theorem 3.6, applied
using ¢ = fy, and we obtain the following result.

THEOREM 4.15. — Let p : I' = G be a Zariski-dense 0-convex repre-
sentation, and consider ¢ € int(Zj, ). Then there exists a Euclidean norm
| - | on a such that, for any two compactly supported continuous functions
fos f1 : T\(0AT x ap) — R and any vg € ker ¢, one has

(2mt)( e =D2Q (fo - frowf ™) — e T2, (fo)Q4 (1),

ast — oo.

The growth indicator function

Consider a G-invariant Riemannian metric on X, and || || the induced
Euclidean norm on a, invariant under the Weyl group. Recall that if g € G,
then [la(g)|| = dx([K],g[K]). Consider a Zariski-dense discrete subgroup
A of G, and define

: <
ha = limsup 2879 € A < llalg)ll < s}
5—+00 S

Recall that in the introduction we have defined 1A, the growth indicator
of A.

LEMMA 4.16 (Quint [20, Corollaire 3.1.4]). — Let A be a Zariski-dense
subgroup of G, then one has

Ya(v)
sup
vea—{oy Il

= ha.

If ¢ € a* is such that p(v) = ¥a(v) for all v € at then ||¢|| = ha. One
is thus interested in the convex set

Da={p€a”:p=>9a}.

This set is nonempty (Quint [20]) and the linear form ©a € Da closest to
the origin is called the the growth form of A. One has

(4.2) 1©all = ha.
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Since 1 is concave (recall Theorem 1.2), and the balls of || || are strictly
convex, one obtains a unique direction Riua in Za, which realizes the
upper bound

sup valv) ,
vea—{oy ||
this is called the growth direction of A. Choose ua in the growth direction
such that ©a(ua) = 1.

A linear form ¢ € a* is tangent to ¥a at x if ¢ € Da and p(x) = Ya(z).
We say that ya has vertical tangent at x, if for every ¢ € Da, one has
o(2) > G ().

The following remarks are direct consequences of the definitions:

Remark 4.17. — For every v € Ryua, one has |Oa(v)| = [|Oallllv] =
Pa(v)||v]], consequently ker © o and Riua are orthogonal for || ||, and ©a
is tangent to 1A at every point of the growth direction R una.

Remark 4.18. — The number of elements of a(A) that lie outside a
given open cone containing ua has exponential growth rate strictly smaller
than hA.

Fix from now on a Zariski-dense hyperconvex representation p: I' = G,
and denote by ¢ : 0., I' = Z its p-equivariant map. The image ((9-.T") is
the limit set L), and thus

Cx (020 — Lf()r)
is a p-equivariant Holder-continuous homeomorphism. Also, the cone £,
is the limit cone £,y of p(I'). One has the following results.

PROPOSITION 4.19 (26, Corollary 3.13]). — The limit cone of a Zariski-
dense hyperconvex representation is contained in the interior of the Weyl
chamber.

THEOREM 4.20 ([26, Theorem A + Corollary 4.9]). — The growth in-
dicator of a Zariski-dense hyperconvex representation p is strictly concave,
analytic on the interior of £, and with vertical tangent on the bound-
ary. If ¢ € int(fp*(m) then h,o is tangent to 1,y at every point of the
dual direction u.

Remark 4.21. — Hence, Remark 4.17 and Theorem 4.20 imply that for
a Zariski-dense hyperconvex representation p of I', the growth direction
Ry u,ry is the dual direction (see Definition 3.3) of the growth form © ).
Moreover, since 1,y has vertical tangent on the boundary of £, the
growth direction R, u,r) is contained in the interior of the limit cone.
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Recall that if ¢ is in the interior of f:(l—‘)’ then the Holder cocycle o Sy
has finite and positive exponential growth rate h,. Ledrappier’s Theorem
2.19 guarantees the existence of a Patterson-Sullivan probability measure
e on O I, with cocycle hy,p o . The following corollary of Theorem 1.3
and Theorem 4.20 is hence direct.

COROLLARY 4.22. — Let p : I' — G be a Zariski-dense hyperconvex
representation. For each ¢ tangent to v,r), there exists a unique -
Patterson-Sullivan measure of p(I'), denoted by v,. Moreover, ¢ induces
an isomorphism between i, and v,.

