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Rayleigh streaming is a steady flow generated by the interaction between an acoustic wave and a 
solid wall, generally assumed to be second order in a Mach number expansion. Acoustic streaming 
is well known in the case of a stationary plane wave at low amplitude: it has a half-wavelength 
spatial periodicity and the maximum axial streaming velocity is a quadratic function of the acoustic 
velocity amplitude at antinode. For higher acoustic levels, additional streaming cells have been 
observed. Results of laser Doppler velocimetry measurements are here compared to direct numeri-

cal simulations. The evolution of axial and radial velocity components for both acoustic and 
streaming velocities is studied from low to high acoustic amplitudes. Two streaming flow regimes 
are pointed out, the axial streaming dependency on acoustics going from quadratic to linear. The 
evolution of streaming flow is different for outer cells and for inner cells. Also, the hypothesis of 
radial streaming velocity being of second order in a Mach number expansion, is not valid at high 
amplitudes. The change of regime occurs when the radial streaming velocity amplitude becomes 
larger than the radial acoustic velocity amplitude, high levels being therefore characterized by 
nonlinear interaction of the different velocity components. CV 2017 Acoustical Society of America.

I. INTRODUCTION

Acoustic streaming is a mean flow generated by

Reynolds stresses in a fluid that supports an acoustic wave,

either due to absorption in the main body of an irrotational

sound beam (for Eckart streaming or Quartz wind), or asso-

ciated to Stokes boundary layer adjacent to a solid boundary.

This second type of streaming is usually referred to as

Rayleigh streaming because Lord Rayleigh developed a

solution that describes the steady vortices generated in the

core of the fluid (also called outer cells) in a wide channel.1

Rayleigh’s analysis applied to the case of a large cylindrical

guide yields

u2;Rayleigh ¼ �
3U2

ac

8c
sin 2kxð Þ 1� 2g2

� �
; (1)

v2;Rayleigh ¼
3U2

ac

8c
kR cos 2kxð Þ g� g3

� �
; (2)

with u2;Rayleigh (respectively, v2;Rayleigh) the axial (respec-

tively, radial) component of streaming velocity, Uac the

acoustic velocity amplitude at its antinode, c the speed of

sound, R the channel radius, x the axial coordinate, k the

complex wave number, g ¼ r=R the radial coordinate with r
the distance from guide axis. In order to obtain these equa-

tions, terms in e�Rð1�gÞ=d� were neglected in the complete

equations of Rayleigh solution, which is valid far enough

from the boundary layer (with d� ¼
ffiffiffiffiffiffiffiffiffiffiffi
2�=x

p
the acoustic

boundary layer thickness, x being the angular frequency).

These equations clearly show the main characteristics of

Rayleigh streaming: Streaming velocities are of second order

in powers of acoustic Mach number, with vortices that span

k=4; axial and radial streaming components have quite dif-

ferent axial and radial dependencies. Subsequently,

Schlichting2 first described the inner streaming vortices con-

fined to the boundary layer and rotating in the opposite direc-

tion than that of the Rayleigh outer cells, under the

hypothesis of incompressible flow. Later, Qi3 included the

fluid compressibility and temperature effects to improve the

description of inner streaming. Rott4 improved the descrip-

tion of the outer streaming by taking into account thermal

effects. Experimental studies were started later than theoreti-

cal ones, using second order time average pressure measure-

ments5 or making profit of the development of laser

velocimetry techniques (e.g., Ref. 6).a)Electronic mail: daru@limsi.fr
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The above-described characteristics of Rayleigh stream-

ing are modified when the acoustics are increased to high

levels. Available studies focused on the description of high

level axial component of the streaming velocity. Thompson

and Atchley7 first observed that the variation of the axial

component of streaming velocity, with respect to the trans-

verse coordinate, departs from a parabola and that its axial

dependence departs from a pure sinusoidal function at high

acoustic amplitudes. Moreau et al.8 further described these

distortions; they characterized the change of regime of the

axial component of the streaming velocity from parabolic

Rayleigh theory and found that for ReNL> 20 axial stream-

ing velocity is not in agreement with any available theory

[see Eq. (3) for the definition of ReNL]. Then it was found

both experimentally9 and numerically10 that when the acous-

tic level is further increased, the previously described distor-

tion of centerline axial streaming velocity towards acoustic

velocity nodes leads to the generation of counter-rotating

additional vortices near the acoustic velocity antinodes. This

kind of behaviour was found to be followed by outer stream-

ing cells only; results in the near wall region show that inner

streaming vortices are only slightly modified.

