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Abstract: This paper investigates robust versions of the general empirical risk minimization algo-
rithm, one of the core techniques underlying modern statistical methods. Success of the empirical
risk minimization is based on the fact that for a “well-behaved” stochastic process {f(X), f € F}
indexed by a class of functions f € F, averages % Zj\le f(X;) evaluated over a sample X1,..., Xy
of i.i.d. copies of X provide good approximation to the expectations Ef(X) uniformly over large
classes f € F. However, this might no longer be true if the marginal distributions of the process are
heavy-tailed or if the sample contains outliers. We propose a version of empirical risk minimization
based on the idea of replacing sample averages by robust proxies of the expectation, and obtain
high-confidence bounds for the excess risk of resulting estimators. In particular, we show that the
excess risk of robust estimators can converge to 0 at fast rates with respect to the sample size. We
discuss implications of the main results to the linear and logistic regression problems, and evaluate
the numerical performance of proposed methods on simulated and real data.

Keywords and phrases: robust estimation, excess risk, median-of-means, regression, classifica-
tion.

1. Introduction

This work is devoted to robust algorithms in the framework of statistical learning. A recent Forbes
article [41] states that “Machine learning algorithms are very dependent on accurate, clean, and well-
labeled training data to learn from so that they can produce accurate results” and “According to a recent
report from Al research and advisory firm Cognilytica, over 80% of the time spent in Al projects are spent
dealing with and wrangling data.” While some abnormal samples, or outliers, can be detected and filtered
during the preprocessing steps, others are more difficult to detect: for instance, a sophisticated adversary
might try to “poison” data to force a desired outcome [33]. Other seemingly abnormal observations could
be inherent to the underlying data-generating process. An “ideal” learning method should not discard
informative samples, while limiting the effect of individual observation on the output of the learning
algorithm at the same time. We are interested in robust methods that are model-free, and require minimal
assumptions on the underlying distribution. We study two types of robustness: robustness to heavy tails
expressed in terms of the moment requirements, as well as robustness to adversarial contamination. Heavy
tails can be used to model variation and randomness naturally occurring in the sample, while adversarial
contamination is a convenient way to model outliers of unknown nature.

The statistical framework used throughout the paper is defined as follows. Let (S, S) be a measurable
space, and let X € S be a random variable with distribution P. Suppose that X,..., X arei.i.d. copies
of X. Moreover, assume that F is a class of measurable functions from S to R and ¢ : R — R, is a loss
function. Many problems in statistical learning theory can be formulated as risk minimization of the form

E£(f(X)) — min.

We will frequently write P¢(f) or simply £(f) in place of the expected loss E¢ (f(X)). Throughout the
paper, we will also assume that the minimum is attained for some (unique) f. € F. For example, in the
context of regression, X = (Z,Y) e R xR, f(Z,Y) =Y — g(Z) for some g in a class G (such as the class
of linear functions), ¢(z) = 22, and fy(2,y) = y — g«(2), where g«(2) = E[Y|Z = z] is the conditional
expectation. As the true distribution P is usually unknown, a proxy of f, is obtained via empirical risk
minimization (ERM), namely

fN = argmin Ly (f), (1.1)
feFr
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where Py is the empirical distribution based on the sample X;,..., Xy and
1
En(f) = Prly = 5 D L(F(X5).
j=1

Performance of any f € F (in particular, fn) is measured via the excess risk E(f) := PL(f) — Pl (f+).
The excess risk of fx is a random variable

E(fx) i= PU(fn) = PL(f) = E[L(F(X))| X1, Xnv | = B (f(X).

General bounds for the excess risk have been extensively studied; a small subsample of the relevant works
includes the papers [45, 46, 24, 4, 10, 43] and references therein. However, until recently sharp estimates
were known only in the situation when the functions in the class ¢(F) := {{(f), f € F} are uniformly
bounded, or when the envelope Fy(x) := supcx [¢(f(x))| of the class £(F) possesses finite exponential
moments. Our focus is on the situation when marginal distributions of the process {{(f(X)), f € F}
indexed by F are allowed to be heavy-tailed, meaning that they possess finite moments of low order only
(in this paper, “low order” usually means between 2 to 4). In such cases, the tail probabilities of the

random variables {\/—lﬁ Z;V:1 Uf(X;) —EUf(X)), feF } decay polynomially, thus rendering many ex-

isting techniques ineffective. Moreover, we consider a challenging framework of adversarial contamination
where the initial dataset of cardinality IV is merged with a set of O < N outliers which are generated
by an adversary who has an opportunity to inspect the data, and the combined dataset of cardinality
N° = N + O is presented to an algorithm; in this paper, we assume that the proportion of contamination
© (or its upper bound) is known.

The approach that we propose is based on replacing the sample mean that is at the core of ERM
by a more “robust” estimator of E/(f(X)) that exhibits tight concentration under minimal moment
assumptions. Well known examples of such estimators include the median-of-means estimator [37, 2, 30]
and Catoni’s estimator [13]. Both the median-of-means and Catoni’s estimators gain robustness at the
cost of being biased. The ways that the bias of these estimators is controlled is based on different principles
however. Informally speaking, Catoni’s estimator relies on delicate “truncation” of the data, while the
median-of-means (MOM) estimator exploits the fact that the median and the mean of a symmetric
distribution both coincide with its center of symmetry. In this paper, we will use “hybrid” estimators
that take advantage of both symmetry and truncation. This family of estimators has been introduced
and studied in [36, 35], and we review the construction below.

1.1. Organization of the paper.

The main ideas behind the proposed estimators are explained in Section 1.3, followed by the high-level
overview of the main theoretical results and comparison to existing literature in Section 1.4. In Section 2,
we discuss practical implementation and numerical performance of our methods for two problems, linear
regression and binary classification. The complete statements of the key results are given in Section 3,
and in Section 4 we deduce the corollaries of these results for specific examples. Finally, the architecture
of the proofs is explained in Section 5, while the remaining technical arguments and additional numerical
results are contained in the appendix.

1.2. Notation.

For two sequences {a; }j>1 c R and {b; }j>1 c R for j € N, the expression a; < b; means that there exists
a constant ¢ > 0 such that a; < cb; for all j € N; a; = b; means that a; < b; and b; < a;. Absolute
constants will be denoted ¢, c1,C, C’, etc, and may take different values in different parts of the paper.
For a function i : R? — R, we define

argmin h(y) = {y € R? : h(y) < h(z) for all = € R},
yeRd
and |kl := esssup{|h(y)| : y € R?}. Moreover, L(h) will stand for a Lipschitz constant of h. For f € F,
let o%(¢, f) = Var ({(f(X))) and for any subset F' < F, denote o*(¢, F') = sup . (¢, f). Additional

notation and auxiliary results are introduced on demand.
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1.3. Robust mean estimators.

Let k < N be an integer, and assume that Gy,..., Gy are disjoint subsets of the index set {1,..., N} of
cardinality |G| = n > |N/k| each. Given f € F, let

Zz

ZGG

be the empirical mean evaluated over the subsample indexed by G;. Given a convex, even function
p:R— R, and A > 0, set

L®(f) —argmmZ ( )_y) (1.2)

yeR =1

Clearly, if p(z) = 22, L&) (f) is equal to the sample mean. If p(z) = |z, then £*)(f) is the median-
of-means estimator [37, 2, 17]. We will be interested in the situation when p is similar to Huber’s
loss, whence p’ is bounded and Lipchitz continuous (exact conditions imposed on p are specified in

Assumption 1 below It is 1nstruct1ve to consider two cases: first, when & = N (so that n = 1)
and A = «/Var )VN is akin to Catoni’s estimator [13], and when n is large and
Var(¢ ), we recover the “median—of—means type” estimator. !

VVe also construct a permutation-invariant version of the estimator E(k)( f) that does not depend on
the specific choice of the subgroups G, ..., Gg. Define

(n) . _ {J: Jc{l,...,N},Card(J) = n}.

Let h be a measurable, permutation-invariant function of n variables. Recall that a U-statistic of order
n with kernel h based on an i.i.d. sample Xi,..., Xy is defined as [19]

Unypn = % D h({Xj}es) (1.3)

(n) JGAYIL)

Given J € AE\T,’), let £(f;J) =13, f(X;). Consider U-statistics of the form

Uvn(z:f) = D, p<ﬁw>.

JEA§\7)
Then the permutation-invariant version of EA(’“)( f) is naturally defined as

£ (1) = argmin U, (= f). (1.4)

Finally, assuming that £® (f) provides good approximation of the expected loss £(f) of each individual
f € F, it is natural to consider

I = argminﬁ(k)(f), (1.5)
feF

as well as its permutation-invariant analogue

fAUN = ar;grgin/jgc)(f) (1.6)
€

as an alternative to standard empirical risk minimization (1.1). The main goal of this paper is to obtain
general bounds for the excess risk of the estimators fy and f% under minimal assumptions on the

stochastic process {{(f(X)), f € F}. More specifically, we are interested in scenarios when the excess
risk converges to 0 at fast, or “optimistic” rates, referring to the rates faster than N—'/2. Rate of order

IThe “standard” median-of-means estimator corresponds to p(z) = z and can be seen as a limit of L) (f) when A — 0;
this case is not covered by results of the paper, as we will require that p’ is smooth and A is bounded from below.
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N—1/2 (“slow rates”) are easier to establish: in particular, results of this type follow from bounds on
the uniform deviations sup s r ‘[,A(k) (f) — E(f)‘ that have been investigated in [35]. Proving fast rates
is a more technically challenging task: to achieve the goal, we study remainder terms in Bahadur-type

representations of the estimators £ (f) and Egc)(f) that provide linear (in #(f)) approximations of
these nonlinear statistics and are easier to study.

Let us remark that exact evaluation of the U-statistics based estimators E(k)( f) and Fu v is not feasible
due to the number of summands ( ) being very large even for small values of n. However, exact computa-
tion is typically not required, and throughout our detailed simulation studies, gradient descent methods
proved to be very efficient for the problem (1.6) in scenarios like least-squares and logistic regression.
Moreover, numerical performance of the permutation-invariant estimator f},f is never worse than fN, and
often is significantly better; these points are further discussed in Section 2.

1.4. Overview of the main results and comparison to existing bounds.

Our main contribution is the proof of high-confidence bounds for the excess risk of the estimators
fn and f][{, First, we show that rates of order N~'/2 are achieved with exponentially high proba-

bility if (¢, F) = supscro?((, f) < oo and Esque}‘ﬁZ;V:1 ((f(X;)) —El(f(X))) < . The lat-
ter is true if the class {¢(f), f € F} is P-Donsker [18], in other words, if the empirical process f —
% Zjv 1 L(f(X;)) —EL(f(X))) converges weakly to a Gaussian limit. Next, we demonstrate that under

additional assumption requiring that any f € F with small excess risk must be close to f, that mmnmzes
the expected loss, fN and fy attain fast rates; we state the bounds only for fN while the results for f N
are similar, up to the change in absolute constants.

Theorem 1.1 (Informal). Assume that o(¢,F) < co. Then, for appropriately set k and A,

R - 5 2/3
guw)<5+cmﬁfv<Nw3+<§) )

with probability at least 1 —e™* for all s < k. Moreover, if sup ;. EV4 (0(f(X)) — EL(f(X)))* < o0, then

n < s 0\ 4
E(fn) <0+ C(F,P) (]\73/4+ (N) >,

again with probability at least 1 — e™* for all s < k simultaneously.

Here, 0 is the quantity (formally defined in (3.5) below) that often coincides with the optimal rate for

the excess risk [3, 31]. Moreover, we design a two-step estimator based on fN that is capable of achieving
faster rates whenever 6 « N—3/4.

Theorem 1.2 (Informal). Assume that sup s EV4 (0(f(X)) — BL(f(X))* < c0. There exists an esti-

mator f% such that

£(fx) < 5+afpm<£+;)

with probability at least 1 —e™* for all 1 < s < Spax Where Spmax — 0 as N — 0.

Estimator f]’(, is based on a two-step procedure, where fN serves as an initial approximation that is refined
on the second step via the risk minimization restricted to a “small neighborhood” of fN.

Robustness of statistical learning algorithms has been studied extensively in recent years. Existing
research has mainly focused on addressing robustness to heavy tails as well as adversarial contamination.
One line of work investigated robust versions of the gradient descent for the optimization problem (1.1)
based on variants of the multivariate median-of-means technique [40, 15, 47, 1], as well as Catoni’s esti-
mator [21]. While these algorithms admits strong theoretical guarantees, they require robustly estimating
the gradient vector at every step hence are computationally demanding; moreover, results are weaker for
losses that are not strongly convex (for instance, the hinge loss).
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The line of work that is closest in spirit to the approach of this paper has includes the works that
employ robust risk estimators based on Catoni’s approach [5, 12, 22] and the median-of-means technique,
such as “tournaments” and the “min-max median-of-means” [31, 32, 27, 28, 16]. As it was mentioned
in the introduction, the core of our methods can be viewed as a “hybrid” between Catoni’s and the
median-of-means estimators. We provide a more detailed comparison to the results of the aforementioned
papers:

1. We show that risk minimization based on Catoni’s estimator is capable of achieving fast rates, thus
improving the results and weakening the assumptions stated in [12];

2. Existing approaches based on the median-of-means estimators are either computationally intractable
[31], or outputs of practically efficient algorithms do not admit strong theoretical guarantees [27,
28, 16]. Our algorithms are designed specifically for the estimators fN and ﬁvj , and enjoy good
performance in numerical experiments along with strong theoretical guarantees simultaneously.

3. We develop new tools and techniques to analyze proposed estimators. In particular, we do not

rely on the “small ball” method [25, 34] and the standard “majority vote-based” analysis of the
median-of-means estimators. Instead, we provide accurate bounds for the bias and investigate the
remainder terms for the Bahadur-type linear approximations of the estimators (1.2). In particular,
we demonstrate that the typical deviations of the estimator E(k)( f) around L(f) are significantly
smaller than the deviations of the subsample averages Zj( f); consequently, this fact allows us
to “decouple” the parameter k responsible for the cardinality of subsamples from the confidence
parameter s that controls the deviation probabilities, and establish bounds that are uniform over a
certain range of s instead of a fixed level s = k. Moreover, in cases when adversarial contamination
is insignificant (e.g. @ = O(1)), our algorithms, unlike existing results, admit a “universal” choice
of k that is independent of the parameter ¢ controlling the optimal rate.
We are able to treat the case of Lipschitz as well as non-Lipschitz (e.g., quadratic) loss functions
£. At the same time, in some situations (e.g. linear regression with quadratic loss), our required
assumptions are slightly stronger compared to the best results in the literature tailored specifically
to the task [e.g. 31, 27].