Consequently, the map
c1. 92 (2)
(x(><1d.8ooF><a%Lp(F)><a

is a p-equivariant homeomorphism, and induces on the quotients a map
still denoted by ¢ x ¢ x id : T\(92T x a) = p(I)\(L{7},) xa), which is a
measurable isomorphism between the ¢-Bowen-Margulis measures of p(T")

on each side:
(¢ x ¢ xid)+Qy = X0,

where x,, is the ¢-Bowen-Margulis measure of p(I"), defined in the intro-
duction.

Theorem 4.15 together with Remark 4.21 imply the following mixing
property of the Weyl chamber flow. Recall that the rank of G is the dimen-
sion of a, and that the Weyl chamber flow is the right action by translations

of exp(a) on p(T)\G/M. If f : p(T)\G/M — R and v € a we denote the
composition of f with the right action of exp(v) on p(I')\G/M by

foexp(v).

THEOREM 4.23. — Let p : I' — G be a Zariski-dense hyperconvex
representation. Consider ¢ € int(Z;). Then there exists a Euclidean
norm |- | on a such that, for all compactly supported continuous functions
fo, f1: p(T)\G/M — R and for all vy € ker ¢, one has

(Qﬂ,t)(rank(c)*l)/QXAp(fO . fl fe) exp(tu¢ + \/F'UO))

converges to
ce” 12y o (fo)Xe (f1)

ast — oo, for a constant ¢ > 0.

The following corollary will be most useful to us.
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COROLLARY 4.24. — Let p : I' — G be a Zariski-dense hyperconvex
representation. Then there exists C' > 0 such that given two compactly
supported continuous functions fy, f1 : p([)\G/M one has

e 19T / 66”(F>(M)X®p<r) (fO'floeXp(u))dLebu(u) - Cx@p(r) (fO)X@p(r) (f1)7
B(0,T)Nat

as T — oo.

The proof of the corollary follows the exact same lines as Thirion [29,
§12.k] for Ping-Pong groups. We give a sketch of this proof for complete-
ness.

Proof. — In order to simplify notation, denote by © = © 1), H = ker ©
and u, = u,r). Consider the change of variables G : R x H — a given by
G(t,v) = t-1 4/t

el

Since u,, is orthogonal to H (see Remark 4.17), its Jacobian is (v/#)4m# =

t(rank(G)=1)/2 The integral we are interested in becomes

[ e [ IOy o roexp Gt ) Ly (8, )t Leba o),
H 0
where B(T) = {(t,v) € R x H : G(t,v) € a™, [|G(t,v)|| < T}, and 14 is
the characteristic function of a subset A.

The conditions ¢t > 0 and ||G(¢,v)|| < T imply that

1
0<t< 5(\/”11“4 +4T2 — ||v||*) = R(T,v).

Note that R(T,v) — T — —|[v||?/2 as T — oo, and observe that for every
v € H there exists o such that, for all ¢ > ¢g, one has G(t,v) € a™. This,
together with Theorem 4.23 applied to

v
G(t,0) = t]|O]up + VO] ==,
Vel
implies the existence of a Euclidean norm | - | and ¢ > 0 such that

R(T,v) )
e—llel\T/ eIPIL(VEY Iy o (fo - 1 0 exp(G (L, v)))Lpry (L v)dt
0
converges to

- 240 -
ce—@llleIIF+IM(1©]] 129025 6(fo)xe (f1)

as T — oo.
We must now integrate both sides of this limit with respect to Leby, in
order to so we will apply the dominated convergence theorem. Hence, we
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need to find an integrable function F': H — R, such that for every v € H
one has

R(T,v)
0

Remark that, since I(v) > 0 for all v € H, Theorem 4.23 implies that for
all large enough ¢, one has

(VO™ xo(fo - fr o exp(G(t,0))) < K,

for a constant K independent of v.

Lemma 4.25 below states that there exists a constant x > 0 such that,
for all (t,v) € H xR, with G(t,v) € B(T) one has R(T,v)—T < —«|v||?/2.
Hence

R(T,v) )
0

R(T,v)

Ke*\l@l\T/ e“@”tlB(T)(t,v)dt < KellPIR(Tv)=T) < K(;HIIGIHWHZ/27
0

for a constant K > 0. This last function is clearly integrable on H. This

finishes the proof.
O

LEMMA 4.25. — There exists > 0 such that for every T > 0, if (t,v) €
B(T) then R(T,v) — T < —k|[v||?/2.

Proof. — Recall that the angle between two walls of a™ is at most 7/2,
hence, since u, € int a™, there exists 6y € (0,7/2) such that if G(¢,v) € a*,
then the angle between G(t,v) and tu,/||u,| is at most 6, i.e.