The investigation of the origins of the mutation of

streaming at high amplitudes has already been considered in

the literature. The effect of inertia on streaming was the first

phenomenon suspected to lead to high level deformation of

streaming. Menguy and Gilbert11 introduced the nonlinear

Reynolds number,

ReNL ¼
Uac

c

� �2
R

d�

� �2

(3)

that compares inertia of streaming and viscosity and deter-

mines the degree to which nonlinear effects of fluid inertia

become dominant. This nonlinear Reynolds number has then

been commonly used as criteria to range the conformity of

streaming to Rayleigh pattern, the case ReNL � 1 being

referred to as “slow streaming” and the case ReNL � 1 as

“nonlinear streaming” or “fast streaming.” All available ana-

lytical models are restricted to slow streaming (e.g., Ref. 12).

The effect of inertia on streaming was further analyzed by

Daru et al.,13 thanks to the development of an averaged

model simulation that permitted to isolate inertia from other

high level effects. This model showed that the distortion

associated with inertia of streaming flow is opposite to the

one observed both experimentally [by laser Doppler velocim-

etry (LDV)] and numerically [with direct numerical simula-

tions (DNS)] for streaming at high level: Inertia is associated

with a distortion of streaming towards the acoustic velocity

antinodes, making impossible the emergence of new stream-

ing cells. This allowed us to identify the effect of inertia in

the establishment of acoustic streaming and to assert that it is

not the leading phenomena in the evolution of Rayleigh cells

at high amplitudes.

Other effects have been considered as possibly responsi-

ble for the mutation of streaming at high amplitudes:10

Nonlinear propagation and thermal effects associated with

acoustically induced heat transfer in a standing waveguide.

However, it was also shown that even if these phenomena do

influence the streaming pattern at high levels, neither can be

considered as being at the origin of the change of regime for

Rayleigh vortices. Therefore, it was necessary to go further

into the investigation of the origins of this mutation. In the

present paper, we decided to investigate the possible nonlin-

ear interaction between streaming and acoustics. The method

of successive approximations is usually applied in acoustics

and in particular, when approaching acoustic streaming. It

implies that the different order components (including the

acoustic first order and the streaming second order compo-

nents) do not interact with each other. The aim of this paper

is to evaluate the validity of this hypothesis when the acous-

tic amplitude is increased. To this effect, numerical and

experimental results are gathered in order to further describe

the modifications of streaming and acoustics at high acoustic

amplitudes. A description of the usually considered axial

velocity components for streaming and acoustics from low

to high level regimes is proposed together with a description

of the less considered radial velocity components, again for

streaming and acoustics. The evolution of the outer stream-

ing velocity amplitude Us with the acoustic amplitude Uac is

further described. An important change is noticed: Us is

found to go from a quadratic to a linear dependence on Uac.

Attention is paid to both outer and inner streaming and it is

shown that the variation of streaming velocity amplitude

with acoustic velocity amplitude does not occur similarly for

the two kinds of streaming. It is shown that the hypothesis of

streaming velocity being much smaller than acoustic veloc-

ity is restrictive at high amplitudes for the radial velocities.

The paper is organized as follows. Section II presents

the experimental setup and the numerical method and proce-

dure. In Sec. III, the evolution of axial components of acous-

tic and streaming velocities are described from low to high

amplitudes. The change of regime from quadratic to linear

dependence of the axial streaming velocity on the acoustic

amplitude is analyzed. In Sec. IV, the evolution of radial

components of acoustic and streaming velocities is discussed

from low to high amplitudes and the nonlinear interaction of

radial acoustic and streaming velocities is investigated.

II. METHODS AND CONFIGURATIONS

As stated above, both experimental and numerical stud-

ies are used in this paper to obtain a thorough description of

the evolution of streaming from low to high acoustic levels.

In both these approaches, a cylindrical tube of length L and

radius R is considered. The tube is filled with air at atmo-

spheric pressure, in which a high level standing wave is gen-

erated by exciting a resonant mode.

Because we want to focus on one among other high

level phenomena that can be responsible for the evolution of

Rayleigh streaming, it is necessary to separate the contribu-

tion of the different phenomena encountered at high level, or

at least to scale them. Thompson et al.14 first showed that

temperature gradients influence Rayleigh streaming. In the

experimental setup, the thermal condition corresponded to

the “uncontrolled” condition as defined by Ref. 14, that is,

the resonator was exchanging heat with the surrounding air



and a small temperature gradient was created. In the numeri-

cal simulations isentropic acoustic oscillations are consid-

ered so that thermal variations are not taken into account and

the energy equation is not considered.

Shock wave formation can also influence Rayleigh

streaming. In the experimental setup, a cylindrical guide is

connected to loudspeakers via convergents; the resulting

coupled resonant system offers the advantage that its modes

are not in a harmonic series, preventing the cascade of

energy from x (the angular frequency of the acoustic wave)

to its harmonics by nonlinear propagation. This is not the

case of the configuration studied numerically, where shock

waves can develop (as shown in Ref. 10), but we have

checked that they are of small intensity and do not have dras-

tic influence on streaming cells, during the physical time cor-

responding to numerical simulations (�200 periods).

In the following, the experimental setup and procedure

is first described and then the numerical calculation is

presented. Finally the experimental and numerical data set

selected for analysis are given.

