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Abstract

Given a simplicial complex K, we consider the problem of finding a simplicial d-chain minimal
in a given homology class. This is sometimes referred to as the Optimal Homologous Chain
Problem (OHCP).

We consider here simplicial chains with coefficients in Z/2Z and the particular situation

where, given a total order on d-simplices 01 < ... < 0, the weight of simplex 7 is 2. In this
case, the comparison of chains is a lexicographic ordering.
Similarly, we consider the problem of finding a minimal chain for a prescribed boundary. We
show that, for both problems, the same matrix reduction algorithm used for the computation of
homological persistence diagrams, applied to the filtration induced by the order on p-simplices,
allows a O(n?) worst case time complexity algorithm.

Second, we consider OHCP in the particular case where K is a (d + 1)-pseudo-manifold,
for example when it triangulates a (d + 1)-sphere. In this case, there is a O(nlogn) algorithm
which can be seen, by duality, as a lexicographic minimum cut in the dual graph of K.

Third, we introduce a total order on n-simplices for which, when the points lie in the n-
Euclidean space, the support of the lexicographic-minimal chain with the convex hull boundary
as boundary constraint is precisely the n-dimensional Delaunay triangulation, or in a more
general setting, the regular triangulation of a set of weighted points.

Fourth, we apply the lexicographic min-cut on the dual graph of the 3-dimensional Delaunay
complex of a points cloud in R3. This gives in practice an efficient algorithm providing minimal
solutions that, while inheriting the optimality for 2-dimensional Delaunay triangulations, reveals
to create pertinent and convincing meshes for surface reconstruction, in particular in the case of
noisy point clouds with non uniform densities and outliers, such as those produced by physical
captures or Structure From Motion algorithms.

Last, it is known that a Cech complex with the right parameter over a point cloud sampling
a compact connected C? manifold embedded in Euclidean space, if the sampling density is high
enough with respect to the manifold reach, captures the homotopy type of the manifold and
in particular its fundamental class. In the particular case of 2-manifolds, we show that, under
good sampling conditions, the lexicographic minimal chain representative of the image of the
fundamental class in the Cech complex provides a triangulation of the manifold.
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Chapter 1

Introduction

Given a point cloud sampling a subset of Euclidean space, shape reconstruction consists in re-
trieving a shape that is both geometrically and topologically close to the sampled subset. It
has been shown that, when the given point cloud satisfies specific sampling conditions related
to some regularity measure on the subset, simplicial complexes such as alpha shape [28], Cech
or Rips complexes built on the point cloud share the homotopy type of the set [17, 6].

In this work, beyond creating a simplicial complex sharing the homotopy type, we aim to
compute, when the object is a smooth manifold, a homeomorphic simplicial complex, in other
words a manifold triangulation.

Motivation: minimal chain as manifold triangulation Indeed when the unknown shape
is assumed to be a connected, compact d-manifold without boundary (respectively with a given,
known boundary) it has a unique d-homology class (respectively relative d-homology class),
called the fundamental class. In this case, the support of a minimal chain representative of
this d-cycle in a simplicial complex that reproduces the homology of the shape (Cech, Rips, or
alpha-shape) is a reasonable candidate for a manifold triangulation. We show indeed in Section
9 that this is the case for smooth 2-manifolds embedded in n-dimensional Euclidean space.

The L' norm on simplicial d-chains is defined by the weight assigned to each p-simplex and,
when coefficients are taken in Zgo = 7 /27, the norm of the chain is just the sum of the weights
of the simplices in the chain.

Delaunay weights and Delaunay lexicographic order For this purpose, we use a family
of weights, called here Delaunay Energy, motivated by the lifted paraboloid construction for
Delaunay triangulation. Such weights have been introduced first in [22] and then further used
to optimize triangulations [1, 21]. In fact the same weights can be used to optimize directly in
the affine space of homologous chains. Indeed, it has been observed ([4] and Lemma 6.13) that
given a point cloud in the Euclidean space R", in the complete n-dimensional simplicial complex,
i.e. the complex containing as n-simplices all the (n + 1)-tuples of points, the support of the
n-chain minimal for the norm induced by these weights, with the cloud convex hull boundary
as boundary constraint, coincides with Delaunay triangulations.

A particular choice of these weights makes the L' minimization of chains over coefficients in
Z9 equivalent to a minimization along a lexicographic order on chains induced by a given order
on simplices. Indeed, if there is an order on simplices such that the weight of each simplex o is
greater than the sum of weights of all simplices smaller than o (for example when simplex i has
weight 2¢), then comparing the respective L' norms of two chains is equivalent to comparing
these two chains in lexicographic order (Section 8).



Minimal homology generators The computation of minimal simplicial homology genera-
tors has been a wide subject of interest for its numerous applications related to shape analysis,
computer graphics or computer-aided design. Coined in [24], we recall the Optimal Homologous
Chain Problem (OHCP):

Problem 1.1 (OHCP). Given a p-chain A in a simplicial complex K and a set of weights
given by a diagonal matriz W of appropriate dimension, find the 1-norm minimal chain I'yin
homologous to A:

Fmin = 111£1%1||I/V1“||1 such that ' = A+ g1 B and I' € Cp, (K), B € Cpy1 (K)

It has been shown that OHCP is NP-hard in the general case when using coefficients in Zo
[20, 16].

Contributions Sections 3, 4 and 5 consider a specialization of OHCP: the Lexicographic
Optimal Homologous Chain Problem (Lex-OHCP). Using coefficients in Zgy, minimality is meant
according to a lexicographic order on chains induced by a total order on simplices. Formulated
in the context of OHCP, this would require ordering the simplices using a total order and
taking a weight matrix W with generic term W;; = 2°, allowing the L'-norm minimization to
be equivalent to a minimization along the lexicographic order. We first show how an algorithm
based on the matrix reduction algorithm used for the computation of persistent homology [27]
allows to solve this particular instance of OHCP in O(n?®) worst case complexity (Section 3).
Using a very similar process, we then show that the problem of finding a minimal d-chain
bounding a given (d —1)-cycle admits a similar algorithm with the same algorithmic complexity
(Section 4). Finally, Section 5 considers Lex-OHCP in the case where the simplicial complex K
is a strongly connected (d + 1)-pseudomanifold. By formulating it as a Lexicographic Minimum
Cut (LMC) dual problem, the algorithm can be improved to a quasilinear complexity.

In Section 6, we introduce a total order on triangles for which the support of the minimal
chain is precisely the regular triangulation, a generalization of Delaunay triangulation, in the
case of a point cloud in euclidean space. Section 7 explores the particular case of 2-chains and
state some properties of lexicographic minimal 2-chains immersed in n-Euclidean space.

Equipped with this Delaunay order, Section 8 provides an application of the developed Lex-
OHCP algorithms to point cloud triangulation. We describe an open surface algorithm given an
input boundary as well as a watertight surface reconstruction algorithm given an interior and
exterior information based on a lexicographic minimum cut on the dual graph of a 3-dimensional
Delaunay complex.

Section 9 studies C? 2-manifolds embedded in n-dimensional Euclidean space and proves,
under good sampling condition with respect to the manifold reach, that both the lexicographic-
minimal chain and a certain L! norm-minimal chain (Remark 9.2) realize a triangulation of the
manifold (Theorem 9.1). The proof of Theorem 9.1 is given for completeness, as it supports our
initial motivation of using a lexicographic order for manifold triangulation. However, the reader
should considered it as work in progress, as current works are considering simpler arguments as
well as an extension to higher dimensions, assuming a “protection” on the sampling set (Section
5.4 in [11]). The proof of Theorem 9.1 makes use of [12] for its final global argument, which
relies heavily on the Whitney Lemma. Although we consider this argument to be the most
natural, an alternative argument to the Whitney Lemma is given in Appendix F.

Related work Several authors have studied algorithm complexities for the computation of
L'-norm optimal cycles in homology classes [30, 18, 16, 19, 26, 20, 24, 25]. However, to the
best of our knowledge, considering lexicographic-minimal chains in their homology classes is a
new idea. When minimal cycles are of codimension 1 in a pseudo-manifold, the idea of consid-
ering the minimal cut problem on the dual graph has been previously studied. In particular,



Chambers et al. [16] have considered graph duality to derive complexity results for the com-
putation of optimal homologous cycles on 2-manifolds. Chen et al. [20] also use a reduction
to a minimum cut problem on a dual graph to compute minimal non-null homologous cycles
on n-complexes embedded in R"™. Their polynomial algorithm (Theorem 5.2.3 in [20]) for com-
puting a homology class representative of minimal radius is reminiscent of our algorithm for
computing lexicographic minimal representatives (Algorithm 4). In a recent work [25], Dey et
al. consider the dual graph of pseudo-manifolds in order to obtain polynomial time algorithms
for computing minimal persistent cycles. Since they consider arbitrary weights, they obtain
the O(n?) complexity of best known minimum cut/maximum flow algorithms [39]. The lexico-
graphic order introduced in our work can be derived from the idea of a variational formulation
of the Delaunay triangulation, first introduced in [22] and further studied in [1, 21].

Many authors have designed practical algorithms for the triangulation of point set in R3
sampling an embedded 2-manifold. We review a few of them in section 8.1.

Acknowledgments This work has benefited from many discussions and exchanges on related
topics with Dominique Attali, Jean-Daniel Boissonnat and Mathijs Wintraecken.



Chapter 2

Definitions

Simplicial complexes Consider an independent family A = (ayg, ..., aq) of (d + 1)-points of
RY. We call a d-simplex o spanned by A the set of all points z = z;fzo t;a; where Vi € [0,d], t; >
0 and Z?:o t; = 1. Any simplex spanned by a subset of A is called a face of o.

A simplicial complex K is a collection of simplices such that:

1. Every face of a simplex of K is in K.

2. The intersection of two simplices of K is either empty or a face of both simplices.

Simplicial chains. Let K be a simplicial complex of dimension at least d. The notion of
chains can be defined with coefficients in any ring but we restrict here the definition to coeffi-
cients in the field Zy = Z/27. A d-chain A with coefficients in Zs is a formal sum of d-simplices

A= Z%‘Uu with x; € Zo and 0; € K (2.1)

Interpreting the coefficient x; € Zy = {0, 1} in front of simplex o; as indicating the existing of o;
in the chain A, we can view the d-chain A as a set of simplices : for a d-simplex ¢ and a d-chain
A, we write that o € A if the coefficient for o in A is 1. With this convention, the sum of two
chains corresponds, when chains are seen as set of simplices, to their symmetric difference. We
denote Cq4 (K) the vector space over the field Zy of d-chains in the complex K.

Boundary operator. For a d-simplex o = [aq, ...aq4], the boundary operator is defined as the
operator:

8(1 : Cd(K) — Cd—l (K)
d

adO' d?f. ;[ao, ...,d\i, ...ad]

where the symbol @; means the vertex is deleted from the array. The kernel of the boundary
operator Zg = Ker dy is called the group of d-cycles and the image of the operator By = Im 0,41
is the group of d-boundaries. We say two d-chains A and A’ are homologous if A — A’ = 94,1 B,
for some (d 4 1)-chain B.

In what follows, a d-simplex ¢ can also be interpreted as the d-chain containing only the d-
simplex o.

Lexicographic order. We assume now a total order on the d-simplices of K, 01 < ... < op,
where n = dim Cy (K). From this order, we define a lexicographic total order on d-chains:
Recall that wih coefficients in Zs one has C; + Cy = Cy — Cs.



Definition 2.1 (Lexicographic total order). For C1,Cy € Cyq(K):

Ci+Cy=0
Cl Clex 02 ﬁ or
ef.
Omax = max {o € C1 + Ca} € Cy

This total order naturally extends to a strict total order ;. on Cq (K):

Ci+Cy#0
Cl Clex C12 ﬁ and
‘ Omax = max {o € C1 + Co} € Oy



Chapter 3

Homologous lexicographic-minimal
chains

In this section, we construct an algorithmic solution to the following problem:

Problem 3.1 (Homologous Lexicographic-Minimal Chain Problem). Given a simplicial com-
plex K with a total order on the d-simplices and a d-chain A € Cq (K), find the unique chain
Twin defined by :

Thin = rénn{F € Cy (K) | dB € Cd+1 (K) ,J T T—A= 8d+1B}
=lex
This problem is a particular instance of OHCP (Optimal Homologous Chain Problem)[24]
when the weight of i*" d-simplex is 2¢. We first introduce the notions of reduction and total
reduction to reformulate Problem 3.1. We then recall the matrix reduction algorithm for
persistence homology presented in [27] (page 153), slightly modified for the purpose of this
section.

Definition 3.1. A d-chain A € Cq(K) is said reducible if there is a d-chain I' € Cq (K)
(called reduction) and a (d+ 1)-chain B € Cq41 (K) such that:

FcCiez A and T'—A=0411B

If this property cannot be verified, the d-chain A is said irreducible.
If A is reducible, we call total reduction of A the unique irreducible reduction of A. If A is
trreducible, A is said its own total reduction.

Problem 3.1 can be reformulated as finding the total reduction of A.

With m = dimCq(K) and n = dim Cg41 (K), we now consider the m-by-n boundary
matrix dgy1 with entries in Zy. We enforce that rows of the matrix are ordered according to the
strict total order on d-simplices: o1 < 09 < - -+ < 0y, Where the d-simplex o; is the basis element
corresponding to the i*” row of the boundary matrix. The order of columns, corresponding to
an order on (d 4 1)-simplices, is not relevant for this section and can be chosen arbitrarily.
The index of the lowest non-zero coefficient of a column R; of matrix R is denoted by low(j).
This index is not defined for a column whose coefficients are all zero.

Algorithm 1 is a slightly modified version of the boundary reduction algorithm presented
in [27]. Indeed, for our purpose, we do not need the whole square boundary matrix 0 :
@®; Cj (K) — @, Cj (K) storing all the simplices of all dimensions and we apply the algo-
rithm to the sub-matrix 9441 : Ca41 (K) — Cq (K).

One checks easily that Algorithm 1 has O(mn?) time complexity. We allow ourselves to
consider each column R; of matrix R, formally an element of Z3', as the corresponding d-chain
in the basis (o1,...,0m).



Algorithm 1: Reduction algorithm for the 0341 matrix
R = Oat1
for j < 1 ton do
while R; # 0 and 3Jjy < j with low(jo) = low(j) do
| Rj < B+ Ry,
end

end

We now introduce a few lemmas useful for deriving an algorithm solving Problem 3.1.

Lemma 3.2. After matriz reduction, a non-zero column R; # 0 can be described as:
Rj = o1ow(j) + 1,
where T' is a reduction for oigy(j)-

Proof. As all matrix operations performed on R by the reduction algorithm are linear, each
non-zero column R; of R is in the image of 0441. Therefore, there exist a (d + 1)-chain B such
that :

Rj = olow(j) + I' = 0a+1 B

which, in Zs, is equivalent to
I' = 0low(j) = a1 B

By definition of the low of a column, we have immediately:
I Crex Olow(j)

We have thus shown that for each non-zero column, the largest simplex is reducible and the
other d-simplices of the column are a reduction for it. ]

Lemma 3.3. After the matriz reduction algorithm, there is a one-to-one correspondence between
the reducible d-simplices and non-zero columns of R:

o; € Cq(K) is reducible <= 3j € [1,n],R; # 0 and low(j) =1

Proof. Lemma 3.2 shows immediately that the simplex corresponding to the lowest index of a
non-zero column is reducible. B
Suppose now that a d-simplex & is reducible and let I" be a reduction of it:

G+0=0B and T Cp,d

Algorithm 1 realizes the matrix factorization R = 0441 - V, where matrix V is invertible [27].
It fol~lows that Im R = Im 0y441. Therefore the non-zero columns of R span Im 04,1 and since
G+ 1 =0B € Im0J,,1, there is a family (R;)jes = (Tlow(j); I'j)jes of columns of R such that :

G+L =2 0w +T;
jeJ

Every o014y (;) represents the largest simplex of a column, and I'; a reduction chain for ojqy(j).
As observed in section VII.1 of [27], one can check that the low indexes in R are unique
after the reduction algorithm. Therefore, there is a jax € J such that:

VJ eJ \ {jmax}a IOW(j) < low(jmax)

10



Ojmax = Max{o € Z Tlow(j) T I';}
jeJ

max{aé&+f}

I
Q

We have shown that for the reducible simplex &, there is a non-zero column R;  with &

max

Tlow(jmax) @S its largest simplex. O
Lemma 3.4. A d-chain A is reducible if and only if at least one of its d-simplices is reducible.

Proof. 1f there is a reducible d-simplex o € A, A is reducible by the d-chain A’ = A—o+ Red(0),
where Red(o) is a reduction for o.
We suppose A to be reducible. Let T Ty, A be a reduction for A and B the (d + 1)-chain such
that I' — A = 0B. We denote oyax = max{oc € A —I'}. We show that o,y is homologous to
I'— A+ omax:

I'-A=0B = (I' = A+ Omax) — Omax = 0B

The chain I' — A 4+ oax only contains simplices smaller than op,,x, by definition of the lexico-
graphic order (Definition 2.1). We have thus shown that if A is reducible, it contains at least
one simplex that is reducible. O

Combining the three previous lemma give the intuition on how to construct the total reduc-
tion solving Problem 3.1: Lemma 3.4 allows to consider each simplex individually, Lemma 3.3
characterizes a reducible nature of a simplex using the reduced boundary matrix and Lemma
3.3 describes a column of the reduction boundary matrix as a simplex and its reduction. We
now present Algorithm 2, referred to as the total reduction algorithm. For a d-chain T,
I'[i] € Zo denotes the coefficient of the i*" simplex in the chain T.

Algorithm 2: Total reduction algorithm

Inputs: A d-chain T', the reduced boundary matrix R
for i + m to 1 do
if I'li] # 0 and 3j € [1,n]| with low(j) =i in R then
| T« T'+R;
end
end

Proposition 3.5. After the reduction algorithm, Algorithm 2 finds the total reduction of a
given d-chain in O(m?) time complexity.

Proof. In Algorithm 2, we denote by I';_1 the value of variable I after iteration ¢. Since iteration
counter ¢ is decreasing from m to 1, the input and output of the algorithm are respectively I'y,
and I'y. At each iteration, I';_; are either equal to I'; or I'; + R;. Since R; € Im0g41, I';—1 is
in both cases homologous to I';. Therefore, I'g is homologous to I';,,. We are left to show that
T'g is irreducible. From Lemma 3.4, it is enough to check that it does not contain any reducible
simplex.

Let o; be a reducible simplex and let us show that o; ¢ I'g. Two possibilities may occur:

— ifo; € I, then I';_; =T';+ R;. Since low(j) = 4, we have 0; € R; and therefore o; ¢ I';_;.

— if g; ¢ Fz‘, then Fi—l = Fz and again g; ¢ Fi—l-

11



Furthermore, from iterations ¢« — 1 to 1, the added columns R; contain only simplices smaller
than o; and therefore o; ¢ T';_1 = 0; ¢ T'g. Observe that using an auxiliary array allows to
compute the correspondence low(j) — ¢ in time O(1). The column addition nested inside the
loop lead to a O(m?) time complexity for Algorithm 2. O

It follows that Problem 3.1 can be solved in O(mn?) time complexity, by applying succes-
sively algorithms 1 and 2, i.e. O(N?3) if N is the size of the simplicial complex.

The theoretical complexity required to solve Problem 3.1 might seem prohibitive. Recall,
however, that we are dealing with a specialization of the OHCP problem that has been shown
to be NP-Hard in general [24].

12



Chapter 4

Lexicographic-minimal chains under
imposed boundary

This section will construct the algorithmic solution to the two following problems:

Problem 4.1. Given a simplicial complex K with a total order on the d-simplices and a d-chain
I'p e Cq (K), find :
Thin = IEnin {F € Cy (K) | Oql' = 8drg}
=lex
Problem 4.2. Given a simplicial complex K with a total order on the d-simplices and a (d—1)-
cycle A, find out if A is a boundary, i.e. if:

By de {FECd(K)|8dF=A}7é®

If it is the case, find the minimal d-chain I" bounded by A:

T'yin = min By
“lex
Problem 4.2 a slight variant of the Problem 4.1: in case we can find a representative I'g in
the set B4 # @, such that 9;'g = A, we are then taken back to Problem 4.1 to find the minimal
d-chain I'y,in such that 94l min = 9410 = A.

This section is still strongly linked to the matrix reduction algorithm introduced in Section
3. Note that, unlike previous section that used the 04,1 boundary operator, we are now consid-
ering Jg, meaning the given total order on d-simplices applies to the greater dimension of the
matrix. An arbitrary order can be taken for the (d — 1)-simplices to build the matrix reduction
of 9. Indeed, as indicated in [27], the performed reduction can be written in matrix notation
as R = 0g -V and the minimization steps in this section will be performed on the matrix V,
whose rows do follow the given simplicial ordering.

The number of zero columns of R is the dimension of Z; = Kerd,; [27]. Let’s denote
n? = dim(Zy). By selecting all columns in V corresponding to zero columns in R, we obtain
the matrix Z, whose columns 7, ..., 7,7z form a basis of Z;. We first show a useful property
on the matrix Z.

Lemma 4.1. Indezes {1ow(Z;) };c 21 are unique:
i # j = low(Z;) # low(Z;)
and if A € Ker 9y \ {0}, there exists a unique column Zmax of Z with:

low(Zmax) = low(A)

13



Proof. In the reduction algorithm, the initial matrix V' is the identity: the low indexes are
therefore unique. During iterations of the algorithm, the matrix V' is right-multiplied by an
column-adding elementary matrix L, ;, adding column jo to j with jo < j.

_1 —_

Jo,j —

L 1

Therefore, the indexes {low(V;),V; € V'} stay on the diagonal during the reduction algorithm:

low(V;) = i. They are therefore unique. The restriction of V' to Z does not change this property.
If AeKerdy\ {0}, A can be written as a non-zero linear combination of non-zero columns

(Zi)ier of Z. As the lows of (Z;);cs are unique, there is a unique column Z;__ such that:

max

low(A) = low(Z; = max low(Z;)

max) iel

O]

We apply a similar total reduction algorithm as previously introduced in Section 3 but using
the matrix Z. In the following algorithm, m = dim Cq (K).

Algorithm 3: Total reduction variant
Inputs : A d-chain I" and Z
for i + m to 1 do
if I'[i] # 0 and 3j € [1,n?] with low(j) =i in Z then
| T+ T+ 72
end

end

Proposition 4.2. After matriz reduction, Algorithm 3 computes the solution for Problem 4.1
in O(m?) time complexity.

Proof. The proof is similar to the one of Lemma 77.

In Algorithm 3, we denote by I';_; the value of variable I" after iteration i. Since iteration
counter ¢ is decreasing from m to 1 the input and output of the algorithm are respectively is
T, and I'g. Since V;Ker € Ker 04, at each iteration 9I';_1 = OI'; therefore 0I'g = 9I';,,. We are
left to show the algorithm’s result is the minimal solution.

Suppose there is I'* such that ;™ = JI' and I'* Ty, I'g. Let’s consider the difference
Iy — I'*, and its largest element index low(I'g — I'*) = 4, with o; € I'g and o; ¢ I'* by definition
2.1 of the lexicographic order. As I'g — I'* € Ker dy, there has to be a column VjKer in V/Ker

where low (VjKer) =4, from Lemma 4.1. Two possibilities may occur at iteration :

—if o; € Ty, then I';_1 = T; + VjKer. Since i = low(j), we have o; € V]-Ker and therefore
ag; ¢ Fifl.

—if ag; Q_f Fi, then Fi—l = Fz and again ag; ¢ Fi—l-
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However, from iterations i —1 to 1, the added columns VjKer contains only simplices with indices
smaller than ¢ and therefore we obtain o; ¢ I';_1 = 0; ¢ T'g, a contradiction to the definition of
o; as largest element of I'* — I'y. O

As previously mentioned, solving Problem 4.2 requires deciding if the set B4 is empty and,
in case it is not empty, finding an element of the set B4. Algorithm 3 can then be used to
minimize this element under imposed boundary.

In the following algorithm, m = dim Cgq_; (K) and n = dim Cyq (K).

Algorithm 4: Finding a representative
Inputs : A (d—1)-chain A, a boundary matrix R reduced by V
T+ o
Ao — A
for i < m to 1 do
if Ap[i] # 0 then
if 35 € [1,n] with low(j) =i in R then
Ag + Ag + Rj
To<+To+ ‘/j
else
| The set By is empty.
end

end
end

Proposition 4.3. Algorithm 4 decides if the set B is non-empty, and in that case, finds a
representative I'g such that OTg = A in O(m?) time complexity.

Proof. We start by two trivial observations following from the definition of a reduction. First,
A is a boundary if and only if its total reduction is the null chain. Second, if a non-null chain
is a boundary, then its greatest simplex is reducible.

If, at iteration i, Ag[i] # 0, then o; is the greatest simplex in Ap. In the case R has no column
R; such that low(j) = i, 0; is not reducible by Lemma 3.3 and therefore A is not a boundary.
Since A and Ay differ by a boundary (added columns of R), A is not a boundary either. This
means the set B4 is empty.

The main difference with the previous chain reduction is we keep track of the column operations
in I'g. If the total reduction of A is null, we have found a linear combination (R;);es such that
A =3 ;s Rj. By computing I'g as the sum of the corresponding columns in V:

Lo=>V;

jedJ

We can verify, as R=090,-V:

dalo = 04 (Zvj) =Y R;j=A

jeJ jeJ
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Chapter 5

Efficient algorithm in codimension 1

In this section we focus on Problem 5.1, a specialization of Problem 3.1, namely when K is a
subcomplex of a (d + 1)-pseudomanifold. For simplicity we remain in the context of simplicial
complexes but this section could be adapted to the more general context of CW complexes:
roughly speaking, we could replace d-simplices by d-dimensional topological disks.

5.1 Dual graph of a pseudomanifold

Recall that a d-dimensional simplicial complex is said pure if it is of dimension d and any simplex
has at least one coface of dimension d.

Definition 5.1 (Pseudomanifold). A d-pseudomanifold is a pure d-dimensional simplicial com-
plex for which each (d — 1)-face has exactly two d-dimensional cofaces.

In particular any combinatorial k-manifold is a k-pseudomanifold.

Definition 5.2 (Dual Graph of a pseudomanifold). The dual graph of a d-pseudomanifold M
is the graph whose vertices are in one-to-one correspondence with the d-simplices of M and
whose edges are in one-to-one correspondence with (d — 1)-simplices of M : an edge e connects
two vertices v1 and vy of the graph if and only if e corresponds to the (d — 1)-face with cofaces
corresponding to vi and vs.

Definition 5.3 (Strongly connected pseudomanifold). A strongly connected d-pseudomanifold
s a d-pseudomanifold whose dual graph is connected.

