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GRADIENT ESTIMATES AND MAXIMAL DISSIPATIVITY FOR THE
KOLMOGOROV OPERATOR IN ¢

GIUSEPPE DA PRATO AND ARNAUD DEBUSSCHE

ABSTRACT. We consider the transition semigroup P; of the ®4 stochastic quantisation on the torus
T? and prove the following new estimate (Theorem 3.9)
|DPyp(a) - bl < ct™? |hla--lello (1 +|a|c-)",

for some «, 3,7, s positive. Thanks to this estimate, we show that cylindrical functions are a core
for the corresponding Kolmogorov equation. Some consequences of this fact are discussed in a final
remark.

1. INTRODUCTION

We consider the equation of the ®3 stochastic quantisation on the torus T?:
dX = (AX—: X3 :)dt + dW,

(1.1)
X(0) ==z,

where
Az = Az —z, D(A) = H*T?).

This equation has been the object of several studies. In particular, in [DaDe03-2] existence and
uniqueness of a mild solution to (1.1) has been proved for almost all initial datas x with respect
to the Gibbs measure v defined below; later in [MoWel5] well-posedness was proved for all z in
a negative Besov space. Moreover, in [HaMal6] the strong Feller property of the corresponding
transition semigroup (P;);>o was proved. This latter result is improved in [TsWel8] where it is
proved that, for ¢ > 0, P, maps bounded Borel functions to a-Hélder functions for some o € (0, 1).

The main result of the present paper (Theorem 3.9 below) goes further in this direction: we
prove that P maps bounded borelian functions to Lipschitz functions and give an estimate of the
gradient of P;p. We use a method similar to the one used in [DaDe03-1] and [DaDe07] as well as
similar estimates as in [TsWel8]. In the second part we use this result for showing that cylindrical
functions are a core for the infinitesimal generator X of P, and present some consequences of this
fact.

2. NOTATIONS

We use the classical LP = LP(T?) spaces for p € [1,00]. For p = 2, we write H = L?. We use
also the L? based Sobolev spaces H* = H*(T?) for s € R and the Besov spaces By, = B;’q(’]l‘z),
for s € R, p,q € [1,00]. These are defined in terms of Fourier series and Littlewood-Paley theory
(see [BaChDall]). Note that H® = B3,. When p = ¢ = oo, we write B5, ., = C* and for s > 0
non integer these spaces coincide with the classical Holder spaces.

2010 Mathematics Subject Classification. 28C20, 60H15, 35R15, 81520.
Key words and phrases. Stochastic Quantization, Kolmogorov operators, Gradient estimates, Maximal
dissipativity.
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Besov spaces are convenient when multiplying two functions when one has negative regularity.

Recall that for p1, p2 € [1,00] and oy, ag € R with ag + a2 > 0 we have for a = ag Aag A (a1 +a2),
1_ 1 1 o=
» = T P=P1VD2

luollzg, < Cllullger, llollgg2,

and for any k > 0

vl e < Cllulagy, Iz,

We use the eigenprojections Iy corresponding to the eigenvalues k* < N, k € Z2, of A.
Define the Gaussian measure
1 2
= N{(0,——— ), on H =R",
=1 ( I+ |k:|2)
kez?
and for zy € IInH
pafy i =ak - ek, cako= a2l - 3pkaw,

where
1/2

1 1
Y= | 2 T BE
|k|<N
More generally, the n** Wick power of zx is defined by : = \/mp}(,Hn(;%Nx ~) where H,, is the

n'? Hermite polynomial.
As well known, there exists the limit

A}Lmoo s(Oyz)™ c=:2™: in L7(3 w5 By ), (2.1)

for any r € [1,00), p,q € [1,00], s < 0.
Then, we define

Zoo(t) = / t =) Aqw (s).