H\/;ﬂ < tan(@o).

From now on, standard computations imply the lemma, see Thirion [29,
page 184] for details.
O

5. The orbital counting problem
General aspects

The standard reference for this subsection is the book by Guivarc’h-
Ji-Taylor [11]. Recall that G is a connected, noncompact real-algebraic
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semisimple Lie group, X its symmetric space and I' is the fundamental
group of a closed connected negatively curved Riemannian manifold.

Recall that we have denoted by a : G — a™ the Cartan projection of G.
We will define a new projection a : X x X — a* by a(g-0,h-0) = a(g~1h).
Notice that a is G-invariant for the diagonal action of G on X x X, that
la(p, q)|| = dx(p, q) and that

(5.1) i(a(p,q)) = alq,p)-

By definition, one has ¢ € K, g, exp(a(p, q)) - 0, where K, is the stabilizer
in G of p, and g, € G is such that g, -0 = p.

Remark 5.1. — Observe that there exists xo > 0 such that for every
g € G one has |la(p, gq) — a(g)| < ko.

Similarly (and abusing notation), we will define the Busemann cocycle
0:F xXxX —aby

(x,9-0,h-0)— cx(g9-0,h-0) = J(g_17:1c) — a(h_l,x).

A parametrized flat is a map f : a — X, defined by f(v) = gexp(v) - o, for
some g € G. Observe that G acts transitively on the set of parametrized
flats and that the stabilizer of fy : v — exp(v) - 0 is the group M of
elements in K commuting with exp(a). We will hence identify the space of
parametrized flats with G/M.

A maximal flat is the image on X of a parametrized flat i.e. the maximal
flat associated to f is defined by [f] = f(a) = {gexp(v)-0 : v € a}. The space
of maximal flats is naturally identified with G/MA = .F® (recall Hopf’s
parametrization of G on the Introduction). Denote by (Z,Z) : G/M —
F(2) = G /M A the canonical projection.

The following proposition is standard.

PROPOSITION 5.2 (see [11, Chapter III]). —
(1) Let f,g be two parametrized flats, then the function a — R, defined

by
v dx (f(v), g(v)),
is bounded on the Weyl chamber a* if and only if Z(f) = Z(g).

(2) A pair (p,z) € X x .F determines a unique parametrized flat f such
that f(0) = p and Z(f) = «.

(3) A point (z,y) € F?) determines a unique maximal flat [f,,] such
that Z(f,,) = = and Z(f,,) = y.
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The usual relation between the Cartan projection and Busemann’s cocy-
cle is given by the following lemma of Quint [21]. Observe that if p,q € X
are such that a(p,q) € int(a™) then, there is a unique parametrized flat
fpq such that f,,(0) = p, and f,,(a(p,q)) = g. Denote by z,q = Z(fpq) and
recall that II is the set of simple roots of G.

LEMMA 5.3 (Quint [21, Lemma 6.6]). — Fix p,q € X, then
a(p, z) — a(g; 2) = 0u,. (p,q) = 0,
as mingerr a(a(p, z)) — oo.
Given r > 0, define the shadow (on .%) of q seen from p of size r, by
O,(p,q) ={Z(f) : f € G/M, £(0) = p, v € int(a™), dx(f(v),q) < r}.
Denote by Bx (p,r) the ball in X of radius r centered at p, and define by

ofpa)= | Orlpo,a),
po€EBx (p,r)
and
O, (ma)=[) Onlpo )
po€Bx (p,r)

Finally, for € .% define the shadow of ¢ seen from x of size r, by
O,(z,q) = {Z(f) : f € G/M, dx(f(0),q) < r, Z(f) = x}.

LEMMA 5.4 (Thirion [29, Proposition 8.66]). — There exists k > 0 such
that, if p,po € X and r > 0, then for all x € O, (p, py) one has

low(p,po) — a(p,po)| < Kr-.

Let A be a Zariski-dense discrete subgroup of G, and consider a linear
form ¢ € a* tangent to Ao on a direction in the interior of Za. Denote
by v, the p-Patterson-Sullivan measure of A (recall Quint’s Theorem 1.3).
Define the o-Patterson-Sullivan density (pp)pex by po = v and

Bp () = e=oloepo)),
dpio
Since .# is Kj,-homogeneous and K, is compact, there is a unique K-
invariant probability measure on .%. This gives an embedding of X on the
space M(F) of probability measures on #. The closure of this embedding,
denoted by X p, is called the Furstenberg compactification of X. Observe
that if v € int(a™) and k € K, then

ket” -0 — §kM
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as t — oo, for the weak-star convergence on M(F), where dxps is the unit
Dirac mass at kM.

