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Abstract

We introduce and study the turnpike property for time-varying shapes, within the viewpoint of optimal control. We focus here on
second-order linear parabolic equations where the shape acts as a source term and we seek the optimal time-varying shape that
minimizes a quadratic criterion. We first establish existence of optimal solutions under some appropriate sufficient conditions. We
then provide necessary conditions for optimality in terms of adjoint equations and, using the concept of strict dissipativity, we prove
that state and adjoint satisfy the measure-turnpike property, meaning that the extremal time-varying solution remains essentially
close to the optimal solution of an associated static problem. We show that the optimal shape enjoys the exponential turnpike
property in term of Hausdorff distance for a Mayer quadratic cost. We illustrate the turnpike phenomenon in optimal shape design

with several numerical simulations.
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1. Introduction

We start with an informal presentation of the turnpike phe-
nomenon for general dynamical optimal shape problems, which
has never been adressed in the litterature until now. Let T > 0,
we consider the problem of determining a time-varying shape
t — w(t) (viewed as a control, as in [3]) minimizing the cost
functional

1 T
.mw=;l:ﬁmmmmm+mﬂmmn) (1)
under the constraints

0 = fO@, @),  Ry(0),%(T)) =0 (@)

where (2) may be a partial differential equation with various
terminal and boundary conditions.

We associate to the dynamical problem (1)-(2) a static prob-
lem, not depending on time,

min f°0, @), f(y,w) =0 3)

i.e., the problem of minimizing the instantaneous cost under the
constraint of being an equilibrium of the control dynamics.

According to the well known turnpike phenomenon, one ex-
pects that, for T large enough, optimal solutions of (1)-(2) re-
main most of the time “close” to an optimal (stationary) solu-
tion of the static problem (3). In this paper, we will investigate
this problem in the linear parabolic case.
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The turnpike phenomenon was first observed and investi-
gated by economists for discrete-time optimal control problems
(see [11, 26]). There are several possible notions of turnpike
properties, some of them being stronger than the others (see
[40]). Exponential turnpike properties have been established
in [18, 29, 30, 36, 37] for the optimal triple resulting of the
application of Pontryagin’s maximum principle, ensuring that
the extremal solution (state, adjoint and control) remains ex-
ponentially close to an optimal solution of the corresponding
static controlled problem, except at the beginning and at the
end of the time interval, as soon as T is large enough. This fol-
lows from hyperbolicity properties of the Hamiltonian flow. For
discrete-time problems it has been shown in [9, 14, 16, 17, 35]
that exponential turnpike is closely related to strict dissipativity.
Measure-turnpike is a weaker notion of turnpike, meaning that
any optimal solution, along the time frame, remains close to an
optimal static solution except along a subset of times of small
Lebesgue measure. It has been proved in [14, 35] that measure-
turnpike follows from strict dissipativity or from strong duality
properties.

Applications of the turnpike property in practice are numer-
ous. Indeed, the knowledge of a static optimal solution is a way
to reduce significantly the complexity of the dynamical optimal
control problem. For instance it has been shown in [37] that the
turnpike property gives a way to successfully initialize direct
or indirect (shooting) methods in numerical optimal control, by
initializing them with the optimal solution of the static prob-
lem. In shape design and despite of technological progress, it is
easier to design pieces which do not evolve with time. Turnpike
can legitimate such decisions for large-time evolving systems.
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2. Shape turnpike for linear parabolic equation

Throughout the paper, we denote by:

e O cR? d>1and|Q]its Lebesgue measure if Q measur-
able subset;

(p. q) the scalar product in L*(Q) of p, g in L*(Q);
lly|l the L2-norm of y € L*(Q);

Y the indicator (or characteristic) function of w c R¢;

d,, the distance function to the set w c R¥.

Let Q c RY (d > 1) be an open bounded Lipschitz domain.
We consider the uniformly elliptic second-order differential op-
erator

d d
Ay = = > 0@ (¥)9)) + ) b0y + )y
ij=1 i=1
with a;j, b; € C'(Q), ¢ € L™(Q) with ¢ > 0. We consider the op-
erator (A, D(A)) defined on the domain D(A) encoding Dirichlet
conditions yjso = 0; when Q is C? or a convex polytop in R?,
we have D(A) = Hé(Q) N H?(Q). The adjoint operator A* of A,
also defined on D(A) with homogeneous Dirichlet conditions,
is given by

d d d
Ay =— Z Oy, (aij(x)ﬁxl.v) - Z bi(x)0y,v + [c - Z Bxl.bi} v
ij=1 i=1 i=1

and is also uniformly elliptic, see [12, Definition Chapter 6].
The operators A and A* do not depend on ¢ and have a constant
of ellipticity 6 > O (for A written in non-divergence form), i.e.:

d
D aes 2 0P VxeQ.
ij=1
Moreover, we assume that
0> 91 (4)
where 6, is the largest root of the polynomial P(X) = #&Cﬂ—

llellze ) X — w with C,, the Poincaré constant on Q. This
assumption is used to ensure that an energy inequality is satis-
fied with constants not depending on the final time 7 (see Ap-
pendix A for details).