—0o0
Since Zoo(t) has law p, we know that : TIyZ7, : converges to : Z, : in L"(3, u; B, ) for any
re [1700)7 p,q € [1700]7 s<0
We set moreover X = Yy, + Zoo =Y + Z where

2(t) = /0 LAY (5) = Zoo(t) — A2 (0),

Clearly:
C(MnX)? = (HnYao)® + 3(HnYeo )TN Zoo + 3(InYao) : (INZoo)? - 4 : (IInZoo)® - .
It is therefore natural to consider the following definition for : X3 : in (1.1):
P X3 =V2 4 3YE 2 43Vt 22+ 23
We also have
X3 =Y343Y2Z43Y 22 4. 23
if we set
7% = —(eMZ0(0))3 + 3(eM Z (0))2 Zoo — 3(eM Zoo(0)) - Z2 - 4+ : 73 .

We will see that Y and Y, has positive regularity whereas Z has the same smoothness as Z.
Using the product rules above, it can be seen that all products above make sense.
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Finally, we define Zn = IIxZ and introduce the following approximation of (1.1):

dy;
=N AYN — (YR 4 3YR 2y +3YN: 2% 41 23 ),

dt (2.2)
Yn(0) = z.
Equivalently, setting Xy = Yy + Zn, we may write with a slight abuse of notation
:X]?{,::Y]§,+3YA2,ZN+3YN:Z]2V:+:Z13{,:
and
dXn = (AX N+ : X3 )dt + T ydW,

(2.3)

Note that this is not a Galerkin approximation. However, since : X ]3{, =X i, — Sp%\,X ~ and I ydW
is a finite dimensional white noise, it is classical to prove that Xy exists and is unique. Moreover,
it is smooth in space when the initial datum is smooth; in this case Yy is also spatially smooth and
has moreover regularity 3/2~ in time. All the computations done in the sections below are rigorous
when the initial datum is smooth, for initial data in a negative Besov space, they are obtained
thanks to a preliminary smoothing of the initial datum.

It is not difficult to prove that (Xx) converges to the unique solution of (1.1) (see [TsWel8]) in
convenient topologies, C'([0,T]; C~%) for a > 0 for instance.

Let us define the Gibbs measure v on H

v(dz) = 27 e 2V @) 1y (dx), (2.4)
where
V)= [ 2ats )¢ (2.5)
and
Z:z/}{eQU(z)u(d$).
Then

€_2U($) S Lr(j{mu)a

for any r € [1,00) thanks to the Nelson inequality.
We can write equation (1.1) as

CLY:,4Y—Y5'*—35/22—3Y:22:—:Z?’ :
dt (2.6)
Y (0) =z,
or, in mild form,
t
Y(t) = ety — / A [Y3(s) 4 3Y2(5)Z(s) + 3V (s) : Z2(s) : +: Z3(s) Jds.  (2.7)
0

We define the transition semigroups P; and P}V associated to (1.1) and (2.3) respectively and
introduce the following modified semigroup:

SN () = E (e K I VNNt Xy (1,2)) (2:8)
where the potential V' is given by

VX = [ X3 o = [ X5 — Al
3



for some K > 0, p > 0, @ > 0 to be chosen. This quantity is well defined for ¢ € B,(C~%), the
space of borelian bounded functions on C~%.

The following relation formally follows from Duhamel formula since Py satisfies the Kolmogorov
equation associated to (2.3) and Sy satisfies the same equation with an extra term due to the
potential V:

t
Fipta) = 5pla) + K [ SY(VR)@s (29)
It can be proved rigorously by an approximation argument.

3. ESTIMATES

Let us consider the equation:

dn™N hN 2 . mN
g = AT =3 Xy e,
(3.1)
N (0) = h.

It is classical that nh’N = D, Xy -h is the differential of X with respect to the intial data z € C'~¢
in the direction h € C~%.

In this section, we derive several estimates on ny and Xp. These hold only on finite time
intervals and we restrict to ¢ € [0, 1].