A pair (p,z) € X X .Z is in good position (w.r.t. A) if the parametrized
flat f determined by p and  verifies Z(f) € La . Given a,b € R and € > 0,
we will say that a Sbifefa <b<efa.

LeEMMA 5.5 (Thirion [29, Lemma 10.7]). — Fix a pair in good posi-
tion (p,x) € X x Z. Then for all but countably many r € R, one has
(00, (z,p)) = 0. Moreover, given € > 0 there exists a neighborhood V,

of x in X such that for all z € V,, and all (but countably many) small
enough r one has

1p(Or(2,p)) ~ 11(Or (2, p))
and if 2 € V, N X then ju,(OF(z,p)) ~ (O, (2, p)).

Proof. — Indeed, the function R% — [0,1] defined by r — 1, (O, (x,p))
is the distribution function of a probability measure in R* , and has only
a countable number of discontinuity points. See Thirion [29, Lemma 10.7]
for details.

O

If p=g-0 € X, define the ¢-Gromov product (or simply Gromov

product) based at p as the map [, ], = [, ];f : 72 R with

[, 9],.0 = ¢(Gu(g =, 97 'y)).

Remark 5.6. — Observe that [-, ~}p is continuous, and that if p belongs

to the maximal flat determined by (z,y) € F® then [z,y], = 0 (recall
equation (4.1)).

Denote by (7i,,)pex the ¢ oi-Patterson-Sullivan density of A. The follow-
ing remark follows from the definitions of (u,)yex, (7I,)pex and Lemma
4.12.

Remark 5.7. — The measure e_["']Pﬁp ® pp ® Lebg is independent of p.
As said in the introduction, this measure is called the p-Bowen-Margulis
measure of A, and is denoted by X,.

The main theorem

This section is devoted to the proof of the following theorem. The method
is that of Roblin [25]. Indeed, his method adapts to our situation with
minor arrangements, provided Corollary 4.24. This was noticed by Thirion
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[29], who extended Roblin’s method to some higher rank situations. We
will explain here how to overpass the main difficulties and refer the reader
to Roblin [25, Chapitre 4] or Thirion [29, Chapitre 10] for the minor details.

If p: ' - G is a Zariski-dense hyperconvex representation, denote by
© = O,r) its growth form. Recall that ||©| = h,r) and that © is i-
invariant and tangent to the growth indicator of p(I'). Denote by (up)pex
the ©-Patterson-Sullivan density of p(I'). Note that, with the above nota-
tion, 1z, = p, for all p € X.

THEOREM 5.8. — Let p : I' = G be a Zariski-dense hyperconvex rep-
resentation, and consider p,q € X, then there exists ¢ = ¢(p,q) > 0 such
that

—||e|T
c—lel Z Bp(y)a @ Op(y—1)p = Clip @ fig
yET:dx (p,p(V)O)LT

as T — oo, for the weak-star convergence on C*(Xp X X ).

A Zariski-dense hyperconvex representation p : I' — G is fixed from now
on. In order to simplify notation, we will identify I" with p(I"), i.e. if p € X

then vp means p(7y)p.
For T € Ry, let AT (p, q) be the measure on X x X r defined by

N(pg)=e 01T 3" 6, @0,
v€el:dx (py9)<T
If AC % and r > 0, consider the subset C;(p, A) of X, defined as the

r-neighborhood of

{f(a®) : f € G/M, dx(f(0),p) <7, Z(f) € A},
and consider the set C, (p, A) defined by

{y € X : Bx(y,r) C N U fa™)}.
{4€ X :dx (a.0) <1} {FEG/MA(0)=q, Z()€A}

The following proposition is the main step of the proof of Theorem 5.8.