2. Numerical algorithms and examples.

The main goal of this section is to discuss numerical algorithms used to approximate estimators fN and
f(J\J,, as well as assess the quality of resulting solutions. We will also compare our methods with the ones
known previously, specifically, the median-of-means based approach proposed in [28]. Finally, we perform
the numerical study of dependence of the solutions on the parameters A and k. All evaluations are
performed for logistic regression in the framework of binary classification as well as linear regression with
quadratic loss using simulated data, while applications to real data are shown in the appendix. Let us
mention that the numerical methods for closely related approach in the special case of linear regression
have been investigated in a recent work [22]. Here, we focus on general algorithms that can easily be
adapted to other predictions tasks and loss functions. Let us first briefly recall the formulations of both
the binary classification and the linear regression problems.

Binary classification and logistic regression. Assume that (Z,Y) € S x {+1} is a random couple
where Z is an instance and Y is a binary label, and let g4(z) := E[Y'|Z = z] be the regression function.
It is well-known that the binary classifier by (z) := sign(g«(z)) achieves smallest possible misclassification
error defined as P (Y # g(Z)). Let F be a given convex class of functions mapping S to R, ¢£: R — R,
— a convex, nondecreasing, Lipschitz loss function, and let

px = argmin  ELY f(2)).

all measurable f

The loss ¢ is classification-calibrated if sign(py(z)) = bx(z) P-almost surely; we refer the reader to [7] for
a detailed exposition. In the case of logistic regression considered below, S = R,

Uy, f(2)) = Ly f(2)) := log (1 n e—yf(Z)>

is a classification-calibrated loss and F = {fs(-) = (-, 8), 8 € R?} (as usual, the intercept term can be
included if the vector Z is replaced by Z = (Z,1)).
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Regression with quadratic loss. Let (Z,Y) € S x R be a random couple satisfying Y = f.(Z) + n
where the noise variable 7 is independent of Z and fx(z) = E[Y|Z = z] is the regression function. Linear
regression with quadratic loss corresponds to S = R,

Uy, f(2)) =ty — f(2)) == (y = f(2))?
and F = {fﬁ() = <'7B>a 5 € Rd}

In both examples, we will assume that we are given an i.i.d. sample (Z1,Y1),...,(Zn, Yn) having the
same distribution as (Z,Y).

2.1. Gradient descent algorithms.

Optimization problems (1.5) and (1.6) are not convex, so we will focus our attention of the variants of the
gradient descent method employed to find local minima. We will first derive the expression for VBE(k) (B),
the gradient of £(*) (B8) := E(k)( fs), for the problems corresponding to logistic regression and regression
with quadratic loss. It follows from (1.2) that E(k)(ﬂ) satisfies the equation

Zk: ( C )Aﬁ(k)(ﬁ)>—0~ o

Taking the derivative in (2.1) with respect to 3, we retrieve VBEA(’“) (8):

k L;(®-L™®
Sy (2 Sieq, 20V, f(20) ) p (Y B EN )
(k)
SE L ( WM )

where ¢'(Y;, fs(Z;)) stands for the partial derivative ‘(ayt’t) with respect to the second argument ¢, so that
—vip.zi)

(Y, f38(Zy)) = —YW in the case of logistic regression and ¢'(Y;, f3(Z;)) = 2({B, Z;) = Y;) for

regression with quadratic loss. In most of our numerical experiments, we choose p to be Huber’s loss,

VsL®)(8) = : (2.2)

y?
o) = 1yl < 1)+ (Il = 5) Tl > 13-
In this case, p”(y) = I{]y| < 1} for all y € R, hence the expression for the gradient can be simplified to

St (A Sieq, 20 £5(20)) T £,8) - £98)| < &}

VLW () = #{j: ‘Ej(ﬁ)_ﬁ(k)(ﬁ)‘<%} ;

(2.3)

where we implicitly assume that A is chosen large enough so that the denominator is not equal to 0. To
evaluate E(k)(ﬂ) we use the “modified weights” algorithm due to Huber and Ronchetti [23, section 6.7].
Complete version of the gradient descent algorithm used to approximate B\ ~ (identified with the solution
fN of the problem (1.5)) is presented in Figure 1.

Next, we dlscuss a variant of a stochastic gradient descent for approximating the “permutation-invariant”
estimator fN used when the subgroup size n > 1; in our numerical experiments (see Section B.2 for
the numerical comparison of two approaches), thlb method demonstrated consistently superior per-
formance. Below, we will identify f][{, with the vector of corresponding coefficients BJI\], Recall that

AW = (7. J<{1,... N}, Card(J) = n}, and that

LY (B) = argmin Y ( fﬁA)> (2.4)

zeR .A(")
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Fig 1: Algorithm 1 — evaluation of B N-

Input: the dataset (Z;,Y;)1<i<n, number of blocks k € N, step size parameter n > 0, maximum number of iterations M,
initial guess 8o € RY, tuning parameter A € R.
Construct blocks G1,...,Gg;
for allt=0,...,M do

Compute L£(¥)(8;) using the Modified Weights algorithm;

Compute VBEU“)(ﬁt) from equation 2.3;

Update ~

Bt1 = Bt — 77V5£<k)(5t)-

end for
Output: Bpr41.

Similarly to the way that we derived the expression for Vgﬁ(k) (8) from (1.2), it follows from (2.4), with
p again being the Huber’s loss, that

L)
5 p( L(fs; DL ‘“(ﬁ))zo o

JeA<n)

2 jea (5 ey Zi (Y, f5(Z {‘L B;J E(k)(ﬂ)‘ < %}
N :

(k)
VsLP(8) = SRy ‘[, y _,c<k><5>|<ﬁ}

(2.5)

Expressions in (2.5) are closely related to U-statistics, and it will be convenient to write them in a slightly
different form. To this end, let wy be the collection of all permutations ¢ : {1,..., N} — {1,..., N}. Given

T = (i1,...,in) € 7y and an arbitrary U-statistic Uy, defined in (1.3), let
1
Til,..,,iN = E (h (Xi17~ cey in) + h (Xin,+1’ e 7Xi2n) + ...+ h (Xi<k71>n+l, e 7Xikwl)) .
Equivalently, for 7 = (i1,...,ix) € Ty, let
Gi(1) = (iGj—1yns1s---+0jn) » 5 =1,...,k = |N/n], (2.6)

which gives a compact form
k
1
7— % Z X“ 1€ G ))

It is well known (section 5 in [20]) that the followmg representation of the U-statistic holds:

1
Unn =31 > T (2.7)

TETN

Applying representation (2.7) to (2.4), we deduce that

Eg“)(ﬁ) = argmin Z R+ (B,2), (2.8)
z€R TETN
with R (8, 2) ] P (ﬁ LfsiGi(1) == ) Similarly, applying representation (2.7) to the numerator

and the denominator in (2.5), we see that Vgﬁ( )(ﬂ) can be written as a weighted sum

S H{|E@ G -L9e)| < &)

Ak) (py _ .
Valy'(9) = 3, S o 1[G 23] < 3] L. (8),
=w,, weight corresponding to permutation 7
where i R
I (8) = 2o (%ZZGG () 26V 52 ) Hﬂ BiG ))_N)(ﬁ)‘ = %} (2.9)
S {2 j(T))—U’“)(ﬁ)\ <4}
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is similar to the expression for the gradient of £(*)(3) defined for a fixed partition G1(7), ..., Gx(7), see
equation (2.3). Representations in (2.8) and (2.9) can be simplified even further noting that permutations
that do not alter the subgroups Gy, ..., G} also do not change the values of R, (8, z), w, and L, (8). To
this end, let us say that 7,7 € mn are equivalent if G;(m1) = G;(72) for all j = 1,... k. It is easy to
see that there are WNLM), equivalence classes, and let mx 5 be the set of permutations containing
exactly one permutation from each equivalence class. We can thus write

L{P(8) = argmin Q(8, 2) = argmin >, Ry (8,2),

zeR zeR TETN .k

VLB = Y - T8, (2.10)

TETN,n,k

where &, = (n!)* (N — nk)! - w,. Representation (2.10) suggests that in order to obtain an unbiased esti-
mator of V,Q(f, z), one can sample a permutation 7 € my p i uniformly at random, compute V., R, (3, )
and use it as a descent direction. This yields a version of the stochastic gradient descent for evaluating

Egﬁ)(,@) presented in Figure 2. Once a method for computing Egc)(ﬁ) is established, similar reasoning

Fig 2: Algorithm 2 — evaluation of Egc)(ﬂ)

Input: the dataset (Z;,Y;)1<i<n, number of blocks k € N, step size parameter n > 0, maximum number of iterations M,
initial guess zg € R, tuning parameter A € R.
for allt=0,...,M do

Sample permutation 7 uniformly at random from 7y, k, construct blocks G1(7), ..., G (1) according to (2.6);
L f5:G; —

Compute VR, (8, 2¢) = —% Z?:l o (ﬁ%),

Update

zt41 = 2zt — NV 2R+ (B, 2t).
end for
Output: zpr41.

leads to an algorithm for finding f% Indeed, using representation (2.10), it is easy to see that an unbi-
ased estimator of Vg/fgc)(ﬁ) can be obtained by first sampling a permutation 7 € my , ; according to the
probability distribution given by the weights {&;, T € Ty}, then evaluating fT(ﬁ) using formula (2.9),
and using fT (8) as a direction of descent. In most typical cases, the number M of the gradient descent
iterations is much smaller than m, whence it is unlikely that the same permutation will be re-
peated twice in the sampling process. This reasoning suggests the idea of replacing the weights &, by the
uniform distribution over 7y, 5 that leads to a much faster practical implementation which is detailed
in Figure 3. It is easy to see that presented gradient descent algorithms for evaluating ]?N and J,‘\[J\{ have

Fig 3: Algorithm 3 — evaluation of B\Il\],

Input: the dataset (Z;,Y;)1<i<n, number of blocks k € N, step size parameter n > 0, maximum number of iterations M,
initial guess By € R%, tuning parameter A € R.
for allt=0,...,M do
Sample permutation 7 uniformly at random from 7y, , construct blocks G1(7),...,Gy(T) according to (2.6);
Compute Egc)(ﬁt) using Algorithm 2 in Figure 2;
Compute Ty (Bt) via equation 2.9;
Update N
Bi+1 = Bt — nl'+(Bt).
end for
Output: Spry1.

the same numerical complexity. The following subsections provide several “proof-of-concept” examples
illustrating the performance of proposed methods, as well as comparison to the existing techniques.
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2.2. Logistic regression.

The dataset consists of pairs (Z;,Y;) € R? x {£1}, where the marginal distribution of the labels is
uniform and conditional distributions of Z are normal, namely, Law (Z |Y = 1) = N ((—1,-1)T,1.41,),
Law (Z|Y = —-1) ~ N ((1,1),1.415), and Pr(Y = 1) = Pr(Y = —1) = 1/2. The dataset includes outliers
for which Y =1 and Z ~ N ((24,8),0.115), where I stands for the 2 x 2 identity matrix. We generated
600 “informative” observations along with 30 outliers, and compared performance or our robust method
(based on evaluating ,6’](\],) with the standard logistic regression that is known to be sensitive to outliers in
the sample (we used implementation available in the Scikit-learn package [39]). Results of the experiment
are presented in Figure 4. Parameters k and A in our implementation were tuned via cross-validation.

s

?
&

a) Training Datase ecision function — standard Lo- (c) Decision function — Algorithm
Training Dataset b) Decision functi tandard L Decision functi Algorithm 3
gistic Regression

Fig 4: Scatter plot of 630 samples from the training dataset (600 informative observations, 30 outliers),
the color of the points correspond to their labels and the background color — to the predicted labels
(brown region corresponds to “yellow” labels and blue — to “purple”).

2.3. Linear regression.

In this section, we compare performance of our method (again based on evaluating B]’{,) with standard
linear regression as well as with robust Huber’s regression estimator [23, section 7]; linear regression and
Huber’s regression were implemented using ‘LinearRregression’ and ‘HuberRegressor’ functions in the
Scikit-learn package [39]. As in the previous example, the dataset consists of informative observations
and outliers. Informative data (Z;,Y;), j = 1,...,570 are i.i.d. and satisfy the linear model Y; = 10Z; +¢;
where Z; ~ Unif[—3,3] and ¢; ~ N(0,1). We consider two types of outliers: (a) outliers in the response
variable Y only, and (b) outliers in the predictor Z. It is well-known that standard linear regression is
not robust in any of these scenarios, Huber’s regression estimator is robust to outliers in response Y only,
while our approach is shown to be robust to corruption of both types. In both test scenarios, we generated
30 outliers. Given Zj, the outliers Y; of type (a) are sampled from a N (100, 0.01) distribution, while the
outliers of type (b) are Z; ~ N ((24,24)",0.01I5). Results are presented in Figure 5, and confirm the
expected outcomes.

2.4. Choice of k and A.

In this subsection, we evaluate the effect of different choices of k and A in the linear regression setting of
Section 2.3, again with 570 informative observations and 30 outliers of type (b) as described in section
2.3 above. Figure 6a shows the plot of the resulting mean square error (MSE) against the number of
subgroups k. As expected, the error decreases significantly when k exceeds 60, twice the number of
outliers. At the same time, the MSE remains stable as k grows up to k ~ 100, which is a desirable
property for practical applications. In this experiment, A was set using the “median absolute deviation”
(MAD) estimator defined as follows. We start with Ay being a small number (e.g., Ag = 0.1). Given a
current approximate solution ¢, a permutation 7 and the corresponding subgroups G1(7),. .., Gr(7), set

J\/J\(ﬁt) := median <E(k)(5t; Gi(7),..., L™ (By; Gk(T)), and

MAD(3,) = median ()E(’“)(Bt; Gy (7) — M(B,)

£®(B: Gu(r) — M(81))) -

geeey
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100 M S s (R X ¥ ] L X — Linear regressor
250
—— Our method [Alg 3], A=1
8o —— Huber regressor
200
&0
150
40

100

— — Linear regressor 50
o —— Our methed [Alg 3], A=1 -
—— Huber regressor 0
-3 -2 -1 o 1 2 3 ] 5 10 15 20 25
(a) Outliers in response variable (b) Outliers in predictors

Fig 5: Scatter plot of 600 training samples (570 informative data and 30 outliers) and the corresponding
regression lines for our method, Huber’s regression and regression with quadratic loss.