A. Experimental setup

The setup used to observe the acoustic streaming phe-

nomenon is shown in Fig. 1. The cylindrical tube, with

R¼ 19.5 mm, is connected at each end to a loudspeaker via

connecting tubes, designed to avoid separation effects

related to the singularities in change of section. Either the

first mode corresponding to L exp ¼ k=2 or the third mode

corresponding to L exp ¼ 3k=2 is excited. The total length of

the waveguide is Lexp¼ 2.13 m so that the two distinct reso-

nance frequencies are 88 and 240 Hz.

Wood smoke is used as seeding particles in order to per-

form particle velocity measurements by Laser. LDV allows

us to access the axial particle velocity and particle image

velocimetry (PIV) allows us to access the streaming velocity

field in a (x, r) plane.

The single component LDV system is a Dantec

Dynamic model 2580; the probe is mounted on a three-axis

positioning system. The argon krypton laser has an optical

wavelength of 514.5 nm and a power of 25 W. The parame-

ters of LDV system are adjusted for axial particle velocity

measurements and the axial streaming velocity is deduced

from these measurements. Moreau et al.8 showed that in

such a setup it is necessary to wait for 26 min after the acous-

tic field is switched on to ensure that the streaming field is

fully established. Also they found that a good compromise

between a sufficient number of measured tracer particles per

measuring point for a precise streaming velocity estimate

and a short enough measuring time that insures a correct

seeding during a whole scan is obtained when choosing to

acquire either 70 000 points or to stop acquisition after 10 s.

The results presented in the following were obtained with

these settings.

On the other hand, PIV measurements were performed

by generating a laser sheet of 1 mm thickness with a pulsed

laser (Quantel Mini-Yag) having a 532 nm wavelength, issu-

ing a pulsed energy of 30 mJ and synchronized with a maxi-

mum frequency of 20 Hz. To insure convergence of the

streaming velocity field calculation, 500 pairs of pictures

were recorded by a JAI RM-4200CL camera (maximum of

15 pictures/s, 2048� 2048 pixels) and the 500 phase locked

velocity fields obtained were averaged. This installation

allows the discretization of the velocity field with resolution

along the guide axis/radius Dx ¼ Dr ¼ 0:52 mm. For more

information on the evaluation of the streaming velocity see

the work of Reyt et al.9

B. Numerical method

The configuration numerically studied consists in a fluid

oscillating as the result of an acoustic standing wave initiated

by shaking a resonator along its axial direction at x.

Resonant conditions are imposed and the L ¼ k=2 mode is

excited. The flow is modeled with the compressible Navier-

Stokes equations expressed in the moving frame attached to

the tube, so that a forcing source term is added. Because the

wave propagation is considered as isentropic (in order to

approach the experimental “uncontrolled” thermal condi-

tion), the energy equation is decoupled from the other equa-

tions and we only solve the mass and momentum equations.

The equations are numerically solved with an axisymmetric

formulation using high order finite difference schemes.10,15

FIG. 1. Diagram of the experimental apparatus.

FIG. 2. (Color online) (a) Acoustic wave pattern. (b) Schematic representa-

tion of the corresponding slow streaming velocity field. Grey and dark grey

zone: simulation domain. Blue and dark grey zone: PIV measurements. Red

lines: LDV measurements. (c) Variation of axial streaming velocity with

respect to the axial coordinate at r¼ 0. (d) Variation of axial streaming

velocity with respect to the radial coordinate at x ¼ k=8.



The physical boundary conditions in the moving frame are:

no slip on the boundary walls parallel to horizontal symme-

try axis, and symmetry conditions on the vertical boundaries.

The instantaneous flow is calculated with a DNS approach

and the mean flow is obtained by time averaging over an

acoustic period. All results presented below are obtained

using a regular mesh of rectangular cells composed of 500

points along the axis, and of 5� R=d� points in the radial

direction. The time step dt is fixed in order to insure stability

of the numerical scheme (dt ¼ 8� 10�9 s for N1, N2, N3,

dt ¼ 1:6� 10�8 s for N4, the different numerical configura-

tions being defined in Sec. II C).

C. Studied configurations

A schematic representation of streaming expected in the

acoustic resonators under study is given in Fig. 2. The

domain considered for numerical simulations is shown in

grey. LDV scans correspond to the horizontal red lines

(along the resonator axis and in the near wall region) and the

PIV measurement domain is depicted by the light blue/dark

grey zone. Figure 2 recalls that in the outer cells (located in

the resonator core) the flow is circulating from the acoustic

velocity nodes towards the acoustic velocity antinodes along

the central axis and returns in the vicinity of the wall to com-

plete a closed loop. The location r ¼ R� 3d� corresponds to

the limit between the two streaming cells (inner cell and

outer cell), so that the amplitude of the axial streaming

velocity has a local maximum [Fig. 2(d)] which will be

referred to as the inner streaming amplitude in the following.