Lemma 3.1. Let a < %, € > 0 such that a + € < % andp>1, s >0 such thata—ke—i-%p—k% < %
then there exists ¢ depending on «, €, p such that for allt € (0,1], x € C~*, he C~*

|T}h’N(t)|Ca+a < Ct—(oz—i—e—&—s)/2|h|0_S ecfg|:X12V(s):’1;{7a ds
and
t P
|,,7h,,N(t)|D><> < ths/2|h|07S ecfo ‘:XJQV(S):‘H—a ds
Proof. Write (3.1) in mild form

t
N (t) = eAth—3/0 eAlt=9) (: X2(s) nh’N(s)) ds.

Below we omit the dependence on N. By the smoothing of the heat semigroup e, the product
rule in Besov spaces and ¢ € [0, 1], we have

t
1 Olcese < et e e [ om0 )| ar

dr.

h
()] ...

<t OTEI2p| o e /Ot [t =T X2 () <
Let A(t) = t@+et)/2 |p(t)| ..., then since t € [0, 1],
A1) < elh|o-s + c/Ot |t — | (et /D) prlatet )2 | X2 (ry o] L A(r)dr
Let % + % =1 and
(Ba+3e+1+s)q <1 e 3a+3e+1+s <1 1

2 2 p
4




Then

IA

¢ p/a  pt
N(t) < clh]? S—l—c( / [t — p|aleter1/2) —alatets)/2 d7~> / L X2(r) 7 AP(r)dr
0 0

¢
< ¢, +c/ | X2(r) <[}, 0 AP(r)dr
0

The first inequality follows by Gronwall’s lemma.
For the second inequality, we write:

0" ()| < ct™/?|h|g-s +c/ |t —p|7@Ferl/2) ‘ XEAr) ()|, dr
<ect™ s/2|h|c_ —I—C/ ‘t —(ote+1/2) ‘ X2 ’H . nh(r) ot dr.
and with p, g as above:
t
p
’nh(t) Iﬁm < Ct_Sp/2‘h‘ps+C/0 (oa+e+s)/2| XQ ) . nh(r) ot dr
t
< CtSp/2‘h|p_S+C/ ‘2X2(T‘) :’if—a cpfor’X (s): ’H ads’h‘p ng
0

< c|h|2_5 <t_5p/2 + ecpf(f|:X12V(s); ;’{_a ds) ‘
The conclusion follows. .

We now estimate moments of Yy solution of (2.2). We estimate Yy in L"(T?), r > 2, using
similar arguments as in [TsWel8] and [MoWel5], but in a simplified way since we do not need such
refined estimates for large times.

Lemma 3.2. Let o € [0,1) and r > 2, there exist ¢ > 0 depending on o and r such that

ld r—l’

2 1
7 NI+ —5= [V(OW)?)|, + 5 VI < e LalZ0)",

2
where k, = I—i_

and
-«

La(Zn) = |ZNlc—o +|: 2K tlo-a +1: 25 oo + 1.

Proof. Again we omit the dependence on N. Multiplying equation (2.2) by Y"~! and integrating
on T? we obtain:

1d A(r
= IY[5+ (7 ‘v YT/Q)‘ Y[, :—/ BY™Z13y" 22 4yl 28 )de.
’]TQ

We estimate each of the three terms in the right hand side. By Proposition A.8 and Proposition
A.9 in [TsWel8], we have

V Y+l 7 de

<3Y e, 1 Zle—e < c (YR IVYTHE + YT 1) [Z] 0.