Finally, define Atﬂ = %, where @ is the distribution function of the standard normal law. After

a small number m (e.g. m = 10) of “burn-in” iterations of Algorithm 3, A is fixed at the level A,, for all
the remaining iterations.

Next, we study the effect of varying A for different but fixed values of k. To this end, we set k €
{61,91,151}, and evaluated the MSE as a function of A. Resulting plot is presented in Figure 6b. The
MSE achieves its minimum for A = 10?; for larger values of A, the effect of outliers becomes significant
as the algorithm starts to resemble regression with quadratic loss (indeed, outliers in this specific example
are at a distance ~ 100 from the bulk of the data).

10°

10

MSE

107

20 40 &0 80 100 120 140 160 03 1072 17t 107 10t 10° 103 10*

K a
(a) MSE vs k (b) MSE vs A (log-log scale)

Fig 6: Plot of the tuning parameter (z-axis) against the MSE (y-axis) obtained with Algorithm 3. The
MSE was evaluated via the Monte-Carlo approximation over 500 samples of the data.

2.4.1. Comparison with existing methods.

In this section, we compare performance of Algorithm 3 with a median-of-means-based robust gradient
descent algorithm studied in [28]. The main difference of this method is in the way the descent direction
is computed at every step. Specifically, f‘T(ﬂ) employed in Algorithm 3 is replaced by VgL°®(5) where
L£2(B) := median (L(B8; G1(7),...,L(B;G(7)), see Figure 7 and [28] for the detailed description. Ex-
periments were performed for the logistic regression problem based on the “two moons” pattern, one
of the standard datasets in the Scikit-learn package [39] presented in Figure 8a. We performed two sets
of experiments, one on the outlier-free dataset and one on the dataset consisting of 90% of informative
observations and 10% of outliers, depicted as a yellow dot with coordinates (0,5) on the plot. In both
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Fig 7: Algorithm 4.

11

Input: the dataset (Z;,Y;)1<i<nN, number of blocks k € N, step size parameter n > 0, maximum number of iterations M,

initial guess By € R<.
for allt=0,...,M do

Sample permutation 7 uniformly at random from 7y ,, , construct blocks G1(7), ..., Gx(T) according to (2.6);

Compute VgL°(8);
Update

end for
Output: Bpr1.

Bi+1 = Bt — VgL (B).

scenarios, we tested the “small” (N = 100) and “moderate” (N = 1000) sample size regimes. We used
standard logistic regression trained on an outlier-free sample as a benchmark; its accuracy is shown as a
dotted red line on the plots. In all the cases, parameter A was tuned via cross-validation. In the outlier-
free setting, our method (based on Algorithm 3) performed nearly as good as logistic regression; notably,
performance of the method was strong even for large values of k, while classification accuracy decreased
noticeably for Algorithm 4 for large k. In the presence of outliers, our method performed similar to Algo-
rithm 4, while both methods outperformed standard logistic regression; for large values of &k, our method
was again slightly better. At the same time, Algorithm 4 was consistently faster than Algorithm 3 across

the experiments.

0875

0870

0865

=
@
@
)

accuracy

0855

0.850

0845

15 20

(a) “Two moons” dataset [39] with out-

liers.

accuracy

— Qurestimator [Alg 3], A=0.01
MOM estimator [Alg 4]
=== Logistic Regression

0 20 40 &0 80 100
k

(¢) N = 100, with 10 outliers

0.880

0.875

0870

0.865

accuracy

0.860

0.855
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0.845

— Qurestimator [Alg 3], A=0.5
MOM estimator [Alg 4]
=== Logistic Regression

0 20 40 60

k

80 100

(b) N = 100, no outliers

—— Qur estimator [Alg 3], A=1
MOM estimator [Alg 4]
=== Logistic Regression

0 200 400
k

600 800

1000

(d) N = 1000, no outliers

\

—— Our estimator [Alg 3], A =53
MOM estimator [Alg 4]
=== Logistic Regression

o 200 400 600 800

(e) N = 1000, with 100 outliers

1000

Fig 8: Comparison of Algorithm 3, Algorithm 4 and standard logistic regression. The accuracy was
evaluated using Monte-Carlo simulation over 300 runs.

3. Theoretical guarantees for the excess risk.

3.1. Preliminaries.

In this section, we introduce the main quantities that appear in our results, and state the key assumptions.
0*((,F') = supsez 0*(¢, f). The loss functions p that will be of interest to us satisfy the following

assumption.
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Assumption 1. Suppose that the function p : R — R is convezx, even, continuously differentiable 5 times
and such that

(i) p'(z) =z for |z| <1 and p'(2) = const for z = 2.
(ii) z — p'(z) is nondecreasing;

An example of a function p satisfying required assumptions is given by “smoothed” Huber’s loss defined
as follows. Let

1) = Gt <3720+ 5 (= 3) 1ol > 372)

be the usual Huber’s loss. Moreover, let ¢ be the “bump function” ¢(z) = Cexp (— 17‘;2) {|x\ < %}

where C' is chosen so that {; ¢(x)dx = 1. Then p given by the convolution p(z) = (h * ¢)(x) satisfies
assumption 1.

Remark 3.1. The derivative p' has a natural interpretation of being a smooth version of the truncation
function. Moreover, observe that p'(2) —2 < p/(1) =1 =0 by (i), hence |p'|o < 2. It is also easy to see
that for any x >y, p'(x)—p'(y) =y—p'(y) — (x—p'(x)) +x—y < x—y, hence p' is Lipschitz continuous
with Lipschitz constant L(p') = 1.

Everywhere below, ®(-) stands for the cumulative distribution function of the standard normal random
variable and W ( f) denotes a random variable with distribution N (0,02(f)). For f € F such that o(f) >

0, n e N and t > 0, define
Pr(zj_l (f(Xj) _Pf) < t> 7(1)(75)

)

Rylbm) = (P

where Pf := Ef(X). In other words, g¢(t,n) controls the rate of convergence in the central limit theorem.
It follows from the results of L. Chen and Q.-M. Shao [Theorem 2.2 in 14] that

E(f(X) —Ef(X))2 1 { LEZEFCON o q |t
Ry(t,n) < gg(t,n) ::C< ((X) ~Ef(X)) { a(fw2 -~ cr(f)’}
(/) (1+|57])
| EIFO0) —EFCOPR T {2000 <1 4

t

Jr
v () (14|

?

given that the absolute constant C' is large enough. Moreover, let

Gr(n,A) = f 95 (A (; +t) n> dt.

Gf (TL,A)
n

This quantity (more specifically, its scaled version plays the key role in controlling the bias of

the estimator E(k)(f). The following statement provides simple upper bounds for g;(¢,n) and Gy(n,A).
Lemma 3.1. Let Xi,...,X, be i.i.d. copies of X, and assume that Var(f(X)) < co. Then gs(t,n) — 0

as |t| — o and gs(t,n) — 0 as n — o, with convergence being monotone. Moreover, if E|f(X) —
Ef(X)|>*° < o for some § € [0,1], then for allt >0

JE|F(X) —EfCO1PE[F(X) - EFXOFT

97(t,m) < € 7‘15/2(0(f)+|t)2|+‘5 <c® n5/2|t2+5| | 31
E|f(X) — Ef(X)[*"°

Gs(n,A) < C” |f( iya,ﬁg )| )

where C',C" > 0 are absolute constants.



/Robust ERM 13
3.2. Slow rates for the excess risk.

Let

be the excess risk of fN and its permutation-invariant analogue f[]\{ which are the main objects of our
interest. The following bound for the excess risk is well known:

E(fv) = £(fn) = L(f2)
= £(fx) + L0 (Fn) = L9 () + L9 (f) = L9 f2) = L(f)
= (£(Fw) = ZW(F)) = (£ = £9(F0)) + LD (F) = £9(8)
<0

<2sup L (f) — L(f)]. (3.2)

The first result, Theorem 3.1 below, together with the inequality (3.2) immediately implies the “slow
rate bound” (meaning rate not faster than N -1/ 2) for the excess risk. This result has been previously
established in [35]. Define

A = max (A, o (4, F)).

Theorem 3.1. There exist absolute constants ¢, C' > 0 such that for all s > 0, n and k satisfying

1 <fEsup 2 — PUS)) + (L, ]-')\/;) +supGy(n, A) + Z

fe]—‘ feF

the following inequality holds with probability at least 1 — 2e™°:

A Al s
(Eilelg Z —PLf)) +0(€,f)\/;>

L X (ﬁfﬁ supfeffg(n,m .\ k?/ﬁ) ]

sup |£9)(f) — £(f)| < €
feF

Moreover, same bounds hold for the permutation-invariant estimators ng) (f), up to the change in absolute
constants.

An immediate corollary is the bound for the excess risk

~ N
2 (E up - " (£F(X,)) - PUS) + o f)ﬁ)

Jj=1
~ 5 SUPser Gyf(n,A) o
+A\/H<N + - +

(3.4)

that holds under the assumptions of Theorem 3.1 with probability at least 1 — 2e™°. When the class
{¢(f), fe F}isP-Donsker [18], h]gljg)p Eilelg Tlﬁ Z;vzl (L(f(X;)) — PLf)) ‘ is bounded, hence condition

(3.3) holds for N large enough whenever s is not too big and A and k are not too small, namely, s < c'k
and AvVk = ¢’o(F). The bound of Theorem 3.1 also suggests that the natural “unit” to measure the
magnitude of parameter A is (¢, F). We will often use the ratio Ma := 7% F) that can be interpreted as
a level of truncation expressed in the units of o(¢, F), and is one of the two main quantities controlling
the bias of the estimator E(k)(f), the second one being the subgroup size n.
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To put these results in perspective, let us consider two examples. First, assume that n = 1, £k = N and

set A = A(s) 1= o(F)4/ X for s < ¢N. Using Lemma 3.1 with § = 0 to estimate G(n,A), we deduce
that
~ 1 s (@]
& < C|Esup — Uf(X,))— Pt +o(l, F +>
(7 [ oy 3 U - PU) 4o 7) (5 +

with probability at least 1 —2e™°. This inequality improves upon excess risk bounds obtained for Catoni-
type estimators in [12], as it does not require functions in F to be uniformly bounded.

The second case we consider is when N » n > 2. For the choice of A = o(¢, F), the estimator £*)(f)
most closely resembles the median-of-means estimator. In this case, Theorem 3.1 yields the excess risk
bound of the form

1Y O [k
E?E_I;N;M(f( i) —PLf)) +o(l,F) <\/7 \/>?212an0 ))+? N)]

that holds with probability > 1 — 2e7* for all s < c'k. As sup;cx Gy(n,A) is small for large n and

%4 / % <4/ % whenever O < k, this bound is improves upon Theorem 2 in [28] that provides bounds for

the excess risk for robust classifiers based on the the median-of-means estimators.

3.3. Towards fast rates for the excess risk.

It is well known that in regression and binary classification problems, excess risk often converges to 0
at a rate faster than N~/2, and could be as fast as N~!. Such rates are often referred to as “fast” or
“optimistic” rates. In particular, this is the case when there exists a “link” between the excess risk and
the variance of the loss class, namely, if for some convex nondecreasing and nonnegative function ¢ such
that ¢(0) =0

E(f) = PUS) = PUf) = ¢ (v/Var (((F(X)) — (([u(X))))

It is thus natural to ask if fast rates can be attained by estimators produced by the “robust” algorithms
proposed above. Results presented in this section give an affirmative answer to this question. Let us
introduce the main quantities that appear in the excess risk bounds. For ¢ > 0, let

F(8) :={(f): feF, E(f) <4},
v(9) =, s VVar (((f(X)) — €(f+(X))),

N
(0):=E, s |5 — ¥ () - trxy) - P z(f*»)'
Moreover, define
(6, F) = sup e BV (0(f(X)) — BU(f (X))

The following condition, known as Bernstein’s condition following [8], plays the crucial role in the analysis
of excess risk bounds.

Assumption 2. There exist constants D > 0, dg > 0 such that

Var (0(f(X)) — €(f«(X))) < D*£(f)
whenever E(f) < 0p.

Assumption 2 is known to hold in many concrete cases of prediction and classification tasks, and we
provide examples and references in Section 4 below. Informally speaking, it postulates that any f
with small excess risk must be “close” to fyx. More general versions of the Bernstein’s condition are
often considered in the literature: for instance, it can be replaced by assumption [8] requiring that
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Var (0(f(X)) — 0(f«(X))) < D? (E(f))" for some 7 € (0,1] (clearly, our assumption corresponds to
7 = 1). Results of this paper admit straightforward extensions to the slightly less restrictive scenario
when 7 < 1; we omit the details to reduce the level of technical burden on the statements of our results.

Following [24, Chapter 4], we will say the the function ¢ : Ry — R, is of concave type if it is
nondecreasing and = +— @ is decreasing. Moreover, if for some v € (0,1) = — % is decreasing, we
will say that 1 is of strictly concave type with exponent 7. We will assume that w(d) admits an upper
bound @(§) of strictly concave type (with some exponent ), and that v(§) admits an upper bound () of
concave type. For instance, when assumption 2 holds, v(8) < D+/§ for § < dp, implying that (§) = D+/§
is an upper bound for v(d) of strictly concave type with v = % 2 Moreover, the function w(§) often
admits an upper bound of the form &(d§) = Ry + V6Ry where Ry and R, do not depend on 4; such an
upper bound is also of concave type. Next, set

5= min{5>0: Cl(p)\/lﬁi&gs)éi}, (3.5)

where C;(p) is a sufficiently large positive constant that depends only on p. This quantity plays an
important role in controlling the excess risk, as shown by the following theorems.

Theorem 3.2. Assume that conditions of Theorem 3.1 hold. Additionally, suppose that Ma = U(EA}_) =
1. Then ) o ) o
i~ < S+ S+
SN <6 D? — 14 Mp | —— :
veiece) (2 (5 + ) ot P vants (g + 50

—%, where the constant C(p) depends on p only and D is a constant

-~

with probability at least 1 — 10e
appearing in Assumption 2. Moreover, same bound holds for 6, up to a change in absolute constants.