In this study we compare results from two experimental

(noted E1 and E2) and four numerical (N1 to N4) configura-

tions. The corresponding parameters are summarized in Table

I. Note that for the chosen configurations, 20 � R=d� < 140,

and thus the inner vortices fill a much smaller portion of the

guide than in Fig. 2(b) where the represented guide is narrow

(R=d� is about 4). For the large guides under study, Eqs. (1)

and (2) provide a good description of outer streaming cells at

low acoustic amplitudes. The range of variation of Uac which

is the amplitude of the axial acoustic velocity at antinode,

shown in Table I, is chosen to encompass a variety of stream-

ing flows in order to exhibit the different flow regimes (there

are between 6 and 19 data points covering the range of Uac

values). Because the size of the numerical system is very dif-

ferent from the size of the experimental system (to reduce

computational time), working frequencies are very different.

Nondimensional analysis,10 however, shows that the same

flow behaviour is expected if M� 1; Re� 1 and Sh� 1,

where M ¼ Uac=c; Re ¼ 1=2 ðk=pd�Þ2; Sh ¼ d�=R. These

conditions are fulfilled by all experimental and numerical

configurations under study.

In this paper we want to check if the oscillation part and

the mean part (of different order of magnitude) of the parti-

cle velocity can be considered as independent from each

other. For this purpose we consider the two particle velocity

components: axial and radial and we consider the evolution

of the contribution of acoustics and streaming to these com-

ponents as the acoustic level is increased. Several strategic

positions are chosen for discussing these evolutions, summa-

rized in Table II.

III. AXIAL ACOUSTIC AND STREAMING VELOCITIES
FROM LOW TO HIGH LEVELS

A. Mutation of streaming at high level

The characteristics of Rayleigh streaming described by

Fig. 2 and Eq. (1) are also observed on Fig. 3, top-left, that

shows contours of the axial streaming velocity resulting

from the averaged PIV measurements for the experimental

data set E2 at relatively low level. The limit between two

streaming cells is shown by thick vertical dotted lines. Due

to the fact that the guide is much larger than in Fig. 2(b),

only the Rayleigh outer cells are visible. Similarly, Fig. 3,

top-right, representing the contours of the axial streaming

velocity together with velocity vectors of the streaming flow

calculated from N3 numerical simulations, show results in

agreement with the above description of slow streaming. In

Fig. 3 top, one can see that the shape of the outer cells is not

perfectly elliptic as it is the case in the schematic representa-

tion given by Fig. 2; the center of a cell is located approxi-

mately at r=R ¼ 0:7, in agreement with Eq. (1).

TABLE I. Parameters of the different presented cases.

Name f(Hz) R=d� R=k Uacðm=sÞ Usðm=sÞ ReNL

N1 20 000 20 2� 10�3 ½0:2� 60	 ½0:4� 10�4 � 2:4	 ½1:3� 10�4 � 12:18	
N2 20 000 40 3:7� 10�2 ½0:4� 80	 ½1:6� 10�4 � 4:9	 ½2� 10�3 � 86:62	
N3 20 000 50 4:5� 10�2 ½0:5� 73	 ½2:6� 10�4 � 4:2	 ½5:3� 10�3 � 112:7	
N4 5000 50 2:25� 10�2 ½0:5� 62	 ½2:6� 10�4 � 3:3	 ½5:3� 10�3 � 81:3	
E1 88 84 5� 10�3 ½2:7� 45	 ½90� 10�4 � 1:5	 ½0:43� 120:87	
E2 240 138 1:4� 10�2 ½2:7� 30	 ½80� 10�4 � 0:4	 ½1:17� 145	

TABLE II. Spatial evolution of the velocity components considered.

Component Axial evolution Radial evolution Section

Axial acoustics uacðx; r ¼ 0Þ uacðx ¼ k=8; rÞ III B

uacðx; r ¼ R� 2d�Þ III B

Axial streaming usðx; r ¼ 0Þ usðx ¼ k=8; rÞ III B

usðx; r ¼ R� 2d�Þ III B

Radial acoustics vacðx ¼ �k=4þ 3k=100; rÞ IV A

vacðx ¼ �k=4þ 7k=100; rÞ IV A

vacðx ¼ �k=4þ 11k=100; rÞ IV A

vacðx ¼ �k=4þ 15k=100; rÞ IV A

vacðx ¼ �k=4þ 19k=100; rÞ IV A

vacðx ¼ �k=4þ 23k=100; rÞ IV A

Radial streaming vsðx; r ¼ 0:564RÞ vsðx ¼ 0; rÞ IV A

vsðx ¼ k=2; rÞ IV A



Figure 3 middle and bottom show the evolution of

streaming when the acoustic level is increased. As found pre-

viously, the cell centers are first pushed towards the acoustic

velocity nodes and then a counter-rotating cell appears along

the resonator axis.9,10 PIV data are altered by light reflec-

tions on the tube glass but still display the C-shape formed

by the area of positive velocity (the yellow/red area). The

change in the streaming pattern is not significant in the near-

wall region. The position of the streaming velocity maxi-

mum in the near-wall region only shifts toward the acoustic

velocity node as the acoustic level increases.