Given a strongly connected (d + 1)-pseudomanifold M and 71 # 72 two (d + 1)-simplices of
M, we consider a special case of problem 3.1 where K = M\ {71, 2} and A = 90m:

Problem 5.1. Given a strongly connected (d + 1)-pseudomanifold M with a total order on the
d-simplicies and two distinct (d + 1)-simplices (11,72) of M, find:

Thin = rélin{r S Cp (./\/l) | dB € Cd_|_1 (./\/l \ {Tl,TQ}) , ' — o = 8B}
=lex

Definition 5.4 (Coboundary! operator 3°). Seeing a graph G as a 1-dimensional simplicial

complex, we define the coboundary operator 3° : Co (G) — C1 (G) as the linear operator defined

by the transpose of the matrix of the boundary operator 0y : C1 (G) — Co (G) in the canonical

basis of simplices.

In order to avoid to introduce non essential formal definitions, the coboundary operator is defined over chains
since, for finite simplicial complexes, the canonical inner product defines a natural bijection between chains and
cochains.
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For a given graph G = (V, &), V and & respectively denote its vertex and edge sets. We
easily see that:

Observation 5.5. For a set of vertices Voy C V, 0°Vg is exactly the set of edges in G that
connect vertices in Vy with vertices in V \ Vj.

For a d-chain a € Cgq (M) and a (d+1)-chain 8 € Cgqq1 (M), & and § denote their respective
dual 1-chain and dual O-chain in G(M). With this convention, one has also:

Observation 5.6. Let M be a (d + 1)-pseudomanifold. If « € Cq (M) and f € Caqy1 (M) ,
then: B
a=0"6 <= a =048

5.2 Codimension 1 and Lexicographic Min Cut (LMC)

The order on d-simplices of a (d + 1)-pseudomanifold M naturally defines a corresponding
order on the edges of the dual graph: 7 < 7@ <= 71 < T». This order extends similarly to a
lexicographic order C;., on sets of edges (or, equivalently, 1-chains) in the graph.

In the following, we say a set of edges I disconnects 7; and 7 in the graph (V, &) if 71 and
75 are not in the same connected component of the graph (V,£\T).

Given a graph with weighted edges and two vertices, the min-cut/max-flow problem [29, 39]
typically consists in finding the minimum cut (i.e. set of edges) disconnecting the two vertices,
where minimum is meant as minimal sum of weights of cut edges. We consider a similar problem
where the minimum is meant in term of lexicographic order, or equivalently when weight of edge
iis 2%

Problem 5.2 (Lexicographic Min Cut (LMC)). Given a connected graph G = (V,E) with a
total order on £ and two vertices 71,7 € V, find the set Tiyic C € minimal for the lexicographic
order T, that disconnects 71 and T in G.

Proposition 5.7. 'y, s solution of Problem 5.1 if and only its dual 1-chain Tiin is solution
of Problem 5.2 on the dual graph G(M) of M where 71 and 7o are respective dual vertices of 71
and 1.

Proof. Problem 5.1 can be equivalently formulated as:

Thin = Iélln {8d+1(71 + B) | B e Cd+1 (M \ {Tl,Tg})} (51)
Using Observation 5.6 we see that I'yin is the minimum in Equation (5.1) if and only if its dual
1-chain I'y,;, satisfies:

Puin = min {9°(71 + B) | B C V\ {71, 72} } (5.2)
=lex

Denoting fLMC the minimum of Problem 5.2, we need to show that f‘LMC = f‘min.
As T'yce disconnects 7 and 7 in WV, &), Ty is not in the connected component of 71 in (V, &\
I'vc). We define B such that {"} ¢ B and {#;} U B is the connected component of 7
in (V,£\ T'Lyme). We have that B € V\ {#1,7}. Consider an edge e € 8°(7; + B). From
Observation 5.5, e connects a vertex v, € {71} U B with a vertex v, ¢ {71} U B. From the
definition of B, T'1yc disconnects Vg and v, in G, which in turn implies e € T yvc. We have
therefore shown that 8°(7, + B) C I'yc. Using Equation (5.2) we get:

I~1min Elea} 80(7:1 + B) Ele:c f‘LMC (53)

Now we claim that if there is a B C V\ {71, 72} with I = §°(7, + B), then T disconnects 7; and
7o in (V, ). For that consider a path in G from 71 to 72. Let v, be the last vertex of the path
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that belongs to {71} U B and v, the next vertex on the path (which exists since the 7 is not in
{#1} U B). From Observation 5.5, we see that the edge (v, ;) must belong to T' = 8°(7, + B).
We have shown that any path in G connecting 71 and 7 has to contain an edge in T’ and the
claim is proved.

In particular, the minimum fmin disconnects 71 and 72 in (V,E). As fLMC denotes the minimum
of Problem 5.2, Trvc Crew I'min which, together with (5.3) gives us T'ivc = Dimin. We have
therefore shown the minimum defined by equation (5.2) coincides with the minimum defined in
Problem 5.2. U

5.3 Lexicographic Min Cut in O(na(n)) time complexity

In this section, we will study an algorithm solving Problem 5.2. As we will only consider the
dual graph for this section, we leave behind the dual chain notation: vertices 74 and 7o are
replaced by a; and ag, and the solution to the problem is simply noted 'y

The following lemma exposes a property about the solution that helps constructing it iter-
atively.

Lemma 5.8. Consider I'1yic solution of Problem 5.2 for the graph G = (V,€) and aq, g € V.
Let eg be an edge in V x V such that ey < min{e € £}. Then:

1. The solution for (V,E U{ep}) is either T'ume or Tome U {eo}.

2. T'umc U{eo} is solution for (V,EU{eo}) if and only if aqn and as are connected in (V,EU
{eo} \ T'Lac)-

Proof. Let’s call I'] ;¢ the solution for (V,€ U {eg}).
Since I'| ;¢ N € disconnects a, g in (V,E), one has:

/
I'ive Bier I'ivic

Since 'ty U {eo} disconnects (V,€ U {ep}), we have:

I'tae Cier Tome U {eo}

Therefore, I'tvc Cier T'yvic Cier Tive U {eo}-

As ep < min{e € £}, there is no set in £ U {ep} strictly between 'ty and T'pyvic U {ep} for the
lexicographic order. It follows that I'[ ;¢ is either equal to I'yvc or Tomc U {eo}

The choice for I ;¢ is therefore ruled by the property that it should disconnect oy and as: if
ap and o are connected in (V,€ U{ep} \ I'mc), I'umce does not disconnect (V, € U {ep}) and
I'tavc U {eo} has to be the solution for (V,€ U {ep}). On the other hand, if a; and ag are not
connected in (V,EU{ep} \ I'Lmc), then both 'ty and T'pvic U {eo} disconnects (V, € U{ep}),
but as T'pyvc <jer T'ivc U {eo}, Tovc U {eg} is not the solution for (V, € U {ep}). a

Building an algorithm from Lemma 5.8 suggest a data structure able to check if vertices
a1 and ag are connected in the graph: the disjoint-set data structure, introduced for finding
connected components [32], does exactly that. In this structure, each set of elements has a
different root value, called representative. Calling the operation MakeSet on an element creates
a new set containing this element. The FindSet operation, given an element of a set, returns
the representative of the set. For all elements of the same set, FindSet will of course return
the same representative. Finally, the structure allows merging two sets, by using the UnionSet
operation. After this operation, elements of both sets will have the same representative.
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We now describe Algorithm 5. The algorithm supposes that the set of edges is sorted in
decreasing order according to the lexicographic order.

Algorithm 5: Lexicographic Min Cut

Inputs : G = (V,€) and a1, a0 € V, with € = {e;,i = 1,n} sorted in decreasing order
Output: I'tyvic
I'Lve < @
for v € V do

| MakeSet(v)
end
for e € £ in decreasing order do
e=(vi,v2) €V XV
r1 < FindSet(v;), ro < FindSet(vy)
c1 < FindSet(ay), c2 < FindSet(as)
if {ri,r2} = {c1,c2} then

| T'ime ¢+ TumcUe
end
else

| UnionSet(ry,72)
end

end

Proposition 5.9. Algorithm 5 computes the solution of Problem 5.2 for a given graph (V,€&)
and two vertices a1, s € V. Assuming the input set of edges £ are sorted, the algorithm has
O(na(n)) time complexity, where n is the cardinal of £ and « the inverse Ackermann function.

Proof. We denote by e; the i** edge along the decreasing order and FiMC the value of the
variable I't o of the algorithm after iteration 1.

The algorithm works by incrementally adding edges in decreasing order and tracking the grow-
ing connected components of the set associated with ay and as in (V,{e € ;e > e;} \ T'i o),
fori=1,...,n.

At the beginning, no edges are inserted, and 'Y, = & is indeed solution for (V,2). With
Lemma 5.8, we are guaranteed at each iteration ¢ to find the solution for (V,{e € &£,e >
e} \ Téye) by only adding to the solution the current edge e; if @ and as are connected in
{e € £,e > €;} \ 'l \1c, which is done in the if-statement. If the edge is not added, we update
the connectivity of the graph (V,{e € £,e > e;} \ ' ;) by merging the two sets represented
by r1 and ro. At each iteration, I'} ;¢ is solution for (V,{e € £,e > ¢;}) and when all edges are
processed, I'f'\;c is solution for (V,E).

The complexity of the MakeSet, FindSet and UnionSet operations have been shown to
be respectively O(1), O(a(v)) and O(a(v)), where a(v) is the inverse Ackermann function on
the cardinal of the vertex set [41]. Assuming sorted edges as input of the algorithm — which

can be performed in O(nln(n)), the algorithm runs in O(na(n)) time complexity.
O
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Chapter 6

Regular triangulations as
lexicographic minimal chains

6.1 Conventions and notations

We recall here some conventions in order to make this section more self contained.

A k-simplex o being a set of k + 1 vertices in ambient space R™, we allow ourself to use set
theoretic operators on simplices. For example 7 C o means that 7 is a face of o and o7 U 09 is
the join of o1 and oy. |o| denote the underlying space of the simplex o, i.e. the convex hull of
its vertices, which thanks to our generic condition are affinely independent.

Homology coefficients are implicitly in Zo = Z/27Z, i.e. the integer numbers modulo 2 so
that —1 = 1 and the vector space of k-chains over K is denoted Cy(K) in place of Cy(K,Zs2).
In this context we can allow ourself to see chains as sets of simplices. For example if I" € Cy(K)
and o is a k-simplex in K, we allow ourself to write indifferently o € " or I'(0) = 1. Similarly, if
', Ty € Cx(K), we allow ourself to use indifferently vector or set theoretic operators: I'y +T'y =
I'n—-T9= (Fl U Fg) \ (Fl N Fg)

If T is a chain in Cy(K), we denote by |I'| the support of I' which is the sub-complex of K
made of all k-simplices in I' together with all their faces.

We recall the definition of a lexicographic order on k-chains with coefficients in Zs induced
by a total order on k-simplices:

Definition 6.1 (Lexicographic Order on chains). Assume there is a total order < on the set of
k-simplices of K, defining the max on sets of k-simplices. For T'1,I's € Cy, (K):

I'i+T'y=0
Fl Clex FQ <~ or
def.
max {oc € ['1 + s} € Iy

6.2 Main result of the section

We consider both cases of a set P = {(P1,u1),...,(Pn,un)} € R™ x R of weighted points as
well as a the case of a set P = {P,..., Py} C R" of points, the later case being equivalent to
a particular configuration of the first case for which the weights are zero: Vi, u; = 0. In both
cases, CH(P) denote the convex hull of the set of points in R", that is:

CH(P)=CH{P,...,Pn})

The n-dimensional full complex over P, denoted Kp, is the simplicial complex made of all
possible simplices up to dimension n with vertices in P.
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The aim of this section is to prove the following:

Theorem 6.2. Let P = {(P1,p1),...,(Pn,un)} C R* X R, with N > n+ 1 be in general
position and let Kp be the n-dimensional full complex over P. Denote by fp € Cp—1(Kp) the
(n — 1)-chain made of simplices belonging to the boundary of CH(P). If:

I'min = Iélin{r S Cn(Kp),ar = ,@p}

“lex
then the simplicial complex |Tpin| support of Timin is the regular triangulation of P.
When all the weights are zero: Vi, u; = 0 this gives:

Corollary 6.3. Let P = {P1,..., Py} C R" with N > n+ 1 be in general position and let Kp
be the n-dimensional full complex over P.
Denote by Bp € C,—1(Kp) the (n — 1)-chain made of simplices belonging to the boundary
of CH(P).
Then if:
Thin = IEnin{F € C,(Kp),0l = fp}

=lex

then the simplicial complex |T'min| support of Twin is the Delaunay triangulation of P.

The relation C;., among n-chains is the lexicographic order defined according to Definition
6.1 where the total order on n-simplices is given at the end of section 6.4. The general position
assumption is a generic condition formalized in condition 6.2 for the general formulation of
Theorem 6.2. The definition of regular triangulations is recalled in Definition 6.11 of section
6.5.

Obviously, replacing in Theorem 6.2 the full complex Kp by a complex containing the
regular triangulation (or Delaunay in case of zero weights) would give again this triangulation
as a minimum.

One option would have been to explain the proof ideas in the particular case of Delaunay
triangulations (i.e. zero weights). However, the framework of regular triangulations is required
anyway in the proof construction so that eventually the general framework reveals to be more
natural for the proof exposition.

Outline of the proof. The global argument of the proof is given in section 6.10. Theorem
6.2 is proven for points with non positive weights which, thanks to observation 6.8, is enough
to have it true for any weights. The proof starts with Proposition 6.13, a consequence of the
well known equivalence between regular triangulations and convex hulls of lifted points.

Statement of Proposition 6.13 is the same as Theorem 6.2 but for the order along which the
minimum is taken. In Proposition 6.13 the minimization is meant for the order &, induced by
the weighted L' norm || - ||, on chains. All the proof consists then in showing that, while the
two orders differ, they share the same minimum under the theorem constraints. The bounding
weight of a simplex is a generalization, for weighted points, of the radius of the smallest ball
enclosing the simplex. It the dominant quantity in the definition of the order on simplices which
induces the lexicographic order C;., on chains.

The proof then proceeds in 3 main steps:

1) For p large enough, the weight wy(c)? of any single simplex o in the | - [|(,) norm is larger
than the sum of all weights of all simplices with smaller bounding weight (bounding radius)
than o (Lemma 6.15). This fact allows to focus on the link of a single bounding weight, the
largest bounding weight for which some simplices in the minimum of ;. and T, would differ
(Lemma 6.15 and section 6.10).

2) Then we introduce an extension of the classical lifted paraboloid construction that allows
to see the simplicial structure of the link of a simplex 7 in the Delaunay triangulation as a
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convex cone. In this representation, we study the subcomplex of this link corresponding to
cofaces of 7 with same bounding radius as 7. We show that this subcomplex is isomorphic
to the set of bounded and visible faces of a convex polytope. It is therefore a simplicial ball
(Lemma 6.23 and section 6.8).

3) Then, by induction on the dimension of convex cones and convex polytopes, one show
that this bounded subcomplex of the boundary of a convex polytope visible from the origin can
be expressed as a the minimum under boundary constraint ( Lemma 6.27 and section 6.9) for
another lexicographic order.

This lexicographic order corresponds, on a the subset of the link of 7 corresponding to sim-
plices with same bounding weight, to the lexicographic order of corresponding full dimensional
simplices in the star of 7 (Lemmas 6.28 and 6.29).

6.3 Weighted points and weighted distances

We briefly recall the notions associated to weighted points and distances required to intro-
duce the generalization of Delaunay triangulations, called regular triangulation or sometimes
weighted Delaunay. We follow the terminology, notations and conventions of section 4.4 in [11].

We consider a set of weighted points P = {(Py, 1), ..., (Pn, un)} C R" xR with N > n+1.
A weighted point (P,0) is seen as the usual point P € R", while, when p > 0 it is associated to
the sphere centered at P with radius r = /p.

When p < 0 weighted points may be seen as spheres with imaginary radius r = /u. We
allow ourself to speak about spheres in this later case but we prefer in general to consider
weights over radius since we rely on the natural order on real number valued (possibly negative)
weights p: translating this order on complex numbers 7 =,/ is not natural when p < 0.

Weighted distance between weighted points

Definition 6.4 (Section 4.4 in [11]). Given two weighted points (Py, 1), (Pe, p2) € R™ xR their
weighted distance is defined as:

D ((P1, p1), (P2, p2)) i (P1 — Po)? — i1 — pi2

we say that (P, pu1) and (Pa, p2) are orthogonal if D ((Py, p1), (P, p2)) = 0.

First generic condition.

Condition 6.1. We say that P = {(Py,p1),...,(Pn,un)} C R™ X R satisfies the first generic
condition if no (n + 1) points {P;,,..., P, ..} lie on a same (n — 1)-dimensional affine space.

Generalization of circumradius and bounding radius. We define the following general-
izations to set of weighted points of circumsphere and smallest enclosing ball.

Definition 6.5. Assume that P satisfies Condition 6.1. Given a k-simplex o C P with 0 <
k < n the generalized circumsphere and smallest enclosing ball of o are the weighted points
(Pe,pc)(o) and (Pp, up)(o) respectively defined as:

ue (o) = min {g € R, 3P € R",Y(P;, ;) € o, D ((P, ), (P;, i) = 0} (6.1)
pp (o) = min{u € R, IP € R V(P ) € 0, D (P, ), (B, i) < 0} (6.2)

Po(0) and Pp(o) are respectively the unique points P that realize the minimum in Equations
(6.1) and (6.2). The weights pc (o) and up (o) are called respectively “circumweight” and
bounding weight of o.
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The set {(P, p),V(FP;, i) € 0,D ((P, ), (P;, i) = 0}, on which the first argmin is taken, is
not empty, thanks to the generic condition 6.1.

When k£ = n there is in fact (generically) a single weighted point (Pc,puc) such that
V(P i) € o,D((Pyp), (Pi,p;)) = 0. If B < n the argmin is required to get what would
be the minimal circumsphere in the case of zero weights.

Observation 6.6. Observe that if the weight of all points in P are assumed non positive, then
one has always pc(t) > 0 and pup(t) > 0 and if moreover T has positive dimension, then
puc(t) >0 and pp(T) > 0.

In the particular case with zero weights, corresponding to Delaunay triangulations, then:

pc(t) =Re(r)? and pp(t) = Rp(r)?
where Ra(T) is the circumradius of T and Rp(7) is the radius of the smallest enclosing ball
SEB(7) of T.

Observation 6.7. Let ¢y : R” x R — R" x R, be the transformation that shifts the weight by
A:
OA(P, 1) = (P + A)

Let 0 € Kp be a simplex, from definitions 6.5 and 6.4 we have:

Pe(@a(o)) = Po(o)  and  pc(Pa(0)) = pe(o) —
Pp(¢Ya(0)) = Pplo)  and  up(ya(0)) = pp(o) -

It follows that a global shift by a constant value A\ results in an opposite shift on the weights of
generalized circumcenters. It therefore preserves the relative order between simplices weights pco
and pp:

pe(o1) < peloz) <= pe(Pa(or)) < pe(¥alo2))

and the same relation holds for up. Since the order < between simplices (6.9) defined in section
6.4 relies entirely on comparisons on puc and pp, this total order is preserved by a global weight
translation.

It follows that:

Observation 6.8. Both the order between simplices (see observation 6.7) and regular triangu-
lations are invariant under a global translation 1\ (T) of the weights. Therefore proving Theorem
6.2 for non positive weights is enough to extend it to any weights.

We will need the following easy lemma:

Lemma 6.9. For any k-simplex o € Kp, one has:
Pgp(o) € |o| (6.3)

Proof. If 0 = {(Po, po), - - -, (Px, k) }, |o| is the convex hull of {Fy, ..., P}
If P ¢ |o| the projection of P on |o| decreases the weighted distance from P to all the
vertices of o, which shows that (P, ;1) cannot realize the argmin in (6.2). O
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Second generic condition.

Condition 6.2. We say that P = {(Py,p1),...,(Pn,un)} C R™ X R is in general position if
it satisfies the first generic condition 6.1 and if, for a k-simplex o and a k'-simplex ¢’ in Kp
with 2 < k, k' < n, one has:

Hol) = polo)) = 0 = o' (6.4)

Lemma 6.10. Under generic condition 6.2 on P, for any simplex o, there exists a unique
inclusion minimal face © (o) of o such that (Pp,up)(o) = (Po, 1c)(O(0)). Moreover one has

(Fo, nc)(©(0)) = (Pp, 15)(O(0)).
Figure 6.1 illustrates the possibilities for ©(o) in the case n = 3 and zero weights.

Proof. In (6.2), denote by 7 C o the set of vertex (P;, ;) € o for which:

D ((P,p), (Pi, pi)) = 0

This set cannot be empty as, if all inequalities in (6.2) where strict, a strictly smaller value of
w would still match the inequality, which would contradict with the arg min in (6.2). One has
then 7 # @ and:

V(Baﬂi) € T’D((Pvu)v(PiaMi)) =0 (65)

and of course:

No other (P, 1) with a smaller value of i can satisfies (6.5) nor (6.6) as it would again similarly
contradict the argmin in (6.2). It follows that:

(Pg, pB)(0) = (P, pB)(7) = (Fc, po)(T)

6.4 Regular triangulation order on simplices

Notation For a n-simplex o one defines ©(0), the (k + dim(©(0)))-dimensional face of o
defined by (6.7) and (6.8) below:

Bo(0) = O(0) (6.7)
where O(0) is defined in Lemma 6.10 and depicted on figure 6.1 in the case of zero weights.
For k > 0, O(o) is the (dim(©x—_1(0)) + 1)-dimensional coface of O_1(c) with minimal

circumradius:
Ok(o) = arg min pe(T) (6.8)

Op_q1(0)C7Co
dim(7)=dim(©y_1(c))+1

and:
p(0) = po(Or())
In particular po(o) = pup(o) and if k = dim(o) — dim(O(0)) then ux(o) = pc(o).

24



N A) (4
/=N

O(0) = 6 = abed O(0) = abc O(o) = ab

Figure 6.1: Illustration for the definition of ©(c) for a tetrahedron o = abed in the case of zero
weights.

Order on n-simplices. Observethat, thanks to generic condition 6.2 and Lemma 6.10, when
P is in general position, one has, for two n-simplices o1, os:

pp(o1) = pp(o2) = ©(01) = O(02)

and therefore, if pup(o1) = pp(o2), pr(o1) and pg(o2) are defined for the same range of values
of k.
We define the following relations (recall that po(o) = pug(o)):

po(o1) < po(o2)

or
e (6.9)
def. |3k > 1, pp(o1) > pg(o2)

and V4,0 < j <k, pj(o1) = pj(02)

and:
g1 = 09
01 <09 or (6.10)
def.

o1 < 09

For example, when n = 2 and the weights are zero, this order on triangles consists in first
comparing the radii of the smallest circles enclosing the triangles T;,7 = 1,2, whose squares are
Rp(T;)? = up(T;) = uo(T;) (Observation 6.6). This is generically enough for acute triangles,
but not for obtuse triangles that could generically share the longest edge. In this case the tie is
broken by comparing in reverse order the circumradii, whose squares are R¢(T3)? = puc(T;) =
w1 (T;). As shown in section 7, this order is equivalent to the order <., (Lemma 7.6).

Lexicographic order on n-chains. One can check that when P is in general position, the
relation < among n-simplices is antisymmetric and a total order.

Following definition 6.1 the order < on simplices induces a lexicographic order Cj., on the
n-chains of Kp. From now on we assume that P is in general position i.e. it satisfies condition
6.2.
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6.5 Regular triangulations of weighted points

We recall now the definition of a regular triangulation over a set of weighted points using a
generalization of the empty sphere property of Delaunay triangulations.

Definition 6.11 (Lemma 4.5 in [11]). A regular triangulation T of the set of weighted points
P={(P,u),.-.,(Pv,un)} CR" xR, N > n+1, is a triangulation of the conver hull of
{Pi,..., Pn} taking its vertices in { P1, ..., Pn'} such that for any simplex o € T, if (Pc(0), uc (o))
is the generalized circumsphere of o, then:

(Pi,pi) € P\ o= D((Pc(o), pc(0)), (P, pi)) >0

Under generic condition 6.2 there exists a unique regular triangulation of P = {(P1, 1), ..., (PN, p#n) }-
However, with variable weights, some points with low weights in P may not be vertices of the
triangulation.

6.6 Lift of weighted points and p-norms

Lift of weighted points. Given a weighted point (P, ) € R™ x R its lift with respect to an
implicit origin O € R™, denoted lift(P, i), is a point in R™ x R given as:

lift(P, ) = ((P—0), (P~ 0)*~p)

def.
Similarly to Delaunay triangulations, it is a well known fact (and not difficult to check afterward)

that simplices of the regular triangulation of P are in one-to-one correspondence with the lower
convex hull of lift(P):

Proposition 6.12. A simplez o is in the reqular triangulation of P if and only if lift(o) is a
simplex on the lower convexr hull of lift(P).

The lifted paraboloid construction had led some authors to imagine a variational formulation
for Delaunay triangulations introduced for the first time in [22]. This idea has been exploited
further in order to optimize triangulations in [21, 1]. We follow here the same idea but the
variational formulation, while using the same criterion, is applied on the linear space of chains,
which can be seen as a superset of the space of triangulations. This point of view allows to
revisit Delaunay and regular triangulations in a linear programming setting, as for example in
Proposition 6.13.

We define a function on the convex hull of a k-simplex f, : |o| — R where o = {(Po, io), - - -, (Px, i) }
as the difference between the linear interpolation of the height of the lifted vertices and the fonc-
tion z — (z — O)2.

More precisely, for a point = € |o| with barycentric coordinates A; > 0, >, \; = 1 we have
x = ,; NP and:

foram folz) = (Z Ai((P = 0)? = m)) —(z-0)° (6.11)

A short computation shows that the function f,, expressed in terms of barycentric coordi-
nates, is invariant by applying an isometry such as a translation or rotation or symmetry on o.
In particular f,(z) does not depend on the origin O of the lift.

It follows from Proposition 6.12 that if o, is a simplex in the regular triangulation of P such
that = € |o,| and if o’ is another simplex with its vertices in P with z € |o,| N |o’| then:

for () < for(x) (6.12)
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In the particular case where all weights are non positive, that is Vi, pu; < 0, the convexity of
x +— x? says that the expression of f,(z) in (6.11) is never negative and in this case (6.12)
implies that defining the weight w, of a n-simplex o as:

wﬂ@é;’ﬁﬂp:(zgﬁ%@mm>p (6.13)

allows to characterize the regular triangulation as the one induced by the chain I';.., that, among
all chains with boundary fSp, minimizes:

= Tl = Y00 wp(o)? (6.14)

In this last equation, the notation |['(c)| instead of T'(¢) is there since I'(o) € Zs and the
sum is in R: T'(0) — |I'(0)| convert coefficients in Zy into binary real numbers in {0,1}. The
parenthesis around the parameter p indexing the norm in |[I'l[ ) are there to avoid the confusion
with a LP norm (as the one appearing in (6.13)), which is meaningless for coefficients in Zs, but
rather a weighted L' norm where the weights w,(c)P are parametrized by p.