We assume throughout that A satisfies the classical maximum
principle (see [12, sec. 6.4]) and that ¢* = ¢ — Zf’zl 0yb; €
C*(Q).

Let (1;,¢;)jen- be the eigenelements of A with (¢;) jen- an
orthonormal eigenbasis of L2(Q):

e VjeN',  Ag¢;=A;¢; Pjsn =0
A <A < A,

A typical example satisfying all assumptions above is the
Dirichlet Laplacian, which we will consider in our numerical
simulations.

We recall that the Hausdorff distance between two compact
subsets K, K, of R? is defined by

dy (K1, Kp) = sup( sup dg, (x), sup dKz(x)).

xeK; xekK;

0Vj€N*,j>1, /1]—>+OO

2.1. Setting

Hereafter, we identify any measurable subset w of Q with its
characteristic function y,,. Let L € (0, 1). We define the set of
admissible shapes

U; = {w Cc Q measurable | |w| < L|Q|}.

Dynamical optimal shape design problem (DSD)r. Let yo €
L*(Q) and let y; > 0,7, > 0 be arbitrary. We consider the
parabolic equation controlled by a (measurable) time-varying
map t — w(t) of subdomains

¥(0) = yo. &)

0y + Ay = Xuw()» yoa =0,

Given T > 0 and y; € L*(Q), we consider the dynamical op-
timal shape design problem (DSD)y of determining a measur-
able path of shapes t — w(f) € U, that minimizes the cost
functional

Y1 T Y2
Jr(w()) = -~ ) = yall? dt + Z= |v(T) = yall?
r(w(")) T fo lly(®) = yall > IV(T) = yall
where y = y(t, x) is the solution of (5) corresponding to w(:).

Static optimal shape design problem. Besides, for the same tar-
get function y; € L?(Q), we consider the following associated
static shape design problem:

(SSD)

. Y1
min Z-ly - yall’, Ay =xw» Yoo = 0.

weld; 2
We are going to compare the solutions of (DSD)t and of (SSD)
when T is large.

2.2. Preliminaries

Convexification. Given any measurable subset w C Q, we
identify w with its characteristic function y,, € L*(Q;{0,1})
and we identify U, with a subset of L*(Q) (as in [2, 31, 32]).
Then, the convex closure of U, in L™ weak star topology is

Uy ={a e L™(Q:[0.1]) | fa(x) dx < LQJ}
Q

which is also weak star compact. We define the convexified
(or relaxed) optimal control problem (OCP)r of determining a
control # — a(f) € U, minimizing the cost

Y1 ’ Y2
Jr(a) = > 1) = yall* dt + Z= [y(T) = yal®
(@) ZTJ; ly(@) = yall > Iy(T) = yall
under the constraints

Oy + Ay = a, Yo =0, y(0) = yo. (6)

The corresponding convexified static optimization problem is

min 2y — I, (SOP)

Ay =a,
acU, 2

Yoo = 0.

Note that the control a does not appear in the cost function-
als of the above convexified control problems. Therefore the



resulting optimal control problems are affine with respect to a.
Once we have proved that an optimal solution a € U, exists,
we expect that any such minimizer will be an element of the
set of extremal points of the compact convex set U, which is
exactly the set U, (since w is identified with its characteristic
function y,,). If this is true, then actually a = y,, with w € U}.
Here, as it is usual in shape optimization, the interest of passing
by the convexified problem is to allow us to derive optimality
conditions, and thus to characterize the optimal solution. It is
anyway not always the case that the minimizer a of the convex-
ified problem is an extremal point of U, (i.e., a characteristic
function): in this case, we speak of a relaxation phenomenon.
Our analysis hereafter follows these guidelines.

Taking a minimizing sequence and by classical arguments
of functional analysis (see, e.g., [25]), it is straightforward to
prove existence of solutions ar and a respectively of (OCP)y
and of (SOP) (see details in Section 3.1).

We underline the following fact: if @ and ay(¢), fora.e.t €
[0,T], are characteristic functions of some subsets (meaning
that a = yg with® € Uy and forae.t € (0,7),ar(t) =
Xowr With wr(f) € Up), then actually ¢ — wr(f) and @ are op-
timal shapes, solutions respectively of (DSD)r and of (SSD).

Our next task is to apply necessary optimality conditions to
optimal solutions of the convexified problems stated in [25,
Chapters 2 and 3] or [23, Chapter 4] and infer from these nec-
essary conditions that, under appropriate assumptions, the opti-
mal controls are indeed characteristic functions.