This presentation of the mutation of streaming at high

levels is the one found in the literature. We need to consider

it from another point of view in order to find its origin. In the

following, in order to investigate the possible nonlinear

interaction between streaming and acoustics and the associ-

ated validity of the method of successive approximations,

we extract from the studied configurations presented in

Table II a comparison of acoustic and streaming contribution

to the different components of particle velocity at several

strategic positions. In this section axial velocities are consid-

ered, Sec. IV being devoted to the investigation of radial

velocities.

B. Evolution of axial velocities

Figure 4 shows acoustic and streaming axial velocities

along the axis of the guide on a half wavelength span for two

different acoustic levels extracted from E2 set. An electric

circuit equivalent to the electro-acoustic system has been

developed that allows us to calculate the acoustic pressure

and particle velocity along the resonator at any working fre-

quency. Theoretical expectations obtained from this electro-

acoustic model are given for acoustic velocity and

theoretical expectations for streaming from Rayleigh law

[Eq. (1)] are also given. This figure makes it apparent that

although the streaming is highly distorted at high amplitudes,

the axial acoustic velocity keeps the same axial evolution.

FIG. 3. (Color online) Contours of

axial streaming velocity colored by its

value (in m/s) and velocity vectors.

Left: PIV results from E2 for ReNL ¼
6; 14; 30; respectively, from top to bot-

tom, Right: numerical results from N3

for ReNL ¼ 0:006; 51; 111, respec-

tively, from top to bottom.



FIG. 4. (Color online) Top: axial

acoustic velocity wave pattern:

uacðx; r ¼ 0Þ in m/s and bottom: axial

streaming velocity along the guide

axis: usðx; r ¼ 0Þ in m/s for low (red)

and high (green) acoustic levels. Dots:

experimental results from E2. Lines:

theoretical results from an electrody-

namic model of the system (top) and

from Eq. (1) (bottom).

FIG. 5. Left: radial dependence of

axial acoustic streaming velocity:

usðx ¼ k=8; rÞ in m/s. Right: radial

dependence of axial acoustic velocity:

uacðx ¼ k=8; rÞ in m/s for high acoustic

level. Dots: LDV experimental results

from E2. Lines: theoretical expectation

from Eq. (4).

FIG. 6. (Color online) (a) Axial acous-

tic velocity wave pattern: uacðx; r ¼
R� 2d�Þ in m/s and (b) Axial stream-

ing velocity: usðx; r ¼ R� 2d�Þ in m/s

for high acoustic levels (ReNL¼ 81).

Numerical results from N3.



Similarly Fig. 5 shows acoustic and streaming axial

velocities along the radial coordinates for an high acoustic

level extracted from E2 set. Theoretical expectation for axial

acoustic velocity is also given. The latter is obtained from

the integration of the first order axial component of Navier-

Stokes equations, giving

uac x; rð Þ ¼
1

ixq0

@pac

@x
1� J0 br=Rð Þ

J0 bð Þ

� �
; (4)

with b ¼ ð1þ iÞR=d� , q0 the mean density of the fluid, pac the

acoustic pressure and J0 is the Bessel function of the first kind

of order 0. Again this figure shows that although the axial

streaming velocity has a radial dependence very different from

a parabola as described in Eq. (1), the axial acoustic velocity

keeps the same radial evolution even in the very near wall

region where streaming could be expected to alter acoustics

velocity due to severe velocity gradients encountered.

Numerical results confirm this evolution as shown by

Fig. 6 where axial acoustic and streaming velocities are repre-

sented along a streaming cell in the near wall region:

uacðx; r ¼ R� 2d�Þ and usðx; r ¼ R� 2d�Þ, for high acoustic

level. As already observed, the streaming pattern in this condi-

tion is distorted; however, the acoustic velocity is not

modified.

C. Relationship between streaming and acoustic
velocities

1. Outer streaming

In this section we further investigate the validity of

Eq. (1) and particularly the dependence of the axial streaming

velocity on the acoustic velocity for different configurations.

Figure 7 is the result of a search of a relationship between the

axial outer streaming velocity amplitude Us and the acoustic

velocity amplitude Uac. At low amplitude, the best fit with

numerical and experimental results is found when represent-

ing the variation of Us � f1=½1� 4:8ðd�=RÞ	g against Uac.

Therefore, a dependence upon the aspect ratio R=d� should be

included in Eq. (1) for slow streaming:

Us / U2
ac 1� 4:8

d�
R

� �
: (5)

Figure 7 also shows that in each configuration the quadratic

dependence given by Rayleigh’s law Eq. (1) is only true up to

a certain value of Uac. The dependence then becomes linear

and this dependence is different for each configuration (differ-

ent slopes of straight lines departing from the quadratic curve).