Formally, we have the following Proposition 6.13, whose proof is given in appendix A.

Proposition 6.13. Let P = {(P1,p1),...,(Pn,un)} CR™ x R, with N > n+ 1 be in general
position with with non positive weights: Vi, i; < 0, and let Kp be the n-dimensional full complex
over P.
Denote by Bp € C,—1(Kp) the (n — 1)-chain made of simplices belonging to the boundary
of CH(P).
Then for any p € [1,00), if:
Iyeg = argmin [[T'f|,

TeCn(Kp)
oTr=Pp

then the simplicial complex |I'yeg| support of T'yeq is the reqular triangulation of P.

Lemma 6.14. One has:
sup fy(z) = pup(o) (6.15)

z€|o|

Proof. Since the expression (6.11) does not depend on the origin O, let us choose this origin to
be O = Pg(c). With barycentric coordinates based on the vertices P;,i = 0,k of o, i.e. A; >0,
> Ai = 1 such that z =), \; P;, the expression of f, is:

ﬂ@z(Z&QR—%WW—mD—@—%wW

one has (Pi—Pp(0))?— i~ 1(9) = D ((P5(0), 1(0)), (P ) < 0 50 that (P~ Pp(0)—pus <
up(o) and it follows that:

vV, fy(x) < pp(o) — (x — Pg(0))? (6.16)

We have from Lemma 6.9 that Pg(o) € |©(0)| C |o| so that, in the expression of Pg(c) as a
barycenter of vertices of o, only coefficients \; corresponding to vertices of ©(c) C o are non
Zero:

Pglo)= > MNP
(P;,pi)€0(0)

One has by definition of (P, uc):
(P, i) € ©(0) = (P, — Pe(0(0)))” — pi = pc(0(0))
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and since we know from Lemma 6.10 that:

(Pg,pp)(0) = (P, u)(0(0)) = (Fo, nc)(©(0))

one gets:
(Pi, i) € ©(0) = (P — Pp(0))* — pti = up(0)
and:
fo(PB(0)) = ( > Xl(Pi—Pglo)? - Mi)) — 0% = up(0)
(Pi,1:)€0(0)
This with (6.16) ends the proof. O

Since f, is continuous, it follows from Lemma 6.14 that:

lim wy(0) = Weo(0) = || folloo = sup fo(x) = pup(o) (6.17)

P00 z€|o|
We then have the following:

Lemma 6.15. Let be P = {(P1,11),.--,(Pn,pun)} C R X R, with N > n + 1 in general
position and with non positive weights: Vi, pu; < 0. Let Kp be the corresponding n-dimensional
full complex.

For p large enough, the weight wy(o)P of any n-simplex o € Kp, is larger than the sum of

alls n-simplices in Kp with smaller “bounding weight” pp. In other words, if Kgb] is the set of
n-simplices in Kp:

Ip*,Vp > pt, Vo € K, wy(a)? > > wy(7)?
rekp) g (r)<us(o)

Proof. Consider the smallest ratio between two bounding of n-simplices in Kp:

L= inf 1B(02)

0'1,0261(1[:'] HB (O-].)
rg(o1)<up(oz)

From the finiteness of simplices, one has + > 1 and since for a finite number of n-simplices
o€ Kl[f] we have from (6.17):

Jim wy(o) = s (o)

It follows that there is some pg large enough such that for any p > pg one has:

1
,U,B(UQ) S 4+

v KL
01,02 € Kp', up(o1) < up(o2) = 1501 5

Let N be total number of n-simplices in Kp. Taking:

p* = max (po, {lloogglj:f”—o

realizes the statement of the lemma. O

As explained in the proof of the main theorem of section 6.10, Lemma 6.15 allows us to
focus on the link of a single simplex 7. However, before that, we need to introduce geometrical
constructions that give an explicit representation of this link. These geometrical constructions
and associated properties will take next two sections 6.7 and 6.8. Moreover Section 6.9 is
required to establish Lemma 6.27 , a key ingredient of the proof of main Theorem.
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6.7 Projection on the bisector of a simplex

In this section we establishes a condition for a simplex 7 to belong to the regular triangulation,
and when it is the case, we give a characterization of its link in the regular triangulation.
We denote by bis; the (n — k)-dimensional affine space bisector of 7 formally defined as:

bis- d:f {.ﬁU S Rnavvlav2 € TvD (($70)7UI) = D((.%',O),’Ug)} (618)

In the particular case where dim(7) = 0, one has bis, = R".

Let © — 7pis, () and = — d(x,bis;) = d(z, mpis, (z)) denote respectively the orthogonal
projection on and the minimal distance to bis;. We define a projection 7, : P — bis; x R as
follows:

7 (P.) = (mis, (P), 1 — d(P, bis,)?) (6.19)

Figure 6.2 illustrates 7, for ambient dimension 3 and dim(7) = 1.
Let o = Pc(1) € bis, denote the (generalized) circumcenter of 7. If (P;, u;) € 7, then

D ((07’7 /’LC(T))7 (1327 :ul)) = 0.

Since o, = mpis. (P;) that gives (P; — 0,)? — p; — pc(t) = d(P,bis;)? — u; — pc(r) = 0.
It follows that if we denote p(m,(P;,ui)) the weight of 7 (P;, p;) , one has p(m (P, u;)) =
wi — d(P,bis;)? = —uc(7). We have shown therefore that 7, sends all vertices of 7 to a single
weighted point:

(Pov i) € 7 = 72 (Poy i) = (0m, —ic (7)) (6.20)

We have then the following lemma:

Lemma 6.16. Let P be in general position, T € Kp a k-simplex and o € Kp a coface of

7. Then o is in the regular triangulation of P if and only if 7 (o) is a coface of the vertex
{(07, —pc (7))} = 7:(7) in the regular triangulation of m.(P).

Proof of Lemma 6.16. Under generic condition, ¢ is in the regular triangulation of P if and
only if there is a weighted point (Px(0), uc (o)) such that:

V(JDD/M) € o, D ((PC(J)MUC(U))a (Piuui)) =0 (6'21)
V(P pi) € P\ o, D((Pc(o),uc(o)), (Pipu)) >0 (6.22)

Observe that, since 7 C o, (6.21) implies:
V(P i) € 7, D ((Po(9), 0), (P, i) = po(o)
This and the definition (6.18) of bisector show that P(o) must be on the bisector of 7:
Pc(o) € bis, (6.23)

We get, for (P, p;) € P:

(
= (Po(0) = P)? = pc(0) — i
(Tbis, (P) = Pe(0))? + d(P;, bis;)? — pc(o) — p
Diss, ((Po(0), 110(0), (Tois, (P2), i — d(P;, bis;)?))
= Dpis, (Po(0), 1 (@), wr (P, 1)) (6.24)
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Figure 6.2: Illustration for the definition of bis; and 7, (top left and right) and ®, (bottom).
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In the last two lines, the weighted distance is denoted Dy, instead of D in order to stress that,
thanks to (6.23) , it occurs on weighted point of bis; x R rather than R™ x R. It results that
(6.21) and (6.22) are equivalent to:

V(P i) € 0, Duis, (Po(0), pc(0)), 7 (P, p13)) = 0
V(PZ',/M) cP \ g, DbisT ((PC(U)7NC(U))a7rT(RivMi)) >0

which precisely means that 7, (o) is a coface of the vertex 7, (7) = {(0r, —p1c (7))} in the regular
triangulation of 7, (P). O

Looking at the definition 6.5 in the light of (6.24) in the proof of Lemma 6.16 we get that:
ocDT1 = pc(o) =pc(r(o)) and Po(o) = Po(nr(0)) (6.25)
An immediate consequence of Lemma 6.16 is:

Corollary 6.17. The projection w, preserves the structure of the regular triangulation around
T, more precisely:

1. the simplex T is in the reqular triangulation of P if and only if the vertex w.(T) is in the
regular triangulation of m-(P),

2. if T is in the reqular triangulation of P, the link of T in the regular triangulation of P
is isomorphic to the link of vertex w (1) = {(0r, —pc (7))} in the regular triangulation of
7 (P).

Proof. The first item results from Lemma 6.16 if we consider the special case ¢ = 7 while the
second item result from the same lemma when considering o as a proper coface of 7. ]

6.8 Polytope and shadow associated to a link in a regular tri-
angulation

In this section we are interested in characterizing k-simplices 7 € Kp such that, following
Lemma 6.10, 7 = O(0) where o is a n-simplex of the regular triangulation. In the case of
Delaunay triangulation, one has always 1 < k = dim(7). In the more general case of a regular
triangulation a n-simplex can be ”included” in the sphere associated to a single of its vertices
v with 7 = {v}, in which case K = 0. We know from Lemma 6.10 that in this case one has
O(7) = 7. In case of Delaunay this means that the circumsphere and the smallest enclosing
ball coincide for the simplex 7. In the general case it says that:

(Pg, pB)(1) = (Po, pc)(7) (6.26)

So we restrict ourself in this section to k-simplices 7 that satisfy (6.26) and we study again
the link of 7 in the regular triangulation of P or equivalently (Lemma 6.16) the link of the
vertex 7, (7) = {(0r, —pc(7))} in the regular triangulation of 7 (P).

We know then from Proposition 6.12 that the link of 7 in the regular triangulation is
isomorphic to the link of lift(7-(7)) on the boundary of the lower convex hull of lift(7-(P)). We
consider the lift with the origin at o, in other words, the image of a vertex (P, u) € P is:

Cr(Pop) = lift (7 (P p))

er.

= (mois, (P) = 07, (mhis, (P) = 0,)* = p+ d(P, bis,)?)

Observe that, from (6.20):
(I)T(T) = {(071“0(7—)}
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Call P; the set of weighted points in (P;, p;) € P such that 7 U (P;, u;) has same bounding
weight than 7. In the case of the Delaunay triangulation, P, corresponding to the set of points
in P inside the bounding ball of 7. Formally, using the assumption (6.26):

Pr = {(Bi, ) € P\7, D((Fo(7), po(n)), (B, pi)) < 0} (6.27)

Denote by K, the (n — k — 1)-dimensional simplicial complex made of all up to dimension
(n — k — 1) simplices over vertices in Py.

K, can alternatively be defined as the link of 7 in the complete n-complex (i.e. containing
all possible simplices up to dimension n) over the set of vertices 7 U P;.

Observe that:

D ((Po(7), pe (7)), (Bi, pi)) <0
= (Tpis, (P;) — 07)* = i + d (P, bis;)* < po(7) (6.28)

Recall than from observation 6.6, one has, under the assumption of non positive weight in P,
that pc(r) > 0.

Denote by Height(lift((P, u)) the height of the lift of a point (P, u), defined as the last
coordinate of the lift, so that:

Height(®, (P, 1)) = (mis (P) — 0)? — .+ d(P, bis,)’ (6.20)

Since under our generic conditions we have s, (P) —or # 0, (6.27), (6.28) and (6.29) imply
that:
Jv € P; = Height(®-(v,p)) >0 (6.30)

And (6.28) and (6.30) can be rephrased as:
Observation 6.18. A vertex belongs to Py if and only if the height of its image by . is strictly

less than pe (1) > 0:
v € P, <= 0 < Height(®,(v)) < pc(r)

It follows from the observation that we are allowed to define the following:

Definition 6.19 (Shadow). Let v be a vertex in Py. The shadow Sh,(v) of v is a point in the
(n — k)-dimensional FEuclidean space bis; defined as the intersection of the half-line starting at
(0, uc (1)) and going through ®.(v) with the space bis;.

pe(T)
Sh (P, p) = . (P) —
P 5 o) — Height (@, (P e () — o)
This induces (in general position) an embedding of simplices: the shadow of a simplex o € K,
is a simplex in bis; whose vertices are the shadows of vertices of o. This in turn induces
“tmmersions” of the chains defined on K, into chains immersed in bis;.

Let I';¢g be the n-chain containing the n-simplices of the regular triangulation of P and T Teg|
the corresponding simplicial complex. Denote by X(7) € C,_;_1(K;) the (n — k — 1)-chain
made of simplices o € K, such that 7 U o € |I'egl:

X(r) = {c € K;,dim(o)=n—k—1, TUo €'ey} (6.31)

In the following, we call polytope a finite intersection of closed half spaces N; H;. The convex
cone of a polytope at a point p is the intersection of all such H; whose boundary contain p. It
is indeed a convex cone with apex p.

Definition 6.20 (Polytope facet visible from the point 0). We say that a facet f of a polytope
is visible from the point 0, or visible for short, if the closed half-space H containing the polytope
and whose boundary is the supporting plane of f does not contains 0.
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Figure 6.3: Illustration of the shadow polytope of Definition 6.21 corresponding to the example
of Figure 6.2.

Definition 6.21 (Shadow Polytope). The (possibly empty) intersection of the convex cone of
O, (P) at (1) = (0, pc (7)) with bis; is called shadow polytope of 7.

Figure 6.3 depicts in blue the Shadow polytope corresponding to the example of Figure 6.2.
Observe that the shadow polytope is indeed a polytope since for each lower half-space H; with
boundary going through (0, uc(7)) and contributing to the convex cone of ¢, (P) at (0, uc(7)),
the intersection H; N bis; is a (n — k)-dimensional half-space in bis;. The shadow polytope is
precisely the intersection of all such half-spaces H; N bis,. Since each H; is a lower half-space
and since by observation 6.18 one has puc(7) > 0, Hjdoes not contains (0, 0), which implies that
H; N'bis; does not contain the point o, in bis,. It follows hat:

Observation 6.22. All facets of the shadow polytope are visible from 0.
Lemma 6.23. Let P be in general position with non positive weights. We have the following:

1. T is in the regular triangulation of P if and only if ®-(7) = (0, uc (7)) is an extremal point
of the convex hull of ®,(P).

2. When T is in the regular triangulation of P, its link is isomorphic to the link of the vertex

& (1) = (0, pc (1)) in the simplicial complex corresponding to the boundary of the lower
convez hull of - (P).

3. When 7 is in the regular triangulation of P, Sh; induces a simplicial isomorphism between
| X(7)| and the set of bounded faces of the boundary of the shadow polytope.

Proof. 1. follows from Corollary 6.17 item 1. together with Proposition 6.12.

2. follows from Corollary 6.17 item 2. together with Proposition 6.12.

For 3. consider a simplex o € X(7). ®,(0) is a simplex in the link of ®-(7) in the lower
convex hull of ®,(P) and therefore the convex cone CC, with apex ®,(7) and going through
®.(|o]) is on the boundary of the convex cone CCp with apex ®,(7) and going through the
convex hull of ¢, (P).

Therefore Sh, (o), intersection of CC, with bis; is on the boundary of the shadow polytope,
intersection of C'Cp with bis,.

Sh, (o) is bounded as being the convex hull of the shadow of its vertices. Thanks to obser-
vation 6.22, it is a facets of the boundary of the shadow polytope visible from 0. In the reverse
direction, a bounded facet of the boundary of the shadow polytope is precisely the shadow of
a simplex ®.(0) in the link of ®,(7) in the lower convex hull of ®.(P) with all its vertices in
P.. Therefore o € X(7). This bijection extends to lower-dimensional faces of | X(7)| and is a
simplical map. O
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6.9 Convex cone as lexicographic minimal chain

We start this section by giving the two lemmas 6.25 and 6.26, instrumental in the proof of 6.27.

Trace of a chain in a link

Definition 6.24 (Trace of a chain in a link). Given a k-simplex T in a simplical complex K
and a n-chain on K for n > k, we call trace of I on the link of 7 the (n — k — 1)-chain Tr.(T)
defined in the link of T defined by:

Tr () (o) =T (tUo)
Next lemma is used twice in what follows.

Lemma 6.25. Given a k-simplex T in a simplical complex K and a n-chain T' on K forn >k,

one has:
0Tr (') = Tr(oT")

Proof. We need to prove that for any simplex o in the link of 7, one has:
0Tr-(I')(0) = Tr- (o) (o)

We have by definition that a (n — k — 2)-simplex o is in Tr;(0I')(o) if and only if TNo = @
and 7 U o is in OI'. In other words, 7 U ¢ has an odd number of n-cofaces in the chain I'. This

in turn means that ¢ has an odd number of (n — k)-cofaces in the trace of I' in the link of T,
ie. 0 € 0Tr (). O

Farthest point cannot be in the interior of the visible part of a convex boundary

Lemma 6.26. Let C C R"™ be a polytope and O € R"\ C. Let X C 9C be a compact set union
of facets of C wvisible from O. If x € X mazximizes the distance to O, then x is in the closure of
oC\ X.

Proof. Assume for a contradiction that x is in the relative interior of X, that is there is some
p > 0 such that B(z,p) N X = B(xz,p) NOC. Then all facets containing = are visible from O.
if x is not a vertex pf C, it belongs then to the relative interior of a convex face f in 9C with
dim f > 1. Then we have a contradiction since the function y — d(P,y) is convex on f and
cannot have an interior local maximum at x. We assume now that x is a vertex of C.

Following for example [31, 40], denote by Tan, C' and Nor, C' respectively the Tangent and
Normal cone to C' at x. In case of a closed polytope they can be expressed as:

Tan, C = ﬂ {AMc—2x),A>0,ce B(z,p)}
p>0

and
Nor, C' = (Tan, C)* = {u,Vv € Tan, C, (u,v) <0} (6.32)

Since C' is a convex polytope, Tan, C' is a convex closed cone and one has [40]:

Tan, C = (Nor, C)* = {v,Vu € Nor, C, (u,v) <0} (6.33)
er.

Each facet F; of C' containing z is supported by a half-space H; = {y, (y — z,n;) < 0} and
one has:

Nor, C = {Z Ning, Vi, A; > o} (6.34)
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Vi, (O — x,n;) >0

This with (6.34) gives:
Vu € Nor, C, (O —x,u) >0 (6.35)

using (6.33) we get that O — z is in the interior of — Tan, C' i.e.:
z— 0 € (Tan, C)° (6.36)

Since x is a vertex of C, Tan, C is the convex hull of Tan, OC, therefore (6.36) implies at there
are tq,...tp41 € Tan, C and Ay, ... Ay11 > 0 such that:

:B—O:Z)\iti

which gives:

0<(z—0,2-0)=(x—0,> Ati) =) _X{z — O, t;)
i i
Since all the A\; are not negative, there must be at least one ¢ for which:
<.%' -0, ti> >0

This precisely means that y — d(P,y) is increasing in the direction ¢; in a neighborhood of x
in X, a contradiction since x is assumed to be a local maximum of y — d(P,y) in X. O

lexicographic order on shadows We define now another order on simplices together with
its induced order on chains, respectively denoted <gj and Cg,. We add the .gp suffix because
these orders are meant to be applied to shadow simplices and chains.

However, this section is self-contained and does not relies on previous construction. Lemma
6.27 is a result in itself: convex hulls can be defined as minimal lexicographic chains. Applying
it to a translation (to match the visibility from 0 requirement) of the lift polytope could give
directly a lexicographic order whose minimum is a regular triangulation, at the price of the lost
of invariance by isometry of the order on simplices.

We associate to a (n — 1)-simplex o in R" that does not contain 0 a dimension increasing
sequence of faces @ = 7_1(0) C 19(0) C ... C Ty—1(0) = o with dim(7;) = ¢. Under a simple
generic condition (unicity of the max in (6.37)), it is defined as follows.

7_1(0) = @ and 79(0) is the vertex of o farthest from 0. More generally, define the distance
from a flat (an affine space) F' to 0 as do(F) = infpcpd(p,0). In other words, do(F') is the
distance from 0 to the orthogonal projection of 0 on F'. If { is a non degenerate i-simplex for
i > 0, defines dy(¢) = do(F(¢)) where F(() is the i-dimensional flat support of (.

For i > 0, 7(0) is the coface of dimension i of 7;,_;(0) whose supporting i-flat is farthest
from 0:

7i(o) o arg max do(¢) (6.37)
dim(¢)=1t
For i = 0,...,n — 1 we set 0;(0) = do(7i(0)) and the comparison <g; between two (n — 1)-

simplices o1 and o9 is a lexicographic order on the sequences (0;(01))i=0,..n—1 and (6;(02) )i=0,.. n—1:

3k >0, ¢ <0
01 <gp 09 = -7 k<a_1) k(02) (6.38)
def. and V7,0 < j <k, (5j((71) = (Sj(O'Q)
which defines an order relation:
01 <sh 0y €= 01=02 Or 01 <502 (6.39)
er.

35



0 P

Figure 6.4: Illustration of Lemma 6.27 for n = 1.

0X

farthest Verte;{'- -

Figure 6.5: Illustration of the recursion in the proof of Lemma 6.27 for n = 2.

The following generic condition says that the sequence of §;(o) does not coincide for two different
simplices.

Condition 6.3. Let K be a (n — 1)-dimensional simplicial complex. For any pair of simplices
01,02 € K:

dim(al) = dim(O'Q) =k and do(O’l) = do(O'Q)

= 01 =09

Observe that, under condition 6.3, <gy, is a total order on simplices. As for the lexicographic
order Ty, following definition 6.1 the order <gj; on simplices induces a lexicographic order Cgy
on k-chains of K.

Lemma 6.27. Let P be a set of points in R™ such that 0 € R™ is not in the convex hull of P.
Let K be the complete (n—1)-dimensional simplicial complex over P, i.e. the simplicial complex
made of all (n — 1)-simplices whose vertices are points in P with all their faces. Assume that
K satisfies the generic condition 6.3.

Let X be a (n—1)-chain in K whose (n—1)-simplices are in convex position, i.e. contribute
to the boundary of the convex hull of P, and are all visible from 0 € R™.

Then:

X = Iélslil{l—‘ €C,_1(K),0I' =0X} (6.40)

where when n = 1 the boundary operator in (6.40) is meant as the boundary operator of reduced
homology, i.e the linear operator d : C,—1(K) — Zo that counts the parity.

Proof. We first claim that the lemma holds for n = 1. In this case the fact that 0 is not in
the convex hull of P means that the 1-dimensional points in P are either all positive, either
all negative. The single simplex in the convex hull boundary visible from 0 is the point in P
closest to 0, i.e. the one with the smallest absolute value, which corresponds to the minimum
chain with odd parity in the Cgy order, which proves the claim.

We assume then the theorem to be true for the dimension n — 1 and proceed by induction.
This recursion is illustrated on figure 6.5 for n = 2 and figure 6.6 for n = 3.

Consider the minimum:

Toin = min{T" € Cyy1 (K), O = 9X} (6.41)
—=Sh
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farthest vertex
v

Trace of X in the link of farthest point

0X

\ N AN N
N \ \ \ N av/
@] 0X
\ \ N o

Figure 6.6: Illustration of the recursion in the proof of Lemma 6.27 for n = 3.

We need to prove that I'nyin = X.

Let v be the (unique) vertex in the simplices of 0X which is farthest from 0. Since v is a
vertex in at least one simplex in X = Ol'i,, it must be a vertex in some simplex in I'pi,.

We claim that v is also the vertex in the simplices of X which is farthest from 0. Indeed,
X is made of visible facets of the boundary of CH(P), the convex hull of P. Thanks to Lemma
6.26, if x is a local maximum in X of the distance to 0 one has x € X and the claim follows.

Since v is the vertex in X farthest from 0 and since by definition '\, Egn X, we know that
I'min does not contain any vertex farther from the origin than v, therefore v is also the vertex
in the simplices of I'y, farthest from 0.

Since Ol'min = 0X, Lemma 6.25 implies that:

O Try(Tmin) = Try (0T min) = Try (0X) (6.42)

In order to define a lexicographic order on chains on the link of v in K, we use a transfor-
mation very similar to the shadow of definition 6.19. Specifically, we consider the hyperplane
IT containing 0 and orthogonal to the line Ov. We associate to any (n — 2)-simplex 1 € Lkg (v)
the (n — 2) simplex m,1(n) conical projection of n on II with center v. In other words, if u is a
vertex of n:

{mpr(w)} =T Nuv

where uv denote the line going through u and v. w1 is a conical projection on vertices but it
extends to a bijection on simplices and an isomorphism on chains that trivially commutes with
the boundary operator.

By definition of the lexicographic order Cgy, the comparison of two chains whose farthest
vertex is v starts by comparing their restrictions to the star of v. Therefore, since v is the
farthest vertex in I'ynin, the restriction of I'yn to the star of v must be minimum under the
constraint OI' = 0X. The constraint OI' = X for the restriction of 'y, to the star of v is
equivalent to the constraint given by equation (6.42) or equivalently by:

0711 (Try (Timin)) = morr (Try (0X))

and the minimization on the restriction of the (n—1)-chain 'y, to the star of v can equivalently
be expressed as the minimization of the (n—2)-chain vymin = Ty (Try (Cimin)) under the constraint
OYmin = To11 (Try (0X)), we have then:
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do(F)
I / ot (F)

(@) do(‘ﬂ'u]'l (F))

Figure 6.7: Illustration for equation (6.44).

Ymin = Tt (Try (Fmin))
R <Trv (Igin{r € Cp1(K), 0T = 8X}>> (6.43)

=Sh

= Iélin {7 € Cpn—2 (myn (Lkk (v))) , 0y = mpn (Try (0X)) }

=Sh
= min {y € Cp—2 (myr1 (Lkg (v))), 0y = Omyr (Try (X)) }
=Sh
In the third equality of (6.43) we have used the fact that the orders on (n — 1)-simplices in
the star of v in K and the order on corresponding (n — 2)-simplices in the image by w1 of the
link of v are compatible.
Indeed, if F' is a k-flat in R™ going through v, we have (see figure 6.7):

do(F)[lv — 0]
V(v —0)? —do(F)?

with the convention do(m,(F')) = 400 in the non generic case where F N1l = & (the denomi-
nator vanishes in this case while since v € F' one has F NIl # @ = do(F) < ||v — 0]]).

As seen on (6.44) do(F') — do(m,m(F)) is an increasing function and the orders are therefore
consistent along the induction.

We claim that the minimization problem in the last member of (6.43) satisfies the condition
of the theorem for n’ = n — 1 which is assumed true by induction.

do(mori (F)) = do(F N1I) = (6.44)

Recursion: The hyperplane II corresponds to R" with n’ =n — 1.
en«n-—1
o P+ mn(P\ {v})
o K' + myn(Lkg(v))
o X'« mum (Try(X))

Since (n — 1)-simplices in X are in convex positions, hyperplanes supporting these simplices,
in particular the simplices in the star of v, separate all points of P from 0. It follows that the
intersection of theses hyperplanes with the horizontal hyperplane, i.e. the images by m,q of the
hyperplanes, separates P’ = (P \ {v}) from 0.