Clearly

‘YTJrl‘Ll = |Y|2—i_-1-1 < C|Y|7EL_-%2
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Moreover

2(r +
’vyr+1|L1 _ (T‘ + 1)|YTVY|L1 < (r + 1)|Y ’LQ |Y VY|L2 = Q|Y|Lv+2 |VY /2‘[/2
It follows that
3Ly de‘ < e (VIR TR Oy 1Y L) (2o
T
(|Y|L(T1+2a/2 )r+1 |VYT/2|L +]Y TLﬁQ) | Z|c-a
<G+ 2 + e (1210 +121-)

with
(1—a/2)r+1 g_’_i:l
r+2 2

2
and py = r + 2. Note that since a € (0, 1), p;1 exists and is equal to I+ . We proceed similarly

for the second one and obtain:

| [y 2% a < gl Lol 2 22 )
with
o' (1-a/2) 1 1
2 r+2 p3
and py = % and for the third one
1
/TQYT—l:zf”:dg'sﬁwyzﬁz oo 20 P+ 20 )
with
a r(l—a/2)—1+i:1
2 r+2 yus
and pg = T+2

Using these three inequalities in the energy equality and noting that p; = T+2 >pi,t=2,...,5
we obtain

1d 2 1
5 VI + |43 WIS < e(Zlo-e+1: 22 oma +1: 28 loma + 1)
This gives the result with k. = p;. O

Lemma 3.3. Let a < %, k > 1 there exists Co > 0 and ka1 > 0 such that

E < sup IYN(t)’éa> < Co (lzlg-a + 1)
t€[0,1]

Proof. Since
YN[ < Va7

it follows from Lemma 3.2 that

d T T
7 YN @)L +c[Yn(t) o < cLalZn ()™
6



and by [TsWel8, Lemma 3.8] it follows for ¢ € [0, 1]
Vn (1)1 < emax (7772 sup Lo (Zn(t)T= | .
te(0,1]
We choose r > % and use the embedding L"™ C C~¢ to deduce
YN (t)|c-a < cmax | t77/2, sup Lo(Zn(t)T= |. (3.2)
te(0,1]
It remain to obtain a bound for |Yy(t)|c-o for small time. Write the mild form for the equation
satisfied by Yu:
t
Yn(t) = eMa— / AV (s) + 3Y2(5) Zn(s) + 3Yn(s) : Z%(s) : + : Z3(s) :)ds
0

Let a < %, B > « such that
a+ 3
2

Wl

= <

and define
M(t) = sup ([Yn(s)|c-a + 57[Yn(s)|c-5)-
s€0,t]
Then similar computations as in the proof of Theorem 3.3 in [TsWel8] give for ¢ € [0, 1]:
M(t) < cilz|g-o + et ™Y M(t)3 +es3t!™ sup La(ZN(t))3,
te(0,1]
for some constants ¢y, co which can be chosen larger than 1.

Therefore if we set
1

1-3~ 1
t* = min <03 SFp]La(ZN(t))i”)  (8ea(erlzlomo + 1)) 7T 1
tefo,1

we have
sup M(t) < 2(ci|z|g-a + 1) (3.3)
te[0,t*]
It follows from (3.2) and (3.3):

sup |[Yn(t)|c-a < sup [Yn(t)|c-a + sup [Yn(t)|c-o
tel0,1] te[0,t%] te[t*,1]

2(crfalg-e + 1) + max ((t*)*/r, sup z:a(zN(t))::iz)
t€[0,1]

IN

The result follows taking the expectation and using finiteness of the moments of
sup Lo(Zn(t)).

tel0,1]

We set .
Zn(t) = eMa + HN/ A=) aw (s) = e + Zy (1),
0
and . -
YN(t) = XN(t) — ZN(t).

Then ?N satisfies the same equation as Yy, see (2.2), with Zy replaced by Z n and 0 initial datum.
7



Lemma 3.4. Let a € (0,1/9), k > 1 then

k

~ t ~

E ( sup |Y|§2+/ VYN ()2 ds> < Cok (|x,gfgu,a>+1)
te[0,1] 0

for any t > 0.