PROPOSITION 5.9. — Consider p,q € X and z,y € # such that (p,x)
and (q,y) are in good position. Then there exists ¢ > 0 that verifies the
following: for every € > 0 there exists a neighborhood W of (z,y) on
X x X, such that for every Borel sets A, B C F with A x B C W, one
has

limsup A7 (p, 0)(Cy (p, A) x Cy (¢, B)) < ¢“cpip(A)pig(B)

T— 00
and

liminf A (p, ) (CY (p, A) x €' (g, B)) > e cpup(A)uqg(B).
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Proof. — 1If [f] is a maximal flat and p € X, denote by f? the parametrized
flat such that [fP] = [f], and such that fP(0) is the orthogonal projection
of p on [f]. If v € a, denote by tr, : a — a the translation by v, i.e.
try(u) = u+v. For A C % and r > 0, consider the subsets of G/M defined
by

K} (p,A) ={fPotr, :v e Ba(0,7), dx(f?(0),p) <r, Z(f) € A}
and
K7 (p,A) = {fP otr, : v € Ba(0,7), dx(f?(0),p) <7, Z(f) € A},

where By(0,r) is the ball on a of radius r centered at 0, for the Euclidean
norm || ||. Denote by K,(p) = K, (p, ) = K, (p, #).

Fix ¢ > 0. Lemma 5.5 applied to (p, ) and (g, y) provides neighborhoods
Vz of x and Vj, of y, such that for all (but countably many) small enough
r > 0 one has 1, (00, (x,p)) = 11,00, (y,¢q)) = 0 and if z € V,, then

MP(OT(Z,p)) ~ Mp(or(l‘,p))
and if w € V}, then

tp(Or(w, q)) ~ tp(Or(y,q))-
Moreover, for all z € V; N X and w € V,; N X, Lemma 5.5 states that

1p(O5 (2,)) ~ 11p(Or (@, p))
and
1 (O3 (w,4)) ~ (O (y, 0))-
Consider r < min{l,e/||©],e/k,¢/||®|x} such that the last paragraph
holds, where & is the constant given by Lemma 5.4, and such that |©(u)| < e
for all u € B4(0,7).
We can assume also that r is small enough such that if z € V, and
w € O,(z,p) then, e ™ £ 1 (Remark 5.6) and similarly for V, and g¢.
We will show that V,, x V,, is the desired neighborhood. Consider then
A, B Borel subsets of .% such that Ax B C V, xV,,. Let us simplify notation
and write KT = KT (p, A) and K~ = K, (q, B).
Given v € T and T > 0, define Z(~,T) by

2y, T) = / e®WTe(K - exp(v) Ny - K~ )dLebg(v).
Bq(0,T)Nat

Following Roblin’s [25] method (see also Thirion [29]), we will compute

e—lelnr ZE(%T)

yer
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in two different ways. Observe first that Corollary 4.24 ) gives
e IOITN " 2(4,T) ~ eXo (K )Xo (K ™)
~el’
for all big enough T' and a constant ¢ > 0. Let’s compute then Xo(K™)
and Yo (K ™). Remark 5.7 states that
i@ = e_["']pup @ pp @ Lebg,
hence

Rolk )= [

/ / ety 1x, (p)(f5otry ) dpy (w)dpy,(2)d Lebq (v).
vEB4(0,r) Jz€A JweO,.(z,p)

Since w € O,.(z,p) (and by our choice of r) one has e 2l £ 1) thus
Ro(K™) & vol(Ba(0.7)) [ 1O (2. (2)

Since z € A C V, and by the definition of V,, we have j,(0O,(z,p)) ~
tp(Or (2, p)), hence

Xo(K) 2 vol(Ba(0, 7)) up (O (, p)) i (A).

Analogous reasoning, using the equality Yo = 6_["‘]q,uq ® g ® Lebg, gives

Xo(K™) 2 vol(Ba(0,7)) g (Or(y, q)) 114 (B). Hence, if we denote by

H= VOI(BCI(()v T))QMQ(OTQ/’ q)>uP<OT(x>p))’

one has
_ - 4
(5.2) e 191N " 2(4, T) = cpup(A) g (B)H,
~€T

for all big enough T'. Notice that, since (p, ) and (g, y) are in good position,
one has H # 0. This will allow us later to divide by H.

We will now explicitly compute > ~er E(v,T).

Remark 5.10. — Denote by Vi = C{ (p, A)NV, and V5 = C{ (¢, B)N
Vy, and denote by Vi = Cy (p, A)NV, and Vi = C| (¢, B)NV,,. Then there
exist constants L > 0, independent of ¢ and T, and C' > 0 independent of
T, such that for all big enough T one has

D EMT -2r) <C+e"HY 1,:(3) 1+ (v 'p),
yel

2. Even though Corollary 4.24 is stated for continuous functions with compact sup-
port, a standard measure-theoretic argument permits to extend it to characteristic func-
tions of compact sets.
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where the sum is over all v € T such that dx (p,vq) < T and (yq,y 'p) €
Ci (p, A) x Cf (¢, B), and moreover

Y E(@,T+2r) > C+eLEHZI Ol (v p),

vel

where the last sum is over all v € T such that dx (p,vq) < T and (yq, v 1p) €
Cr (p, A) x C1 (g, B).