It follows that the (n' — 1)-simplices in X’ = w1 (Tr, (X)) are in convex position and are
visible from 0.
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Therefore one can apply our lemma recursively, which gives us, using (6.43):

Ymin = TyIl (Trv (Fmin)) = TyIl (Trv (X>)

It follows that the faces in the star of v corresponding to Tr, (I'min) belong to X. Call Y the
(n—1)-chain made of these simplices in the star of v. We have both Y € X and Y C T',i. Since
v is the vertex farthest from 0 in both X and in I'y,;, one has by definition of the lexicographic
order:

Fmin = min{l'e C,,_1(K),0T' =0X}

=lex

= Y+min{l'eC,_1(K),0l =9(X -Y)}

=lex

So, by considering the new problem X < (X —Y) and iterating as long as X is not empty, we
get our final result 'y = X. O

6.10 Proof of Theorem 6.2

Equivalence between Cg;, and Ty, restricted to simplices with same bounding weight
In order to establish the connexion between the orders Cj., and Cgy we first need the following
(K is defined just after (6.27)):

Lemma 6.28. For 01,09 € K-, one has:
,uc(TU 01) > Mc(TUUQ) — do(ShT(Ul)) < do(ShT(Jg)) (6.45)
Proof. Using the definition 6.5, one has:

(P, pe) (mr (1) U (o)) =
arg min I (6.46)
(P, i) ER™ xR
V(P ps)€nr (T)Unr (o), D((Pu),(P;,p;))=0

Since both terms of (6.45) are invariant by a global translation, we can assume without loss
of generality and in order to make the computations simpler that o, = 0.

In this case, as seen in (6.20) the coordinates of 7,(7) are (0, —uc (7w (7)) = (0, —uc(7)) by
(6.25). So that D ((P,u), (7)) = 0 gives us:

=P+ puc(r) (6.47)

It follows that among the weighted points (P, u) that satisfy D ((P, u), 7-(7)) = 0, minimiz-
ing 4 is equivalent to minimizing P? and one can reformulate the characterization (6.46) of

(Po, ic) (77(r U 0)) = (Po, i) (r(7) U ta(0)) as:
(PC'> ,uC) (7-‘-7'(7_) U WT(U)) =
arg min P? (6.48)

(P,n)ER™ xR
V(Py,p3) €y (T)Umr (0),D((P,n),(Py,h4))=0

For (P, 1) € R"* x R, define the hyperplane H(p,) in R % x R as:
(X,2) €Mpyy <= 2= (- P?) +2(P, X) (6.49)
er.

Observe that:
D (P, p), (P, pi)) = 0 <= lift (5, i) € H(P,,u)
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So that the definition of (Pc, puc) (7-(7) Un-(0)) given in (6.48) can be equivalently formu-
lated as Il p, ,) being the hyperplane in R" % x R that minimizes Pg among all hyperplanes
containing both lift(7(7)) and all the points in lift(7,(0)).

But, as seen on (6.49), 2|[Pc|| is the slope of the hyperplane Il(p, ) so that II(p, is
the hyperplane with minimal slope going through ®.(7) = lift(7-(7)) and all the points in
O (o) = lift(7-(0)). This slope 2||Pc|| is also the slope of the unique (dim(o) + 1)-dimensional
affine space F' going through ®.(7) = lift(7-(7)) = (0, uc(7)) and all the points in ®,(0) =
lift(7,(c)). Since F NR™"™* x {0} is the affine space supporting Sh, (o), one has:

_ pe(r)
2| P (77 (1) Umr(0)) ]

do(Sh, (o))

so that, using (6.25) for the second equality:

(S (0)) = el Sy

2o (o (1) Umr(0)) = pe(r)  2/ne (T Ua) = pe(r))
It follows that the map:

Ho(r U o) — do(Shy (o))

is decreasing. O

For a n-chain I' denote by |, I' the chain obtained by removing from I' all simplices with
bounding weight strictly greater than p.

1,7 = {7 €T, (o) < p} (6.50)

We have then:

Lemma 6.29. Using the notation and context of section 6.10, for two n-chains I'1,I'y €
C.,.(Kp) one has:

iﬂﬁ I Cer iﬂg Iy

C
= st (T (b)) o st (1 4z 72))

Proof. If we denote by z I" the set of simplex in I' with bounding weight equal to yé:
Hp
_ _ L F
ST s {0 €T, up(o) =17}
B
We claim that:
I C r I C r .51
(i’/ﬁé 1 _lex\l/uﬁ 2) = <u_§> 1 _legc'u_l;;> 2) (6 5 )
Indeed, by definition of the lexicographic order, if this did not holds, it would imply —;
Hp
Iy 7é—¢> I'; and the largest simplex for which —¢> I'y and —¢> I’y differ would be in I'7 contradicting
Hp Hp Hp

1 # T'1 Ciezd, # T which proves the claim (6.51).
Hp Hp

Note that, from Lemma 6.10 and generic condition 6.2, all the simplices in —; I'y and —; Iy
Hp Hp

are in the star of a single simplex 7 = T 7 such that puc(7r) = up(r) = ué.
B

It remains to show that the order C,., restricted to simplices 7 U o with up(rUo) = ,u,ﬁ

corresponds to the order Cgy, on the shadow of o.
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By definition of Cye,, since in (6.9) one has always (7 U o1) = po(r Uog) = uﬁ, it goes
like this:
k> 1, p(tUor) > up(tUog)

o1 < 0y = , , (6.52)
def.  |and Vj,0 <j <k, pj(tUor) = p;(1Uoz)

Observe that this expression is similar to (6.38).

For a O-simplex {v} € Kp, the circumweight pc(7 U {v}) is, according to Lemma 6.28, a
decreasing function of the distance do(Sh,(n)) between its shadow and the origin. It follows that
for a (n—k—1)-simplex o € Kp, the vertex v for which the circumweight pc(7U{v}) is minimal
has its shadow Sh;(v) maximizing the distance to the origin. This minimal circumweight is
w1 (7 U {v}) while this maximal distance is dp(0).

More generally, looking at (6.37) and (6.8), Lemma 6.28 allows to check that the simplex
O(0) of (6.8) in the star of 7 in Kp corresponds to the simplex 7;_1(o) in (6.37) in the link
of 7:

Or(o) =TUT_1(0)

So that for 01,09 € Kp referring to (6.38) and (6.52):
pr(tUor) < up(tUoz) <= dp_1(01) > d—1(02)

It follows that, for I'1,T's € C,,(Kp) and 7 = T

B
Sh;, <Tr7' = (i//ﬁﬁ Fl))
= T Cieay Ty "B NP
Hp Hp Csh Sh»rMg TrT;ﬁé \Llﬁ}; Ty )
which, with claim (6.51), ends the proof. O

Proof of main Theorem

Proof of Theorem 6.2. We prove Theorem 6.2 in the case of non positive weights which then
extends to any weights thanks to observations 6.8 and 6.7.

As in Proposition 6.13, denote by I';., the chain that defines the regular triangulation of
CH(P). As in Theorem 6.2 denote by fp € C,_1(Kp) the (n — 1)-chain made of simplices
belonging to the boundary of CH(P).

According to Proposition 6.13 I'y¢y minimizes I' — [|I'l| ) among the chains with boundary
p for any p > 1. In particular I';¢; minimizes I' — [|I'[| . for the value p* of Lemma 6.15.

Proposition 6.13 and Theorem 6.2 consider a minimum with respect to the same boundary
condition while their objective differ.

In order to prove Theorem 6.2 we have to show that both minimum agree. For a contra-
diction, we assume now that they differ, which means that, 'y, # I'yeq, or equivalently that
Fmin + I'reg # 0 where I'yyiy is the minimal chain of Theorem 6.2.

Consider ,ué to be the largest bounding weight for which some simplex in I'yin and I'yeq

differ:

Mﬁ djf maX{MB(U)y o € I'min + Freg}

There must be at least one simplex with bounding weight ,uﬁ in I';ey as, otherwise, by
definition of ;ﬁé there would be a simplex with radius ,ué in I'yin and this would give I'vey Ejen
I'min with I'yeg # I'imin and since 01'y¢y = Ol'min = Bp this contradicts the definition of I'yp.

Similarly, it follows from Lemma 6.15 that if there was no simplex with bounding weight
Mé in I'min, one would have ||I'min|lpr < [[Tregllpr and 0Ly = Ol'min: a contradiction with the
minimality of I'y¢y for norm || - ||« (Proposition 6.13).
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We have shown that if they differ, both I';¢y and I'yi, must contain at least one simplex
with bounding weight ué.

We know from the generic conditions that the set of simplices with bounding weigth uﬁ are
all cofaces of some unique dimension minimal simplex T2

If dim(Tﬂé) = n then 7.7 is (from the general position asumption) the unique simplex in

Kp whose bounding weight is ,uﬁ. But then I'y¢y and I'yin coincide on simplices with bounding
weight uﬁ, a contradiction with the definition of ,ué.
Assume now that dim(Tﬁ) =k <n.
B

For a n-chain T" |, I" is defined by (6.50). By definition of ,uﬁ one has:
\L/ﬁ; Freg_ iuz Fmin - F'/‘eg - Fmin (653)
In order to spare our eyes, we allow ourselves to replace for the rest of the section:
bz by |
T by 7
It follows from (6.53) that:
0 (J/ Freg_ \lx I‘min) = arreg - arrnin = ﬂP - BP =0

It follows that | I'yey and | I'yin have same boundary and Lemma 6.25 says that their trace
have also same boundary:

OTr, (| Tonin) = 0Tty (4 Treg) (6.54)

Observe that Tr; (| I';eq) coincide with the definition of X(7) in (6.31). We know then
from Lemma 6.23 that the shadows of simplices in X(7) = Tr; ({ I'y¢g), that is Sh, (X(7)) =
Sh; (Tr (J T'yeg)) is a chain in Sh, (K;) made of the faces of the convex hull of Sh, (P;) visible
from the origin 0, where P; and K, are as defined in (6.27) and following lines.

In the remaining of this proof we use a lexicographic order Cgp, on shadows of (n — k — 1)-
chains in K, defined at the beginning of section 6.9. This order is equivalent to the order T,
on corresponding n-chains restricted to the set of simplices with bounding weight ,uﬁ (Lemmas
6.28 and 6.29).

This correspondance allows to conclude the proof by applying Lemma 6.27 that says that
the chain defined by visible faces of a polytope minimises the lexicographic order Cg;, among
chains with same boundary.

More formally, thanks to Lemma 6.29 we have:

~L I11 Ciex i/ FQ
= Sh; (Tr; (4 T'1)) Esn Shy (Trr (I I'2))

It follows that Sh; (Tr; (J I'yin)) is, among all chain in the complex Sh; (K;), the one that
minimises Cgp, under the constraint (6.54), or equivalently:

GShT (’I‘I'q— (\l/ szn)) = aShT (’I‘I.T (\l/ FT@!J))

Lemma 6.27 applied with:

n < n-—=k

X« Sh, (Tr; (4 Tyeg)) = Shy (X(7))
P « Sh,(P)

K <« Sh;(K;)
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implies:

Sh, (Tt (4 Tmin)) = Shy (Tt (4 Treg))
£

In other words, I';,,;, and I';¢4 coincide on simplices with bounding weight u%, a contradiction

with the definition of zi7.
O
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Chapter 7

Particular case of 2-chains

We focus now on the case of 2-simplices and 2-chains in Euclidean space R"™, with n > 2. We
consider the Delaunay case, i.e. the weights are zero.

Indeed, when d = 2, Lemma 7.3 gives us an explicit expressions of the asymptotic behavior
of w,(0) as p — oo that allows a finer analysis.

71 <., CEy and ;. preorders

The weights of simplices o — wy(c) and the norm of chains I' — [|I'1[|,,) have been respectively
defined in (6.13) and (6.14) in section 6.6 in the general case. In this section we consider the
same definition but we are in the particular case where the weights of points are zero and we
focus on the case where the dimension of simplices and chains is 2.

We now introduce the binary relation <., on the set of d-simplices of K.

Definition 7.1 (Preorder <., on d-simplices of K).

01 <o 02 e Jp € [1,00[, VD' € [p, o0], wy (1) < wy(02)

It is straightforward to check that <., is reflexive and transitive, and therefore a preorder.
We show below that, at least for d = 2, by assuming a generic condition on the point sample
P, it becomes a total order.

We also introduce the binary relation C., on the set of d-chains of K:

Definition 7.2 (C order on chains). For I'y,I'y € Cy(K):

/
I B I'2 Ve dp € [1,00),Vp" € [p,00), [Ty < T2l

C is also a preorder on Cy(K).
When <, is a total order on simplices it induces, according to definition 2.1, a total order
on chains T, on d-chains. We see below that this occurs generically when d = 2.

7.2 Limit of Delaunay energy and <., order

Limit of Delaunay energy as p — oo We say that a triangle 0 = abc is non-degenerate if it
spans a 2-dimensional affine space. For a compact set of points S, SEB(S) denotes the Smallest
Enclosing Ball of S, i.e. the unique closed Euclidean ball with minimal radius containing S.
For triangle abc denote R (abe) and Rp(abe) respectively the circumradius and the radius of
the minimal enclosing circle SEB(abc). Observe that R¢(abe) and Rp(abe) coincide if and only
if triangle abc is acute or right.
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Following lemma gives an explicit expression of the asymptotic behavior of wy(c) as p — oo
. The proof consists of computations and is reported to Appendix B.

Lemma 7.3. Consider o = abc a non degenerate triangle. Then we have the following. For
any triangle abc there is a function wape

Wabe ¢ [1,00) = R

such that:
pll{go wabc(p) =1

and:

— if abc is strictly acute:

1
wp(abc)p =T — RB(abC)2+2p Wabc(p)

p
— if abc is right:
1
wy(abe)? = g ]; RB(abC)2+2p Wabe(P)
— if abc is obtuse:
11
wp(abc)p = ﬁ ? RB(abC)2+2p Wabc(p)

with:
2 Rc(abe)? — Rg(abe)?

= Rp(abc)?

As seen before, the binary relation <., introduced in definition 7.1 is reflexive and transitive,
in other words it is a preorder. We show now that when d = 2, and by assuming a generic
condition on the point set, it becomes a total order.

We say that a triangle o = abc is non-degenerate if it spans a 2-dimensional affine space.

Since limy_,o wp(0) = weo(0), one has:

Woo (01) < Woo(02) = 01 <o T2 (7.1)

and
01 <00 02 = Woo(01) < Woo(02 (7.2)

However one can check on the example given below of two obtuse triangles with a same
longest edge that the relation o1 <. 09 is finer than ws(01) < woe(02): the converse of (7.2)
does not hold.

Recall that a property P on sample sets is gemeric if the set of samples with N points,
S € R™, verifying P is a dense open subset of R™. We may also require its complement to
be of zero Lebesgue measure.

For two obtuse triangles abc and abd sharing the same longest edge ab we have:

Weo(abc) = Rp(abe)? = ((a — b)/2)? = Rp(abd)? = we (abd)

Since the property of being obtuse and sharing the same longest edge is stable under infinitesimal
perturbations of {a, b, ¢, d}, there is no generic property enforcing the binary relation weo(071) <
Weo(02) to be antisymmetric.

In contrast, as shown by Lemmas 7.4 and 7.6 below, <., can be made antisymmetric, and
therefore a total order, under generic condition 7.1 below.
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Next lemma, easy consequence of Lemma 7.3, describes sufficient geometric implications of
<o

Lemma 7.4. If o1 and oo are non degenerate triangles, then:

RB(O'l) < RB(UQ)

01 <o0 03 = { OT

RB(Ul) = RB<O'2) andRc(Ul) Z Rc(dg)
and:
RB(O'l) < RB(UQ)

01 <o0 09 =< Or

RB(Ul) = RB<O'2) andRc(Ul) > Rc(dg)

proof of Lemma 7.4. If Rg(o1) # Rp(o2) equation (7.2) gives 01 <o 02 <= Rp(o1) <
Rp(02). Therefore one just has to consider the case when Rg(o1) = Rp(02). We assume then
Rp(o1) = Rp(o2): if Re(o1) < Re(o2), both triangles are obtuse and Lemma 7.3 shows that
one cannot have 01 <o 02, while if Ra(01) > Rc(02), the same lemma gives 01 <, 09. O

Lemma 7.4 suggests the following generic property:

Condition 7.1. Generic condition:

1. Any triangle in K is non-degenerate,
2. for any two triangles o1 and o9 in K, one has:

SEB(Ul) 7& SEB(O‘Q) = RB(O'l) 75 RB(O'Q)

3. for any two triangles o1 and o9, one has:

o1 # 02 Re(o1) # Re(o2)
and = and
S =SEB(01) = SEB(02) Jab = 01 N o2, S = SEB(ab)

Lemma 7.5. When d = 2, Condition 7.1 is generic.

Proof. Since the intersection of a finite number of dense open sets is a dense open set, it is
enough, in order to show that Condition 7.1 is generic, to prove that it is the conjonction of a
finite set of generic conditions.

The condition for 3 points to span a 2 space, i.e. to not lie on a same line, is clearly generic
since it can be expressed as saying that ¢ does not lie on line ab.

For the second condition, we say that a vertex a of o contributes to SEB(o) if it belongs to

the boundary of SEB(0).
The condition SEB(c1) # SEB(02) is open and it says that at least either a vertex ag of o9
which is not a vertex of o1 contributes to SEB(o39), either a vertex a; of o1 which is not a
vertex of oo contributes to SEB(01). In both cases the set of position of vertex ag or a; that
enforces Rp(01) # Rp(02) is open and dense.

For the third condition, let’s consider two triangles oi,09 verifying o1 # o2 and § =
SEB(01) = SEB(02). We consider the number of points contributing to S. As a smallest
enclosing ball of a triangle requires at least two contributing points and having four (or more)
points on a sphere is not a generic condition, we have two cases to consider:

— If two points contribute to S, both triangles are obtuse and share this longest edge.
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— If three points contribute to S, as g1 # o9, both triangles cannot be acute and therefore
one triangle is obtuse and shares its longest edge with the other triangle.

In both case, at least one vertex of the triangles is not on the sphere S and the set of its
coordinates satisfying Rc(o1) # Re(o2) is open and dense. O

Lemma 7.6. If Condition 7.1 holds, <. is a total order on the set of 2-simplices of K with:
RB(Ul) < RB(O'Q)

01 <oo 09 <= < or (7.3)
RB<01) :RB(O'Q) and Rc(Ul) Z Rc(O'Q)

Proof. To get the equivalence property from Lemma 7.4, see that under Condition 7.1.2:
RB(O'l) = RB(O'Q) and Rc(O'l) = Rc(ag) = SEB(O’l) = SEB(UQ)

which in turn implies o1 = o9 from Condition 7.1.3.

The preorder <, is immediately total using this equivalence property (i.e. 01 <o o2 0r oy <o
o1 always holds true). We can now easily show its antisymmetry property from Equation 7.3
rendering <., a total order:

01 <o 09 and o9 < 01 (7.4)

= Rg(o1) = Rp(02) and Rc(o1) = Re(o)
= 01 =02 (7.5)
]

In the sequel of the section, we assume generic Condition 7.1. <., is a total order and we
can define naturally the corresponding increasing and decreasing strict orders <., and >q.

7.3 Delaunay ", and T, orders

Thanks to Lemma 7.6, under generic condition 7.1, <., is a total order on triangles that induces,
according to definition 2.1, a total order C;., on 2-chains.
We compare now T, with the binary relation C., introduced in Definition 7.2.

Ciez and C, differ: Even under generic condition 7.1, relations C, and T, are not equiv-
alent in general. Indeed, if 01, 09,03 are obtuse triangles sharing a same longest edge (which
happens generically) such that we(01) = wee(02) = weo(03) With:

> _ Rc(9i)” — Rp(03)?

B2 —
t Rp(0;)?

such that hy < hg, hg but
1 1 1

AR
Lemma 7.3 gives us:
01 Eoo 02 + 03 and = (02 + 03 Exo 01)

while since hy < ha, hg = 09,03 <o 01 one has:
02 + 03 Ejex 01

However as it will be seen, minima of T, can coincide with minima of Cj.,, at least in Cech
and Rips complexes.
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7.4 When C and C;, have same minima

The aim of this section is to show that for d = 2, under generic condition 7.1, E, and Cj, in
Cech and Rips complexes have same minima under boundary or homology constraints.

Cech and Rips complexes Recall that, given a finite set of points P C R”, the Cech
complex with parameter A is the simplicial complex made of all simplices o such that the radius
of SEB(0) is less or equal to A\. The prozimity graph G(P,\) is the graph whose vertices are
in bijection with points in P and with one edge for each pair {a,b} € P whose length is not
greater than .

The corresponding Vietoris-Rips complex is the flag complex of the proximity graph G(P, \),
i.e the simplicial complex made of all cliques in G(P, \).

Lemma 7.7. Let P C R” be a finite set of points satisfying generic condition 7.1 and let K be
a Cech or Vietoris-Rips complex over P. Let D C Ca (K) be a set of chains in either of these
forms:

D:{FECz(K) ’33603(K),F—A=83} or,
D={l'eCy(K) |0l =7}
for some A € Ca (K) or for some 1-cycle f € Z1(K).

IfT € Co(K) is a minimum in D for one of the orders Coy or Ciey, then T' cannot contain two
obtuse triangles sharing the same longest edge.

Proof. Consider two obtuse triangles abc, abd € K with same longest edge ab.

If K is Cech complex with parameter A we must have ||b — al| < /2. Since the ball with
diameter ab contains the points a, b, ¢, d, the triangles acd and bed as well as the tetrahedron
abcd belongs to K.

Now if K is a Vietoris-Rips complex with parameter A we must have ||b—a|| < A and, again,
acd and bed as well as the tetrahedron abed belongs to K.

It follows that, in both cases, abc+ abd is homologous to and has same boundary as acd+ bed
in K. Therefore, if some chain I" contains abc and abd then, the chain IV = I'+abc+abd+acd+bed
is homologous and has same boundary as I'. One checks easily that, while IV # T', one has
I"CoI'and IV Ty, I' and I' cannot be minimum in D for one of the orders Co, or Cjpp. [

The formal proof of next lemma is reported to Appendix C. However, it is intuitively plau-
sible since Lemma 7.7 forbids the situation described in section 7.3 where T, and Ty, differ.

Lemma 7.8. Let P C R” be a finite set of points satisfying generic condition 7.1 and let K be
a Cech or Vietoris-Rips complex over P. Let D C Co (K) be a set of chains in either of these
forms:

D={Ie€Cy(K)|3BeCs(K),T —A=0B} or,
D ={I € Cy(K) | T = B}

for some A € Cy (K) or for some 1-cycle 8 € Z1(K).

Then:
IIEHH D =minD

—oo =lex
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Lemma 7.8 applies to 2-chains in Euclidean n-space. In the particular case where n = 2 it
allows to give an elementary proof of a specialization of Theorem 6.2 or Corollary 6.3:

Proposition 7.9. Let P = {Py,..., Py} C R? with N > 3 be in general position and let Kp
be the 2-dimensional full complex over P. Denote by fp € C1(Kp) the 1-chain made of edges
belonging to the boundary of CH(P).
Then if:

Thin = IEnin{F € Cy(Kp),0I' = Op}

Zlex

then the simplicial complex |Twmin| support of Twin is the Delaunay triangulation of P.

Proof. Looking at Definition 7.2, we see that if I'y <., T's there is p(I';,I's) large enough
such that for any p’ > p(I'1,T2), [Ty < [IT2[l(,). Since there are only a finite number
of chains I' in a given finite simplicial complex, one can define for a given simplicial complex
]5 = INaXr,C,. Ty p(Fl, FQ) such that:

[ Coo 2 <= Tl < T2l 5

Consider now Proposition 6.13 in the case of zero weights and n = 2. It implies that the support
of the chain:
Iélin{r S CQ(KP),BF = ﬂp}

is the Delaunay triangulation of P. Applying Lemma 7.8 complete the proof. 0
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Chapter 8

Application to point cloud
triangulations

Sections 3, 4 and 5 were motivated by the study of polynomial algorithms in a specialization
of the NP-hard OCHP. However, the order on simplices was not specified and one can wonder
if choosing such an ordering makes the specialization of OCHP too restrictive for it to be
useful. In this section, in the light of the total order defined in Section 6 (Equation 6.9) and its
equivalent order for a 2D Delaunay triangulation in Section 7 (Lemma 7.6), we give a concrete
example where this restriction makes sense and provides a simple and elegant application to
the problem of point cloud triangulation. Whereas algorithms of Sections 3, 4 and 5 only dealt
with abstract simplicial complexes, we now consider a bijection between vertices and a set of
points in Euclidean space, allowing to compute geometric quantities on simplices.

8.1 Related works

Many methods have been proposed to answer the problem of surface reconstruction in specific
acquisition contexts [35, 36, 37]: [8] classifies a large number of these methods according to the
assumptions and information used in addition to geometry. In the family of purely geometric
reconstruction based on a Delaunay triangulation, one very early contribution is the sculpting
algorithm by Boissonnat [9]. The crust algorithm by Amenta et al. [2, 3] and an algorithm based
on natural neighbors by Boissonnat et al. [10] were the first algorithms to guarantee a triangula-
tion of the manifold under sampling conditions. However, these general approaches usually have
difficulties far from these sampling conditions, in applications where point clouds are noisy or
under-sampled. This difficulty can be circumvented by providing additional information on the
nature of the surface [23, 33]. Our contribution lies in this category of approaches. We provide
some topological information of the surface: a boundary for the open surface reconstruction
and an interior region and exterior region for the closed surface reconstruction.

8.2 Simplicial ordering

We use the total order on 2-simplices defined in Lemma 7.6 for this section. Indeed, the
2D Delaunay triangulation has some well-known optimality properties, such as maximizing
the minimal angle, and we can hope that using the lexicographic order induced by this total
order to minimize 2-chains in dimension 3 will keep some of those properties. In fact, Section
9 is devoted to showing that, for a Cech or Vietoris-Rips complex, under strict conditions
linking the point set sampling, the parameter of the complex and the reach of the underlying
manifold of Euclidean space, the minimal lexicographic chain using the described simplex order
is a triangulation of the sampled manifold. Experimental results (Figure 8.1) show that this

20



o S LA et
(B i e 1V 3 4 Z ) — g\,
e A , £ Vs e
7 ¢ 5 5 \ S AT WL b
o ! oA SN

) : =N
,4‘}«4)%& D
"‘4'««%».“

Figure 8.1: Watertight reconstructions under different perturbations. Under small perturbations
(first two images from the left), the reconstruction is a triangulation of the sampled manifold. A
few non-manifold configurations appear however under larger perturbations (Rightmost image).
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Figure 8.2: Open surface triangulations under imposed boundaries (red cycles).
property remains true relatively far from these theoretical conditions.

8.3 Open surface triangulation

Using the Phat library [7], we generate a Cech complex of the point cloud and the points of a
provided cycle, with a sufficient parameter to capture the topology of the object [17, 6]. After
constructing the 2-boundary, we apply the boundary reduction algorithm, slightly modified to
calculate as well the transformation matrix V. We then apply Algorithm 4, and in the case the
cycle is a boundary, we get a chain bounded by the provided cycle. We then apply Algorithm
3 to minimize the chain under imposed boundary. Figure 8.2 shows results of this method.