Proof. Lemma 3.2 clearly also holds for Yn provided Zy is replaced by Zxn. We use it with r = 2
and again omit to indicate the dependency on NV:
1d
2 dt
can kg = % are given in Lemma 3.2. We use the product rules in Besov spaces and the smoothing
effect of et to prove:

=02 1 ~ |2 11~4 = ks
P 3 97, 4 P e

La(Z(s)) < Cae ((s—<2a+6> 1) fzfEa o+ 1) La(Z(5))

the result follows by integrating on [0, 7] and taking expectation of the k** power. Note that since
a < 1/9, it is possible to choose € > 0 small enough (2a + €)ka < 1.
]

Lemma 3.5. Let o € (0,1/9), k > 1, there exists Yok, Car such that

]E < Sup |}7N(t)|k;{a+e> S Ca,k (|x|C—a + 1)’YU¢»’“ °
te(0,1]

Proof. We write, omitting again N
~ t ~ ~ ~ ~ ~ o~
V(1) = / A=) (F3(s) 4 3F72(s)Z(s) + 8T (s) : Z2(s) : + : Z3(s) 1) ds
0
and get

t
V(1) gase < c/ (t — 5)~(ate/2) (yy?’\H_a P V22 g+ [V 2 22 | ga+|: 23 |H_a) ds.
0

We have
|Y3|H—a é C‘Y2|Ho¢+e ’Y|C—a S C|Y|2B$I€ |Y‘C—a S C|Y|§{a+€+1/2 |Y|C—a
512(1/2—a—€) i1 2(1/24+ae > >
< (VRSP OY AT 4 V) (Vo
Similarly

V22| g0 < dV?|gase|Zlg-o < o (ITIS 27OV 2 4 P ) 1 Z] e
and
V2% e < oV |gate]: 2% |oma gc(|17|2;<a+6>yv?yfg;€+\17@) 1022 | gma.
Gathering these results gives

> ! > —a—e€ o a+te < e >
V()] grose < /0 (t =)~ @2 [ (P2 OYRLH4) £ P2,) (P oo + | Z]e-e)

11— (a+e v |a-€ e ~ >
+ (V1 TNV 4 [Plga) 1522 o+ 12 2 oo |ds = (a) + (1) + (o)
8



The first term is bounded thanks to Holder inequality

! v —a—e€ iy a+te oy e ~
(a) = ¢ /0 (£ =)/ | (W2 OV 4 V) (Wlow + Z]o-)ds

1 2 2(1/2+a+
<|Y|Lp1/(0taL2€ (|VY|L(2/0tfz Y | o2 0,0.12) ) <!Y|Lp3(o,t,c—a) +z[c—a + |Z|Lps(o,t,c—a))
with

2(1/2—a — 1
2/27079 | 1yt atrat St L
P1 2 p3

and

2 € 1
—t+a+-+— <1
D2 2 p3

Since a < %, €, 1, P2, p3 can be chosen such this is satisfied. Then

t ~
0 < ¢ [ e=9 e (TN 4P
0

o [OHID (oo  faloalZlo-a) + | 22 [ d

N _
= (’Y|Lp4a0 1:€)L2 ]VY %jEOt \L?) + |Y‘L”5(0»t7L2))
X (1230 + |2lc-alZlrrson,c-o) + |1 2% | pro0,0,0-0))
with
e l—(a+e a+e e 1
a+ -+ - tats+—<1
2 D4 2 2 pe
and
€ 1 1
20a+ )+ —+—<1
( 2) D5 D6

which again is possible since a < %. Similarly
t
© < [ (t=a e (O all + ol Zlee)

+57OFD g a1 Z% e + | 25 \cfa) ds

Taking expectation we find thanks to Lemma 3.3, Lemma 3.4, Holder inequality and finiteness of
the moments of supyco 1] [Z|c-a, Supsep 1) | : Z2%: |g-o and Supgepo) | : AREPIN

E [ sup ‘?(t)‘]}i{a+e < c(]a:|ﬁak +1)
te(0,1]

for some K, which could be written explicitly. O

Lemma 3.6. Let a € (0,1/9), for any k > 1, there exists 7, y, Ca,x such that

E (| Xn (02 : o ds) < Coglt™ +1) (eloa +1)7%
9



Proof. We have, omitting the dependence in N,
X0 e < c(VPOlag—o + Y O)lgare ZO)| oo + 1 Z(1) : |o-a)