Proof. — We will only show the upper bound (the lower bound being
analogous). Observe that, if for some v € T one has E(y,T — 2r) # 0, then

Kt -exp(v)Ny- K~ #0,
for some v € By(0,7 — 2r) Na™. This intersection is contained in
(O (va,p) Ny B) x (O (p,vg) N A) x a,
and necessarily one has:
i) v € By(a(p,vq),2r), in particular dx (p,vyq) < T, and
ii) (v¢.77'p) € CY (p, 4) x CY (g, B).
Observe that Yo (K™ - exp(v) NyK~) =

/ / / e v ]le (vq) (FL 0T ) dpiy (2) dpiy (w)d Lebg (u
u€Bq(0,r) /20 (pyg)NA JweO (vq,p)y B

For (z,w) € (O} (p,vq) N A) x (O (vq,p) N yB), one has e~ [*l» £ 1 and

/ e 1 (o) (72,0t )d Lebg (v) < €3e@P79) vol (B, (0, 7).
B, (0,T—2r)
One concludes that > E(v,T —2r) <

Cte o= vol(Ba(0,7))* Y e® @11, (OF (14, p)) (O3 (0, 70) 1+ (V@) Ly (v '),

for some Ly > 0 independent of T, where the sum is over all v € T" that
verify i) and ii) above, and C is a constant independent of T, determined
by the (finitely many) v € T" such that

(va,7"'p) € C} (p, A) x CF (¢, B) =V x V,

(which is bounded in X x X). Since vq € V, one has 1,(O; (vg,p)) ~
tp(Or(x,p)) and the right hand side of the last equation becomes

C+e 0" vol(Ba(0, 7)) 11y (O (,p) Y 2P 1, (OF (p,74)) 1y (v0) 1y (v ")
Using Lemma 5.4 and the fact that g belongs to V,{ C V., one obtains

eOalpya)) £ £Oo=(p1a))
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for any z € O} (p,~vq). Applying the definition of (fy,)mex, one has that

@@, (0 (p,7q)) ~ / P =PIy, (2) = g (OF (9, 74))

o (p,va)

= 1O (v'p, @) ~ 1q(Or(y, 0)),
since 7~ 'p € Vg‘ C V,. Hence, for some constant L > 0
) _ Le —1
Z;w,T 2r) SC+e"HY 1y1(va) 1y (7 'p),
84S

where the sum is over all v € T' that verify i) and ii) above. This finishes
the proof of the remark. O

The proof of the proposition will be completed when we compute
e~ leI(T—2r) Z E(v,T —2r),
el
assembling equation (5.2) and Remark 5.10. For all big enough 7', one has
e cpp(A)pg(B)H < e 1012 N "5y, 7 — 2r) <
~el
_e|T Loc —1
e IO (Co + " HY "1y (va) Ly (v 'p)),
for some Lg independent of € and T (recall that r < ¢/]|©]]) and Cy inde-

pendent of T', where the sum is over all v € I" that verify i) and ii) above.
Since Cp is independent of 7" and since H # 0, one obtains

timinf 7 (p, ) (C (p, A) x Cf (4, B)) > e cpy (A)pg(B).
— 00

The other inequality follows similarly. O

We continue with the proof of Theorem 5.8. For &/ C aT, define the
measure A\ (p,q, &7) on X x X by

N(p,q, /) = e 1°IT > 8y © 81y
vela(p,vq)€, dx (p,yq)<T

Observe that AT (p,q) = AT (p, ¢, a™).
We will need the following lemma.

LEMMA 5.11. — Let A be a Zariski-dense subgroup of G. Consider a
continuous function f: X x X — R and an open cone € with ua € €.
Then

e "N " flgq.97'p) = 0

as t — oo, where the sum is over all g € A such that dx(p,gq) < t and
a(p.99) ¢ €.
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Proof. — The lemma follows directly from Remark 4.18 together with
Remark 5.1. O

In our current notation, the last lemma reads as follows.
LEMMA 5.12. — Let 6 C a™ be an open cone with ur € ¢, then
M (p,q,€) = X (p,q) = 0,
for the weak-star convergence on C(Xp x Xp), as T — oo.

Proof of Theorem 5.8. — It remains to overpass the good position hy-
pothesis on Proposition 5.9.