Under stronger moment assumptions, the excess risk bound can be strengthened and take the following
form.

Theorem 3.3. Assume that conditions of Theorem 3.1 hold. Additionally, suppose that

sup EV* (¢(f(X)) — E(f(X)))" < o
feF

and that Ma := U(f‘f) > 1. Then

2 % Y
6y <6+ C(p) (D* + o4, F)y/nMp) ( Min2 N ) ‘

—S

with probability at least 1 — 10e™*%, where the constant C(p) depends on p only and D is a constant

appearing in Assumption 2. Moreover, same bound holds for SJZ{,, up to a change in absolute constants.

Remark 3.2.

1. It is evident that whenever O = 0, the best possible rates implied by Theorem 3.2 are of order N—2/3
(indeed, this is the case whenever May/n = N3 and 6 < N~2/3), while the best possible rates attained
by Theorem 3.3 are of order N=3/* (when Mar/n = N4 and § < N_3/4); in particular, in this case
the choice of Ma and n is independent of 6. In general, if © = eN for € > 0, the best rates implied by
Theorems 3.2 and 3.3 are 6 + C(F, p, P)e=/* and 6 + C(F, p, P)e=%/* respectively.

2. Assumption requiring that Ma > 1 is introduced for convenience: without it, extra powers of the ratio
%’W appear in the bounds.

Our next goal is to describe an estimator that is capable of achieving excess risk rates up to N~
The approach that we follow is similar in spirit to the “minmax” estimators studied in [5, 30, 27, among
others], as well as the “median-of-means tournaments” introduced in [31]; all these methods focus on
estimating the differences L£(f1) —L(f2) for all f1, fo € F. Recall that f, = argmin .z P{(f), and observe
that for any fixed f’ € F, f« can be equivalently defined via

fx = argmin P (K(f) — ﬁ(f')) )

feF

2this is only true in some neighborhood of 0, but is sufficient for our purposes
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A version of the robust empirical risk minimizer (1.5) corresponding to this problem can be defined as

k r r J—
RI(f = f') := argmin —— Z ( L) = i i) y) (3.6)

yeR —

for appropriately chose A > 0, and

f]’\, = argminf(k)(f — .
feF

Moreover, if f’ € F is a priori known to be “close” to f4, then it suffices to search for the minimizer in a
neighborhood F’ of f’ that contains f, instead of all f € F:

\ = argmin E(k)(f — .
feF

The advantage gained by this procedure is expressed by the fact that sup .z Var (¢(f(X)) — £(f'(X)))
can be much smaller than o (¢, F).

We will now formalize this argument and provide performance guarantees; we use the framework of
Theorem 3.3 which leads to the bounds that are easier to state and interpret. However, similar rea-
soning applies to the setting of Theorem 3.2 as well. Presented algorithms also admit straightforward
permutation-invariant modifications that we omit. Let

~

En(f) == LB (f) — LD (fn)

be the “empirical excess risk” of f. Indeed, this is a meaningful notion as fAN is the minimizer of £*) )
over f € F. Assume that the initial sample of size N is split into two disjoint parts S; and Ss of
cardinalities that differ at most by 1: (X1,Y7),...,(Xn,Yn) = S1 U Ss. The algorithm proceeds in the
following way:

1. Let fA’|Sl| be the estimator (1.5) evaluated over subsample S; of cardinality |S1| = |N/2|, with the
scale parameter A; and the partition parameter k; corresponding the group size ny = ||S1|/k1];

2. Let & =6+ C(p) (D? + o (€, F)/nMa,) ( M4(é f) + gJ”O) be a known upper bound on the excess

risk in Theorem 3.3 (while this condition is restrictive, it is similar to the requirements of existing
approaches [12, 31]; discussion of adaptation issues is beyond the scope of this paper and will be
addressed elsewhere). Set

F(&) = {fe]-': Ex(f) <5’}.

3. Define f]’(, t= argmin ;2 s, E(k)(f — J?\Sl\) where

(£ = L5(Fis)) ~
n A,

ko
LH® (f - J?\Sll) = argmin 2 p

yeR

(3.7)

is based on the subsample Sy of cardinality |Se| = |N/2], a scale parameter Ay and the partition
parameter ko corresponding the group size ng = ||S2|/kz2].

It will be demonstrated in the course of the proofs that on event of high probability, F(8') < F(c8') for
an absolute constant ¢ < 7. Hence, on this event sup 2, Var (£(f(X)) — U(f+(X))) < v%(cd’) < eD?§
by the definition of v(§) and Assumption 2, thus Ay = D Ma,Vcd’ with Ma, > 1 often leads to an

estimator with improved performance.

Theorem 3.4. Suppose that

sup EV* (¢(f(X)) — E(f(X)))" < o
feF

and that Ay, Ag satisfy Ma, = %
sufficiently small absolute constant ¢’ > 0, sup jcz max (Gy(n1,Ay), Gy(na, Az)) < ¢ and

> 1 and Ma, = D\A/% > 1. Moreover, assume that for a

s+0 /
e ) S €
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Finally, we require that

[S1]

VM, > s By 31 (/X)) = PA() and (39

N¢§
\/kgMA2 > D

j=1

Then

£ (7)) <5+ Co) (D? + DVIyns, ) (%ﬁw,f) £210)

Mi2n2 N
with probability at least 1 — 20e™%, where C(p) depends on p only and D is the constant appearing in

Assumption 2.

The statement of Theorem 3.4 is technical, so let us try to distill the main ideas. The key difference
between Theorem 3.3 and Theorem 3.4 is that the “remainder term”
BO (0, F) L8 +0

Min? N

o (0, F)ynMa (

6
is replaced by a potentially much smaller quantity /0’ VnMa (%;w(;g) + %) In particular, if ¢’ «

(nMZ)_l, this term often becomes negligible. To be more specific, assume that § = % - h(N) where

h(N) — 0 as N — o (meaning that fast rates are achievable) and that O = e N for € > %. Moreover,

suppose that B(¢, F) is bounded above by a constant. If A; is chosen such that Ay = o(¢, F), then
§y=C (6_—1— o(l,F) ((%)3/2 + ﬂ)) Hence, if max (h(N)vN, Ne?/?) « kj < CN+/e for j = 1,2 and

VEN
Ay = /¥, then
§-nM3, = O(1),

and the excess risk of f}(, admits the bound

£ (AN) <3+ C(p,D) (a+ i)
N
that holds with probability at least 1 — Ce™®. A possible choice satisfying all the required conditions
is kj = Ny/e, j = 1,2 (indeed, it this case it is straightforward to check that conditions (3.8) hold for
sufficiently large IV as k; 2 VN, j =1, 2). Analysis of the case when O = 0 follows similar steps, with
several simplifications.

4. Examples.

We consider two common prediction problems, regression and binary classification, and discuss the im-
plications of our main results for these problems.

4.1. Binary classification with convex surrogate loss.

The key elements of the binary classification framework were outlined in Section 2. Here, we recall
few popular examples of classification-calibrated losses and present conditions that are sufficient for the
Assumption 2 to hold.

Logistic loss ¢(yf(z)) = log (1 + e7¥/(*)). Consider two scenarios:

1. Uniformly bounded classes, meaning that for all f € F, sup..q|f(2)] < B. In this case,
Assumption 2 holds with D = 2e” for all f € F. See [6] and Proposition 6.1 in [3].

2. Linear separators and Gaussian design: in this case, we assume that S = R%, Z ~ N(0, I)is
Gaussian, and F = {(-,v): |v|2 < R} is a class of linear functions. In this case, according to
the Proposition 6.2 in [3], Bernstein’s assumption is satisfied with D = ¢R3/? for some absolute
constant ¢ > 0.
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Hinge loss {(yf(z)) = max (0,1 — yf(z)). In this case, sufficient condition for Assumption 2 to hold is
the following: there exists 7 > 0 such that |g«(Z)| = 7 almost surely. It follows from Proposition 1

in [26] (see also [43]) that Assumption 2 holds with D = —= in this case.

Bound for 4. Let II stand for the marginal distribution of Z and recall that

w(0):=E sup
e(f)eF(9)

v 20 ((0051(2)) ~ 1, 1.(2,)) = Ble(v 1(2)) - f(Yf*(Z))))‘ .

Since ¢ is Lipchitz continuous by assumption (with Lipschitz constant denoted L(¢)), consequent appli-
cation of symmetrization and Talagrand’s contraction inequalities [29, 44] yields that

1
w(d) <4L(HE sup —
If=Fs Ly <DVE \/N

N
e = £)(Z)
j=1

where €1,...,eny are ii.d. random signs independent from Y;’s and Z;’s. The latter quantity is the
modulus of continuity of a Rademacher process, and various upper bounds for it are well known. For
instance, if F is a subset of a linear space of dimension d, then, according to Proposition 3.2 in [24],

N ~ .
Esupr—f*HLz(n)sDﬁ ﬁ2j=1sj(f— f*)(ZJ)‘ < DVoVd, whence &(8) := 4D L(£)v/dd is an upper
bound for w(d) and is of concave type, implying that

§ < C(p,0)D? 4

< C(p, N

More generally, assume that the class F has a measurable envelope F'(z) := supcx |f(2)| that satisfies

|F(Z)|ly, < oo, where ||y, := inf{C >0: Eexp (|{/C|*) <2} is the ¢ (Orlicz) norm. Moreover,

suppose that the covering numbers N (F, @, ) of the class F with respect to the norm Lo (Q) satisfy the
bound v

A||lF
N (F,Q.¢) < ( LLZ‘Q)> (4.1)
for some constants A > 1, V > 1, all 0 < £ < 2|F|, () and all probability measures Q. For instance,

VC-subgraph classes are known to satisfy this bound with V' being the VC dimension of F [46, 24]. In
this case, it is not difficult to show (see for example the proof of Lemma 4.1 in the appendix) that

1
E sup WZEj(f—f*)(Zj)
If—fsll 2y <DVS j=1

< 6) = O VIR (V- o, ).

hence it is easy to check that in this case

Vlog”?(e? A2N) | F,
¥ :

5 < C(p)

It immediately follows from the discussion following Theorem 3.4 that the excess risk of the estimator

f{ satisfies
¢ (f) < Co.0) (O 4 VIg (@ AN Fly, + 5)

N N

with probability at least 1 — 20e™°. Similar results hold for regression problems with Lipschitz losses,
such as Huber’s loss or quantile loss [3].
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4.2. Regression with quadratic loss.

Let X = (Z,Y) € S x R be a random couple with distribution P satisfying ¥ = f.(Z) + n where the
noise variable 1 is independent of Z and f4(z) = E[Y|Z = z] is the regression function. Let ||n|21 :=
SSO V/Pr(|n| > t)dt, and observe that 5]z, < o0 as sup,z E(Y — f(Z))* < oo by assumption. As before,
IT will stand for the marginal distribution of Z. Let F be a given convex class of functions mapping S to
R and such that the regression function f, belongs to F, so that

fe = argminE (Y — f(2))%.
feF

In this case, the natural choice for the loss function is the quadratic loss ¢(x) = 22 which is not Lips-
chitz continuous on unbounded domains. Assume that the class F has a measurable envelope F'(z) :=
sup ez | f(2)| that satisfies | F(Z)]y, < 0. Moreover, suppose that the covering numbers *N (F, Q, ) of
the class F with respect to the norm Lo (Q) satisfy the bound

A|F v
H LL2(Q)> (4'2)

N (F,Q,¢e) < <

for some constants A > 1, V > 1, all 0 < ¢ < 2| F|, (), and all probability measures Q. For instance,
VC-subgraph classes are known to satisfy this bound with V" being the VC dimension of F [46, 24].
Bernstein’s assumption. It follows from Lemma 5.1 in [24] that

F8) = {ly—f(2))*: feF, E(f(Z) - f«(2))* < 25},

hence v(§) < v/20 so D can be taken to be v/2 in Assumption 2.
Bound for 4. Required estimates follow from the following lemma:

Lemma 4.1. Under the assumptions made in this section and for A = o(¢, F),

51)

Viog?(A2N)(|F|2, + |n
) N

The proof is given in the appendix. An immediate corollary of the lemma, according to the discussion
following Theorem 3.4, is that the excess risk of the estimator f}; satisfies the inequality

5 Viog?(A2N)(|F|3. + |n]3,) +
5(”)<O(p,D) (O+ og”(A*N) (| F'I5, + Imlz,1) 8)

i< C

N N N

with probability at least 1 — 20e~*, for 0 < s < N4,

5. Proofs of the main results.

In the proofs of the main results, we will rely on the following convenient change of variables. Denote

i Ci(f) — —z
Gules) = 2 2 (valBD=EI =2y

6o ) =iy (v G LD =Y,
In particular, when O = 0, Gi(z; f) = Eék(z, f). Let é®)(f) and e®(f) be defined by the equations
G (B9 f) =0, (5.1)
G (¢®(f); ) = 0.

Comparing this to the definition of E(k)(f) (1.2), it is easy to see that e (f) = EA(k)(f) — L(f). Hence
e®)(f), the “population version” of €*)(f), is a natural measure of bias of the estimator £L*)(f).

3Definition..
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5.1. Technical tools.
We summarize the key results that our proofs rely on.
Lemma 5.1. Let p satisfy Assumption 1. Then for any random variable Y with EY? < oo,
Var (p'(Y)) < Var(Y).

Proof. See Lemma 5.3 in [35]. O

Lemma 5.2. For any function h of with bounded third derivative and a sequence of i.i.d. random variables
&1y, &n such that B¢ = 0 and E|& 2 < oo,

(Ge) = (8]

where C > 0 is an absolute constant and Z1, ..., Z, are i.i.d. centered normal random variables such that
Var(Zy) = Var(&).

3

< Cn W El&

Proof. This bound follows from a standard application of Lindeberg’s replacement method; see [38, chap-
ter 11]. O

Lemma 5.3. Assume that E|f(X)—Ef(X)|* < o for all f € F and that p satisfies Assumption 1. Then

for all f € F and z € R satisfying |z| < ﬁé’
'Ep/ (\/ﬁ(ej(f) _Pf) - Z) —E[)/ <W>' < 2Gf(n,A).
A A
Proof. See Lemma 4.2 in [35]. O

Given N ii.d. random variables Xi,..., Xy € S, let ||f — glo 1y) = maxicjen |f(X;) — g(Xj)].
Moreover, define
Lo (F) 1= E'V%(-E Lo (In)),

where v2(F, Ly, (Ily)) is Talagrand’s generic chaining complexity [42].