8.4 Closed surface triangulation

Using Algorithm 5 requires a strongly connected 3-pseudomanifold: we therefore use a 3D
Delaunay triangulation, for its efficiency and non-parametric nature, using the CGAL library
[34], and complete it into a 3-sphere by connecting, for any triangle on the convex hull of the
Delaunay triangulation, its dual edge to an "infinite" dual vertex.

The choice of a; and ao will define the location of the closed separating surface. We can
guide the algorithm by interactively adding multiple «; and ag regions as depicted in Figure
8.3. Algorithm 5 requires to be slightly modified to take as input multiple o, aig: after creating
all sets with MakeSet, we need to combine all a; sets together, and all as sets together. The
algorithm remains unchanged for the rest.

Experimentally, sorting triangles does not require exact predicates: the Rp and R¢ quantities
can simply be calculated in fixed precision. The quasilinear complexity of Algorithm 5 makes
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Figure 8.3: Providing additional topological information can improve the result of the recon-
struction.

it competitive in large point cloud applications (Figure 8.4).
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Figure 8.4: Closed surface triangulation of 440K points in 7.33 seconds.
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Chapter 9

Triangulation of smooth
2-submanifolds of Euclidean space by
minimal chains over point samples

9.1 Main result of the section

Fondamental class When M is a connected compact d-manifold (orientability is not required
here since the coefficients field is Zsg), It is well known that Hy(M) is one dimensional and is
generated by the so called fundamental class of M, and, since the field is Zo, has a single
non zero element: Hy(M) ~ Zs. In both contexts of simplicial and singular homology, this
fundamental class can be built from a triangulation of M.

In the following, we consider:

Embedded manifold: For n > 2, we denote by M a connected, compact and C? smooth
embedded 2-manifold M C R" with reach R > 0.

Sampling set S: S C M a finite "sampling set" such that for any point x € M there is at
least one point in S at distance less than e from z, and such that any two points in .S are at
least 1 apart, with 0 < n < e€/2.

Simplicial complex Let K be the \-Chech complex of S (in fact the 3-skeleton of the -
Chech complex is enough since it defines Ha(K)). It is known [38] that for e < 1/3/5R, K has
the homotopy type of M.

Main result

We show that for some constant Cs > 0 (independent on the ambient dimension n), for
any n > 2, and any such M and S such that ¢ < Cs (g)lOR , the support of the chain
Cmin € C2(K,7Z/27) minimizing the lexicographic order T, in the homology class of the
fundamental class of M is a triangulation of M. More precisely, the restriction to |I'yin| of the
projection on M is an homeomorphism.

While this is not yet formally proven at this stage, it seems very likely that this minimum
coincides with the tangential Delaunay complex [13] when all stars are consistent.

We denote by w4 the orthogonal projection on M, in other words the map from (M@R)O —

M that associates to each point its closest point on M.

Theorem 9.1. There are constants Cy,Cq,C3 such that: If M is a C? manifold embedded
in R™ with reach R, S a (e,n)-sampling of M and K = C(S,)) the Cech complex on S with
parameter A, such that:
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1. If:
016 <A< CQR (9.1)
then one has P2(K) = 1.

2. Let T be the lexicographic minimal representative of the unique homology class in Ha(K),
i.e. the lexicographic minimal 2-cycle which is not a boundary:

T = Iélin Ker(92) \ im(93) (9.2)

=lex

If
10
€ n
— < (Cq = 9.3
< <a(?) (93
then the restriction of waq to |T| is an homeomorphism on M. In particular (|T|,mm) is
a triangulation of M.

Remark 9.2. Observe that::

e Thanks to Lemma 7.8, it follows that ming,  could be replaced by T, and therefore, for
a any complex K satisfying the condition of the theorem, there exists p large enough such
that:

T = arg min 1T ) (9.4)
reKer(02)\im(93)

o when the theorem holds for a range of Cech complex parameter \,/2X there is a Rips-
Vietoris complex R such that C(S,\) C R C C(S,v2)\). Under stronger sampling con-
ditions [6] this inclusion induces isomorphisms on Homology groups. In this situation
one could replace Cech complex by Rips-Vietoris complex in the theorem (one may need
Lemma 9.17 for a formal proof, to guarantee that taking larger simplices cannot give a
lexicographic smaller representative).

The sequel of the section is devoted to the proof of Theorem 9.1.

9.2 Properties of lexicographic minimal homologous 2-chains

In this section 7 is (implicitly) assumed to be a 2-cycle in a Cech complex C(S, \) over a finite
set S C R™ which is a lexicographic minimum in its homology class. So for that for K = C(S, \)
and some cycle A € Cy (K):

T:Iélin{FECb(K)|E|B€C3(K),F—A:aB}

=lex

We establishes some properties on 7 that does not require any geometric assumption on the
set S, in particular S is not assumed to be the sampling of anything at this stage.

Lemma 9.3. If abc € T is an acute triangle, then SEB(abc), the Smallest Enclosing Ball of
abe, has no point of S in its interior:

SEB(abc)° NS =@

Proof. For a contradiction, assume that 7 (abc) # 0 and SEB(0)°NS # (). Take d € SEB(c)°N
S, then Rp(abed) = Rp(abe) < X and therefore, abd, bed, cad, abed € K.
One has Rp(abd), Rp(bed), Rp(cad) < Rp(abe) and then abd + bed 4 cad T, abe. Consider:

T =T + abc + abd + bed + cad = T + 0(abed)
Then, 7' is homologous to 7 and is strictly lower for Cje,:
T Ciea T
A contradiction with the definition of 7. O
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Figure 9.1: Spindle of edge ab with radius Rc(abc).

Definition 9.4. Given two points a,b € R" and a radius r >  ||a — b||, we call spindle of edge
ab with radius r the intersection of all balls with radius r containing ab (equivalently with a and
b on their boundary).

SP,(ab) = ﬂ B(o,p) = ﬂ B(o, p)

def.

of Blo.p) D{a:b) B(o,r)>{a,b}
p<r

= ﬂ B(o,r) = ﬂ B(o,r)
(a—0)2<r2 (a—0)2=r2
(b—0)2<r2 (b—o0)2=r2

Similarly, if abc is obtuse with longest edge ab we call the the Spindle of edge ab in triangle
abe the Spindle of edge ab with radius Rc(abe), equivalently:

SP b (ab) o SPR¢(abe) (ab) = {x € R", Zazb > Zach }

If r = 3 ||a — b|| then SP,(ab) = SEB(ab).
One check easily that:
CE SPabc(ab)

From the definition we have also that for r,7" > 1 |la — b
SP,(ab) C SP,(ab) < r>1'
It follows that, if abc is obtuse with longest edge ab:
¢ € SP,(ab) <= Rc(abc) > r (9.5)

Lemma 9.5. If abc € T is an obtuse triangle with ab its longest edge, then the spindle of edge
ab with radius Rc(abe) has no point of S in its interior.

Proof. For a contradiction, assume there is abc € T and SPg.(ab)° NS # 0. Take d €
SPapc(ab)° N S, then Rp(abed) = Rp(abc) = Rp(ab) < A, therefore, abd, bed, cad, abed € K.
One has
Rp(bed), Rp(cad) < Rp(abe) = Rp(abd)
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and
Re(abe) < Re(abd)

and it follows abd, bed, cad < abe. Consider:
T' =T + abc+ abd + bed + cad = T + d(abed)

Then, 7' is homologous to 7 and is strictly lower for Cje,:

T Ciea T
A contradiction with the definition of 7. O
Lemma 9.6. If triangles 01,00 € T then:
Rgp(o1) = Rp(o2) = 01 = 09 (9.6)

and if o € T then either o is is acute and is the unique triangle in K with same Rp(c) = Re(0),
either o is obtuse, in which case it is the unique triangle with maximal circumradius among
triangles in K with same bounding radius Rp (o).

Proof. In the context of condition 7.1, Rg(o1) = Rp(02) = SEB(01) = SEB(02), and, in order
to prove (9.6) it is enough to consider the case when Jab = o1 N o2, SEB(01) = SEB(032) =
SEB(ab) and RB(UQ) = RB(Ul) < Rc(dl) < Rc(UQ).

If Rg(o1) = Re(o1), o1 is acute and we get then a contradiction with Lemma 9.3 since if
abc = o1 and abd = o3 then Re(abe) < Re(abd) implies that d € SEB(abe)°.

Now if Rg(o1) < Re(o1), o1 is obtuse and we get then a contradiction with Lemma 9.5
since if abc = o1 and abd = o9 then Rc(abe) < Ra(abd) implies that d € SP gp.(ab)°.

The second part of the Lemma follows similarly from Lemmas 9.3 when ¢ is acute and from
Lemma 9.5 when o is obtuse. O

Observe that we get immediately from Lemma 9.5 and the genericity condition that in T
one can not have two obtuse triangles sharing their longest edge. More precisely we have the
following;:

Lemma 9.7. If abc € T is an obtuse triangle with ab its longest edge, then ab is shared by at
least another triangle abd in T such that:

e cither abd is acute and Rc(abe) < Rp(abd),
e cither abd is obtuse with longest edge ad or bd and Rc(abc) < Re(abd).
Moreover any triangle abd’ sharing ab obeys to the same alternative.

Proof. Since 0T = 0 one has in particular 97 (ab) = 0:

0=09T(ab)= > Tl(abg)

qELk|7—‘ (ab)

Since I'(abc) = 1, there exists at least some triangle abd with d # ¢ and I'(abd) = 1. If abd is
acute, then we have from Lemma 9.3 that ¢ ¢ SEB(abd) and therefore R¢(abe) < Ro(abd).
Assume now that abd is obtuse. ab can not be the longest edge of abd: indeed if it was we get
from the generic condition that either Rc(abc) > Re(abd) either Re(abe) < Re(abd), that is,
according to (9.5) that either ¢ € SPy4(ab), either d € SPy.(ab), and both cases contradicts
Lemma 9.5.

Without loss of generality, we can assume therefore that ad is the longest edge of abd. It
remains to prove that in this case one has R¢(abe) < Re(abd).
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For a contradiction, assume that Rc(abe) > Re(abd). It follows from (9.5) that
¢ € SPR(aba) (ab) (9.7)

Observe that, from the definition of spindle one has in general:

{a,b} C B(o,r) <= SP,(ab) C B(o,r)

and, if for any set X C SP,(ad)
SP,(ad) C B(o,r) = X C B(o,7)
Since {a,b} C SPuq(ad) = SPr,(apa)(ad) we get that:
SPR¢(abd) (@) = N B(o,R¢(abd))

{a,b}CB(0o,Rc(abd))

c N Blo. Ro(abd)
SPRC (abd) (ad)CB(O,RC (abd))

_ N BloRe(abd)
{a,d}CB(0,Rc(abd))
= SPRre(aba)(ad)
This with (9.7) gives:
¢ € SPre(abd) (ad)

a contradiction with Lemma 9.5. O

It follows from Lemma 9.7 that:

Corollary 9.8. Any obtuse triangle Ty € T belongs to at least one sequence Ty, ..., Ty, € T of
triangles with increasing bounding radius and circumradius, such that Ty, ..., T, _1 are obtuse,
T is acute and for i =0,...,m —1, the longest edge of T; is an edge of T;+1 and if i <m —1
it s not the longest edge of Ti+1. In particular, this sequence is increasing for <.

Lemma 9.9 below give us an explicit bound on the length of the increasing sequences of
Corollary 9.8.

Lemma 9.9. In a sequence of increasing triangles defined in Corollary 9.8, one has:

2
m < LB(Tm)

Proof. In the sequence, if 0 < i < m — 1 triangle T; share its longest edge with an edge of
triangle T;11. Denote the vertices of triangle T; as a;b;c; = T; where a;b; is the longest edge of
T; if 0 <i<m — 1. Since, for i <m — 1, T; is obtuse one has for alli =0,...,m — 1:

(bi — ai)* > (ci — ai)® + (c;i — bi)? (9.9)

1 (9.8)

Denotes by [; the length of edge a;b; for 0 < ¢ < m — 1. Since all edges have length greater
or equal than 7, one has (¢; — a;)?, (¢; — b;)? > n? and (9.9) gives in particular:

5> +n =27
and since for i > 1 one of (¢; — a;)?, (¢; — b;)* is 1?1 (9.9) gives foralli=1,...,m — 1:
>0 470

The two last equations gives us:
[y > (m+ 1)

Since l,—1 < Rp(T}y), this proves the lemma. ]
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9.3 Where the reach comes into play

Geometry of submanifolds with positive reach We recall here a few geometric lemma
about general set with positive reach as well as on C? submanifold of euclidean space.

Lemma 9.10 (Lemma 5 in [5]). Let A C R? be a compact set and B(z,a) a closed ball
with center z and radius a. If 0 < a < Reach (A) and AN B(z,a) # () then Reach (A) <
Reach (AN B(z,a)).

Theorem 9.11 (Theorem 1 in [14]). If A C R? is a closed set, then

Reach (A) = sup {T >0, Va,be A, |a—0b| <2r=da(a,b) <2rarcsin \aQ— i } )
,

where the sup over the empty set is 0.
and its corollary:

Corollary 9.12 (Corollary 1in [14]). Let A C R be a closed set with positive reach Reach (A) >
0. Then, for any r < Reach (A) and any x € R?, if B(x,r) is the closed ball centered at x with
radius r, then AN B(x,r) is geodesically convex in A.

Lemma 9.13 (Corollary 3 in [14]). if p,q € M, then

/ _

sin 2IM TeM) _ lp — 4
2 - 2R

Lemma 9.14 (Theorem 4.8(7) in [31]). if p,q € M, then

Ip— ql|?

<

Local expression of M as the graph of a function In this section we assume, in adition
to the assumption made on 7 ay the begiing of the previous section, that 7 meets the conditions
of Theorem 9.1, in particular S is an (€, n)-sampling of a compact, connected submanifold M
of R™ with reach R.

Let m € M and II,, the plane tangent to M at m. Denote by m,, : R™ — II,,, the orthogonal
projection on II,,. Denote by D(m,R/4) C II,, the disk centered at m of radius R/4 and
C(m,R/2,R/4) the set of points in B(m,R/2) that project on D(m,R/4):

D(m,R/4) = {qeClln,|lg—m| <R/4}
Cm,R/2,R/4) = {qeB(m,R/2),mm(q) € D(m,R/4)}
= B(m,R/2)Nx, Y (D(m, R/4))
Lemma 9.15. M N C(m,R/2,R/4) is the graph of a map:
¢ :D(m,R/4) — R"2
In other words, with the identification R™ = R? x R"™2, if we consider an orthogonal frame of
R™ centered at m and aligned with 11,,, we get:

MnNCm,R/2,R/4) = {(u,d(u)),u € D(m,R/4)}
With, for any u € D(m,R/4)

90l < 7 llu = m? (9.10)
152w < % u=mi (9.11)

Proof of Lemma 9.15 is given in Appendix D.
From now on we assume the following bound on Cech parameter A\: A < R/10. (This bound
may certainly be relaxed and the constants in lemmas below improved).
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Bounding the triangles circumradii
Lemma 9.16. If abc € T is an acute triangle, then Rp(abc) < 2¢

The idea of the proof, given in Appendix D, is that otherwise there would be at least one
sampling point not too far from the triangle circumcenter contradicting Lemma 9.3.
This bound extends in fact to all triangles in 7, more precisely:

Lemma 9.17. If abc € T , then

1
—n < Re(abe) < 2¢
7" c(abe)
Proof. 1f abc is acute, then Rc(abc) = Rp(abe) and the result follows from Lemma 9.16. If abc
is obtuse this follows from Corollary 9.8 (and Lemma 9.16). The lower bound follows from the
fact that edge lengths are lower bounded by 7. O

Controlling triangle planes and circumcenters For a triangle abe, we denote by A, (abc)
its smallest height.

Lemma 9.18. If abc € T is acute then its smallest height hpin(abc) is lower bounded by
Rec(abe). If abe € T is obtuse then its smallest height hmin(abc) is lower bounded by:

hmin(abc) > Re(abe) (RC(nabc)>2 > %e (Z)2 = ;]Z (9.12)

In any case, the sinus of the smallest angle Onin of triangle abe is lower bounded by:

. 1
sin O pin > Zg

Proof of Lemma 9.18 is given in Appendix D. Denote by },Lmin the minimal altitude (height)

of all triangles: .
Pmin djf. 7@2}% hmln(T)

Lemma 8.11 in [11] gives an upper bound on the angle between the supporting plane I1(7")
of a triangle T € T and and II,, the plane tangent to M at m. Expressed in our setting it
gives:

Lemma 9.19 (Lemma 8.11 in [11] ). f T € K and m is a vertex of T, then

2L72
sin Z(I(T), T,y M) < 5
hminR

Where L is an upper bound on the triangles edge lengths, so that in our case, thanks to
Lemma 9.17 L < 4e and gives, using (10.21)

32¢2 € [€e\?
sin Z(II(T), TrnM) < 5 < 64— () 9.13
(). To) < 5= < 645 (¢ (9.13)

Next Lemma synthesizes the geometric bounds constrained by the manifold reach that are
used in subsequent proofs.

Lemma 9.20. Consider T'€ T and m a vertex of T. Denote by II(T') the supporting plane of
T and 11, the plane tangent to M at m, then nearby point clouds are near these plane, more
precisely for any given constant C' > 1:

SN B(m,Ce) c I (9.14)
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with:

By = 02%6 ~0 <;e)

and:
S N B(m,Ce) C I(T)P (9.15)

et (o (i) o (3 G))

Also the angle between 11, and TI(T') is upper bounded:

with:

L1, I(T) < B (9.16)
And for any triangle abc € T such that {a,b,c} C B(m,Ce) on has:
Z(abe), (T) < 35 (9.17)

e (5 o (506

Proof of Lemma 9.20 is given in Appendix D.

with:

Lemma 9.21. For any constant C > 0, m € M, and T € T such that T C S N B(m,Ce),
denote by II(T) the supporting plane of T'. The distance between the circumcenter of T' and the
plane tangent to M at m is bounded by [ with:

2 2
€ (€ € (€
=8C= | - =0|= |-
’ R (77) ‘ <R (77) 6)
Proof. From 9.20 the angle between the plane I, tangent to M at m and the plane II(T) is
2 2
p=4C% (5> =0 (73 (£> > Since the distance from m to the circumcenter oy of T' is upper

n n
bounded by 2¢ from Lemma 9.17, the distance between the circumcenter of T' and the plane
tangent to M at m is bounded by 2¢sin 8 which proves the lemma. O

Big O notation We use the notation O(f(%)) and Q(f(5)) implicitly means respectively
O(f(%))%ao and Q(f(%))%*)o. More explicitly:

€

g(ﬁ) € O(f(ﬁ)) if and only if:

3 > € 1 £ £
C,n0>O,Vn_n0, 'R<7L = g(R)<Cf(R)
and
g(%) e Q(f(%)) if and only if:
3 > € o1 € €
Cing>0,Yn>ng, &<= = g(R)>Cf(R)

Functions considered below f and g are in fact of the form:

‘() ()

C' is a true constant: it does not depends on the ambiant dimension or on S or M of course)
and each of the three other factors can be seen as independent parameters. One could make
things simpler taking R = 1 and maybe e = 27 since this is always possible (e-nets) and the
one important parameter for the proof is % for which one allow ourselves to fix an upper bound
taken as small as required to make the proof work without fighting for optimizing the constants.
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9.4 'Triangles in minimal chains have almost empty circum-
spheres

For a ball B(o, R) we denote by Pp(, r)(s) the power of point s with respect to B(o, R):
Pgo.r)(s) = (s — 0)* — R?

For a triangle T" we denote by Pr(s) the power of point s with respect to the circumscribing
ball of T":

Pr(s) = Paco ) o) (s) = (s — Cc (T))* — Re(T)?

Definition 9.22 (almost empty triangle). For o > 0, we say that triangle T is a-almost empty

if:
Vs € S, Pr(s) > —a

From Lemma 9.3 we know that acute triangles in 7 are 0-almost empty.
The aim of this section is to prove that triangles in 7 are a-almost empty for small a:

Lemma 9.23. If T € T |, then T is a-almost empty with:

o ()"
R/ \n
The proof of Lemma 9.23 is in Appendix E. It proceeds by induction, as in the proof of
Lemma 9.17, along the directed acyclic graph given by Corollary 9.8.

9.5 Proximity graph G; of triangle circumcenters

Connected components of G5 are small In this section, for a given § > 0, we study the
proximity graph Gy of circumcenters of triangles in 7. For 17,75 € T, Cc (11) and Cc (T3) are
connected if ||Cc (T2) — Cco (Th)]| < 6.

Let Ty € T. Lemma 9.24 below says that for § small enough, the connected component of
Cc (Tp) in the proximity graph is included in B(Cc¢ (Tp), p) for p < %%

Lemma 9.24 below is central in the proof of the theorem. The main difficulty is to prove that,
locally, the projection on a local tangent plane is injective. More precisely, one have to show
that the projection of two triangles on a common nearby tangent plane have disjoint interiors.
Thanks to Lemma 9.24 this is done separately for pairs of triangles in separate connected
components of G (section 9.5.1) and for pairs of triangles in the same connected component
(section 9.6).

In section 9.5.1, for triangles in separate connected components we want J to be significantly
larger than the bound given in Lemma 9.21 on the distance between circumcenters and tangent
planes in order to guarantee a lower bound on the distance between projections on nearby
tangent plane of corresponding circumcenters. For triangles in the same connected component,
we need in section 9.6 to upper bound the distances between circumcenters of projections on
tangent plane of triangles by %’72 which motivate the value chosen for p in Lemma 9.24.

1/2
6= (;) €

the connected component of Cc (Tp) in the proximity graph Gs is included in B(Cc (Tp) , p) with
eN1/2 /N6
reo((z)(5)):
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Proof of Lemma 9.24. Let m be a vertex of Tj.

From Lemma 9.20, if p < ¢, SN S NB(Cc (To),p + 2€) is at distance f1 € O (5¢€) from
plane II,,. From the sampling conditions, balls centered on S with radius 7/2 are disjoint. The
intersection of these balls with plane II,, are disks with radius lower bounded by:

(n/2)* = B2

which is arbitrarily close to 7/2, for 5 small enough. These disks are of course disjoint as well
which allows us to use a packing argument: the number of disjoint disks of radius say r included
in a disk of radius R is upper bonded by he ratio of the disks area %2. For a set X, §(X) denotes
the cardinal of X. The packing argument gives us:

p+26)2

1SN B(Ce (Ty) , p + 2€)) < c( o

Where C' is a small constant, say C' < 65.

Since triangles circumradii are bounded by 2¢ (Lemma 9.17 ), if T € T is such that C¢ (T') €
B(Cc (Ty) , p) then the vertices of T are in B(C¢ (Tp) , p + 2€). Since N points define less than
%N 3 triangles:

92 6
HT € T.Co () € B(Co (1))} < (575
It follows that for p < € if:
9 6
5(’);26) <p-35 (9.18)

then any path in the connected component of C¢ (Ty) in Gs cannot get out of B(Cc (Tp), p)
since it has exhausted the maximal number of triangles with circumcenters in B(Cc (Tp), p)
after a length of p — 4.

It follows that in this case the cardinal of the connected component of C¢ (Tp) in Gs is upper

bounded by:
( p+ 2e>6
/2
Since p < ¢, (9.18) is satisfied if:

6 6
P L (m
0 < 57 <3€> < 5736 <€> € (9.19)

Then taking as in the lemma ¢ = (%)1/2

and:
(B <2 () (7) =0 ((R)())-

9.5.1 Triangles in separate connected components of G5 do not overlap

Definition 9.25. If A, B C R?, we denote by S(A, B) the separation distance of A, B defined

€ we get that for 5 small enough (9.19) is satisfied

by:
S(A,B) = sup inf(y,b—a)
lvl=1 55
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Since (y,b—a) = (—y,a — b) one has:
S(A,B) = S(B, A)
We denote by |A| the convex hull of A. Since

Vy, inf = inf (y,a
Y, inf {y, a) a}gA‘@,a)

one has:
S(A,B) = S(|A|, B) = S(4,|B|) = S(|Al,|B)

it |A|N|B|=0:
S(A,B) = inf |la — ||
a€|A|
be|B|

If A and B are compact sets, then:
S(A,B) >0 < |A|N|B|=10
We define width(A) for a convex set A as:

Definition 9.26.
width(A4) = —=S(A, A) = inf sup (y,d —a)

lylI=1 a,a'cA
One has
S(A,B)=S(|A|,|B|]) = sup inf (y,b—a) < sup inf y,b—a
(A,5) = S(ALIBD = sup (=) < sp |, f (=
and therefore: If |A| N |B] # 0:
S(A, B) < —width(]A| N |B|) (9.20)

Given a triangle T, V(T') denotes the set of its 3 vertices.
Lemma 9.27. For any constant C' > 0, if 5 is small enough, if T,T" € T such that V(T), V(T") C

Sm,Ce; Zf
1/2
ICo (1)~ Co @) > 5= () e
then
S(mm(T), mm(T")) > =B
with:

3/2 10
€ €
ceO||= —
reo((m)" (5)")
Proof. Denote s; for i = 1,2, 3 the vertices of T and Denote s;. for 7 = 1,2, 3 the vertices of T".
According to Lemma 9.23 one has:

Vi, Pri(s;) > —a and Vj,Pr(s)) > —a

(& 6"

Vj,Pr(si) =0 and Vj,Pg(s;) =0

with

Since by definition:
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It follows:

Vi, 7, —2a <

This gives:
(Cc(T)—Cc(T), si—sj) > —a (9.22)

If we denote 7, the projection of vectors in R™ on tangent plane to M at m and ;. the
projection on the orthogonal (n — 2)-linear space in such a way that for any vector w € R",
Tm(w) + 7% (w) = w. One has:

(Co(T) = Cc(T"), si =) = (mm(Cc(T)—Cc(T),m

From Lemma 9.21 one has

[ o)~ con] <0 (£) )
‘ €0 <;€6)

[k (C (1) = C (1)), i (s — )y € 0 ((763)2 (2)262>

2 10
Since ((7%)2 (5> 62> €O ((7%)2 (5) 62) We therefore get from (9.22), with « still obeying

and from Lemma 9.20 one has:

7 (s =)

which makes:

7 "
the same asymptotic behavior given in (9.21) above:
(7 (Co (T) = Co (T')), mm (51— 5})) > —a (9.23)

From Lemma 9.21 we know that taking & small enough forces HW#L (Cc(T) —Cc (T’))H to be

arbitrary small with respect to ||Cc (T) — Cc (T")|| > 6 = (%)1/2 ¢, which makes:

€

1/2
7 (Co (T) = Co (1)) € 9 ((R) ) (9.24)

If we define: :
7m (Cc (T) — Cc (1))

" [t (Cc (T) — Cc (T)]

Y

(9.23) and (9.24) gives us:
Vi, §, (Y, Tm(si) — 71—m(sg» > —p

o3 ()"

S(mm(T), mm(T")) > =B

with

which gives,

65



Recall that for a triangle T' = abc , V(T') = {a, b, c}, denotes the set of vertices of T, that
|T'| denotes the convex hull of T" and, if A is a set, d(v, A) = inf,c 4 d(v, a).