Notice that if z € % then one can choose z € 9" such that (z,{(z)) €
F?) | where ¢ : 0sI' = .Z is the equivariant map. Fix then (z,y) in
F x Z and consider (z,w) € ((0xI')? such that (z,2) and (y,w) belong
to .# (). Choosing po on the maximal flat determined by (z,z), and ¢gp on
the maximal flat determined by (y,w), one gets that (pg, z) and (qo,y) are
both in good position.

Applying Proposition 5.9 to the pairs (pg,z) and (qo,y) and a given

€ > 0, one obtains a neighborhood W of (z,y) € Y; such that if A x B is
a Borel set contained in %2 N W, then

(53) llfnl)l(gf )\T(p0>(10)(01+(1?0a A) X CVlJr (qOﬂ B)) 2 e_Ec/J'po (A):uqo (B)

Discarding finitely many v € I', we can assume that if yqy € Cf (po, A)
and v~ 'p € Cf (¢, B), then (yqo,7 'p) € W. Moreover, if W is small
enough, Quint’s Lemma 5.3 together with Proposition 4.19 imply that for
all such v € T" one has

lla(po, v40) — a(p,¥q0) — o (po. p)|| < &
and
la(qo,v~'p) — alg;v~'p) — oy (90, 9)|| < e.

Equation (5.1) and G-invariance of a imply that a(qo, vy~ 'p) = i(a(p, v90)),

and since i2 = id one has
lla(p. va0) — a(p,~q) —ioy(qo, @)l <e.
Consequently,

lla(po; va0) — a(p, vq) — (02(po,p) +ioy(qo,q))| < 2e.

Hence,

O(a(po,190)) < ©(alp,vq)) + O(0z(po,p) +ioy(qo,q)) + 9,

for some ¢ (O is continuous at 0).
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Recall that if v € R-u,ry then [©(v)| = ||O]|||v]| (Remark 4.17). Consider
then a closed cone ¢, with u,r € int €, such that for all v € € one has

O(v) =[0()| ~ O]l

Notice that, since a(po,vqo) is at bounded distance from a(p,vq) (inde-
pendently of v € T', see Remark 5.1), we can consider an open cone ¢’
with w,ry € €’, such that if v is big enough, and a(p,vq) € ¢’, then
a(po,vq0) € €. Hence, for all big enough v € T such that a(p,vq) € €’ one
has

dx (Pos 140) < dx (9, 74) + ”%”(@(ax(po,p) +i(oy(d0,a))) + ).

Lemma 5.12 together with equation (5.3), imply that
lim inf A" (po, g0, €') (C (po, A) x C (0, B) > €™ cpupy (A)ptqy (B)-
Denoting by

T T (Ua:(pmp) + i(Uy(q(h Q))) + 67

+
H@H

one concludes that (using again Lemma 5.12) for all big enough T one has
A (p,q)(CY (p, A) x CY (g, B)) = AT (p,q,€")(CY (p. A) x C{ (¢, B)) —¢ >

e =@ pop)+iloy (@0, \T" (0 g0 @) (CiF (po, A) x Cf (qo, B)) — &.
Thus, lim inf7 AT (p, q)(Cy (p, A) x C1 (¢, B)) >
e—QEceG(Uw(PDaP)+iUy(q07q)))up0 (A)pg, (B) —e.
Finally, by definition of (i, )mex, one has
eOePor))  (A) &, (A),

and
ePlou(@a)y (B) & p,(B).

One concludes that
liminf X (. q) (CF (b, 4) x CF (4. B)) > ¢~ eyt (A)pg(B) — <.
— 00

as desired. The other inequality is analogous, and a standard partition of
unity argument finishes the proof of the theorem (see Roblin [25, pages
62-63] for more details). O

ANNALES DE L’INSTITUT FOURIER



[1]
[2]
3]

[4]
[5]

[6]
7]
(8]
[9]
(10]
(11]

(12]

(13]

(14]
(15]

[16]
[17]
18]
[19]
[20]
[21]
[22]
23]

[24]

ORBITAL COUNTING FOR HYPERCONVEX REPRESENTATIONS 43

BIBLIOGRAPHY

M. Babillot. Théorie du renouvellement pour des chaines semi-Markoviennes tran-
sientes. Ann. Inst. Henri Poincaré, 24(4):507-569, 1988.