Lemma 5.4. Let 0% := SUPfeg Ef2(X). Then there exists a universal constant C > 0 such that

< FNoo 1—‘Noo >

Proof. See Theorem 3.16 in [24]. O

Esup |— Z f3(X;) —Ef3 (X

fe]-'

The following form of Talagrand’s concentration inequality is due to Klein and Rio (see section 12.5 in
[11]).

Lemma 5.5. Let {Z;(f), fe F}, j=1,...,N be independent (not necessarily identically distributed)
separable stochastic processes indexed by class F and such that |Z;(f) —EZ;(f)] < M a.s. for all 1 <
7 < N and f € F. Then the following inequality holds with probability at least 1 —e™*:

sup <Z (f))) < 2Esup (Z (f))) V(F)V2s + 4Ms (5:2)

feF feF

where V2(F) = supfe}-Z;V:l Var(Z;(f)).
It is easy to see, applying (5.2) to processes {—Z;(f), f € F}, that

N 4Ms
inf (Z(Zj(f) —]EZj(f))> > —2E sup (2 (EZ;( (f))) V(F)V2s — (5.3)

JeF \ = feF
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with probability at least 1 — e™°. Next, we describe the tools necessary to extend these concentration
inequalities to nondegenerate U-statistics. Deviation inequality (5.2) is a corollary of the following bound
for the moment generating function (section 12.5 in [11]):

NS M _AM —1 o
log B (X ((0=220) < & — L8 = (V) + oM Esup | D) (Z(H —EZ(H) | | 64)
feF =1
that holds for all A > 0. We use this fact to demonstrate a straightforward extension of Lemma 5.5 to
the case of U-statistics. Let mn be the collection of all permutations 7 : {1,..., N} — {1,..., N}. Given
(i1,...,in) € my and a U-statistic Uy, with kernel h defined in (1.3), let
T; (h (Xiy,-. o, X5,) + b (X

1
Lyein = E g1 - 7Xi2n) +...+h (Xi(k—l)n+17 A 7Xi;m)) .

It is well known (e.g., see section 5 in [20]) that the following representation holds:

1
Unn =+ Z Tiy,oin- (5.5)

Let Uy (2 f) = ﬁzJEA%ﬂ o (ﬁ (E(f;J)fEﬁ(f(X)))fz). Applied to Uy ,(z; f), relation (5.5) yields
that

1
U;V,n(zaf) = ﬁ Z Ti1,.‘.7iN(Z;f)a

(i1,--,iN)ETN

where

Tiv,oin (2 ) = %(p’ («a (s {}>A— E((f(X)) - ) .
L(f5 {ig1ynsts- - ikn}) — BO(F(X)) — Z) )

A

ot <\/ﬁ

Jensen’s inequality implies that for any A > 0,

A
Eexp | 173 Z (Tiy.in (23 f) =BT, iy (25 1))

(i1,.-,IN)ETN

(il,...,iN)ETrN

hence bound (5.4) can be applied and yields that

sup (Up (2 f) —=BUN (23 f)) < 2Esup (Th,.. .~ (25 f) —ET1,. (2 f))
feF feF

, O(f:{1,...,n}) — Pf—z 2s  8s)p||lo
+?1€1£\/Var<p (\/ﬁ A )> =t 75 (5.6)

with probability at least 1 —e~*. The expression can be further simplified by noticing that ||p||oc < 2 and

that _ )
Var <p’ (\/ﬁé(f;{l,...,z})—Pf—z>> < UA(j)’

due to Lemma 5.1.
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5.2. Proof of Theorems 3.2 and 3.3.

We will provide detailed proofs for the estlmator fN that is based on disjoint groups G, ..., Gg. The
bounds for its permutation-invariant version fN follow exactly the same steps where all apphcatlons
of the Talagrand’s concentration inequality (Lemma 5.5) are replaced by its version for nondegenerate
U-statistics (5.6).

Let J < {1,...,k} of cardinality |J| = k — O be the set containing all j such that the subsample
{X;, i € G;} does not include outliers. Clearly, {X; : i € G, j € J} are still i.i.d. as the partitioning
scheme is independent of the data. Moreover, set N; := . ; |G, and note that, since O < k/2,

N
2
Consider stochastic process Ry (f) defined as
Ry (f) = Gi (03 f) + 0:Gie (0 f) - @M (), (57)

where 0,Gy (0; f) = 0.Gy (z;f) e . Whenever 0,Gg (0; f) # 0 (this assumption will be justified by

Lemma 5.6 below), we can solve (5. 7) for ) (f) to obtain

G, (0; f) n Ry(f)

~(k) _
N =ge0n T a0

(5.8)

which can be viewed as a Bahadur-type representation of é*)(f). Setting f := fN and recalling that
e (f) = ﬁ(k)(f) L(f), we deduce that

20 () = L(Fx) — Ch (0;]?]\[) n Ry (fn)
0:Gi(0: ) 2:Gi (0: )

By the definition (1.5) of . /:'(k)(fN) < LM (f,), hence

o GR)
0;

(fn) +

G (0; fx) Ry (fs)
0.Gy (0: f) aGk( = ’ f

) <
f ) h 0.Gy, (O;f*) 0.Gy, (0§ *)

Rearranging the terms, it is easy to see that

i G (0Fx)  Guis

on = L(fn) — L(fx) < Ry (f)

< — +2 sup
6ZG(O;fN) 0:G (0 fe) | jeriu

(5.9)

Remark 5.1. Similar argument also implies, in view of the inequality L(f) < L(fN), that

~ G (0: f+) R (fx) Ak) (T Ci (O;fN) Ry (fn)
£®) (4, b - < L")
() + 0:Gr (0; ) 0:Gy (05 fx) DAt 0:G (0;fN) -G (O I )
hence N ( A)
. SN G (0 fN G (03 f4) Ry (f)
Z® 4y — 2K < Bl LF LV B N‘.
N Py (0] ORI 50 26 0:0)

It follows from (5.9) that in order to estimate the excess risk of fN, it suffices to obtain the upper

bounds for R R
A Gy (O;fN) _ Gr(05 £ (5.10)
0.G, (0; ]?N) 0.G (0; f«)
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. Ay = sup Ry (f) ’ (5.11)
rer(on) 10=Gr (0; f) :
Observe that
Gu(0:Fx) G
0.Gy (0: ) OGr (05 1)
= G (O;fN> G (0:£) Gy, (05 f) . L
S (o) O IAG i) (0:Gi (03 £) = 2:Gi (03 Fv) ).

Since p” is Lipschitz continuous by assumption,

G (05 £+) L .
2.G, (0; fi) 0.G. (0; fN) (@Gk (0; f) — 0-G (0, fN))‘

B G (05 f4) vk (p,, ( ynlilfs) = ﬂ(f*)) L ( i) = c<fN>>>
0:Gi (0: £) .G (05 f ) & A

ék (O§f>x<) m
0:Gi (0; £) 0.Gi (0: ) A7

< L(p")

Var'/? (K(fN(X)) — (f« (X))) '

— C(p) GO fe) \/ECV(SN). (5.12)
0:Gr (05 £2) 0:G (03 fv)

We following two lemmas are required to proceed.

Lemma 5.6. There exist C(p) > 0 such that for any f € F,

. Vin (A s Cle) | U(X) — PUS)
10:Gx (0 )] = —% < < Var(é(f(X)))’Q 1g2> ﬁE’

Proof. See section A.1. O

In particular, the first bound of Lemma 5.6 implies that for n large enough,
1 Vkn _ 1Y kn
2max (A, 0((, F)) 2 A
It is also easy to deduce from the proof of Lemma 5.6 that for small n and A > o (¢, F), inf fe r [0, Gy (0; f)| =
c(p)@ for some positive ¢(p).
Lemma 5.7. For any f € F,

~ all, f) 2s o

Gk(O;f)<2<\/EG (n,A) + Vst —+ —

f A \/* \/*

with probability at least 1 — 2e™*, where C > 0 is an absolute constant.

Proof. See section A.2. O

inf [0:G1 (0, /)] 2

(5.13)

Lemma 5.7 and (5.13) imply, together with (5.12), that

G (05 f+) o -
0.Gi (0 ) 2.Gi (0: i (-G (0: 1) — 2.6 (0: ) )

<oy (M 2+ SR it D) Gy (a0
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on event O, of probability at least 1 — 2e™%. As A> o(¢, F) by assumption, we deduce that

N———

G (05 f+) o .
0,Gy, (0; f:) 0,GL (0; fN) <5sz (0; f) — 0.Gi, (O,fN)

Define Gr (. A) 5(6)
< . B 7 (1, s+ 0O v() 1
0y = mm{6>0. C’l(p)< N+7\/ﬁ +4/n N > 5 < 7} (5.15)
where Cy(p) is sufficiently large. It is easy to see that on event ©1 N {SN > 61},
G 0; ~ 5
O (0.6 (0: ) - 2.6 (05 ) < 2, (5.16)
0:Gi (05 £2) 0:G (03 f)

for appropriately chosen Cy(p).

G (0;Fn)—Gr (0 f4)
2.G1(0:fn)

the local oscillations of the process C:’k (0; f). Specifically, we are interested in the bounds on the random

Our next goal is to obtain an upper bound for . To this end, we will need to control

variable sup re x5 ’@k(O; 1) — Gr(0; f*)‘ . The following technical lemma is important for the analysis.

Lemma 5.8. Let (&1,m1), ..., (§n,1n) be a sequence of independent identically distributed random couples
such that E& = 0, Enp = 0, and E|&|? + Elny|? < oo, Let F be an odd, smooth function with bounded
derivatives up to fourth order. Then

(o) = (S0)

Moreover, if E|&|[* + Elm|* < o0, then
EF (Z g) EF (Z )
Jj=1 j=

where Ry = (max (E|§1|47E|n1|4))1/4and C(F) > 0 is a constant that depends only on F.

< e Vi Var' (6 - m) (E|F (8 +a (S5 - Sg))|2)1/2 .

(Varl/Q(fl —n1) (Ri +v/n— 1R§)

+ (El& — 771|4)1/4 Ri>,

Proof. See section A.3. O

Now we are ready to state the bound for the local oscillations of the process CAlk (0; f). Let

U(d,s) := % (Sx/iw(é) + u(é)\/§> + % + f/(%

Moreover, if @(d) and 7(d) are upper bounds for w(d) and v(d) and are of concave type, then

(5, 5) = % (C(V)a(a) + ﬁ(é)ﬁ) + 3—\/2; (5.17)

where ¢(v) > 0 depends only on +, is also an upper bound for U (4, s) of strictly concave type. Moreover,
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define

20) L Ry(0,F) = o0,

+ A W), R4(£,.7:)<OO.

where 74(d) upper bounds v4(d) and is of concave type. Below, we will use a crude bound v4(d) <
2R4(¢, F), but additional improvements are possible if better estimates of v4(d) are available.

Lemma 5.9. With probability at least 1 — e=2%,

~ A ~ (@]
sup |G (0; f) = Gr(0; fi)| < U(6,5) + C(p)Vk B(8) + 4—=.
feF(s) \/E
where C(p) > 0 is constant that depends only on p.
Proof. See section A.4. O

Next, we state the “uniform version” of Lemma 5.9:

Lemma 5.10. With probability at least 1 —e™%, for all 6 = dpmin simultaneously,

< C(p)é (U(émi“’s) + \/EB<5mi“)> 19

sup |G (0; f) — Gr(0; f+)
feF(9)

6min 5min \/%

where C(p) > 0 is constant that depends only on p.
Proof. See section A.5. O

It follows from Lemma 5.10 and inequality (5.13) that on event ©2 of probability at least 1 — e~*, for
all 6 = i, simultaneously,

G (0; f) = G (0; ) A Ul0win:s) . A Blwin)) , ,x O
su <CpPY| —=——""2+— + 4A\/n—. 5.18
fe]—'I()é) asz: (Oa f) (p) v N 6min \/ﬁ 6min N ( )
Define
- ' A U@,s) _1
0 = mln{5>0. C’g(p)iﬁN 5 S 7},
5w o A BO) 1
03 1= mln{5>0. C’g(p)\/ﬁ 5 S 7}

where Cy(p), Cs(p) are sufficiently large constants. Then, on event ©5 N {SN > maX(gg,Sg)},

G (05 ) — Gy (0; f)

<25N
7

sup + 45\/5% (5.19)

feF(Bn)

for appropriately chosen Cs(p), Cs(p).
Finally, we provide an upper bound for the process Ry (f) defined via

RN (f) = Gy (0; f) + 0.Gy, (05 f) - e®)(f).
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Lemma 5.11. Assume that conditions of Theorem 3.1 hold, and let dymin > 0 be fized. Then for all s > 0,
0 = Omin, positive integers n and k such that

U Omin, ) +sup G¢(n,A) + s+ O <

§ —min 2) < clp), 5.20
5Inin\/E fe]—' k' (p) ( )

S

the following inequality holds with probability at least 1 — 7Te™*, uniformly over all § satisfying (5.20):

~ ~ 2
A2 U (6min, 8) o?(l, f«) n'/?s
R < C \/Ni 1/252 mins ) J ok
fS%)' VIS GV R <n Smin VN \% A2 N

2 5 2
\/ nl/2 (sup GfE”ﬁﬁ) \/n?s/?% \/ n3/2](\9[2>. (5.21)

Moreover, the bound of Theorem 3.1 holds on the same event.
Proof. See section A.6. O

Recall that .
A U6 _1
VN 0 7

where Ca(p) is a large enough constant. Let ©3 be the event of probability at least 1 — 7e™* on which

Lemma 5.11 holds with 6,1, = &2, and consider the event O3 N {6y > d2}. We will now show that on

this event, Lemma 5.11 applies with § = dn. Indeed, the bound of Theorem 3.1 is valid on ©3, hence
A

the inequality (3.4) implies that on O3, SN <C (,o)ﬁ7 and it is straightforward to check that condition

(5.20) of Lemma 5.11 holds with d,i, = 02 and § = gN. It follows from inequality (5.13) that on event
O3 N {(SN = 52},

~ ~ o~ 2
Ry (f) A2 (n25 [ A U(dy,s) ~ a2l f)n'?s
<Oz A N VN & Va A2 : N

asz: (07 f)
V2 s G\ g O
p \/7’7, N2 :