Lemma 9.28. For 5 small enough, let T' = 51,582,853 € T and s € M, such that Yi,s # s;
with s, 81, 82,53 € Sy, R 2,0e then the distance from my,(s) to mu(|T]) is lower bounded by some
"constant” distance from T':

(). m(T) > =
fmA) Tom 64 ¢
Proof. According to Lemma 9.23 | T' is a-almost empty with:

o((R) () 028

We show first that d(s,|T|) > %% We consider the maps 77 and 77 similar to the one

introduced in the proof of previous Lemma, with Vw € R”, 7wy (w) + 77 (w) = w where 77 is now
the projection on the supporting plane Il7 of triangle T" and vector w%(w) in the orthogonal
linear n — 2-space. 7w denote also the affine projection on Il when applied to points.

One has (s; — 8)? = 7p(s; — 5)2 + 77 (s — 5)%

By sampling conditions, (s; — s)2 > 7% and by Lemma 9.20, 74(s; — 5)? > 482 with 8y =

2
0] <73 (%) e). It follows that for 5 small enough:

€ 0(1)

Vi, mr(s; — )2 = (s; — mp(s))? > n?/2 (9.26)
Since |T| is compact there is a projection of s on |T'| denoted p such that p € |T'| and d(s,p) =
d(s,|T]).

If mp(s) € |T|, then p = 7 (s). If not, if d(s,|T|)? < n?/2 then d(nr(s),|T])? < n?/2 while,
after equation (9.26) if p was vertex s; of T one would have d(77(s),|T|)? = d(7r(s), s:)? > /2.
Therefore, if 77(s) ¢ |T| then p is on an edge, say, w.l.o.g., s1s2. Then, similarly to the case
mr(s) € |T|, we can split s; — s in a component on the vectorial line supporting sjse and its
orthogonal space. In both cases we have:

Vi, (si — p)* > n%/2 (9.27)
Therefore on has:

(s, 7)) = d ( U (s g))

The map = — Pr(z) is convex and therefore its maximum on |T'| \ U; B (si, 4) is reached
on the boundary and more precisely on convex corners of the boundary. The boundary of
|T|\ U; B (si, #) is a union of parts of edges of T and intersections of balls boundaries with |T7.
Convex corners appears at the intersection of edges and balls. Considers edge s1s2. The two
convex corners appears at the intersection of spheres with radius 1/2 centered at s; or ss.

Let us denote by o = C¢ (7)) the circumcenter of T', by m = (s1s2)/2 the middle of edge
s182, and by ¢ a corner. With h = ||m — o|| and d = ||m — s1|| = ||m — s2|| > n/2, one has:

(0—¢)* = h*+(d—1/2)°
With R = Ro(T) = h? + d? we have:
Pr(c) = (0 —¢)* = R* = —dn + (n/2)*

And since d > 7/2 we get Pr(c) < —n?/2 + (n/2)? = —(n/2)? Since z — Pp(x) reaches its
maximum on a corner such as ¢ one has:

veer\Us ( ’27) Pr(z) < —(n/2)?
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and this gives:

m\Us (50:3) < B (o/m = (a2

10
Since by Lemma 9.23, T is a-almost empty with o = O ((7%)2 (%) 62> we have that s ¢

B (o, VR?Z -~ a) and therefore:

oy = afsmys(s2)

(2

> VR2—a—/R2— (n/2)?
> ((0/2)* = a) /(2R)

Since R < 2¢ and, for 5 small enough, a < (1/2)?/2, we get:

R
1 /n\?
T) > —
s, 1) = 35 (1) ¢

€
Now, from Lemma 9.20, d(s,7mr(s)) < P2 and, if dj, denote the Hausdorff distance, one get

2
easily that dp,(|T],77(|T])) < B2 with B2 = O (762 (%) e). It follows that for 5 small enough,

Ba < 1a (77)2 ¢ which gives:

1 2

d(mm(s), Tm ([T1)) = d(s, [T]) — d(s, wr(s)) = dn(|T|, 72 (|T1)) > @% € 0o(1)

d

Lemma 9.29. For 5 small enough, let T € T, s € M such that V(T) C Sy, r/2,ce- Then any
height of triangle 7, (T') is larger than Z—z. Any angle of triangle 7, (T) has his sinus larger
than ZL.

8e

Proof. Lemma 9.18 gives similar lower bounds for T'. Since by Lemma 9.20 the distance between
T and the plane II,, is O (%e), for =z small enough this distance become arbitrarily small with
respect to the lower bound 7 on edge lengths. It results that the transformation 7' — 7, (T")
is as close as we want to an isometry. And the lower bounds on angle and heights can be
made arbitrarily close to the one for T'. It follows in particular that small enough % allows to
guarantee lower bounds for 7,,(T") twice smaller than the lower bounds on 7' O

Lemma 9.30. For % small enough, for s € M, let T,T' € T such that V(T),V(T') C

Smrs2,0e if Tm(T)° Ny (T')° # O one has:

3
width (71, (T) N 7 (T7)) > 2710 (Z) €
Proof. if 7 (T)° N mp(T7)° # O then 7, (T) N 7y (T7) is a convex polygon with non empty
interior. There is a disk with positive maximal radius included in 7, (T") N7, (T”). Generically
this disk is tangent to three sides of the polygon (for non generic configurations it is enough to
consider arbitrarily close generic configurations).

Consider the first case where this three sides belong to the same triangle, say m,(T) =
abe. Since the radius of the incircle of a triangle is p(abc) = 2S/(ab + bc + ac) where S is
the area of abc, we have that if h is the smallest height of abc, then p(abc) > h/3. Since
width (7, (T) N 7 (T7)) > 2p(abce), thanks to Lemma 9.29 we get the result in this case with a

2
lower bound of %g—e > 210 (2)3 €.

67



Now consider the case when only two of the three tangent edges to the maximal disk, say
ab and ac, belong to triangle T'.

If a is a also a vertex of m,(T') = ab'¢/, this means that the maximal disk has is third
tangent point on b'c’. call b (respectively ¢”) the intersection of b'¢’ with ab (respectively ac).
Then the triangle ab”c” is a subset of 7, (T) N m, (T"). Tt follows that width (7., (T) N 7y (T7))
is lower bounded by the smallest height of ab”c¢”. But from Lemma 9.29 we have that the sinus
of the angle Zb"ac” = Zbac' is lower bounded by gL. Since the height d(a, (b"c")) = d(a, (V', ')

is lower bounded (Lemma 9.29 again) by g—z, we have that a,b”, ac” > Z—Z. We get therefore that
the smallest height of ab”¢” is lower bounded by g—i%.

It remains to consider the case where a is not a vertex of m,,(7”). It follows that, thanks
to Lemma 9.28, d(m,(a), mn(|T'])) > 277 (%)26. Denote by tq, (respectively t,.) the point
where the maximal disk is tangent to ab (respectively ac). Since tgp,tac € mm(|T7]) we get
atgp = atge > 277 (2)2 e. The radius p of the maximal disk is then p = atg;, tan £2%¢

ol
Since, from Lemma 9.29 one has tan 4%“‘3 >

1 _n .
5 sin Zbac > 14, we get:

2 3
7 (M n —11 (M
27T (L) e——=2 -

p= (e) 6166 (e) ¢

One has width (7, (T) N7, (T7)) > 2p and we get the lower bound.
O

Lemma 9.31. For 5 small enough, let T,T" € T, s € M such that V(T),V(T") C Sy r/2,cec-
If T and T' are not in the same connected component of Gs for § = (%)1/2 € one has:
Tm(T)° N (T)° =0

Proof. For a contradiction assume 7, (T)° N7, (T7)° # 0. From Lemma 9.30 we have then that:
€

width (7, (T) N 7 (T7)) > 2710 (77)3 €

and from Lemma 9.27, if T and T are not in the same connected component of G5 this means
that [|[Cc (T) — Cc (T")]| > § and Lemma 9.27 gives:

S(mm(T), mm(T")) > =B

o))"

which, for 5 small enough is smaller than 2719 (2)3 € and then:

with:

S(Tm(T), T (T")) > — width (7, (T) N (T7))

which contradicts (9.20). O

9.6 Triangles in same connected component of G;

9.6.1 Partition of a connected components CC of (G5 into dual graph con-
nected components (CC}),=1

All along this section 9.6 we assume that § = (%)1/2 €, as assumed in Lemmas 9.24 and 9.31.

Each connected component of Gy corresponds to a set CC C 7. We consider CC =
{T1,..., T} a such connected connected component of triangles in Gs. We consider the dual
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graph in CC, i.e. the graph whose vertices are triangles in C'C' and two vertices are connected
by an edge in the graph if the corresponding triangles share an edge. Connected components
(CCj)j=1k in this dual graph defines again a partition of CC = {J;—; , CCj.

Recall that, for given m € M and C we say that two triangles T, T' with vertices in Sy, 2, ce
overlap if the interior of their projections on plane II,,, are not disjoint, i.e. 7, (T)°Np, (T7)° # 0.

In order to prove that, locally, no two triangle’s projection on II,, overlap we consider the
three alternatives. Lemma 9.31 above says that triangles in separate connected components of
G5 do not overlap. Then Lemma 9.39 in section 9.6.4 below states the same property for two
triangles in a same connected component CC; of the dual graph over a connected component
CC of Gs. Lastly, Lemma 9.40 in section 9.6.5 states the same property for two triangles in a
same connected component CC of G but in separate connected components CC;, CC; of the
dual graph in CC.

9.6.2 A pentagram as counter example

In some sense the problem of proving the manifoldness of the support of the minimal chain is
reduced to the simple case of quasicocyclic points. However the simplicity of the configuration
do not allow to conclude directly and the minimality condition has to be used further in the
argument as is shown by the following counter example: Denote by Vg, ..., V4 the 5 vertices of
a pentagon with Vj, = eg%i, k=0,...,4.

Consider the chain

T =VWV1Vs + ViVoVy + VoVaVy + VaVaVi + VaVp Vs
Observes that 01 = VoVh + ViVo + VoV + VaVy + V41

The support of 7 is not a valid triangulation of the pentagon, it does not collapse either on
a triangulation since it a Moebius strip. Remark: this example does not work with R as field
coefficients since it is not orientable (find an orientable counter-example 7).

9.6.3 Some properties of triangles in a same connected component of G
Let V be the set of vertices of all triangles in a given connected component C'C of Gs. Since
circumradii are upper bounded by 2¢ and since all circumcenters in a connected component of
6
Gj lie in a ball of radius p € O <(7%)1/2 (%) ) €, by Lemma 9.24.
Moreover we assume that for some m € M and C' one has:
V C S rj2,ce
Lemma 9.32. Let V C S, r/2,cc be the set of vertices of all triangles in a connected component
of Gs, for 6 = (%)1/2 €. There is a circle Cy C I, of radius in [n/2,2¢€] such that any vertex in
€

6
v €V as well as its projection mp(s) on I, are at distance less than O <(R)1/2 (%) e) from

Co. In other words, if oo denote the projection on (i.e. the closest point on) circle Cy, for any

veV:
o — 7o) € O ((@m <;)Ge>
|7m(v) = Tco(v)|| € O <(7§>1/z <;>66>

Proof. Call Ty, ..., T,,—1 the m triangles in the connected component. From Lemma 9.24, all
circumradius lies in a ball of radius

r<of(7) ()

69



It follows that any circumcenter c; of a triangle T; lies at distance less than 2p from c¢y. For
1 # 0 considers a vertex s; of T;. One has:

llsi = coll < llsi —cill + llei — coll < lsi — il +2p < Ri +2p

Where R; = Re(Th).
But on another side from Lemma 9.23 Tj is a-almost empty with:

cof(x)' ()"
Isi — ol = \/R§+Pry(si)

Therefore Pz, (s) > —«a,

P, (si)
= Ryl 9
0 + R%
(6
> Roll-——=
> Rop—d

: . / € 2 € 10 . L. . .
With: o/ € O (R) n) € The two last inequalities gives:

Ro— o <|[si —col < Ri+2p

1/2 6
Ro—RZ’SQp—i-Ct’EO((G) <G)>€
R n

Triangle Ty has been chosen arbitrarily, swapping Ty and 7; and combining the two inequalities

gives:
1/2 6
|R0—Ri|<2p+0/60<<6) (6) >e
R n

So that we have proven that any point in V lies at distance

o((7) "))
R n
from the sphere of centre ¢y and radius Ry. From Lemma 9.21, we know that:

lco — mm(co)l| < B
€ € 2
p=0 (n (77) )
S; € H%)&

n=ol )

The statement of the Lemma follows with the circle Cy C II,,, with center m,,(co) and radius
Ry. O

It follows that:

with:

From Lemma 9.20:

with:

In the remaining of this section, following the notation introduced in the proof of Lemma
9.32, we consider a connected component CC' = {Tp,...,T;,—1} of G5 whose triangles are
sharing a set of vertex V' = U;T; (in this notation we see a triangle as a set of three points
T = {a,b,c}). We denote by Cp the circle introduced in Lemma 9.32 which is the circumcircle
of Typ. For any s € V' we denote by m¢,(s) its projection on Cp, i.e. the closest point of s on Cp.
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Inequalities on 7, (V) In this section we states inequalities satisfied by vertices in m¢, (V),
as mc, (V) is used below as an approximation (Lemma 9.32) of V' and m,, (V).

Lemma 9.33. For 5 small enough the vertices in mc,(V) satisfies the following properties.

(a) For any a,b €V, a # b:
ey (a) — 7y (b)]] =

N3

(b) Fora,b,c €V such that either mc,(ab) is a diameter of Cy, either ¢, (ab) is not a diameter
of Co but mc,(c) is on the smallest of the two arcs of circle of Co \ {m¢c,(a), mc,(b)}, then
one has:

1 /n\?
Imeq (@) = mey (el [y (b) = mey () < llmey (@) = men Ol = 7 (2 ) €

(c) If a,b,c € V and be is not the longest edge of abe, then mc,(be) is not a diameter of Cy

and 7o, (a) is on the longest of the two arcs of circle of Co \ {m¢, (b), mc, () }and:

) ~ el < 20 — e (1)
T T TGO =210 ™ 4096 \e ) €

(d) If a,b,c € V and bc is not the longest edge of abe, then if d € V' is such that m¢,(d) is not
on the same arc of circle of Cy \ {mc,(b), 7c,(c)} than mc,(a), then:

3
Iy (€) = meo (@), ey (b) — mey ()] < Jley (b) — mey ()] — ﬁ <n> ‘

€

Proof. One has by sampling hypothesis that |ja — b|| > 1. By Lemma 9.32 we have ||m¢,(a) —
7cy(b)|| > 3 for 5 small enough and (a) is proved.

Under the assumptions of (b) one has (m¢, (a) — 7¢, (¢))? < (7c, (a) — 7¢, (0))?— (7o, (b) — 7y (¢))?.
From (a) we know that (m¢, (b) — ¢, (¢))? < 1—2 and from Lemma 9.17 we know that ||a—b|| < 2e,
which gives for 5 small enough by Lemma 9.32 ||7¢,(a) — mc, (b)|| < 3e. We get:

2
(e () = 0, ())? < (e (@) = 7y ()° (l i 3g>

and then:
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Imco(a) = meo ()l < lImey (@) = ey ()]

2
< Jmcy(a) — 7, 0)] (1 - 7Z>

And since ||7¢,(a) — mc, (b)|| > 1/2 one gets (b).

In the context of (c), without loss of generality assume that ab is the longest edge of abe. If
T, (be) was a diameter of Cp, or if it was not but with a on the shortest of the two arcs of circle of
Co\{mcy (b), 7y ()}, ome could apply (b) to get |[mey (@) —=mey (b) || < lImcy () =7y ()l - iz (1) €

which, for % small enough, contradicts the fact that ab > be.

On another hand a short computation shows that if |7, (b) — m¢,(¢)|| > 2R — ﬁ (2)3 €
then he distance between m¢,(c) and the point 7¢,(b) opposite to 7, (b) on circle Cy is less

€

than 7/8. It follows from (a) that m¢,(a) is at distance at least 37/8 from m¢,(b) and, for &
small enough, this would contradicts ab > bc.

In the context of (d), by (c), m¢,(bc) is not a diameter of Cy and 7¢,(d) is on the shortest
arc of circle of Cp\ {m¢, (b), 7, (c)}. Then applying (b) gives the required inequality for (d). O
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Properties on 7, (V)

Lemma 9.34. For 5 small enough the vertices in w,(V) and triangles in CC satisfy the

following properties.

(a) For a given oriented frame in Il,,, if a,b,c € V, mpy(abe) and 7o, (abe) have consistent
orientation (and are not flat).

(b) Vertices of mpm (V') are in strict convex position.

(¢c) ForTv,T5 € CC one has

T (T1)° N T (T2)° = 0 <= 70, (T1)° N7y (T2)° =0

Proof. Points in m¢, (V) are on circle Cy with radius Ry < 2e and their mutual distances are
lower bounded by 7/2 by Lemma 9.33(a). Therefore for any triples of points v1,ve,v3 € m¢, (V)
) 1’7—636 is a lower bound on the norm of determinant |det (m¢, (v2) — m¢, (v1), Ty, (V3) — Ty (V1))]-
By Lemma 9.32 we get that for & small enough then

det (¢, (v2) — 7oy (V1), Ty (v3) — Ty (v1)) and

det (1, (v2) — T (v1), T (v3) — T (v1)) are non zero and have same sign. This gives (a). But
properties (b) and(c) relie entirely on the signe of such determinants: since m¢, (V') is on a circle
it is obviously in convex position and so is m, (V) which gives (b). Similarly the equality of
determinant signs implies (c). O

9.6.4 Triangles in a same connected component C'C; of the dual graph

By Lemma 9.34, if we chose an orientation of plane IL,, this defines an orientation of circle Cy
and a cyclic corresponding cyclic order on he vertices m¢, (V) and mp, (V) which From Lemma
9.34(b) we know that vertices in ,, (V) are in convex position.

Denote by Ve, the set of vertices of triangles in C'C;. We call convez boundary edge of CC;
an edge connecting two vertices of Vo, which are successive in the cyclic order, equivalently
an edge of CH(mp,(V')), where CH(X) denotes the convex hull of X.

Lemma 9.35. If an edge ab of a triangle in CC; is shared by a triangle not in CC; then ab is
a convex boundary edge.

Proof. If ab is shared by a triangle not in C'C; then, by definition of CC; it is shared by a
triangle not in C'C'. For a contradiction assume that there are vertices ¢ and d on opposite side
of ab in triangles of CC;. By Lemma 9.34, since the vertices 7, (Vcc,) are in convex position
and CH(mm(Vee, \ [mm(a), mm(b)] has two connected components containing respectively m,(c)
and 7, (d). A path 7 in the union of closed triangle (convex hulls of) from ¢ to d, such that
7((0,1)) remains in the interior of the union, of triangles in C'C; will project on II,,, on a path
Tm © v that will cross the relative interior of 7,,(ab). But since there is a triangle not in CC
that shares edge ab we get a contradiction with Lemma 9.31. O

Observes that since T is minimum, any 2-chain ¢ with vertices in V' must be the minimum
chain with boundary do. Indeed the restriction Ky of K to V contains all possible tetrahedra
because V is contained in a ball of radius smaller than A and has trivial homology. It follows
that 9o = 0o’ if and only there is a 3-chain o € C3(Ky) such that o — ¢’ = da.

Also one has a direct consequence of Lemma 9.35:

Lemma 9.36. If o is the chain corresponding to CCj;, the edges in 0o are precisely the convex
boundary edges of CC;.
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Proof. 1f an edge is in do is must be shared by a triangle not in C'C; and therefore , from
Lemma 9.35 it is a convex boundary edge. The set of convex boundary edges is a topological
circle. Since Jo is a cycle (i.e. 0o = 0) and do cannot be 0 (if it was o could be removed from
T and contradict the minimality of 7) it must cover the whole circle. O

Lemma 9.37. (for & small enough), If ab is the longest edge of all triangles in CC; it can not
be shared by two folded triangles of C'C;.

Proof. Let ab be the longest edge of all triangles in C'C; and assume for a contradiction that
abc,abd € CC; are folded along ab.Without loss of generality, we assume that a,c,d,b are
ordered according to the cyclic order. By assumption we have bc < ab. We are in the situation

6
of Lemma 9.33(c). From Lemma 9.32 we get that for 5 small enough O ((7%)1/2 (%) e) will

be smaller than %ﬁlﬁ (2)3 € and therefore we get by triangle inequality dc,bd < bc and bed is
obtuse with longest edge be. It results that bed <o abd. Similarly, one has adc <, abc. But
(abc + abd) — (adc 4 bdc) = Oabed with abed € K since A > 3e and adc + bde Co abe + abd

contradicts the minimality of T . O

Lemma 9.38. If bc is the not the longest edge of a triangle abc € CC; and is not a convex
boundary edge of Voe, , then the vertex v € Vog, \ {b,c} that minimizes abv for <. order
is obtuse with largest edge bc and 7o, (v) is on the smallest of the two arcs of circle of Cp \

{71'00 (b)v TCy (C)}7

Proof. Takes v; € Ve, \ {b, ¢} such that m¢,(v1) is on the smallest of the two arcs of circle of
Co\{mcy(b), 7o, (¢)}. Then me, (b)me, (¢)me, (v1) is obtuse with longest edge ¢, (b), ¢y, (¢) and,
according to Lemma 9.33(c):

3
Ra (rcy (b)rcy (e (00) = 5 Iy ()~ 7y (O < Ro— oz (2) e (029

where Ry is the radius of Cj.
Consider now vy € Ve, \ {b, ¢} such that m¢,(v2) is not on the smallest of the two arcs of

circle of Cy \ {m¢, (b), 7, (€)}-
If me, (b)me, (¢)me, (v2) is acute then

Rp (¢, ()¢, (¢)me, (v2)) = Ro (9.29)

We know from Lemma 9.32 that the distance between points in Vi, and their projection on

€

6
Cp is in O <(7€2)1/ 2 (%) e) and therefore, for for 5 small enough, applying triangle inequality

on (9.28) and (9.29) gives Rp(bcv1) < Rp(bcve) and therefore bevy <o bevs.

If 7c, (b)me, (¢)me, (v2) is obtuse then me, (b)mc,(c) cannot be its longest edge, since then
7, (v2) would be on the smallest of the two arcs of circle of Cp \ {m¢,(b), 7c,(c)}. Assume now
without loss of generality that m¢,(a)mc,(v2) is the longest edge. Applying Lemma 9.33(b) we
get again, for 5 small enough, Rg(bcv1) < Rp(bcvz) and bevy <o bevs.

O]

Lemma 9.39. Assume that for somem € M and C > 0 one has V C Sy, g 2.ce- The algorithm
6 below computes the chain o with support CC;. In the result of the algorithm no pair of triangles
i CC; overlap:

VI, T' € CC;, T #T', wm(T)° Nap(T)° =0

Of course the algorithm is purely conceptual, since one assume an oracle giving us the
initialization, (which would be easy if one already had the solution).

proof of Lemma 9.39. Since there are no possible ambiguities from the context, we denote by
o = C'C; both the set of triangles and the corresponding chain. Similarly 7 designate both the
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Let ab be the longest edge of C'C; and Vi, the set of vertices of triangles in C'C;.

T <Tinit = triangles in CC; sharing ab
while (07 € do)
cd <+ longest edge in 97 \ o
e € Ve, such that Vv € Vg, ede < cdv
T4 T+ cde

variable of algorithm 6 seen as a set of triangles and the corresponding chain. From Lemma
9.36 we know that Jo is the set of convex boundary edges of Vi, .

Observes that from Lemma 9.37, if ab is a convex boundary edge it is shared by exactly one
triangle in C'C; and if not it is shared by exactly two opposite triangles in C'C;. In the first
case the initialization 7;,;; has cardinal fi7;,; = 1 and in the second case to fiTin;: = 2 Denote
70 = Tinit and 7; the value of variable 7 at iteration 3.

We want to prove that at each iteration 7; C;., 0 and that the algorithm stop at iteration
m with 7, < ¢ and 97, = do which gives 7,, = ¢ by minimality of o.

We claim by induction that Or; is the set of convex boundary edge on the set V.. Indeed
it is true at initialization by Lemma 9.37. At each iteration a new vertex is inserted in 07; to
produce 07;41, and from Lemma 9.38 we get that it is inserted along the cyclic order defined by
Cyp. Also, at each step, the longest edge in 07; is replaced by two strictly shorter ones (Lemma
9.33(b) together with Lemma 9.32 shows that this is true for 5 small enough). Since, after
initialization, triangles added at each step of the algorithm are obtuse by Lemma 9.38 with
longest edge being the one from which they have been built, we get that triangles added along
the execution of the algorithm are decreasing along <., ordering.

We claim by induction that we have 7; C;., 0. Indeed, at initialization one has 7, C o
and therefore 7t Cieq O-

At step i, if 7; C o, since the edge cd selected by the algorithm is in 07; \ do there must be
at least one triangle Tino \ 7; with ed as boundary. Two things may happen. Either T = cde is
the triangle picked by the algorithm and one get inductively ;41 C o and obviously 741 Ciep 0
in which case we reproduce the same situation. Either 7' = cde which, by the choice of vertex e
means cde <o 1" and since the triangles are added along the algorithm in decreasing order the
chain 7; will remain strictly smaller in lexicographic order than o at each iteration.

If 07 C Jo, the program stop and we claim that 7 = ¢. Indeed, since 7 C do and from
Lemma 9.36, edges in 97 are convex boundary edges and as in the proof of Lemma 9.36, 07
is a non zero cycle in topological circle and therefore 07 = do. Since by induction hypothesis
7 Cez 0 and since o is minimal under the constraint 0x = do we get 7 = o.

The fact that no pair of triangles in 7 = o overlap follows Lemma 9.34(c) and the fact that
at each step of the algorithm:

TCy (U%) = TCy ( U TCy (T)>

Tet

is a convex polygon with vertices on Cjy and at each step a triangle T is added to T its projection
interior ¢, (T') is disjoint with m¢, (UT). O

9.6.5 Triangles in a same connected component CC' of Gs but in separate
connected components of the dual graph

We consider now the case of triangles in a same connected component CC of G5 but in separate
connected components C'C;, CC; of the dual graph in CC.
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Lemma 9.40. For given C' > 0 and for 5 small enough, let be CC' is a connected component
of Gs and V' the set of vertex of triangles in CC be such that for some m € M one has
V. C Sprpace- If CCi and CCj are two distinct connected components of the dual graph in
CC, forTy € CC; and Ty € CCj one has:

T (T1)° N7 (T2)° = 0
Proof. From Lemma 9.34(c) we know that for two triangles 71 € CC; and T, € CCj one has
T (Th)° N7 (T2)° = 0 <= 7, (T1)° Ny (T2)° =0

If 7 (T1)° N (To)° # 0, We proceed as in the proof of Lemma 9.35. Since triangles in CC;
and CCj do not share any edges and since both m,(Urecc,T) and mp(Urecc,T) are convex
polygons (Lemma 9.34(b)), There must be an edge m,,(ab) boundary of m,,(Urccc,T) whose
relative interior intersects the interior of 7, (Urecc;T') or the reverse.