< c([YOlmare (Y (O)lo-a +1Z(t)lc-a) +1: Z(8)* : |c-a)

IN

The result follows by Lemma 3.3 and Lemma 3.5.
3.1. Estimates on S}. We have
t
SNp(w) = B (KB VN Xy (t,2) )
where the potential V' is given by

V(z) = |: 22 i]—a'

e ((t2lelo-o + [V Ol rase ) (Y (B)lo-o +1Z(B)lc-a) +1: 212 : |o-o )

Lemma 3.7. Let « € (0,%), s> 0, p>1 such that o + %—l—% < % and a(2p — 1)+ s < 2. Then

there exists vy such that for any ¢ € Bp(C™) we have fort € [0,1], x € C~*, he H
IDSN () - h| < c(t™ 1202 L 1) bl s oo (1 4+ |2|g-a)

and
IDSY (V) (@) - bl < e(t=TTT200)/2 L 1) bl o-olgllo (1 + |2]c-a).

Remark 3.8. V is not bounded but it is clear from Lemma 3.6 that S}¥ can be extended to borelian

functions with polynomial growth.

Proof. We only prove the second inequality, the first one is similar.

We omit to mention the dependence of N. From [DaZa97] we know that S} ¢ is differentiable

in any direction h € H and we have the following modified Bismut—Elworthy—Li formula:

DS(Vee)-h = 1B (e FHVECDEY (X (1) (X () [ 00 am ()
0

+2KE (e KRV (X (1,2)p(X (1,0)) [ 1= V(X (s,2) -1 (s) )

= (a)+(b).
Clearly

@ < Tlelo [Evexea?]”

X

E (e—zK JeV(X(s,x)ds
By Lemma 3.6 we have for K large enough

BV < et + 1)1+ falo-o o,

To estimate the second factor, we proceed as in the proof of [DaDe03-2, Lemma 4.1]. Writing

1t0’s formula for )

: t
d efoo V(X(s,x)ds/o (T]h(S),dW(S))

10




we deduce for K large enough

/0 (' (5), AW (5))

E (ezK Ji V(X (s,x)ds

2) 1/2
t
<E (/ e—QKfOS V(X (r,z)dr

y N\ 1/2
" (8)‘ dS)
0

t 1/2
< cE </ o ds) |h|o-s
0

thanks to Lemma 3.1 and the embedding L™ C L2. In Lemma 3.1, we choose ¢ > 0 such that
atetg+§<ig
It follows that

(@) < et 2 L 1) (7P 4 1) |l o-slgllo (1 + ] o) T2/,

Similarly, the other term is bounded by

1/2

) <clels [EVxEa)?]” B (um V(s

2) 1/2

/ V(X (5,2)) - 1" (5) ds

0

We have
V(X (s,2)) - n"(s)] = 2pl(: X2(s) : [ |G X2(5) 1, X ()0 (5)) | e
< 2 X2(s) L X () ()]

-1
< 2p] s X2(s) o [X(8) o 0" (5) | ate.

By Lemma 3.1, Minkowski inequality, Lemma 3.3 and Lemma 3.5, we thus can write for K large

enough:
t 2\ 1/2
| v ot s)ds )

. o\ 1/2
gxa(( / [ X2(s) < [, |X<s>|Has<a+f+s>/2ds>> hlos
0

! 2 -1 2\ /2 2
e [E((1 020 5 X)) s R

t
<o ( / (14 5~ (@terst2a(-1)/2) ds) (1 + [zl groa) ozl Tasto1 o) A | .
0

E (eQK Ji V(X (s,x)ds

We deduce for € > 0 small enough so that a + e+ s+ 2a(p— 1)) < 2:
(b) < ellello(L + t7P)(1 + || o) Tosr-nFrat) A p|
The conclusion follows when gathering the estimates on (a) and (b).