—_

5 = min {5 >0: Cy(p)

sup
feF(N)

Consider the expression

~ ~ o~ 2 ~ ~ o~ 2 -
A2 pl/2 A U(da,s A2 [ A U(by,s)\ ~ n'?6
mm/v%<<2)>=0@><“ »aw o

VN 02

and observe that whenever Theorem 3.1 holds, "1/231" < ¢(p), hence the latter is bounded from above by

~ ~ o~ — 2 ~
R A2 (A (5. s 5
MC@Nﬁwﬁiv<N

whenever A > o(£, F) (so that A = A) and Cy(p) in the definition of &, is large enough. Moreover,

A3 620, f) nt/? s

S

N

~ s
< C'(p) - ot LV < C DAV
it A > o(l, f«). As % < ¢ under the conditions of Theorem 3.1,

< CAvn

~ 52 + O? ~ —54+0
N2 '
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Combining the inequalities obtained above, we deduce on event O3 N {SN > 52},

~

Ry(f) | _ 28y i (st ON ysupser (Gr(n,A))°
o R W Ve e I

2 sup
JeF(@n)

whenever A > o(£, F). Finally, define

84 := Ca(p)A (\/EH < \/ TRLeT (Gy(n.4)) ) ,

N Vn

where Cy(p) is sufficiently large. Then on event O3 N {gN > max (52, 734) }7

~ O QSN SN 38\N
WAy < 2N O .
‘J’ O

By (f)

N
5.Cr (0: 1) (5.23)

2 sup
feF(BN)

Note that the expression above takes care of the term 43\/5% that appeared in (5.19). Combining
(5.16),(5.19),(5.23), we deduce that on event ©1 N O N O3 N {SN > max (51,52, 03, 754)},

leading to a contradiction, hence on event ©1 N O3 N O3 of probability at least 1 — 10e™%,
On < max (8,02, 03, 784) . (5.24)
Recall the definition (5.15) of ¢;. If condition 2 (“Bernstein condition”) holds, then ¥(§) < D+/§ for small

enough ¢, in which case
2
o [ §+ @ Gf* (na A)
C(p)D ( N T, ;

where we used the fact that 7 < ¢ by assumption. Together with the bound (3.1) for Gy, (n,A), we
deduce that, under the assumption that R4(¢, F) < o,

1

N

2
s+ 0 (E‘f*(X)_Ef*(X”S)
N + A6 2

&1 < C(p)D?

B[ £ (0)-Ef O _ supper B[00 _ wem)
9 AS = Mg

Since A = o (£, F)Ma o3 (€, F)M3

, where

/

supjer BV (U(f(X)) — EA(f(X)))"

% g ./r == 9
7 o6 )
hence o B F)
< +
< D2 (2 ’ 2
5, < C(p) ( N T TR ) (5.25)
At the same time, if only o (¢, F) < o0, we similarly obtain that
< +0 1
< D? i — . 2
5, < C(p) ( vt M§n> (5.26)

Next we will estimate d5. Recall that, when Ry (¢, F) < oo,

B(s) = SB3(5’?)<5(5)1+ pi(s) 1 )

N A M3Z A M3\/n
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For sufficiently small § (namely, for which condition 2 holds) and A > o(¢, F),

A B3, F) (9(0)  Ra(t,F)\ _ B(F) (V0 B((, F)
—B() < < D ;
720 n <M§+ Miﬁ) n iz PP oa
and B (0, F) B(0, F)
< 2 ) 9
At the same time, if only the second moments are finite, B (0) = @ﬁ’ and it is easy to deduce that
in this case,
- D2
< — 2
5 < Clo) 3 (5.28)

Next, we obtain a simpler bound for d,: as A > o(¢, F) by assumption, A=A= (¢, F) Ma, and the
estimate (3.1) for Gy, (n, A) implies (if Ry4(¢, F) < o0) that

< s+ (’) BO(0, F)
) 5.29
1< Co)o(e.7) Vit ) (5.29)
If only o (¢, F) < o0, we similarly deduce from (3.1) that
- 5+ (’) 1
i< Clpyatt. ) (vants - 52+ ). (5.30)
Finally, recall that
06s) = 3 (e @) + 205 ) + 2
N Gt v 5 NG
and § = min {5 >0: Cz(p)%ﬁ(g’s) < %}, hence
= 5\/>MA
5y <6\/ Clp)D? \/ Clp)o(t. F)= (5.31)

where 0 was defined in (3.5). Combining inequalities (5.25), (5.31) (5.27), (5.29) and (5.24), we obtain
the final form of the bound under the stronger assumption R4(¢, F) < oo. Similarly, the combination of
(5.26), (5.31) (5.28), (5.30) and (5.24) yields the bound under the weaker assumption o (¢, F) < co.

5.3. Proof of Theorem 3.4.

Recall that (‘,A'N(f*) = E(k)(f*) —L® (f]’\,) is the “empirical excess risk” of fy, and let oy := S(f]’\,) It
follows from Remark 5.1 that (using the notation used in the proof of Theorems 3.2 and 3.3)

: G (0Fk)  Guir
En(fs) < N = uBSELIN) sup
" loa (0:7)  ECOF)| " e

Rn(f) '
asz (07 f) .

On the event of Theorem 3.3 of probability at least 1 — 10e™%,

6 S
E(fi) < 8= 5+ Clo) (Dot Fwnta) (e + 252 ).

hence on this event

Gr(0;f)  Gr(0; fx)

B RN(f) < 25
0:G(0;f) .G (0; f«) h

M(f)'7

+2 sup
feF(8")

En(fs) < sup
feF(8")
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where the last inequality again follows from main steps in the proof of Theorem 3.3.  Consider the set
F(8) = {f eF: Enl(f) < (5’}. First, observe that on the event & of Theorem 3.3, fy € F(8') as implied

by the previous display. We will next show that F(8') < F(76') on the event & of Theorem 3.3, meaning
that for any f e F(¢'), E(f) < 70'. Indeed, let f € F(8’) be such that E(f) = o. Then (5.8) implies that

_ Ak) _ Ak) ék((); ) _ @k(oéf*) RN(f) RN(f*)
S X Y XN (3] M e ) AT
5 Gr(0:f) G (0;fs) Ry (f) ‘
<5N(f)+f§}f1?a) .G (0;f)  0:Gr (0; fx) +2fesjlfl(a) 0:Gr (0; )|

Again, it follows from the arguments used in proof of Theorem 3.3 that on event & of probability at least
1—10e%,

Gi(0:f)  Gi(0; fs)
0:Gi (0;) .Gy (0; )

sup
feF(o)

+ 2 sup
feF(o)

Ry (f) ‘ 6

!
7(92Gk(0;f) < ?max(é,o).

Consequently, o < & + £ max (¢, o) on this event, implying that o < 7¢’. Next, Assumption 2 yields that

sup Var (£(£(X)) — (k)

feF (o)

<2< sup Var (€(f(X)) — £(f(X))) + Var (e<f;V<X>>—e<f*<X>>)> <2D(VT + 1)

FeF(5")

on & . It remains to apply Theorem 3.3, conditionally on &1, to the class
F@) - fo= {1 =P 1e 7@}
To this end, we need to verify the assumption of Theorem 3.1 that translates into the requirement

1 [S2]

1
vty My rx g ((F(X)) = €(F#(X;5)) = P(UF) = €(F+))) -

CAQ =
As &' > 0 and |Sy| = | N/2|, we have the inequality
1 | Sz

E sup —=— > (Uf(X;)) = L(f+(X;)) = P(E(f) = £(f+))) < C§'VN,

reF(rery A/ |S2] i3

hence it suffices to check that As = DMa, V76" = C§'y /k—J\i. The latter is equivalent to §’ < C’D2Mi2 %2

that holds by assumption. Result now follows easily as we assumed that the subsamples S; and S3 used
to construct fp and fr; are disjoint.
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Appendix A: Remaining proofs.
A.1. Proof of Lemma 5.6.

As p is sufficiently smooth,

0,61 (0:) = gy (vRBLLEDY,

Let W(£(f)) denote a centered normal random variable variance equal to Var (¢(f(X))). Lemma 5.2
implies that

ey (a2 ED) g (WD) i 50y - pes )

Next, as p”(x) = I{|z| < 1} by assumption,

Eo" (W“A(f”) > Pr(W(L(f))] < A).
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Gaussian tail bound implies that

DN | =

Pr(W(E(f))] < A) = 1 - 2exp (—ivara@vcm) -

whenever A? > 4log(2)Var (¢(f(X))). On the other hand, if & ~ N(0,1), then clearly Pr(Z < |t]) >
20t o—t2/2 )
e , hence

V2
2A 1 A2 A
PV = &)= g o (~svermroon) > EVar (X))

whenever A? < 4log(2)Var (¢(f(X))). Combination of two bounds yields that

1 . A
Pr(|W((f)) <A) = Wr min ( i (f(f(X)))’2VlOg2> .

A.2. Proof of Lemma 5.7.

Observe that

sz, (\/ﬁ,cl(f)—,c(f)) ZLZP’ <ﬁ£1(f)—£(f>>+1zp, <ﬁ£1(f)A—£(f>>

VE & A N A N
71 (L) — £(f) o
iy (EEEE)

where we used the fact that [|p[|c < 2. Bernstein’s inequality implies that

‘fm (Z J ( RE c<f>) 5y ( Nl E(f)))‘

jeJ
<2<Var1/2 <p/ <\/551(f)—5(f)>>\/g+ 25>

A VIl

with probability at least 1—2e¢~%, where we again used the fact that o], < 2. Moreover, Var (p' (\/ﬁ%)) <
% by Lemma 5.1, hence with the same probability

|G (0; )] < \/E‘Ep’ (x/ﬁW)‘ +2 <U(€A’f)\/§+ % - \%) .

Lemma 6.2 in [35] implies that

‘Ep, ( ikt - E(f))‘ <5 (WD) 0,0

hence the claim follows.

A.3. Proof of Lemma 5.8.
Since F' is smooth, for any z,y € R, F(y) — F(z) = Sé F'(z+a(y—x))da-(y—x). Let S§ = S &y Si =
20—y mj- Then

F(SE) - P (5D = (55— 51) [ 1 (54 o (55— 5) o
0
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hence
E(F(S5) —F(SD) = J E[(S5 —S7) F' (S!+a (S5 —87))] da

Hoélder’s inequality yields that
B(58 - S1) F' (52 + o (56— 51)) | < (EIs§ - s2) " (BIF (524 a (58— sp))

< /nVar'2 (& — ) (E [ (S + o (S5 - SZ))}Q)W ’

implying the first inequality. The rest of the proof is devoted to the second inequality of the lemma. Let
(W, Z) be a centered Gaussian vector with the same covariance as (£1,71), and let (Wy, Z1), ..., Wy, Z,)
be i.i.d. copies of (W, Z). We also set S,V = >0 | W, S7 =", Z;. As EF (S,)) = EF (S77) = 0 for
bounded odd F, it is easy to see that

[E(F (S5) = F(S}) )| = [E(F (S5) = F(S1) —E(F () = F (S)))]
” — SI) F (S +a (85— S1) ~E (S — SZ) F' (7 + (S~ 57)) ) da
f ‘E — SN F' (S!+a(S5—81)—E(SY —SZ)F' (SZ +a(S)Y —S7)) ‘da.

Next we will estimate, for each « € [0, 1], the expression

B (SE — 52) F' (S1+ (S~ 51)) ~E (S — SZ) F/(SZ + a () = S7)) . (A1)
To this end, we will use Lindeberg’s replacement method. For ¢ = 0, ..., n, denote

Ti= (&= & =i Wit — Zigrs oo s Wi = Znsmn, o3 0is Zige 1 -+« Zn)-
Then the expression in (A.1) is equal to |[EG(T},) — EG(Tp)|, where

G(T) = (Z T@')) F (Z (TU+”> + aT(j))>
i=1 j=1

and T) stands for the j-th coordinate of T. Clearly,
IEG(T,,) — EG(Ty)| 2 |EG(T;) — EG(T;_1)] . (A.2)

Fix ¢, and consider the Taylor expansions of G(T;) and G(T;_1) at the point
=& =, &im1 = i1, 0, Wi — Ziga, o W — Znym, -1, 0, Zigas - Zn)
(note that TP does not depend on &;, ;, W; and Z;). For G(T;) we get, setting §; = & — n;,
G(T3) = G(TY) + GiG(T7) - i + 0niG(TY) - i
b S (PG(T) 57 4+ 202, GUTE) 0o+ By CATD) )
b 5 (G 8+ s G 4 By GUI) 001 4 05 GO - i?)
where Ti0 is a point on a line segment between Tlv0 and T;. Similarly, setting A; = W, — Z;,
G(T;-1) = G(T) + G(T?) + 0,G(TY) - As + 0,4,G(TY) - Z;
b5 (@G A2 4 32, GIY) - AZi o+ B G(TY) - )

(a?z ZG(iO) : A? + a’i+i,n+i,n+iG(Ti0) Z3 + 3ai+z n+1i,s

G(T) - Z2A; + 36°

n+1,%,7

G(I0) - 2:AY).

cm»—*
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where Tio is a point on a line segment between Ti0 and T;_1. Using independence of TiO and (&;,m:, Wy, Z;)
and the fact that covariance structures of (§;,7;) and (W, Z) are the same, we deduce that
|EG(E) - EG(TZ*1)| a?z zG(TzO) : 5? + aiJri,nJri,nJriG(Tio) + 3(?7?;+1 n+i, ZG(TZO) : 771251

+ 30514, G(T7) - mid]

i i
a?z 4G 1) - A + 02+i,n+i,n+iG( 0). 7%+ 3524—1 n+i, G(TD) - Z2A; + 3(}Z+i,i,iG(Ti0) VAV

It remains estimate each of the terms above. Assume that 7 € [0,1] is such that
=& =, &imr =i, T E = 1) Wikt — Zigas oo, Wa = Zoams oo e, T Zigas -5 Z).

1. Direct computation implies that

6132 zG(/fzo) = 3a2Fm <Z (77] + a5j> + 7(7774 + a52)>

J#i
+a®F" (Z (nj +a5j) + 7(n; + ad; ) (2(5 +762>,

J#i Jj#i
hence
63

Z’LZ

G(T7) - o}

< 30| F" | El5}| + o* | F" | (E\ > Sl Bl + E|5¢4>
J#i

< 3% F" | (B87) "% (E81)"? + o®|F" o | | E6? (B52)" (E6H)" +EI5I* |, (A4
J#i

where we used Holder’s inequality in the last step.