Indeed, if no boundary edge of m, (Urecc,T') has its relative interior intersecting the interior
of mm(Urecc,T), then if p is a point in the relative interior of an edge m,(ab) boundary of
Tm(Urecc,T) it cannot be on the boundary of m,,(Urccc,T) (we know that 7, (Urecc,T)
and 7, (Urecc;T) have no boundary edges in common) and is therefore outside m,(Urecc;T).
Then if ¢ € 7,(T1)° N 7, (T2)° the segment [pq] should cut the boundary of m,,(Urecc,T).
But since there is a triangle not in C'C that shares edge ab we get a contradiction with Lemma
9.31. ]

9.7 Proof of Theorem 9.1

As a consequence of Lemmas 9.31, 9.39 and 9.40 we get:

Lemma 9.41. For given C and for 5 small enough, if Ty, Ty € T have vertices in Sy, r/2,Ce;
then :
T (T1)° N7 (T2)° =0

From 9.17 we have L < 4e. So that taking C' > 4 x 2.8 in Lemma 9.41, with our sampling
conditions and Lemmas 9.17 and 9.18 we can check that the conditions of Theorem 4 in [12]
are met.
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Chapter 10

Appendices

A Proof of Proposition 6.13

Proof. Note that I'.4 is unique under the assumed general position.

Since, in the regular triangulation, all (n — 1)-simplices that are not on the boundary of
CH(P) are shared by exactly two n-simplices, while only those in Sp have a single n-coface, we
have:

reg /BP

We claim now that :
Or = fp = [Tregll ) < 11Tl (10.1)

Indeed, (6.13) and (6.14) gives:

TP /5 pd—/ 5o (x)Pd
Inig, = > r= [ s

oel
lo|3z

We get:
e / E 05 (x)Pd. 10.2
| ||(p) PRI x ( )

oel
lo|3z

From the equivalence between regular triangulations and convex hull on lifted points we know
that if 0,eq € I'yeg, then for any n-simplex in o € K :

r € [0| N |oreg| = 0o,y () < 00 () (10.3)

According to Lemma 10.1, in (10.2), there is an odd number of, and therefore at least one,
simplex o € I satisfying |o| 5 = in the condition on the sum. Therefore (10.3) gives:

T € [Oreg| = o0, (T Z 9o ( (10.4)

oel
lo|2x

And, since, from definition of triangulation, for € CH(P)\ |Kp~'| there is exactly one simplex
Oreg such that |o,cq| 2 z, (10.4) can be rewritten as:

Y be(@)P < Y So(x)? (10.5)

o€l reg o€l
lo|3z o3z

which, together with (10.2) gives the claim (10.1).
Now, if some n-simplex o € T' with |o| 3 x, for some = € CH(P) \ |Kp |, is not Delaunay,

then
Z do(x)P = 5@59 Z 0 (

€T eg o2z
lo|2z

79



and since the function is continuous, this implies:

1Ty > [Tregll
OJ

Lemma 10.1. Given P ={Py,..., Py} CR", with N > n+ 1, in general position, denote by
Bp € Ch—1(Kp) the (n — 1)-chain made of simplices belonging to the boundary of CH(P).
Let I' € C,,(Kp) be such that:

or' = Bp

If 2 € CH(P) \ |Kp~ Y| then there is an odd number of n-simplices o € T' such that x € ||.

Proof. We claim that since 2 € CH(P) \ |Kp~'| there is z, € R™ \ CH(P) such that:
[z 2] N |Kp 2| =@ (10.6)

where [z, x] denote the line segment in R"™ between z, and x.

Indeed, we consider moving a point z; from x¢ to some x1, picking zg, z; far away enough
to have [zo x1) NCH(P) = @ and in such a way that [xo z1] belongs to none of the affine hyper-
planes spanned by (n — 1)-simplices in Kp), which occurs generically. Then, the negation of
condition (10.6) with x, = ¢, occurs only as isolated values of t. We can pick a value t* for
which is does not occur: set x, = x4 and the claim is proved. | Next, we navigate a point
y(t) = (1 —t)z, + tx along segment [z, z|. This segment intersect transversally the (n — 1)-faces
||, for 7 € Kp. At each intersection point we can keep track of the change in the number of
covering n-simplices, where, by covering simplices we name the n-simplices ¢ € T' such that
x € |ol.

We know that this number is zero at z, since x, ¢ CH(P). Since CH(P) N [z, x] is convex
there is a single intersection point y(t;) between [z, z] ans the boundary of CH(P).

This point y(tp) € (o4, ) hits a (n — 1)-simplex 7, € |fp|, face of the convex hull boundary.
Since OI' = pp, we know that 7, is shared by an odd number n; of n-simplices in |I'|. By
definition of the convex hull, and since P is in general position, for each n-simplex o coface of
Tp, || is on the inner side of the convex hull supporting half plane. It follows that the number
of covering simplices become the odd number n; just after the first crossing.

Then when crossing any other (n — 1)-simplex 7; ¢ |Sp|, at some point y(t;), the condition
OI' = Pp requires the number n; of n-simplices in |I'| coface of 7; to be even. When crossing
|7;|, along [x4 ], point y(¢;) exits k~, and enters kT n-simplices in ||, with k= + kT = n;. The
current number of covering n-simplices value is incremented by k™ — k~. Since n; is even and:

kT —k~ =kt 4k =2k~ =n; — 2k~

k™ — k™ is even and the number of covering simplices remains odd all along the path [z, z]. O

B Proof of Lemma 7.3

We need a preliminary definition and lemma.

Definition 10.2 (Upper set measure Dy). Consider a compact set D C R?. For a continuous
function ¢ : D — [0,1] we denote by Dy the upper set measure of ¢, the map Dy : [0,1] — R
defined as:

Dd)(t) =def ML ({u € Dv ¢(u) >1- t})

where g, denotes the Lebesgues measure.
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It follows from the definition that the upper set measure ¢ — Dgy(t) is non decreasing.
For next Lemma, recall that, by Rademacher Theorem, Lipschitz function are differentiable
almost everywhere.

Lemma 10.3. Consider a compact set D C R? and a continuous function ¢ : D — [0,1].
Assumes the upper set measure Dy of ¢ is Lipschitz and denote by D;5 its derivative defined
a.e.. Then one has:

1
[ etwr = [ D - oy
D 0
Moreover if there is 5 > 0 such that Dé, is defined and continuous on (0, 3) with:
vt € (0,8), Dy(t) >0
Then, for any given a > 0, (with o <1):

AU
N N O

Proof. Since, in the interval [0, 1], the derivative of the map s +— sP is upper bounded by p, one
has:

Va,b € [0,1],|a? — ] < plb - al

a?l — (; Lkaj)p

For a compact set D C R% and a continuous function ¢ : D — [0, 1] one has therefore:

[otwr = [ (Glkow))
J Grsens) =5 (oo () -2 (2) (-

Using the Riemann integrability of ¢ — p(1 — )P~ Dy(t), we get:

In particular, for a positive integer k:

Va € [0,1],

<

S

p
< =ur(D
> kNL( )

Since:

fror = a3 (o (F) 2o () (-2
= () - ()
= 01—D¢(t)p(1—t)p_1dt
= [-DuO0 - 0P+ [ DO - P
= /OID;(t)(l—t)pdt (10.7)

For the second part of the lemma, one has:

Jpow? o Dy —t)rdt
Jo DL (1 —typdt [ DL () (1 — t)pdt

[ Dl (0)(1 — Pt

YDy vt
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Since Dy is increasing and K-Lipschitz for some constant K, one has D/ (t) € [0, K] whenever
it is defined which gives:

/1 DI(t)(1 — tPdt < K(1— a)?

and: - ) o/2 , ) )
/0 Dl (t)(1 — tyvdt Z/o Dy (t)(1 — tyPdt > A1 — a/2)

with:
a/2

A= ; Dy (t)dt

Since there is 8 > 0 such that Dy, is defined and continuous on (0, 8) with V¢ € (0, ), Dy(t) > 0
we have A > 0 and:

Jp o(w)” _
Je DL (01— typdt

1] <

m - % (11—_03[2)1)

O]

Proof of Lemma 7.3. Applying a scale factor A to a triangle abe would multiply both its area and
the function « — Ly, (v)—(x—x0)? by aratio A2. Therefore wy(abc)? = [ ;. (Luy(x) — (z — 20)?)" da
would by multiplied by A>*2. Therefore, without loss of generality, and for the clarity of the
equations, one assume in the sequel of the proof that:

Rp(abc) =1
Consider then o = abc with Rp(abc) = 1. We introduce the coordinates system:

gabc: ILape _>R2

q = (wtpyq) = gabc(Q)

defined by an orthogonal and normed frame of the supporting plane Il of abc centered at
circumcenter of C¢ (abc) and such that z, = 2, = h and z, > h. In the case abc is not strictly
acute, ab is assumed (w.l.0.g.) to be the longest edge of triangle abc. One consider the map:
¢y : R?2 = R:

9o (2,y) = Lo,0)((z,9)) = ((z,) = (0,0))* = Re(abe)* — 2® — 3/

Motivated by:
w0 = [ bol.y) dudy
lo|

In this frame, if abe is strictly acute, then Rc(abe) = 1, h < 0 and (0,0) is in the interior of
abc and therefore there is a > 0 small enough such that:

vt € [0,a], ¢ (1 —t,1]) = {(z,y),2” +y° < t}
which gives for the upper set measure Dy_:
Vt € [0,a], Dy, (t) = 7t
and then, if Dj, ~denotes the derivative of Dy,
o strictly acute triangle = V¢ € [0,a], Dy, (t) =7 (10.8)
Now if abc is right, one has Rc(abc) = 1 and h = 0. There is a > 0 small enough such that:

vt € [0,0],¢5" (1 —,1]) = {(z,y),2” +¢* < tandz > 0}
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h<0

N

b ~~—

Figure 10.1: Acute triangle case

which gives for the upper set measure Dy, :
s
vt € [07 O{],Dd)o(t) - §t

and then:
T

o right triangle = V¢ € [0, a], Dy, _(t) = 5 (10.9)

In any case (acute, right or obtuse), the map Dy, is Lipschitz with Lipschitz constant m
sincefor 0 <t<t+u<1:

0 < Dy, (t+u) = D, (t) < iz, ((2,y) € R, W24t <a?+y? <B4t +u}) < mu

Therefore, Lemma 10.3 apply and one can estimate wy(o)P.
If abc is acute, then 10.8 gives:

o Jy (L= t)Pdt
A et

Since: 11 ,
o J— —
/ (1 _ t)pdt — M
0 p+1
we get:
P
o strictly acute triangle = lim wp(o)” =1 (10.10)
p—=oo T/p
Similarly, using equation 10.9 we get:
P
o right triangle = lim wp(0) =1 (10.11)
p—oo 1/(2p)

Now, if abc is strictly obtuse one has h > 0, Rc(abc) > 1 and h? = Rg(abc)? — 1. There is
a > 0 small enough such that :

Vt € [0,a], 0, ([1—t,1) = {(z,9),2* + y* < h® +tand = > h}
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h=0 Cc

b

Figure 10.2: Right triangle case

which gives:

B2
vt € [0,a], Dy, (t) = (h* +1) (;r — arcsin epn t) —Vh2t
and then:
2
o strictly obuse triangle = V¢ € [0, o], D:;so (t) = arccos e (10.12)
This gives:
Jo (1 — t)P arccos hé‘—itdt
lim =
p—o0 wp(o)P

Using a change of variable u = %, t = h?u?, dt = 2h*u du and arccos ,/h’;—it = arctan u we get:

@ h2 va/h
/ (1 —t)Parccos || ———dt = 2h2/ (1 — h*u®)Puarctan u du
0 h? 4+t 0

arctanu

= 1 and applying an integration by part to compute fo\/a/ h(l — h2u?)Pu? du
a short computation gives us:

using lim,, g

strictly obtuse triangle = lim -2 (0)" 1 (10.13)
o — = .
’ ST s 1)

O]

C Proof of Lemma 7.8

Proof of Lemma 7.8. Let D' C D be the set of 2-chains in D that does not contain any pair of
obtuse triangles sharing the same longest edge. Thanks to Lemma 7.7, one has:

min? = minD’
Lo Cowo

. . 12
min?D = minD
“lex “lex
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Figure 10.3: Obtuse triangle case

We claim now that the orders C,, and Cj., coincide when restricted to D’. This would give
minc_ D' = ming, D’ and end the proof.

In order to prove this claim, consider a chain I' € D’. Under generic condition 7.1 and using
the definition of D’, no pair of simplices in I" have the same bounding radius:

VO’l,O'Q S F, o1 7é g9 < RB(O'1) 7§ RB(O'Q)
It follows that the order <., coincide with the order on bounding radius:
Voi,02 €T, 01 <o 02 <= Rp(01) < Rp(02)

Now consider I'1,T'g € D’ with Iy 7& I's and I'y Gy To.
According to definition 2.1, this means that:

Omax = Igax{a el + T el\ Iy

If we denote by I'; the chain made of all simplices in I's (or equivalently in I'1) greater than
Omax W€ can write:

' = I'y+1T-
'y = T'y+T9

where all triangles in I';_ or I'y_ are strictly smaller than any triangles in I';.
According to Definition 7.2, one has:

I Coo Ty <= Fpe[1,00),Vp' € [p,00), [[T1]l,, < [Tl
def.
and for all ¢ € [1,00):

ITally < IT2ll, <= [ITullg < IT2[1g

=) we(a)? < Y wy(o)!

o€l ocly
= Z we(0)? < Z wq(o)? (10.14)
oel o€la
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If I'1— = 0 we have then trivially I'1 E T's.

Now if I'i— # 0 denote by 01— max the maximal simplex in I'i\_— and by n; the number of
simplices in I'_.

Since 01— max <oo Tmax We must consider two possible situations:

1. RB(Ulf,max) < RB(UmaX)a

2. RB(Ul—,max) = RB(UmaX) and RC(Ul—,max) > RC(Umax)~

Using the notation of Lemma 7.3, we introduce

wi(p) = nax wy(p) with pIEEO wi(p) =1 (10.15)

Case 1. Assume for this case:

Ry (Ul—,max) < Rp (o'max)

At fixed Rg(01— maq), independently of the nature of the triangle, we can bound wy (01— magz)
by the acute triangle expression for p large enough:

T
wp(Ul—,mam)p < E RB (Ul—,max)2+2pw1 (p)

We have therefore:

nim
> wplo) £ == Rp (01 max)* i (p) (10.16)
oel _

We can as well lower bound wy,(0max)?. There exists a constant C' such that, for p large enough:

C
P RB(Umax)2+2pwamax (p) < wp(UmaX)p

We have therefore, for p large enough:

C
PRB(UmaX)2+2pwUmax(p) < Z wp(o)? (10.17)

S

Since RB(01— max) < RB(0max) and limy,_,oc Wy, (p)/wi(p) = 1, there exist a p large enough
to hold true Equations (10.16) and (10.17) , which gives us:

Ip € [L,00),Vp € [p,0), D wy(a) < Y wylo)?
oel - o€la_

/

and we get I'} T I'y with (10.14).
Case 2. Assume for this case:

RB(Ul—,max) = Rp (Umax) and RC(Ul—,max) > RC(Umax)

Two generic triangle configurations can verify this case: both triangles are obtuse or g,,qs is
strictly acute and o 4z is obtuse. If both 01— 4, and oy, are obtuse, we have:

h2 (Ul—,max) > hz (Umax)
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with:
Rc(abe)? — Rp(abe)?

R (abe)?

Therefore, using Lemma 7.3, wy(01— maz)? < Wp(Omaz)?. The same is true for ope, strictly
acute and 01— ;uq. Obtuse, as for a p large enough:

h%(abc) =

1 1
ﬁ ? RB(UI*,max)%er wO’l—,maz (p) S T ]; RB(Jma$)2+2p wUmaz (p)

In both cases,

wilp
Z wy(o)? < nlwp(al—,maw)p#
oel wUmax(p)
'lUp(Umam)p < Z wp(o.)p
oely_

and therefore I'y Ty 'y with (10.14).

We have shown that for I'1, 'y € D/,
[y Gl e = T Eo Io
Since T, is a total order, if 'y #£ I'y:
(M1 Cjex T2) = T2 Ejep It = T Coo 'y = = (I Co T)
whose contraposition gives us the reverse inclusion:

I'N B I =T Ciez I'2

D Proof of Lemmas of section 9.3

Proof of Lemma 9.15. First, we claim that the restriction to MNB(m,R/2) N7, (D(m, R/4))
of the projection 7, is surjective onto D(m,R/4).

Indeed consider a point ¢ on the relative boundary of M N C(m,R/2,R/4) in M. ¢ belongs
to the boundary 0 (C(m,R/2,R/4)) of C(m,R/2,R/4)). But since ¢ € B(m,R/2), we know
from lemma 9.14 that:

d(¢, TrnM) < R/8

Since:

OB(m,R/2) N, (D(m, R/4) N Ty MER/E = &

where T, MPR/8 is the R /8 offset of the tangent plane T}, M. It follows that ¢ € C(m, R /2, R/4)N
T, MER/8 cannot be in dB(m, R/2), therefore one has:

Tm(q) € 0D(m, R /4)
Now if ¢ €e M N C(m,R/2,R/4), Lemma 9.13 gives:
L(TyM, Ty M)

sin <

1
2 4
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So that Z(TyyM,T;, M) < 2arcsin 1. This angle is always below 7/2, which implies that the
restriction to MNC(m, R /2, R/4) of the projection ,, has a full rank derivative and is therefore
an open map.

So that the boundary of 7, (M N C(m,R/2,R/4)) can only be on 0D(m,R/4)). It fol-
lows that since m is in the image of M N C(m,R/2,R/4) this image has to be the whole set
D(m,R/4). Put differently, the image is a relatively open and compact, non empty subset of
the connected set D(m, R/4): it must be the whole set D(m,R/4) and the first claim is proven.

Second we claim that the restriction to M N C(m, R /2, R/4) of the projection m, is injective.
Indeed assume for a contradiction that ¢,¢' € M N C(m,R/2,R/4) with w(q) = 7(¢’). Thanks
to Lemma 9.10, the reach of M N B(m,R/2) is not larger than R. Thanks to Corollary 9.12,
the shortest path between ¢ and ¢’ in M N B(m,R/2) remains in any ball of radius » < R
containing ¢ and ¢'. It follows that this shortest path + remains in the spindle SP, (g, ¢'):

v C MNSP,(q,q) (10.18)

However, in a neighborhood of ¢ the intersection of the tangent cone (i.e. the set of tangent
vectors as defined in Definition 4.3 in [31]) to M at ¢, i.e. T,;M, and the tangent cone to
SP,(¢,¢') at ¢, i.e. a cone centered on the direction ¢¢’, orthogonal to T,M, with apex half-
angle # = arcsin ”q?ifq” < /2, contains only 0 so that ¢ is an isolated point in M N SP,.(q,q’),
a contradiction with (10.18).

Since the restriction to M N C(m,R/2,R/4) of the projection 7, is a bijection, one can
define the map ¢ of the lemma. Then Lemmas 9.13 and 9.14 give (9.10) and (9.11) after a short
computation. O

Proof of Lemma 9.16. Let o = C¢ (abc) be the circumcenter of abe.
We claim that there exists a point o/ € M such that:

|0 — o|| < 5Rp(abec)?/R (10.19)
Indeed since Rp(abc) < A < R/10, and
lla =0l ,|la—c|| <2Rp(abc) < R/5

we have b,c € M N C(a,R/2,R/4) and therefore one can apply Lemma 9.15 for m = a.
Consider an orthogonal frame of R™ centered at a and aligned with Il,, i.e. for which the
two first basis vectors are in the linear space associated to Il,. any x of R" is the sum of a
point in tangent plane II, and a vector in the n — 2 dimensional linear space Hj orthogonal to
II,. Denotes by o : R? x R"2 — R" the map that assign to the (u,v) € R? x R"~2 = R” the
corresponding point on the orthogonal frame.
One has a = §,(0,0) and there are up,u. € D(0,R/2) such that b = Fo(up, d(up)) and
¢ = Falue, (uc)) with ||¢(up)|| < |up|® /R < 4Rp(abe)?/R.
Similarly [|¢(u.)|| < 4Rp(abc)?/R. Since abe is acute, o belongs to its convex hull: o € |abc|
and therefore we have 0 = (o, Vo) With u, € D(0,R/2) and ||v,| < 4Rp(abc)?/R.
Take o' = Fa(to, P(uo)) € M. Since |Ju,|| < ||la — o|| = Re(abe) = Rp(abe), we have by Lemma
9.15 ||¢(uo)|| < Rp(abe)?/R and:

o = ofl = léuo) — voll < Nd(auo)ll + llwoll < 5 Ris(abe)?/R
which proves the claim.
Since, thanks to lemma 9.3, B(o, Rg(abc))° NS = 0, we have

B (o, Rp(abe) — 5Rp(abe)*/R) NS =0
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And since Rp(abc) < A < R/10, one has 5 Rg(abc)?/R < 3 Rp(abc) which gives
1
B <0’, B RB(abc)> nsS=40

But from the sampling condition we know that B (o’,€) NS # () and therefore 1 Rp(abc) < e.
0

Proof of Lemma 9.18. A triangle abc is obtuse if and only, when inscribed in its circumcircle,
it does not cover the centre of the circle. It follows that abc is obtuse if and only if Ay, (abe) <
Rc(abe). If abe is acute one has then: hpin(abe) > Re(abe) > %n

If abc is obtuse with longest edge ab, its smallest height is the height above ab. Considers
triangle abc inscribed in its circumecircle with radius R = Rc(abc) and center o, with angle Zaob
positive. Taking: 6 = 4“7017 One has:

2
hmin(abc) = R (1 — cos @) > R% (10.20)
and:
0 = Zaoc+ Zcob
with
Zaoc = 2arcsin % > 2 arcsin % > %
b
Zcob = 2arcsin % > 2arcsin % > %
This makes: .
0>2—
- R
and with (10.20):
2
Pmin(abc) > R (;) (10.21)

Since by Lemma 9.17 R = R¢/(abe) < 2¢ we get the lower bound for hpin(abc). For the smallest
angle, using the well known equality for general triangles:

sin Zcab  sin Zabc  sin Zbca
[o—cll  lle=all  [la—0b]
Since any edge length lower bonded by n and upper bounded by 2¢, one has that the ratio

between the smallest sin and the largest one is bounded by 2¢ and since the largest angle

cannot be smaller than /3, we get that the smallest angle is lower bounded by:
sin Opin > %sin(w/?)) > %

Proof of Lemma 9.20. (9.14) is direct consequence of Lemma 9.14 with ||p — ¢|| < Ce (we loose
a factor 2 but we don’t care). Similarly, (9.16) is a direct consequence of Lemma 9.19.

For (9.15), the rotation angle 6 between II(T) and II,, may increases the distance to the
plane by Cesinf. since sinf < 6 < 3’ one gets 32 < 31 + Cef3’.

For (9.17), one has:

/T (abe), I(T) < £T(abc), My 4+ £y, I,y + £ 11, THT) < 28" + £11,,1,,
And by Lemma 9.13, one has ZII,,II,, < £5 < 3
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E Proof of Lemma 9.23

The proof of Lemma 9.23 proceeds by induction, as in the proof of Lemma 9.17, along the
directed acyclic graph given by Corollary 9.8.
Before giving the proof we need some preliminary lemmas.

Lemma 10.4. Let abc € T be an obtuse triangle with longest edge ab. If o = Cc (T) and
o =a+b— o is the point symmetric to o with respect to (a +b)/2, then have:

Vs € S, max <PB(07RC(T))(3)7 PB(O/,RC(T))(S)) = —asp

2 10
€ € 9
w=o((7) (5)")
Proof. In the condition of the theorem, Consider the hyperplane H orthogonal to ab going

through s. Let us denote m = (a + b)/2 and h = ||a — b||/2 the center and radius of the open
ball B°(m, h) with diameter ab and by R = R¢/(abc) the circumradius of triangle abc. Since

with:

B(o, R)° N B(d', R)° C B(m, h)°

We get:
s & B(m, h)° = max (Py(,r)(s), Pro.m(5)) >0

Therefore the theorem holds whenever s ¢ SN B(m, h)°. We assume now that s € SNB(m, h)°.