Figure 8 presents the same results as Fig. 7 but normal-

ized with URayleigh ¼ 3U2
ac=8c and in a log –log scale. The

ordinate is Us=URayleigh � f1=½1� 4:8ðd�=RÞ	g so that at low

regime all curves start from 1. It confirms that at low ampli-

tudes the quadratic dependence is satisfied: All points fall on

the horizontal line. The corresponding flow regime is there-

after called the first regime (Regime 1). Then a second

regime (Regime 2) can be identified, for which all curves are

of slope �1 on a log –log scale.

There exist configurations in Regime 2 where the emer-

gence of the extra cell has not been observed yet (N4).

Therefore, there is no simple and direct correlation between

the transition to the second regime and the appearance of a

new cell.

2. Inner streaming

As for outer streaming, a relationship between the axial

inner streaming velocity maximum Us and the acoustic

velocity amplitude Uac is searched. The best fit results in a

parabolic variation of Usðxm; r ¼ R� 3d�Þ=½1� 6:8ðd�=RÞ	
against Uac as shown in Fig. 9. The coefficient 6.8 is differ-

ent from the coefficient obtained for outer streaming because

FIG. 7. (Color online) Axial streaming

velocity amplitude Us � ½1=1� 4:8
ðd�=RÞ	 against acoustic velocity

amplitude Uac. Right: zoom on the low

level region.

FIG. 8. (Color online) ðUs=URayleighÞ � ½1=1� 4:8ðd�=RÞ	 against Uac on a

log –log scale.



the two streaming velocities are at two different radial posi-

tions, r ¼ R� 3d� for inner streaming and r¼ 0 for outer

streaming. In the simulation, xm corresponds to the axial

position of streaming velocity maximum at r ¼ R� 3d�
which is the place of inner streaming amplitude. All simula-

tion points follow the same curve. Experimental data are

taken in the near-wall region but it could not be precisely set

at the same relevant position so the fit of experimental data

is not obvious. However, in all cases it can be concluded that

the quadratic dependence of inner streaming on acoustics

still holds even at high amplitudes.

IV. RADIAL ACOUSTIC AND STREAMING VELOCITIES
FROM LOW TO HIGH LEVELS

Finally in this section the mutation of axial streaming

velocity was further investigated and it was shown that there

is no need to reconsider the application of the perturbation

method for axial components of particle velocity. In Sec.

IV A, the case of radial velocities is considered.

A. Evolution of radial velocities

The radial component of acoustic particle velocity can

be obtained from the radial integration of the first order con-

tinuity equation (e.g., Ref. 16)
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where r is the Prandtl number. This equation shows that the

transverse acoustic velocity has the same axial dependence

as the acoustic pressure, thus being maximal at axial posi-

tions of uac nodes in a standing wave pattern. Apart from the

near wall region, vac varies linearly with r [whereas uac is

almost constant across the guide section, see Eq. (4)]. vac is

zero on the guide axis and is anti-symmetric with respect to

this axis. Finally vac owes its origins in the compressibility

of the fluid and scales as ðd�=kÞuac (see Ref. 17). These char-

acteristics are shown by Fig. 10 that compares colormaps for

acoustic axial and radial components and by Fig. 11 that

shows the transverse variation of acoustic radial velocity at

different axial positions for low level, calculated from N3,

together with a linear fit. The corresponding axial positions,

labeled from 1 to 6, are highlighted on Fig. 10, right.

Similarly, as shown by Eq. (2), the radial streaming

velocity component has an axial dependence opposite to that

of the axial streaming velocity, has an anti-symmetry across

the axis of the guide where it is zero, and is much smaller

than the axial streaming velocity. This is shown by Fig. 12.

FIG. 9. (Color online) Us=½1� 6:8ðd�=RÞ	 against Uac within the near-wall region. Right: zoom for low levels.

FIG. 10. (Color online) Contours of the axial acoustic velocity uac (m/s) (left) and the radial acoustic velocity vac (m/s) (right) colored by its value obtained

with the DNS simulation (N3), ReNL¼ 0.006.



In the region x¼ 0, the radial streaming velocity vs is higher

than the radial acoustic velocity vac.

The following figures show that the above listed low

amplitude features of radial velocities are modified for both

the acoustic and the streaming radial velocities as the acous-

tic amplitude is increased. Figure 13, left (similar to Fig. 10,

right but for higher amplitude: ReNL¼ 22) shows that when

the acoustic amplitude is increased, the radial acoustic veloc-

ity encounters significant changes. Figure 13, right shows

the radial variation of the radial acoustic velocity vacðrÞ
obtained at different axial positions (labeled from 1 to 6,

highlighted on Fig. 13, left). In the region around x¼ 0

(curve labeled 6), the profile is no longer linear in r, but is a

polynomial of the 3rd order, as found by a polynomial fit in

the core region. Therefore, it appears that even if the axial

acoustic velocity uac is not modified [neither in its axial vari-

ation uacðxÞ nor in its radial variation uacðrÞ] when the acous-

tic amplitude is increased, the radial acoustic velocity vac is

modified.