2. Next,
83Gm,m,m (T0> " (Z (77j + a5j> +7(ni + ad;) ) (Z 9 + 7-61)7
i
hence Holder’s inequality, together with the identity |[F"|q = 3HH””H:>07 imply that

2.5

J#i

1/4 3/4
<|F" oo | Elmil, [> ES2 + (E6)"" (®n)" | (A5)
Ve

3. Proceeding in a similar fashion, we deduce that

E ai+i,n+i,n+iG(Ti0) : 77{3

< |F" e (Elml?’E

+ ]E|5z77?|>

&SGnH,nH’i(TiO) =F" <Z (nj + a5j> + T(??Z‘ + 0451)>

J#i
+ o™ (Z (nj+a6j) + 7(ms + ad; ) (25 +761>,

Jj#i J#i

so that, applying Holder’s inequality, we obtain

E|o? < |[F"|0 (Bn})"? (B62)* + o F"| o E

n+i,n+1,:

’171»251‘(2(5]‘4—7'51‘)’

J#i

<P (Bnd)Y? (B62)"2 + o F" | | [DIES? (By)'? (B62)"? + \/Es* Enp
J#i
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4. Finally,
pite] n—H ; z(T ) - 2aF" <Z (nj + 0&(5j) + T(ni + aéﬁ)

J#i
+a?F" <2 (nj+oz5j> + 7(n; + ad; ) (25 +T5)

J#i J#i

Holder’s inequality implies that E|n;67| = E|n;6;6;| < (E5l»2)1/2 (IE54)1/4 (En; )1/4, hence

nio? (3 6 +71)

J#i

1/2 1/4 1/4
E0% ., G(T?) - 1i62| < 20| F" oo (B62)"? (B52)"" (End)"" + 0| F"| o E

7

< 20| F" |, (E62)"? (E6H)"* (myt)"*

+a? P | (ST ES? (B62)Y2 (BsHY! (B9 + (B6H* (E4HY' ). (A7)
J#i

Similar calculations yield an analogous bound for the terms in the expansion (A.3) of G(T;_1). The
equivalence of the moments of Gaussian random variables together with the fact that the covariance
structure of (W, Z) matches that of (£1,71) imply that the upper bounds (A.4),(A.5),(A.6),(A.7)
remain valid for the terms in (A.3), up to an additional absolute multiplicative constant. Hence,
combination of (A.2), (A.4),(A.5),(A.6), (A.7) and straightforward application of Hélder’s inequality
yields the result.

A.4. Proof of Lemma 5.9.

D():= sup EV (p/ <\/ﬁ£j(f>A—£(f))_p (\Fw»z

£(f)eF (%)
Recall that p’ is Lipschitz continuous and L(p’) = 1, hence

<p, ( ﬁamA— £<f>> y ( WZI(MA_ E(f*))>2

Define

which implies that

A

D) < 29 (A.9)
(f))

Next, observe that ék(o; f) = f Sies P (\/> (£5(
application of the triangle inequality yields that

sup ’ék(O; £) = Gr(0; f+)
feF(9)

< sup [Gr(0; f) — Gr(0; fi)]
feF(9)

/] A (0 A (0 A (0 A (0 %
At G 05.) = G103 £2) = B (G (0:1) = Grag(0: )| + 4, (A10)
where ém(O; f) = \/ﬁ Zjej I (\/ﬁ W) Talagrand’s concentration inequality (specifically,
the bound of Lemma 5.5) implies, together with the inequalities |p'|,, < 2 and |J| > k/2, that for any
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s> 0
sup ‘@m(o; £) =G0 f) —E (élJI(();f) —Gy(05 f*))‘ <
feF(s)

324/2s
3k

[E sup |Gy (0: £) = G103 fi) = E (G (03 £) = G (05 £))| +D<6>\/§ +

] (A.11)
feF(6)

with probability at least 1 — 2e%. According to (A.9), D(J) < %"’) v(6). Hence, it remains to estimate
the expected supremum. Sequential application of symmetrization, contraction and desymmetrization
inequalities implies that

E sup |Gs(0; f) — G)(0: fx) —E (@m(O; )= @\J|(0;f*))‘
feF(3)

o i B = LDNY _ (L) = £02)
AN ( SE) o (s BEEE)
\4L(P') XY (Fo(E) — COEN(X
< s WZl LNIXG) = (L5(f2) = £(1))(X))

8VIL(p) 83
RN fZ( )~ D)~ PUG) ~ 7)) < X2 w(6) (A1)

since L(p’) = 1. To estimate sup sc () |G (0; f) — G (0; f«)|, we consider 2 cases: the first case when only
2 finite moments of ¢(f(X)), f € F exist, and the second case when 4 moments are finite. To obtain the

bound in the first case, we observe that, since E (\/ﬁ%) =0 for any f € F,

o ( b - S0 gy yabitde = £i42)|

] = ‘]ET (ﬁW) —ET (ﬁW)‘

where T'(z) = = — p/(x). Next, we apply Lemma 5.8 with F' = T, §; = W and n; =
(S5 (X5) —El(f5 (X;))

. The first inequality of the lemma implies that

Avn
‘E,,f (VB EDY gy (falde) LA )\ 3 \/Var (BED - #2000

Observe that T'(z) = 1 — p”(x) < I {|z| = 1} by Assumption 1. It implies that for any « € [0, 1],
= = 2
E (T’ (a\/ﬁﬁl(f)A_ L(f) L1 a)\/ﬁﬁl(f*)A_ E(f*)>>

o

by Chebyshev’s inequality. Hence

(Vi DB gy (R U | vz 00 - e o D57,

a i ED) (o B < LU

< sup Var <\/E£1(f)_£(f)> = sup a*(¢, f)

feF

A
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and, taking supremum over f € F(§) and recalling that A = Ma - o(¢, F) for Ma > 1, we obtain the
inequality

sup [G(0: f) — G (0: f) < VEYD L < VR B (). (A.13)
feF(5) A Ma

On the other hand, under the assumption of existence of 4 moments, we get that

oy (Bl =LY (o Ba(F) = L)
o )() ()
<4

2 3
(var e 00 - e (PG BET)

, EYUS(X) — (4 CO))! RR(E, f))
NT A

Again, taking supremum over f € F(0) and recalling that A = Ma - o (¢, F) for Ma > 1, we deduce that

) ) k(v(o) (B3, F) B2, F) v4(6) B34, F)
fzg%) |G/€(07f) - Gk(ovf*)‘ < C(p) n( A < Mz v MZ ) + A Mg\/ﬁ >

<C(P)\/§‘B3(£,}')<V(§) ! +”4(5> ! )gC(p)\/EE((S), (A.14)

5
>
=
3

implying the result.

A.5. Proof of Lemma 5.10.

Recall that G|(0; f) = ﬁ Yies (ﬁ %) Given § = dmin, define

5min pa -~
Q)(6) :== sup T’Gm(o;f)—Gm(O;f*) ,
feF(d)

17 (Omin) := sup @IJ\(‘S)'

6>5min
Observe that for any ¢ = dyin,
)

<
(Smin

sup |Gly(0: ) = Gy (0: £) 7)) (Grmin)- (A.15)

fer (%)

Hence, our goal will be to find an upper bound for flﬂ (Omin)- To this end, note that

5rni n

ﬁ.]|(6min)< sup  sup
6=6min fEF(5)

G1)(0; f) — Gy (0; ) — E (CA?\'”(O;f) — G(0; f*))‘

5min
+ sup sup T|Gk(o§f)_Gk(0§f*)|- (A.16)
6>8min fEF(6)

It remains to estimate both terms in the inequality above. Inequality (A.8) implies the bound

sy By (EULZEU _p ((rEalle) )Y

§>0min feF(5) O A A
L(pl) 5min L(P') 5min ~ 1 ~
< 1) < 0) < — 6min
S A A I

since 7 is a function of concave type. Moreover, it is clear that for any ¢ > dyin,

an;np, ( ﬁa(f)A— E(f)) - 5“;%’ ( \/ﬁw )‘

<2y, <4
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almost surely. Now, Talagrand’s concentration inequality implies that for any s > 0,

sup  sup —— )Gm 05 f) — Gy1(0; fo) — (ém(o; £) = G (05 f*))’
0=0min fEF(S)
< Q[E sup Sup — ‘Gm 05 f) — G17/(0: f) —E(ém(o; f) _G\Jl(()?f*))‘
0=0min fEF (S

+ L(A”/)D(émin)\/ng 3;\\2‘9] (A.17)

with probability at least 1 — e™°. To estimate the expectation, we proceed as follows: for j € Z, set
0; := 277, and observe that

E sup sup —— ‘Gm 0; f) — G171 (0; f) —E<@|J|(0; f) _é\JI(O;f*))‘
5>0min fEF(5)

] min A e e
<E sup sup —c— sup )Gm(O;f)—G|J|(0;f*)_E(G|J\(0§ f)_G\JI(();f*)))
j15j>6min 5€(§j+1,6] f€.7:(5)

6min ~ ~ ~
5, L sup - sup ’G|J\(0§f)_G\J|(0§f*)_E(G|J|(0§f)_G|J\(0§f*)>’
56 S L 05,10.8,] 1EF()

5m1n ~ ~ ~ ~
<2 ) —E sup ‘G\J|(O§f)_GIJ\(O§f*)_E<G|J|(0§f)_G\J|(O§f*))‘a
j:5j25mm J fE]:((S )

N

where the last inequality relied on the fact that F(8) < F(¢') for § < ¢'. It follows from (A.12) that

E SUP )Gm (03 f) — G171(0; fx) — (ém(o; f) —@m(o;f*))) < %w(@) < 8%15&(5%
feF (s

where @(-) is an upper bound on w(:) of strictly concave type (with exponent v for some v € (0,1)).
Hence, applying Proposition 4.2 in [24], we deduce that

E sup sup —— ‘Gm 0; ) — G171 (0; f) —E<@|J|(0; f) _é\JI(O;f*))‘
6=8min fEF(5)
16 LT)((SJ) C(’Y) "D(émin) o C(’Y) ~
§ 75m1n. Z J < A 5n11n (5min - A w((smln)
J10526min
and (A.17) yields the inequality
sup sup 2|8y (0: £) = Gy (0: £) =B (G (05 £) = Gig(0: £2)| < D0minss). (A1)
028 min fEF(5)

where U (8, s) was defined in (5.17). For the second term in (A.16), inequality (A.14) implies that

6min
sup sup |G (0; f) — Gr(0; fs)]

5> 0min feF(5) O
< C(p)6mi \/ER?)(e F,A) s vO) 1 ml) 1
S T Omin A 2 BSP \BA M2 T 6A M3y

(6m1n) 1 174(5min) 1
()f%%zr)( At A M2ﬁ>

since v(d) <

U(0), va(6) < Py(d) and 7(d), D4(d) are functions of concave type. Combining the bound
above with (A.18

), we deduce that

A~

T 71 (Omin) < U(Smin, 8) + C(p)VEB (Smin),
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hence (A.10) and (A.15) imply that for all § = i simultaneously,

(), ),

sup |G (0; f) — G (0; f+) Smi Omi vk

fer(9)

with probability at least 1 —e™%.

A.6. Proof of Lemma 5.11.

The following identity is immediate:

Ru(f) = Go (B9 (): 1) + 2.6 (0:.) - 29() = (G (B9(£): 1) = Gu (0:1))

Assumptions on p imply that for any f € F and j =1, ..., k, there exists 7; € [0, 1] such that

AG@@W—Em—aWﬁ>Zﬂcméﬁzfﬁv_V@wG@Qm—

>

A2 A

hence

~ ek k r _

Gy (6(k)(f),f) — Gy, (Oyf) _ 7\/?» \/(Ef) Z p// <\/ﬁ J(f)A ﬁ(f))

n @O &, (L) — L) —me® ()
+ 3 T j;p (x/ﬁ A )
and
Ve K (L) = L) o ~Li(f) = L(f)
RN(f)—X \/E ;( <\/ﬁ A >EP <\/ﬁ A >)

AG) k C(f) — _ k)

n N v (L) = £() = 7P (f)
22V s (va 2 . (A20)
We will need the following modification of Theorem 3.1 that is stated below and proved in Section A.7.

Lemma A.1. Then there exist positive constants c(p), C(p) with the following properties. Fix dmin > 0.
Then for all s > 0, § = dmin, positive integers n and k such that

U (8mmin, 5) s+ 0
———— 4+ supGs(n,A) +
5min\/E fe.g f( ) k

the following inequality holds with probability at least 1 — 2e™5:

0 < c(p), (A.21)

sup [24)()] < C(p)A
feF(8)

5 Ulbmin,s) ol f) [s  suprerGr(n,A)  (s+ O)y/n
ﬁ dmin * A \/;—’_ Jn * N - (A22)

In the rest of the proof, we will assume that conditions of Lemma A.1 and Theorem 3.1 hold, and let
©’ be an event of probability at least 1 —4e~* on which inequalities (A.22) and (3.4) are valid. On event
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©’, the last term in (A.20) can thus be estimated as

n ( ( 2 zk /1 E(f) (f) A(k)(f) vniN . (k) 2
rerey| B2 VE = ( A ) <Gl fero) k (f)’
nl/262 o2 1/2
< CQ( ) 5 ( IZI? ) %zf*) nN -

\/ nl/Q (Sup nyA) > \/ n3/2 82;}2(92) ) (AQS)

feF
where we used the fact that ||p"” |, < co. It remains to estimate the first term in (A.20). The required

bound will follow from the combination of Theorem A.1 and the following lemma that is proved in Section
A.8.

Lemma A.2. Fiz 6y > 0. With probability at least 1 — 3e™*%, for all § = dmin simultaneously,

b (5 5) (00

<C,(p) (6 (7(5min73) + 0'(6,‘]‘1*)\/5+ $+O> .

sup
feF (o)

6min A \/E

Let ©” be the event of probability at least 1 — 3e~2° on which the inequality of Lemma A.2 holds. Then
simple algebra yields that on event ©' n ©” of probability at least 1 — 7e™*

)

o é“j(%f) i <p,, ( Wz'j(f); cm) gy ( Wz'j(f); c<f>)>

A ~ 2
< Ca(p>mA<"”252 <U (G 8 >> \ T s

sup
feF(9)

A N Omin A2 N

Gyr(n,A) s + 02>
1/2 f 3/2 A.24
n sup ———= n . .
\ (fef NG ) V B (A.24)
Combination of inequalities (A.23) and (A.24) that hold with probability at leat 1 —7e~* yields the result.