11



3.2. Estimate on P}'. Recall that
t
Fiota) = ¥pla) + K [ 83PN o)as

Theorem 3.9. Let s € (0,1) and a € (0,1/9) such that 2% <1 —s —3a. Let p > 1 such that
% < % < 1— s — 3a, then there exists v > 0, and ¢ > 0 depending on s, « and p such that for
any ¢ € By(C~) we have fort € [0,1], z € C™%, he€ H:

IDPN () - h| < e(¢™TH729P)2 L 1) Rl ool ollo (1 + |2l c—).

Remark 3.10. [t is easy to find o, s satisfying the assumptions of Theorem 3.9. For instance,

choose any s € (0,1), § € (0,52) and a < min{al(igf;);s}. Then
% <1l-s5—-3c.
Moreover
[ - 2a
§  1-—s

It follows that one may choose p such that 12% <§< % < 1—5—3a and Theorem 3.9 implies

IDPN (@) - h| < et 072 1) hlo—s [lllo (1 + |z]o-a )

Remark 3.11. Since H is dense in C~*, this result shows that DPN (z) belongs to the dual of
C~% and the bound extends to h € C~°.

Proof. Since for t > 1, ||Pipllo < [l¢|lo, it suffices to prove the result for ¢ € [0,1] and use the

Markov property.
: 2c 2« 2a
Since s =~ 2—s+a’ 2—s+a
of Lemma 3.7, therefore we may write:

we have

< ;1) < 1— s — 3a and this is equivalent to the assumptions

t
DPNp(x) b < |DSNo(x) b+ K / DS (V Pup) ()| ds
0

< (T2 L) Rl s lpllo (1 4+ 2|c-a)
t
+K/ ¢t —s)" 22 Rl o lollo (1 4+ |a|g-a) ds.
0
This implies the result since 1+ s + 2ap < 2. ]

Letting N — oo in Theorem 3.9, we deduce:

Corollary 3.12. Let s € (0,1) and a € (0,1/9) such that 2% <1—s—3a. Let p > 1 such that
% < % < 1— s — 3a, then there exists v > 0, and ¢ > 0 depending on s, « and p such that for
any ¢ € By(H) we have fort € [0,1], x,y € C~%:

|Pep(a) = Prp(y)] < et TH420)2 1 1) |2 — yloslgllo (1 + 2] oma + [yloe) .

4. THE KOLMOGOROV OPERATOR

Given N € N, we denote by FnCp° the set of all functions ¢ : H — R of the form

p() = g(zj, [7] < N), (4.1)
12



where g : ReNTD? L, R, (&, 7] < N) = g(&;, |4] £ N) is of class C;°. Moreover, we set

FCX = ﬁ FNCE2.

N=1
Note that if ¢ € FNCp° is of the form (4.1) we have
De(z) = ) Drg(&, il < N)ex (4.2)
|k|<N
and
Dp(x)= > DaDig(&, il < N)ew®ex. (4.3)

[k|<N,|h|<N
Let us introduce the Kolmogorov operator on FC}°, setting

1
K := 3 Tr [D?p] + (Az—: 23 :, D), o € FCs°. (4.4)
This definition is meaningful because if ¢ is given by (4.2) we have

(a® s, Dg) = S (Drg(&, 1] < News: a° 3).