Figure 14 shows the corresponding evolution of radial

streaming velocity. vsðx; r ¼ 0:564RÞ is no longer sinusoidal

[see Fig. 14(c)] and the symmetry between vsðx ¼ 0; rÞ and

vsðx ¼ k=2; rÞ is no longer observed, with the radial stream-

ing velocity around x¼ 0 globally decreasing [see Fig. 14(b)].

In this region, however, vs is still higher than vac.

Let us now consider the case N3, ReNL¼ 81, which cor-

responds to a case in Regime 2 with an extra counter-

rotating cell. Figure 15 displays the radial acoustic velocity

obtained from the DNS calculation. The profiles in the core

are very distorted and correctly fitted by a polynomial of 6th

order. Only in the x ¼ 6k=4 regions does the radial acoustic

velocity keep a linear radial variation. In addition, as shown

by Fig. 16, when the acoustic level is increased, the radial

streaming velocity in the x¼ 0 region continues to decrease

until tending to zero and then changing sign, in association

with the generation of the additional outer streaming cell.

Finally, both the radial acoustic velocity and the radial

streaming velocity are subject to important changes as the

acoustic level is increased. Due to the fact that the modifica-

tion of the radial acoustic velocity first occurs in the region

where the radial streaming velocity is large, it can be hypoth-

esized that streaming alters acoustics. This possibility is

investigated in Sec. IV B.

B. Nonlinear interaction of radial acoustic and
streaming velocities

In order to assess the interaction between acoustic and

streaming flows, a DNS calculation is conducted where at

the end of each period, the averaged flow over the preceding

period is subtracted from the total instantaneous velocity

field, before starting a new time step. By doing so, we intend

to artificially remove the influence of the streaming flow on

the acoustic field. Figure 17 shows the radial variation of the

resulting radial acoustic velocity component vacðrÞ for the

case discussed in Sec. IV A (N3, ReNL¼ 81, see Fig. 15). In

the core region, the profile remains linear whereas the acous-

tic field extracted from the full DNS calculation had a radial

component with a 6th order polynomial variation in the

radial direction (see Fig. 15, right). This observation proves

that streaming flow influences the acoustic field through the

radial component.

This is confirmed when looking back at the radial varia-

tion of the axial streaming velocity usðrÞ and comparing

results for the full DNS calculation with those obtained after

having removed the influence of streaming on acoustics. The

left part of Fig. 18 shows the radial variation of the axial

streaming velocity calculated with full DNS. The profiles in

the core are correctly fitted by a polynomial of 5th order. On

FIG. 11. (Color online) Radial dependence of radial acoustic velocity

obtained from the DNS calculation at different axial locations: vacð�k=4þ
m; rÞ with m ¼ 3; 7; 11; 15; 19; and 23� k=100 for curves labeled, respec-

tively, from 1 to 6 (Fig. 10, right) in m/s for low acoustic level

ReNL¼ 0.006. Squares: numerical results from N3; Plain lines: linear fit.

FIG. 12. (Color online) (a) Contours of the radial streaming velocity vs colored by its value obtained with the DNS simulation. (b) Radial dependence of radial

streaming velocity: vsðx ¼ 0; rÞ and vsðx ¼ k=4; rÞ in m/s. (c) Axial dependence of radial streaming velocity: vsðx; r ¼ 0:564RÞ in m/s. Numerical results from

N3, ReNL¼ 0.006.



FIG. 13. (Color online) Left: contours of the radial acoustic velocity vac amplitude colored by its value. Right: radial variation of the radial acoustic velocity

obtained from the full DNS calculation at different axial locations vacð�k=4þ m; rÞ with m ¼ 3; 7; 11; 15; 19; and 23� k=100 for curves labeled, respectively,

from 1 to 6 (see left figure), in m/s, N3, ReNL¼ 22. Solid lines: polynomial fit in the core region.

FIG. 14. (Color online) (a) Contours of the radial streaming velocity vs colored by its value obtained with the DNS simulation. (b) Radial dependence of radial

streaming velocity: vsðx ¼ 0; rÞ and vsðx ¼ k=4; rÞ in m/s. (c) Axial dependence of radial streaming velocity: vsðx; r ¼ 0:564RÞ in m/s. Numerical results from

N3, ReNL¼ 22.

FIG. 15. (Color online) Left: contours of the radial acoustic velocity vac amplitude colored by its value. Right: radial variation of the radial acoustic velocity

obtained from the full DNS calculation at different axial locations vacð�k=4þ m; rÞ with m ¼ 3; 7; 11; 15; 19; and 23� k=100 for curves labelled, respec-

tively, from 1 to 6 (see left figure) in m/s, N3, ReNL¼ 81. Solid lines: polynomial fit in the core region.