Y. Benoist. Propriétés asymptotiques des groupes linéaires. Geom. funct. anal.,
7(1):1-47, 1997.

Y. Benoist. Propriétés asymptotiques des groupes linéaires ii. Adv. Stud. Pure
Math., 26:33—-48, 2000.

R. Bowen. Periodic orbits of hyperbolic flows. Amer. J. Math., 94:1-30, 1972.

R. Bowen. Symbolic dynamics for hyperbolic flows. Amer. J. Math., 95:429-460,
1973.

R. Bowen and D. Ruelle. The ergodic theory of Axiom A flows. Invent. Math.,
29:181-202, 1975.

W. Duke, Z. Rudnick, and P. Sarnak. Density of integer points on affine homoge-
neous varieties. Duke Math. Jour., 71(1):143-179, 1993.

V. Efremovich and E. Tichonirova. Equimorphisms of hyperbolic spaces. Izv. Akad.
Nauk. CCCP, 28:1139-1144, 1964.

A. Eskin and C. McMullen. Mixing, counting and equidistribution in Lie groups.
Duke Math. Jour., 71(1):181-209, 1993.

E. Ghys and P. de la Harpe (eds). Sur les groupes hyperboliques d’aprés Mikhael
Gromov. Birkhauser, 1990.

Y. Guivarc’h, L. Ji, and J.C. Taylor. Compactifications of symmetric spaces, volume
156 of Progress in Mathematics. Birkhauser, Boston, MA., 1998.

Y. Guivarch’h and J. Hardy. Théorémes limites pour une classe de chaines de
Markov et applications aux difféomorphismes d’Anosov. Ann. Inst. Henri Poincaré,
24(1):73-98, 1988.

R. Howe and C. Moore. Asymptotic properties of unitary representations. J. Func.
Anal., 32(1):72-96, 1979.

J. Humphreys. Linear algebraic groups. Springer, 1998.

A. Katok and B. Hasselblatt. Introduction to the modern theory of dynamical
systems. Cambridge, 1995.

F. Labourie. Anosov flows, surface groups and curves in projective space. Invent.
Math., 165:51-114, 2006.

F. Ledrappier. Structure au bord des variétés a courbure négative. Séminaire de
théorie spectrale et géométrie de Grenoble, 71:97-122, 1994-1995.

A.N. Livsic. Cohomology of dynamical systems. Math. USSR Izvestija, 6:1278-1301,
1972.

G. Margulis. Applications of ergodic theory to the investigation of manifolds with
negative curvature. Functional Anal. Appl., 3:335-336, 1969.

J.-F. Quint. Divergence exponentielle des sous-groupes discrets en rang supérieur.
Comment. Math. Helv., 77:563-608, 2002.

J.-F. Quint. Mesures de Patterson-Sullivan en rang supérieur. Geom. funct. anal.,
12:776-809, 2002.

J.-F. Quint. Groupes convexes cocompacts en rang supérieur. Geom. Dedic., 113:1—
19, 2005.

J.-F. Quint. Groupes de Schottky et comptage. Ann. Inst. Fourier, 55:373-429,
2005.

M. Ratner. Markov partitions for Anosov flows on n-dimensional manifolds. Israel
Journal of Math., 15(1):92-114, 1973.

SUBMITTED ARTICLE : ARTICLE. TEX



44

(25]
[26]
27]

(28]
29]

(30]

(31]

ANDRES SAMBARINO

T. Roblin. Ergodicité et équidistribution en courbure negative, volume 95 of Mé-
moires de la SMF. Société mathématique de France, 2003.

A. Sambarino. Hyperconvex representations and exponential growth. Ergod. Th. &
Dynam. Sys., 34(3):986-1010, 2014.

A. Sambarino. Quantitative properties of convex representations. Comment. Math.
Helv., 89(2):443-488, 2014.

M. Shub. Global stability of dynamical systems. Springer Verlag, New York, 1987.
X. Thirion. Sous-groupes discrets de SL(d,R) et equidistribution dans les espaces
symétriques. PhD thesis, Université de Tours, Juin 2007.

X. Thirion. Propriétés de mélange du flot des chambres de Weyl des groupes de
ping-pong. Bulletin de la SMF, 137:387-421, 2009.

J. Tits. Représentations linéaires irréductibles d’un groupe réductif sur un corps
quelconge. J. reine angew. Math., 247:196-220, 1971.

Andrés SAMBARINO

Université Pierre et Marie Curie
Institut de Mathématiques de Jussieu
4 place Jussieu, 75252 Paris Cedex
Paris France

andres.sambarino@gmail.com

ANNALES DE L’INSTITUT FOURIER