[kI<N
We set
p(x) — 271672U(m)7
so that
Dlogp(x) = —2DU(z) = —2: 2% : . (4.5)
We also consider the approximate measure vy in H
vy (dz) = Z&le_UN(I),u,N(dw), (4.6)
where 1
Un(o) = § [ ks (g (4.7)
H
and
ZN = / eUN@) n(da).
H
Note that
K(¢?) = 20Kp + [Dof*, Vo€ INCPe. (4.8)
Integrating with respect to v over I, yields
1
/ Ko p dv = —/ |Dy|?dv, V@€ FCe. (4.9)
% 2 Jac

We also introduce an approximating operator Ky on FCp° setting, for ¢(z) = g(z;, |7] < M)

1
Knp = iTr [y D?¢] + (Az— : 23 =, Dy)

:% > Digl, il < M)~ Y (an—pv)znDag(& il < M)

(4.10)
I <NAM Ih|<M

- > Y w0t Do (s 1] < M),
[RISM |jullg2] |81 <M

where aj, = (1 + |h|?).
13



Similarly as above, we have
1
/ Knpp dvy = —2/ |Do|?dvy, Y€ FNCEe. (4.11)
H H

4.1. m—dissipativity of X. Fix Ny € N and let f € Fn,Cp°. For N € N we consider the solution
pn of the approximating equation

1

AN — B Tr [D*TIyen] + (Azy—: 23, Dpy) = f. (4.12)

Then, taking into account (4.11) we find the estimate

2
/ |Den|* dvy < )\/ frdvy. (4.13)

H H
Theorem 4.1. X is extendible to an m—dissipative operator in L*(H, v) whose extension we denote
by K. Moreover, FCY° is a core for K@),

Proof. We have only to show

lim [ (ad:—:2%: Doy)dr =0 (4.14)
N—oo Jq¢

and then to apply the Lumer—Phillips theorem in some Besov spaces.
We take a, s and p satisfying the assumptions of Theorem 3.9 and write

IDPN f(2) - b < et W+ 1 1) [Blgo|fllo (1 + el o), ¢ 20,

for some a < %, € > 0 and ¢, ~ depending on s, o, €. Moreover, we can choose 1 + a4+ €+ s < 2.
We write

on(x) :/0 e_AtPth(x)ds

and deduce
|Don(x) - h| < clhle-s || fllo(1 + [2]c-a)".
It then suffices to write

‘/ﬂ{(: 23— 2P ) Don dugc/g{\ cd 2 o L llo(1 + [2lge)Y dv

By the Holder inequality this converges to 0.

]
Remark 4.2. Arguing as in [DaDe07] one can show that the closure X®) of K in LP(H,v), p > 1

is m—dissipative. Moreover the gradient operator
D:JC} c LP(H,v) — LP(H,v; H)

is closable. We denote by D, its closure and by W1P(3, v) its domain.
Finally,

D(X®)y c Wh2(H,v)
and it results
/ XK@ dv = —1/ |Dg|?dv, Ve D(K®?). (4.15)
% 2 Jx

Moreover since, as easily checked

| x@pvay =3 [ (Do, Do), o, T CR),
H H
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it results )
| x@pvdy =~ [ (Do Do), Vg v € D), (4.16)
H H

so that K@ is symmetric. Finally, let us recall the classical integration by parts formula for the
Gaussian measure p

/<D¢,Z>wduz / <D¢,Z>¢du+/ W.odu, heZ? b, o €FChH), (4.17)
H H H

where

We(x) =(Q 2,2y = Y VI+I[kP zpzr, ¢eX
kez?
and @ is the covariance of . Since v(dx) = p(z)u(dz), setting ¢ = p in (4.17) yields

/(D%zmdu: —/ <Dp,Z>s0du+/ W.ppdu, hel? ¢ €FCyH).
H H H
which is equivalent to
/(Dgo,z)dy: —/ (Dlogp,z)«pdu—i—/ W,odv, heZ? ¢ cFCOLHH).
¥ 3 ¥
3

Since (Dlogp,z) = —(: x
/ (Dp,z)dv = / (: a3 :,z)@du+/ W.odv, heZ? ¢ cFCLHH).
H H H
Therefore, for any p > 1 and any z € Z? there is Cp > 0 such that

‘ /g{ (D, 2) dv

This inequality is useful to develop a geometrical theory for the measure v, see [DaDel7], [DaDel6]
and [DaLuTulg|.

;, z) we have

< Cpllell e l21- (4.18)
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