FIG. 16. (Color online) (a) Contours of the radial streaming velocity vs colored by its value obtained with the DNS simulation. (b) Radial dependence of radial

streaming velocity: vsðx ¼ 0; rÞ and vsðx ¼ k=4; rÞ in m/s. (c) Axial dependence of radial streaming velocity: vsðx; r ¼ 0:564RÞ in m/s. Numerical results from

N3, ReNL¼ 81.



one of the profiles we can see negative values of the axial

streaming velocity in the core, assessing the presence of the

extra counter-rotating outer streaming cell. Now if the inter-

action between streaming and acoustics is removed, the right

part of Fig. 18 shows the profiles are parabolic as shown by

a polynomial fit and no extra cell is observed since the veloc-

ities are all positive in the core. The associated streaming

pattern has a similar structure as a Regime 1 streaming flow

pattern although created by a high intensity acoustic wave.

This shows the major role played by the coupling between

the streaming flow and the acoustic field. This coupling

works as a two-way interaction through the radial

components.

Let us now explore the relative amplitude of the radial

acoustic and streaming velocity components. The left part of

Fig. 19 shows the maximum absolute value of radial stream-

ing velocity (empty symbols) and radial acoustic velocity

(full symbols) as functions of the axial acoustic velocity

amplitude Uac for the sets N1 to N3. One can observe that the

radial acoustic velocity amplitude Vac depends linearly on

Uac and is independent of R=d� , in agreement with Eq. (6).

The radial streaming velocity amplitude Vs is a quadratic

function of Uac, in agreement with Eq. (2). The amplitude of

vs increases with R=d� . After the intersection of the two sets

of curves, Vs becomes greater than Vac, which occurs for sets

N2 and N3 but not for N1. This is consistent with the transi-

tion from the first to the second regime of streaming

described previously: The value of Uac corresponding to Vs

becoming greater than Vac in Fig. 19 is the same as the value

of Uac corresponding to the change of regime (from qua-

dratic to linear) in Fig. 8. The right part of Fig. 19 shows

similar results for the experimental configuration E2. Here

the amplitude of streaming velocity was estimated from PIV

measurements and the dependency of radial acoustic veloc-

ity on axial acoustic velocity was obtained by using Eq. (6).

As was the case for numerical results (left part of Fig. 19),

the value of Uac corresponding to Vs becoming greater than

Vac is close to the value in Fig. 8 corresponding to the

change of regime (from quadratic to linear). The quadratic

dependency of Vs on Uac is verified experimentally. As

was the case for Us (see Fig. 7), Vs is close to Rayleigh’s law

Eq. (2) only for low acoustic levels. However, we do not

observe here any change of regime for Vs as was discussed

for Us: Even if Vs diverges from Eq. (2), it still depends qua-

dratically on Uac.

Finally these results confirm that the strong nonlinear

relation between the different velocity components for

acoustics and streaming is responsible for the mutation of

streaming patterns at high amplitude.

V. CONCLUSION

A study including numerical and experimental results

was presented in order to analyse the different streaming

flow regimes in a cylindrical waveguide. Two different

regimes were identified. The first regime, Regime 1, corre-

sponds to low acoustic amplitudes for which the axial

streaming velocity amplitude is a quadratic function of the

acoustic amplitude. In the second (high amplitudes) regime,

Regime 2, streaming velocity becomes a linear function of

the acoustic amplitude. A nonlinear interaction between the

radial component of acoustic streaming and the radial com-

ponent of acoustic velocity is responsible for this change of

regime that occurs when the radial streaming velocity

becomes larger than the radial acoustic velocity. This inter-

action then yields the generation of additional outer stream-

ing cells. The axial and radial variations of the axial acoustic

velocity remain the same when the acoustic level is

FIG. 17. (Color online) Radial variation of the radial acoustic velocity at

different axial locations vacð�k=4þ m; rÞ with m ¼ 3; 7; 11; 15; 19; and

23� k=100 for curves labeled, respectively, from 1 to 6, in m/s when

removing the influence of the streaming flow on the acoustic flow, N3,

ReNL¼ 81. Solid lines: linear fit in the core region.

FIG. 18. (Color online) Radial variation of the axial streaming velocity induced by the acoustic flow shown in Fig. 15 (left: full DNS simulation) and 17

(right:when removing the influence of streaming on acoustics), uacðx ¼ 3; 7; 11; 15; 19; and 23� k=100; rÞ, N3, ReNL¼ 81. Solid lines: polynomial fit in the

core region.



increased. On the contrary, the radial acoustic velocity and

both the axial and radial streaming velocities are very differ-

ent from low level velocities.
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FIG. 19. (Color online) Maximum

radial streaming (empty symbols) and

acoustic (full symbols) velocities ver-

sus Uac (maximum axial acoustic

amplitude). Left: numerical results.

Right: experimental results [using Eq.

(6) for an estimate of Vac].
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