We denote op the orthogonal projection of o on H, s4 the orthogonal projection of s on line
ab, and sqp. the orthogonal projection of s on plane II(abc), Observe that, since s € B(m, h)°,
sab belongs to the open segment (a,b). From Lemma 9.5, we have:

s — sanll > \/R2 — (8ap —m)%2 — VR2 — h? (10.22)
Also, since a,b,s € S, one has from the sampling conditions,

min (||a — s||,||b — s||) > 1. Since for ¢/R small enough one has 2¢ > R > h and s € B(m, h)°
we get, as a rough estimate, min (||a — sal|, [|b — sas||) > 1/8(n/€)?e and therefore:

h—|lsap —mll = 1/8(n/€)%

From this and (10.22) we get:

ML ee > /o) (10.23)

_ > 0
Is = sall = 553 = 64

Since sgp and sgpe are in plane II(abc) and the vector (s — sgpe) is orthogonal to it, one has:
(Sab — Sabe)® + (5 — Sape)? = (5 — 54p)> (10.24)

2
From Lemma 9.20 we have also s € TI(T)®?, with 8 = O (7% (%) e> and therefore

(5~ swe)? < B2 =0 ((R)2 (n)4> (10.25)

This with (10.23) and (10.24) gives, for €¢/R small enough:

1
(Sab - Sabc)2 > m(ﬁ/e)ge (1026)
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Since abc is obtuse with longest edge ab, one has 0 # m and then su, — o = m — 0 # 0. Since
SabySabe and og all lie on the same line H NII(abc) and since, from (10.26) Sup — Sape # 0 we get:

<5ab — OH, Sabc — Sab> 7& 0

If (Sab — 0H, Sabe — Sab) > 0 we prove that Py, r)(s) > —a. The proof that Py gy(s) > —a
when (sqgp — 0, Sabe — Sap) < 0 goes similarly. So assume now that (Sqp — 07, Sabe — Sap) > 0.
In this case, one has:

[Sabe — o || = l|Sabe — Savll + [|Sab — om |
This with (s — 0)% = (s — Sabe)? + (Sabe — 0m)* + (0m — 0)* gives:
(5= 0)* = (s = sabe)” + ([I5abe — savll + [[5a — om[|)? + (05 — 0)?
And in particular we have:

(5 = 0)* = (Isabe — sabll + lIsas — 0 ]1)* + (011 — 0)° (10.27)

Also (5 — 545)% = (5 — Sape)? + (Sabe — Sap)? and then:

(5 — Sabc)? (s — Sabe)’
e 1o BB g (1= T Sake)
Hsabc SabH ”3 Sab” (8 — Sab)2 n HS Sab” (S — Sab)2

and from (10.25) and (10.23) we get:
(S—Sabc)2_0 (€>10(6>2
(s —sap)? n R

10
Therefore ||Sqpe — Sap|| = ||s — sap|| — O (( ) (762)2€> and equation (10.27) gives:

£
n

(5= 0)* > (ls — sabll + l1506 — ol})? + (011 — 0)? — O ((n)o (R)>

Using equation (10.22) and the fact that [|sq — o || = ||m — o|| = vV R? — h? this gives:

(5= 0)% > R? — (s — m)? + (031 — 0)% — O ((;)m (;)%)

But since sqp — m = oy — o0 we get:

Pioy(s) = (s —0) — B> —0 ((n)l (5) ) -

And this concludes the proof of the lemma. O

Definition 10.5 (Unfolded adjacent triangles). Let abc,abd € T be adjacent triangles in T .
The circle centered at (a+0b)/2, orthogonal to ab in the 3-affine space spanned by {a,b,c,d} and
going through d cuts the plane I1(abc) at two points. Since the angle between 7w(abc) and I1(abd)
is small for /R small enough (Lemma 9.20), one of these two ponts is strictly closer than the
other from d. It is called the unfolded point of d in plane I(abc) along ab. If d’ is the unfolded
point of d in plane II(abc) along ab, triangle abd' is called the unfolded triangle of abd in plane
II(abc) along ab.
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Lemma 10.6. For abc,abd € T , if abd is a-almost empty and abd' is the unfolded triangle of
abd in plane M(abc) along ab then abd' is (a + o)-almost empty, with:

“=o((z) (;)')
R/ \n
Proof. Denote by m = (a + b)/2 the middle of segment ab. Denote by d b € R™ the unit vector
in direction % and by e; ec € R™ the unit vector in plane II(abc) orthogonal to ab and such that
(c—a,ec) > 0. Vector 7 is in the linear space spanned by {a,b,c,d} and orthogonal to plane

abc. More explicitly takes:
%

day = (b—a)/[[b—all N
e_c> = (C_a) (C_aadab>dab
T o= (d—a)—{d— a,dg)dey — (d — a, Ve

(m, e_g, ﬁ)) is a frame for the 2-plane in linear space spanned by {a,b,c,d} and orthogonal to
ab.

For a point ¢t € R", we denote its "coordinates" (zy, 2, Y;) € R x R x R¥"2, Where z; =
(t —m,e,) , z = (t —m, ), and the vector Y; € Rd_Q contains the coordinates in some
orthogonal frame of the d — 2 linear space orthogonal to e, and 7 of the component of vector
t—o in this linear space: t—o—(t—o, e;) e, — (t—o, W) 7. The capital Y of the third coordinate
Y; are there to emphasizes the fact that it represents d — 2 scalar coordinates.

Denote by w = C¢ (abd) and w’ = Cc (abd') the respective circumcenters of abd and abd'.
Take s € SN B(v, Ce).

(s—w?l—(s—w)iP=(s—w) +(s—w)(s—w) —(s—w)) = (W —w,2s —w —w)

Denote by 6 the angle between m(abc) and I1(abd).
One has: z, = |w — mlcosb, z, = |lw— m|sinf and =z, = |jw — m|, z» = 0, and
Y, =Y, =0. We get:

/)2

(s—w)+(s—w) (s —w)— (s =)

(5 —w)? — (s —w <

(W —w,25 —w —w)

= (JJw—=m]|(1—cosh)) (2zs — ||w — m|(1+ cosh))
(

—||w — m||sin ) (225 — ||w — m|| sin §)

According to Lemma 9.20 one has
- . 2 9 4
, This gives smHSO(fz (%) ), 1—cos€§0((73) (%) )

and [l — ml), z,] < O (¢).
We get as required:

[Pasar(s) = Pasa(s)l = |(s = w)> = (s = ')
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Proof of Lemma 9.23. If T € T is acute, we have seen, from Lemma 9.3 that T is 0-almost
empty. If T = abc is obtuse with longest edge ab, abc has a successor abd in the sequence
defined in Corollary 9.8. Denote by m(abc) the length of the sequence defined in Corollary 9.8
from triangle abc to the last, and therefore acute, triangle in the sequence. One has m(abc) =
m(abd) + 1 and, according to Lemma 9.9 one has m(abc) < O ((e/1)?)).

We proceed by a finite induction along the sequence. If abd is successor of abc, we will show
that

Vs € S, Pape(s) > — max (asp, a(abd'))

2 10 2\ . .
Where ag, <O ( (%) (%) € | is given by Lemma 10.4 And
a(abd’) = a(abd) + o

4
with o/ = O <(73)2 (%) 62> given by Lemma .10.6.

Since the last triangle Ti,¢ in the sequence, i.e. m(Tiagt) = 0, is acute, and therefore 0-almost
empty.
Our induction hypothesis is that o(abd)-almost empty with:

N2 /e 10
) =0 (=) (=) €
ot =0 ( () ;)"
This is indeed correct for the acute triangle Ti,4, last of the sequence.

Considers e, € R™ a vector in plane [I(abc), orthogonal to ab in direction ¢ (since abc € T
it is not degenerate). More explicitly takes:

—

day = (b—a)/[[b—al| N
e = (c—a)—((c—a),dgp)dap

Consider the closed half space H+ and H— defined by:

HY = {zeR" (z—a,e) >0}
H™ = {zeR" (z—a,e) <0}

Since HT U H~ = R"™ we split he proof in proving successively that
Vs € SNHT, Pupe(s) > —asy

and
Vs € SNH™,Pue(s) > —(a(abd) + o)

In fact, in the computation below one has to consider particular cases, when abd is acute and
abc nearly co-circular with abd’, that follows induction proof.

Consider o/ = a + b — 0 as in Lemma 10.4. Since the hyper-plane H™ N H~ is the radical
plane of B(o,Rc(T)) and B(o/,Rc(T)), and since abe is obtuse with longest edge ab, one has
o€ H \H" ando e H" \ H".

It follows that we have Vs € HT,Pg(y ro(1))(5) < PB(ore(1))(5) = Pabe(s). This together
with Lemma 10.4 gives:

Vs € SN HT,Pupe(s) > —asp

Now for s € SN H~ we uses the induction hypothesis that abd is «(abd)-almost empty
and, from Lemma 10.6 we have that, if d’ is the unfolded of d in plane II(abc) along ab, abd’ is

a-almost empty for:
" ( bd) / O € 2 € 10 2
o = oala +ao < <> <) €
R/ \n
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Denote by w = C¢ (abd’) and p = Rc(abd’) = Re(abd) respectively the center and radius of
the circumscribing circle of abd’. o”-almost empty writes as:

Vs€ S, (s—w)?—p*>a’ (10.28)

Denote by m = (a +b)/2 and h = ab/2 respectively the middle of ab and its half length. Since
abc is obtuse with longest edge ab we have:

(m —¢)* < h? (10.29)

Denote by 0 = C¢ (abc) and R = Rc(abe) the respectively the center and radius of the circum-
scribing circle of abc. One has (abc obtuse and Lemma 9.7):

p>R>h (10.30)

In plane II(abc) we consider the orthonormal frame (m, e, cm) and denote by (o, Yo) = (70,0),
(z¢,ye) and (2, yw) = (24, 0) the respective coordinates of 0, ¢ and w in this frame.

Observes that the radical hyper-plane of spheres B(o, R) and B(w, p) is orthogonal to the
line ow and goes through m. Then, if z, < x, one has

Vs e Sn Hf,Pabc(S) = PB(O,R) (8) > PB(MP)(S) > —a”

So that we have proven the induction when z,, < x,.
We examine now the case when z,, > x,. As we see below this may arise only if abd is acute.
Since abe is obtuse with longest edge ab we have z, < 0. Since ¢ € S, (10.28) gives:

(e — 20)* +y2 — p* > —a”

that is:

a2 +y2 > p? + 2w, — o

And with equation (10.29) this gives:

h? > p2 + 2z.2, —

and with equation (10.30) we get:
2xcxy, < o

and since z, > 0 and, from the lower bound on triangles heights |z.| > g—i, one has z. > g—z:
8e
Ty < o (10.31)
n

On another hand, from (10.30) we have p? = 22 + h% > 22 + h? = R? which gives 22 > 22 and,
since x, < 0 and x,, > x, one has:

8
0< -z, <z < n—ga” (10.32)

We claim that for ¢/R small enough inequations (10.32) can not hold when abd is obtuse:
indeed, if abd is obtuse, its longest edge is ad or bd (Lemma 9.7). W.l.o.g. assume it is ad.

Since the angle Zabd > /2, we have ad? > ab® + bd?> > (2h)% 4+ n?. Since ad < 2p we get
2
n?/4 < p?—h?% = 22 and for ¢/R small enough we have (2—50/ ' ) < n?/4 which proves the claim.
It follows that it just remains to consider the case when abd, and therefore abd’, is acute.
abd is 0-almost empty and, from Lemma 10.6 abd’ is o’-almost empty with

o =o((z)' () ¢)
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From (10.32) we get that:

1
lo—wl < ;;a(abd') (10.33)

Since, for €/R small enough we have R < p < 2e.

If ||o — s|| > 2¢ then Pg.(s) = (s — 0)2 — R?2 > 0.

Now if ||w — s|| > 3¢, then |o —s|| > |lw —s|| — |lo —w]|| > 3e — %a(abd’) and for €¢/R small
enough 3e — %a(abd’) > 2¢ which gives again ||o — s|| > 2e and Pg.(s) > 0.

Assume now that |jo — s|| < 2¢ and |lw — s|| < 3e. (10.33) gives:

(0=5)* = (w—s5)°| = [{o—w, (0= 5) + (w=9))| < lo—wlll (0= 5) +(w—s)l| < (?a(abd’))(&)

Which gives in particular:

Pupe(s) — Papar () — (p> = R?) = (0 — 5)* — (w — 8)* > —a*

<o (() ()

Which gives, since p? — R? > 0, Pape(s) > Papar (s) —a*. Since abd is acute, by Lemma 10.6, abd’

with

4
is o/-almost empty with o/ = O ((73)2 (%) 62), therefore, one has Vs € S, Pyp(s) > —a’ — a*

which proves the induction in this case and concludes the proof of the lemma. O

F An alternative to Whitney’s Lemma

The proof of Theorem ?? makes use of [12] for its final global argument.[12] relies heavily on a
Whitney Lemma which we consider to be the simplest argument there.

However we produced an alternative argument to Whitney Lemma that perform a recursion
on the link of spherical complexes. Since this argument, beside Whitney lemma, may have its
own merit, we give it in this section.

F.1 Background

For a k-simplex o we denote by |o| the compact d-manifold simplex {z = (xg,...,z) €
RY, " x; < 1;Vi, 2; > 0} and by ¢° the open manifold relative interior of |o|.

For a simplicial complex K, K; designates the set of d-dimensional simplex in K. K is said
full dimensional if each simplex has at least one dimension d coface.

The topological space |K| is the support of K:

K= U lof

ceK

Lk o and Sto denotes respectively the link and the star of the simplex o in K. St° o denotes
the corresponding open topological space:

St°o = U 7°
TESto
o * 7 denotes the join of ¢ and 7
Recall that a map f between topological spaces is said open if it maps open sets to open sets:
Uopen = f(U)open. We say that f is open at x if the restriction of f to some neighborhood
of x is open. It is easy to check that f : ' — F'is open iff. it is open at any =z € F.
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We recall here the invariance of domain theorem (Brouwer, Leray ?7) used in the proof of
Theorem 10.12.

Theorem 10.7 (Invariance of Domain Theorem, L. E. J. Brouwer 1911 [15]). If M and N are
d-manifolds without boundary and ¢ : M — N is injective and continuous, then ¢ is open.

For a set E C R", spany,(E) and spany(E) respectively denotes the linear span and the
affine span of E.

F.2 Technical lemmas

Lemmas in this section are used in the proof of Theorem 10.12.

Figure 10.4: ¢ does not meet all conditions of Lemmas 10.8 and 10.9.
Recall that a topological space E is said Hausdorff if:
Vai,x9 € E, 01 # 19 = Jopen sets V1 D 21, Vo D a9, VI NVo =)
Metric spaces are obviously Hausdorff. We denote by ¢y, the restriction of ¢ to W.

Lemma 10.8. Let ¢ : E — F be a continuous and open map. If E is Hausdorff and W C FE
is a dense open subset such that ¢y is injective, ¢ is injective.

Proof. For a contradiction assume x; # x2 and ¢(x1) = ¢(x2). Since E is Hausdorff, there
are V,, and V,, respective open neighborhood of x; and x2 such that V,, NV, = 0. Since ¢
is open, ¢(Vy,) and ¢(V,,) are open sets and so is U = ¢~ (¢(Vy,) N ¢(Vy,)). We claim that
d(U) =p(UNVy,) = d(UNVy,). Indeed, if y € ¢(Vy,) Np(Vy,) there are uy € Vy, and ug € Vg,
such that ¢(u1) = ¢(u2) = y and therefore uy € U N'V,, which gives us y € ¢(U NV,,). We
have then ¢(U) = ¢(Vy,) N o(Va,) C ¢(U NV, ) C ¢(U) and this proves the claim.
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Since 1 € UNV,,, UNV,, is a non empty open set and since W is dense in E, W) =
WNUNV,, is an open set dense in U N V. The same holds for Wy = W NU N V,,. Since
¢ is continuous and open, ¢(W7) and ¢(W>) are open sets dense in ¢(U). The intersection of
two dense open sets is a dense open set. Therefore ¢p(W1) N (W) is dense in ¢(U) and in
particular non empty. But if y € ¢(W7) N ¢(Wa), there are wy € Wi, C W and wy € Wy C W
such that wy,ws € W, ¢(w1) = ¢p(wy) = y and, since W1 N Wy = (), wy # we, a contradiction.
J’ai I'impression qu’on pourrait raccourcir cette preuve. O

Lemma 10.9. Let ¢ : E — F be a continuous map . If E is Hausdorff and W C E is a dense
open subset such that ¢y is injective and open and ¢p\w is injective, ¢ is injective.

Proof. For a contradiction, assume z1 # z2 and ¢(z1) = ¢(x2). Since ¢y and ¢jp\w are
injective one can assume w.l.o.g. that x; € W and x9 € E'\ W. Since E is Hausdorff, there are
Ve, and V,, respective open neighborhood of 21 and x9 such that V,, NV,, =0. V,, "W 2z
and is open and since @y is open, ¢(V;, N W) is open. Since ¢(x2) = ¢(71) € ¢(V, N W) and
¢ continuous, there exists an open neighborhood Uy C V,, of zg such that ¢p(Usz) C ¢(Vy, NW).
Since W is dense, WNUs # 0. If yo € WNUs, ¢(y2) € ¢(Vo, NW) and there exits y; € V,, "W
such that ¢(y1) = ¢(y2) and, since Uy NV, = 0, y1 # ya, a contradiction since y1,y2 € W O

Definition 10.10 (Convex preserving). We say that a map from R™ to R™ is convex pre-
serving if the image of the convex hull is the convex hull of the image.

If a map is injective and convex preserving, it sends simplex to simplex of the same dimension
and images of joins are joins of images.
Homographies are convex preserving. We consider in the proof of the theorem below
an homography h. We denote by domh C R", its domain, i.e. the set of points where the
denominator does not vanish.
One can check that h|c, the restriction of i to a compact convex set C' C domain(h) is convex
preserving.

Lemma 10.11. Let |7| C R™ be a k-simplex and 7° its relative interrior. For x € 7° and
21,29 € R™ \ spana (7°), if there is A > 0, such that:
(22 — ) — AM(z1 — x) € spang,(7°)
then:
{a} 7l 0 {z}xfr] \ 7] #0

Proof. 1f t € spany,(7°) is such that:

t=(20—2)— ANz1 — )
One has:

o=+ A (21 —x)+t
Consider, for s € [0, 1]:

92(8) = (1 — s)x + sz

For 0 < s <1, ga(s) € {z2} *|7| \ |7|
Also a short computation gives:

g2(s) = (1 — \s) (m + 1 _S)\Sz‘) + Aszp
For some § > 0 small enough, one has A§ <1 and:
+ 5 ter’
T T
1— )8
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and therefore:
92(8) € {z1} x|7| N {22} x[7| \ |7]
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F.3 Case M =S¢

Notice that the theorem below is not true for infinite simplicial complexes as one can see if K
is a 1 dimensional simplicial complex whose support |K| = R and edges are {[j,7 + 1],j € Z}
and ¢ : |K| — S', such that ¢(j) = e*aretans,

Theorem 10.12. Let d > 0 and K be a finite, d-dimensional simplicial complex.
For a piecewise linear map ¢ : |K| — R¥1\ {0} define ¢ : |[K| — S? as :

b
) = @

If K and qz satisfy:

1. Any simplexr 7 € K with dim7T < d — 1 has at least two d-dimensional cofaces for d > 1,
and K has at least two 0-dimensional simplices for d = 0.

2. For any o € Ky, the restriction ofgz to |o| is injective.

3. The restriction 0f$ to
U o
ceKy

s injective.
Then (2 is a homeomorphism between |K| and S.

Remark: Condition 2. could be expressed in a more specific form:
0 and the image by ¢ of the d + 1 wvertices of any d simplex in K span a (d + 1)-dimensional
affine space. We keep the general formulation since we expect the theorem to extend to more
general situations.

Proof of Theorem 10.12. The theorem is true for d = 0: since K has at least two vertices and
¢ is injective (condition 3.), K is made of exactly two vertices and gg is a bijection onto S°. The
proof for d > 1 goes by induction on the dimension. We consider the case d > 1 and we assume
the theorem to be true for any dimension d’ < d.

Barycentric subdivisions of K leads to complex K, with natural homeomorphisms A :
| Ksub| — | K| such that Kgyp, and ¢gup = ¢ o h satisfy the hypothesis of the theorem since ¢
does. It is possible to apply barycentric subdivisions until we have that if z,y € |o| for o € Kqp,
<¢sub(x)7 ¢sub(y)> > 0.

We therefore, for simplicity, assume without loss of generality that K and ¢ meet themselves
this condition: i .

v € lo] = Vy € lo], (d(2), dy)) > 0 (10.34)

It is enough to prove that gic; is open. Indeed, by Lemma 10.8 <Z is then one to one on
its image and, since it is open, the ¢! is continuous. But since |K| is compact (as finite

simplicial complex) and open, ¢0>(]K |) is a compact and open subset of S?. Since S? is connected,

S(|K|) =8,
We introduce the open set Wy C |K|:
Wy = U T°
TEK
dim 7>k
One has

U JO:WdCWdflc...CW(]:’K‘
ceKy
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Since ¢, is injective (condition 2.), it follows from the invariance of domain theorem that
qz is open on W,;. We prove now by induction on decreasing k that gic;‘Wk is open and injective.
For k < d, we assume that this is true for any k&’ such that & < k' < d.

For x € Wy, \ W41, there is a unique s1rnplex T» € K such that z € 7. One has dim 7, = k.

Since St° 7, \ 7 C W41 is open and ¢|Wk+1 is open and injective, <Z5|St°T \ro is open and
injective. Then one can apply Lemma 10.9 with E < St°7, and W <« St° 7, \ 75. It follows
that ¢g¢ -, is injective. It remains to prove that it is open at .

Denote by IT, the plane tangent to S% at q;(x) and by | St 7z| = Usestr,|o| the closure of
St° 7.

Let 9, : | St 7| — II, defined as:

() N V() IR Y
= Gwewn O T Gwewy T

It is well defined by 10.34. The restriction of v, to some simplex in St 7, is an homography
restricted in a convex set included in its domain by 10.34. It is therefore convex preserving.
Observes also that since the restriction of:

z o

G W

to gzob(] St 7,|) is an homeomorphism on its image, properties 2. and 3. of gz are inherited by ,:

z —

e For any o € St 7,, the restriction of ¥, to |o| is injective and convex preserving.
e The restriction of 1, to Wy N |St7,| is injective.

In the identification IT, = RY, without loss of generality one can assume that 1, (z) = 0 and
o (1°) spans R* x {0}.
Define 71 : R? — R?* projection on the (d — k)™ last coordinates.

Lemma 10.13. ¢ : Lk7, — R?% defined by ¢’ = 7.1 o Yy |Lkr, Satisfies the theorem for
d=d—k—1

Lemma 10.13 allows us to recursively apply the theorem to get that | Lk 7| is homeomorphic
to S? and therefore St° 7, is a manifold.
Since ¢| ste 7, is continuous injective from a d-manifold to a d-manifold, the invariance of domain
theorem says that it is open, in particular ¢ is open at x. Since this is true for any x € Wi\ W1,
it follows that ¢, is open. We can apply Lemma 10.8 with £ < Wy and W « Wi, (or
W+ Wy) to get that <Z|Wk is injective and open.

One has in particular at the end of the recursion that é\Wo = <;> is open and injective and
we are done. O

Proof of Lemma 10.13. Observe first that Lk 7, is a d’-dimensional simplicial complex, with
d' = d — k — 1 such that any simplex has at least 2 d’-dimensional cofaces for d’ > 0 and Lk 7,
has has least two vertex if d’ = 0. It follows that condition 1. of the theorem is met by ¢'.

We prove now that Vy € |Lk7,|,#'(y) € R%\ {0}. Assume that there is y € |Lk 7| with

¢ (y) = 0, that is ¥, (y) € spana (¥,(75)) where spana (15(75)) is the affine span of 1, (75) (it
corresponds also to the linear span since 0 = 1, () € ¥, (77)). There is a simplex ¢’ € Lk,
such that y € ¢’° and:

Ya(y) € spana (v(77)) N Y (o)
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which gives dim spanp [0, (75) * ¥, (0'0)] < dim ¥, (79) + dim ¢, (0”°). The restriction of v, to
T2 % 0'° is convex preserving and injective. It follows that 1, (70) x ¥4 (0"°) = (75 * 0’°) has
dimension dim 7, + dim ¢’ + 1, a contradiction.

For the proof of theo lemma i;c remains to check that ¢ satisfies conditions 2. and 3. of the
theorem. Assume that ¢'(y1) = ¢/(y2). This is equivalent to the existence a positive real number
A > 0 such that ¢'(y1) = A@'(y2). In other words v, (y1) — AM.(y2) € spana(7,) = spang, (7).
We can then apply Lemma 10.11 and we have:

{2 (y1)} > 7l O {ha(y2) } + [72]) \ |7a] # 0 (10.35)

If, for some ¢’ € St 7, y1, 42 € |0’| and y1 # y2, (10.35) contradicts the fact that the restriction
of 1, to |1, x 0’| is injective. This proves that ¢’ satisfies condition 2. of the theorem.

Now If y; € 01° and y2 € 04° with o], 0} € St 7, 0} # o} and dimo} = o, = d’, then (10.35)
contradicts the fact that the restriction of 1, to Wy N| St 7| is injective. This proves that ¢’
satisfies condition 3. of the theorem. U

F.4 Local injectivity

Theorem 10.14 is an easy consequence of Theorem 10.12.
For a vertex v, we denote by St v the closed star of v, i.e. the open star St° v of v augmented
by all the faces of simplices in St° v. Note that Lkv C Stw.

Theorem 10.14. Let d > 1 and K be a finite, d-dimensional simplicial complex such that for
any vertex v € Ky there exists a piecewise linear map 7 : Stv — R such that:

1. Any simplex in 7 € K with dim7 < d — 1 has at least two d-dimensional cofaces in K.
2. For any o € Stv, the restriction of w to |o| is injective.

3. The restriction of w to

U o

O'GKdet v
s injective.

Then St° v is homeomorphic to an open ball in R and 7 is injective and its restriction to St° v
is open. In particular |K| is a d-manifold.

Proof. Denote by 7, the restriction of m to Lkwv. 7y, satisfies the conditions of Theorem
10.12. It follows that 7, is injective and open and that | Lk v| is homeomorphic to S41. We
get then that since Stov is the cone on Lkw, |Stv| and St°v are homeomorphic respectively
to the closed and an open ball in R?. Since |K|, as any realization of simplicial complex, is
Hausdorff and since any point « € |K| belongs to the open star St° v of some vertex v, it has
a neighborhood homeomorphic t a neihghorhood in R?. It follows hat |K| is a d-manifold. It
remain to prove that 7 is injective and open. If 7(x;) = 7(z2) and z; and z5 are in a same
simplex, then condition 2. of the theorem implies 1 = x3. Assume now for a contradiction
that 7w(z1) = m(z2) and that x; and x2 does not belong to a same simplex. We know then that
x1 # v and z9 # v since if for example x1 = v then there would be a d-dimensional simplex
containing both x5 and, necessarily, v = x1. Without loss of generality we can assume that
m(v) = 0 and w(x1) = w(x2) # 0. We have, for some A\, A2 > 2, x; = (1 — \j)v + A\@; with
Z; € |Lkov| and 7(z;) = Niw(&;) for ¢ = 1,2. Then 7(z1) = 7(x2) = Mn(£1) = Aow(42) and,
using the notation of Theorem 10.12 this gives 7(#1) = 7(#%2) and since 7 is one to one we get
£1 = T, a contradiction with the fact that x; and x5 does not belong to a same simplex. We
have proven that 7 is injective and since it is continuous and St°v is a d-manifold, Invariance
of Domain (Theorem 10.7) applies and the restriction of 7w to St° v is open. O
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‘We come back now to the context of Theorem Theorem ?77.

Lemma 10.15. If |T| satisfies the conditions of Theorem 72, for m € M, the restriction of
Tm to:
U= U St v

VESm_4,R/2,Ce
is injective and open. In particular |T| is a 2-manifold.

€

Proof. We first check that for 5 small enough, 7 and the projections on local tangent plane
satisfy the conditions of Theorem 10.14. Observes that , from the bound 2¢ on the circumradius
of triangles in 7', U is a subset of the set of triangles having their vertices in S, z /2.ce. Condition
1. of Theorem 10.14 follows from the fact that 97 = 0. Indeed T is full dimensional and if a
d—1 simplex 7 would have a single d-dimensional coface, then 7 would belong to 7. Condition
2. follows from Lemma 9.20. Indeed the upper bound on the angle between a triangle and II,,
enforces the restriction of 7, to any simplex to be injective. Condition 3. follows from Lemma
9.41. We have shown that |7 is a 2-manifold. Since by Theorem 10.14 the restriction of m, to
any open star of vertices in S,,_4 /2 ce is open it follows that it is locally open and therefore
open. But then we can apply Lemma 10.8 to m,, with W being the union of interiors of triangles.
Indeed Lemma 9.41 gives that the restriction of 7, to W is injective and Lemma 10.8 gives
that the restriction of m,, to U is injective. O
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