A.7. Proof of Lemma A.1.

In the situation when ¢ is fixed, the argument mimics the proof of Theorem 4.1 in [35], with minor
modifications outlined below. Recall that

@k(z7f)=\}Egpl(\/ﬁ(ﬁj(f)_f(f))_z)

Let 21,29 be such that on an event of probability close to 1, C:'k(zl;f) > 0 and C:‘k(zg; f) < 0 for all
f € F(9) simultaneously. Since Gy is decreasing in z, it is easy to see that e®(f) € (21, 29) for all
f € F(9) on this event. Hence, our goal is to find z1, 22 satisfying conditions above and such that |z1|, |2z2]
are as small as possible. Observe that

o f Z ( f)—Aﬁ(f)) ) 2/’( (f)—AC(f))—Z)

]EJ j¢J
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< 2% . Moreover,

\/EjeJ A
- JE;(,, <ﬁ (Z;(f) —Aﬁ(f)) —z> . (ﬁu(f*) —Aﬁ(f*)) —z>
_E[p/ (W (£5(/) —A£<f>>—z) . (\f(j(f*)—f(f*»—z)])
+¢1E§(p <\/5 (Ej(f*>—A£(f*))—z) By (ﬁ (£j<f*>—A£(f*))—z)>

e (=) o ()

We will proceed in 4 steps: first, we will find €1 > 0 such that for any z € R and all f € F(9),

\}E;,(” <ﬁ (£;(f) —Aﬁ(f))—z> _ (ﬁ (cj(f*)—Aﬁ(f*))—z>

_E[p/ (w (£;() —Aﬂ(f))—Z> iy (w (Ej(f*)—ﬁ(f*)>—2>]> .

with high probability, then €5 > 0 such that

\}%;(p, (\/ﬁ (Zj(f*)—AL(f*))—z> By (\/ﬁ( j(f*)—ﬁ(f*))—z>> .

3 satisfying

sup
feF(8)

b (o () (1)

JjeJ

and finally we will choose 21 < 0 such that for all f e F(0),

%ZE# (W) > €1 +62+€3+2%. (A.25)

jed

Talagrand’s concentration inequality [44, Corollary 16.1], together with the bound |p'|» < 2, implies
that for any s > 0,

TV qup |611(21.£) = Gz )~ E (Gt 1) — G 1)) | <
feF(d)
A A P~ ~ s 32 s
Q[Ef:;l}&) ‘G\J|<Z7 f) - G\J|<Z7 f*) -E (G\J|(Zy f) - G‘J|(Z, f*))’ + D((S)\/;“r 3\/E:|

with probability at least 1 —2e~*°. It has been observed in (A.9) that D(d) < %. It remains to estimate
the expected supremum. Sequential application of symmetrization, contraction and desymmetrization
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inequalities, together with the fact that L(p’) = 1, implies that

E sup ‘Gm f)_é\Jl(ZQf*)_E<@\J|(Z§f)_@\Jl(z§f*))’

feF (s
LD =L =2\ _ (e Ealf) = £(fa) =2
<2 | Z ( ( A )) |
|J jed
8\/§ 8v/2
<AE s oo 2( 1) = LX) = PU) = €(£)) )| < = w(0).

Hence, it suffices to choose

82 v(0) 32 s
glsz(é)—’_fﬁ—’_?ﬁ'

Next, Bernstein’s inequality and Lemma 5.1 together yield that with probability at least 1 — 2e™%,

;( ( Ly(f) = £(J) —z) By (wx (L) = £152) —))

_, (a(if*>ﬁ+ j@)

thus we can set g9 = 2 (%\/g + 3%) Lemma 5.3 impliies that €3 can be chosen as

es =Vk sup Gy(n,A).
feF(s)

Finally, we apply Lemma 6.3 of [35] with

€:=¢€1+¢e3+ez+2

N
to deduce that

satisfies (A.25) under assumption that % + % < c for some absolute constants ¢, C' > 0. Proceeding

A o
Zl=—0~<51+€2+€3+2

in a similar way, it is easy to see that setting zo = —2z; guarantees that ék(zg; f) <0 for all f e F(5)
with probability at least 1 — e™*, hence the claim follows.

It remains to make the bound uniform in § > dni,. To this end, we need to repeat the “slicing
argument” of Lemma 5.10 below (specifically, see equation (A.18)) to deduce that with probability at
least 1 — 2e™%,

~

~ ~ ~ ~ U (Sminv S
sup (Gy)(2 f) — Gz f) — E (Gm(z;f) - GIJ\(Z;f*)>‘ <9 (57)
feF(s) min
uniformly for all § > 0y, hence the value of €1 should be replaced by €1 = ¢ 0(5“““’5).

min
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A.8. Proof of Lemma A.2.

Observe that

)
e (BT (e
)

EJ' —L Ej —L
ﬁzjtﬁf (P”(\/ﬁ (f)A (f))*]]‘:p”(\/ﬁ (f)A (f))
the “slicing argument” of Lemma, 5.10, it is not difficult to deduce that with probability at least 1 —2e~2%,

L ;, (p" (ﬁm) Y <\/ﬁ£_ﬂ(f*)£(f*))

Clearly, as [p" |0 < 1, ‘ < 2%. Next, repeating

sup

rer @) [VE 4 A A

o (s JrEth S it £i£2))) )

uniformly for all § > . Next, we will apply Bernstein’s inequality to estimate the remaining term.

Since p is convex, p” is nonnegative, moreover, it follows from Assumption 1 that p”(x) # 0 for |z| < 2,
2 2

p"(xz) =1for |z| <1, and |p”| = 1, hence (Ep” (\/HW)) > (Pr(‘ﬁ%’ < 1)) ,

o (i (vaE E0)) < e [V B ED <) e[y £
and

~

U((Sminv S)

5min

<C(p)d

e [1,2]),

FED L))

\/ﬁfj(f) - ﬁ(f)‘ S 1) < o Var(Uf(X)))

< 2Pr< A < A2

S

Bernstein’s inequality implies that with probability at least 1 —e™%,

\}%; <p” <\/ﬁ£_](f*)A£(f*)) —Ep” (ﬁW)) <2 <U(€7Af*)\/§+ jg) 7

hence the desired conclusion follows.

A.9. Proof of Lemma 4.1.

In the context of regression with quadratic loss, w(d) takes the form

w(@)=E sup
UF)eF(5)

N
= 2 (05 = 12D = 0 = 12D B (= 1) = (% = 1 Z))P) )‘.
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In view of Bernstein’s assumption verified above, w(d) is bounded by

E
Hf f* HL (n)<25

f 2 (5 = £(20))* = (¥ = 1232 =B ((Y; = F(Z))) = (¥ = 2(2))?) )‘.

To estimate the latter quantity, we will use the approach based on the Ly, (I1,)-covering numbers of the
class F (e.g., see [9]). We will also set

B(F;r) :={fe F:|f = felF,qm <7}

It is easy to see that

(Y = f(X))? = (¥ = f(X))? = (F(X) = £ (X))* + 2(f(X) = fu(X) (£ (X) = V),

hence
1 N
(6) EB(s;gé) —N;(J‘(ZJ)—f*(Z]))z—1E(f(ZJ)—f>,<(ZJ)>2
1 N
+2E 5;125) i g ZNY; — f+(Z)]. (A.26)

We will estimate the two terms separately. By assumption, the covering numbers of the class F satisfy

the bound v
- .

N (F,Ly(Ily),e) < (

for some constants A > 1, V > 1 and all € > 0. We apply bound of Lemma 5.4 to the first term in (A.26)
to get that

N
E sup Z j))2 -E(f(Z;) - f*(Zj))2

]—'25)
<C <\/2754 /TN (B(F;20) \/ W) .

To estimate [y, o0 (B(F;26)) := Ev3(B(F;20); Loo(Ily)), we will use Dudley’s entropy integral bound.
Observe that

J=1

diam (.B(]:7 25), LOO(HN)) < 2HFHL00(HN)'
Moreover, for any f,g € F,
1< 2 2
N L) = 9(Z) = max (f(Z5) = 9(Z))",
hence N(B(F;20), Lo(Iln),e) < N (B(]-'; 28), Lo(Iy), VLW) and, whenever (A.27) holds,

AWFMN))

log N (B(F;20), Loy (Ty ), ) < Vlog,, < -

where log_ (z) := max(logz,0). It yields that

2
2[1F | Lo (11 )

A|F N
Tn.oo(B(F;20)) <E [ VV J log/? (W) "

0

AVN|F| N
<CVE <||F|2L@(HN) log <|F|L(112()N) vel| | <CVIog(AVNE|F|7 1,
0 N
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for an absolute constant C' > 0. Finally, since |F |y, < o0,

E[F], 1y, < Crlog(N)|F?[ly, = C1log(N)|F3,,

2 2 2
<Oy (xféﬁ log(A>N) [ Fy, \/ V”FWfE 4 N)> . (A28)

Next, the multiplier inequality [46] implies that

<CH77H2,1 max [E sup
=L...N  B(F;20)

k
7 DUz - f*(Zj))‘-
j=1

Using symmetrization inequality and applying Dudley’s entropy integral bound, we deduce that for any

\ 2 (APisl )
5wy [ 300 - | < v [ g (Pl )
B(F;20) ]:1 0 -
Al F:
< OWVE (Gk log!/? <6”26|L2(H’”)>) :
Ok
where Fys is the envelope of the class B(F;2§) and o7 := sup |f — f« HL2 - Cauchy-Schwarz

feB(F;26)
inequality, together with an elementary observation that ko? > | Fas2 Lo(Ily)? gives

A|F-
E (ak log!/? <e H 26”L2(Hk)>) < 4/Eo? log2(e AVE).

Ok

According to (A.28),

VIF| logQ(AQN)>

V
oF <26+ Oy (x/g\/;log(AZN)llFWz \Vi = N

Simple algebra now yields that

N
Z ZNY; = f+(Z;)

J=1

E sup
B(F;26)

< C|nll2,14/V log(e2A2N) <\[+\/710g(A2N)|F|w2>- (A.29)

Finally, combination of inequalities (A.28) and (A.29) implies that

V(IFIG, + nll%,1)10g2(A2N)>

w(d) <w(d):=C (ﬁﬁlog(z‘l?N)(lFlwrz + nl2) \/ N

where @(9) is of strictly concave type, hence

51)

Viog?(A2N)(||F|?
) g~ ( YFS,

5 <
§<C N

thus proving the claim.
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Appendix B: Further numerical study.

We present additional sresults of numerical experiments omitted in the main text.

B.1. Application to the “Communities and Crime” data.

We compare performance of our methods with the ordinary least squares regression applied to a real
dataset. The dataset we chose is called “Communities and Crime Unnormalized Data Set” and is available
through the UCI Machine Learning Repository. These data contain 2215 observations from a census and
law enforcement records. The task we devised was to predict the crime activity (represented as the count
of incidents) using the following features: the population of the area, the per capita income, the median
family income, the number of vacant houses, and the land area. The choice of this specific dataset was
motivated by the fact that it likely contains a non-negligible number of outliers due to the nature of
the features and the fact that the data have not been preprocessed, hence the advantages of proposed
approach could be highlighted. Figure 9 presents a pairplot of the dataset; specifically, a pairplot shows
all the different scatter plots of one feature versus another (hence, the diagonal consists of the histograms
of an individual feature). Such a pairplot offers a visual confirmation of the fact that the data likely
contains outliers.
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Fig 9: Pairplot detailling the 2D marginals of the dataset.

We studied the dependency of the MSE with k. Similarly to Figure 6a, we plotted the MSE as a
function of k (figure 10).
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Fig 10: Plot of the number of blocks k (z-axis) vs the test mean squared error (y-axis) obtained with
Algorithm 3 on 500 folds.

B.1.1. A remark on cross-validation in a corrupted setting.

Cross-validation is a common way to assess the performance of a machine learning algorithm. However,
cross-validation is not robust when the method itself is not robust (as it is the case here with regression
with quadratic loss). For our purposes, we slightly changed the way we approach cross validation. Namely,
we still partition the data into m parts used separately for training and testing, however, once we obtain
the m scores associated with the m folds, we evaluate the median of these scores instead of the mean.
The rationale behind this approach is that if at least half of the folds do not contain outliers, the results
of cross-validation will be robust. To use this approach, we choose m, the number of folds, to be large (in
the example above, m = 500).

Fig 11: Robust cross-validation with the median.

Input: the dataset (X;,Y:)1<i<n-
Construct the blocks Gy, ..., Gnm, partition of {1,..., N}.
for allj=1,...,m do

Train f on the dataset (X;,Y]),l€ Ui#:j G;.

Compute the test MSE Score; = ﬁ 2iea; (Ff(X)) —Y))2

end for
Output: Median (Scorer, ..., Scoren,).

We compared the three algorithms using robust cross-validation with median described above Our
method (based on Algorithm 3) yields MSE of ~ e*?2 while the MSE for the ordinary least squares
regression is of order e??"!, while the Huber Regression leads to MSE ~ e%?. The empirical density of the
logarithm of the MSE over 500 folds is shown in Figure 12.

B.2. Comparison of Algorithm 1 and Algorithm 3.

We present a numerical evidence that the permutation-invariant estimator f/\UN is superior to the the
estimator fN based on fixed partition of the dataset. Evaluation was performed for the regression task
where the data contained outliers of type (a), as described in Section 2.3. Average MSE was evaluated over
500 repetitions of the experiment, and the standard deviation of the MSE was also recored. Results are
presented in Figure 13 and confirm the significant improvements achieved by Algorithm 3 over Algorithm
1. We set k =71 and A =1 for both algorithms.
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Fig 12: Histogram of densities of the logarithm of the MSE for the different methods (light blue corre-
sponds to the approach of this paper (Algorithm 3), orange - to the standard least squares regression,
and green - to Huber’s regression).

Algorithm 1 | Algorithm 3
average MSE 97.8 2
standard deviation of MSE 577.3 13

Fig 13: Comparison of Algorithms 1 and 3.
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