Necessary optimality conditions for (OCP)y. According to the
Pontryagin maximum principle (see [25, Chapter 3, Theorem
2.1], see also [23]), for any optimal solution (yr, ar) of (OCP)y
there exists an adjoint state pr € L*(0, T; Q) such that

Oyr + Ayr = ar, Y1, = 0, y7(0) = yo
(7

0ipr = A'pr =101 =Ya)s P10 =0, pr(T)=y2(yr(T)~ya)

Yae Uy forae r€[0,T]: (pr(),ar(®) —a) > 0. (8)
Necessary optimality conditions for (SOP). Similarly, apply-
ing [25, Chapter 2, Theorem 1.4], for any optimal solution (¥, @)
of (SOP) there exists an adjoint state p € L>(2) such that

Ay =a, Voo =0
. B _ 9
=A"p = yi(Y = ya), Poa =0
YaeU,: (p,a—-a)>0. (10)

Using the bathtub principle (see, e.g., [24, Theorem 1.14]), (8)
and (10) give

ar(+)

a =

Xipr©y>sr) + X (pre)=sr()) (11)

Xip>35 + CX(p=5) (12)
with, for a.e. r € [0, T],

cr(f) € L(Q;[0,1]) and ¢ € L™ (Q; [0, 1]) (13)

st(-) =inf{o e R | |{pr() > o}l < LIQ} (14)

5 =inf{oeR | |(p> o)l < LIQI). (15)

2.3. Main results

Existence of optimal shapes. Proving existence of optimal
shapes, solutions of (DSD)t and of (SSD), is not an easy task.
Indeed, relaxation phenomena may occur, i.e., classical designs
in U; may not exist but may develop homogeneization patterns
(see [20, Sec. 4.2, Example 3]). Therefore, some assumptions
are required on the target function y, to establish existence of
optimal shapes. We define:

e y'Oand y"'!, the solutions of (6) corresponding respec-
tivelytoa=0and a = 1;

e y*0and y*!, the solutions of: Ay = a,ypa = 0, corre-
sponding respectively toa = O and a = 1;

5,0

e 0 = min (y 5.1 T,l).

, max
1€(0,T)

< T0 1_
, tél(l(ir%)y (t)) and y' = max (y
We recall that A is said to be analytic-hypoelliptic in the open
set Q if any solution of Au = v with v analytic in Q is also an-
alytic in Q. Analytic-hypoellipticity is satisfied for the second-
order elliptic operator A as soon as its coefficients are analytic
in Q (for instance it is the case for the Dirichlet Laplacian, with-

out any further assumption, see [27]).

Theorem 1. We distinguish between Lagrange and Mayer
cases.

1. v = 0,7, = 1 (Mayer case): If A is analytic-hypoelliptic
in Q then there exists a unique optimal shape wr, solution
of (DSD)r.

2. y1 = 1,2 = 0 (Lagrange case): Assuming that yo € D(A)
and that y; € H*(Q):

(i) If yg < y° or yqg > y' then there exist unique opti-
mal shapes @ and wr, respectively, of (SSD) and of
(DSD)r.

(ii) There exists a function B such that if Ay, < B, then
there exists a unique optimal shape &, solution of
(SSD).

Proofs are given in Section 3. To prove existence of optimal
shapes, we deal first with the convexified problems (OCP)y
and (SOP) and show existence and uniqueness of solutions.
Hereafter, using optimality conditions (7)-(9) and under the as-
sumptions given in Theorem 1 we can write the optimal control
as characteristic functions of upper level sets of the adjoint vari-
able. In the static case, for example, one key observation is to
note that, if |{p = 5}| = 0, then it follows from (12) that the
static optimal control a is actually the characteristic function of
a shape @ € U;. This proves the existence of an optimal shape.

Remark 2. Note that in the Mayer case (y; = 0,7y, > 0), (SSD)
is reduced to solve Ay = x ., yoa = 0. There is no criterion to
minimize.

Remark 3. Theorem 1 guarantees the uniqueness of an optimal
shape. We deduce from the inequality (A.2) in the appendix
that we also have the uniqueness of the corresponding state and
adjoint state. Thus we have uniqueness for both the dynamic
and the static optimal triple.



In what follows, we study the behavior of optimal solutions
of (DSD)y compared to those of (SSD) and give some turnpike
properties. In the Lagrange case, inspired by [29], [30] and
[35], we first prove that state and adjoint satisfy integral and
measure turnpike properties. In the Mayer case, we estimate
the Hausdorff distance between dynamical and static optimal
shapes and show an exponential turnpike property. We denote
by :

e (yr, pr, wr) the optimal triple of (DSD)t and
T
Y1 2 Y2 2
Jr=— 1) - dt + =|lyr(T) - ;
T ZTI) lyr (@) = yall > lyr(T) = yall

e (¥, p @) the optimal triple of (SSD) and J = Z||y — y4l*.

Integral turnpike in the Lagrange case.

Theorem 4. Fory, = 1,7y, = 0 (Lagrange case), there exists
M > 0 (independent of the final time T ) such that

T
f (lyr@ = 3P +1lpr@) - plP)dt <M VT > 0.
0

Measure-turnpike in the Lagrange case.

Definition 5. We say that (yr, pr) satisfies the state-adjoint
measure-turnpike property if for every € > 0 there exists A(g) >
0, independent of T, such that

[Pe7] < Ale) YT >0

where Pyr = {t € [0,T] | llyr(®) = 3l + llpr(@) — pll > &}.

We refer to [6, 14, 35] (and references therein) for simi-
lar definitions. Here, P, is the set of times along which the
time optimal state-adjoint pair (yr, pr) remains outside of an
g-neighborhood of the static optimal state-adjoint pair (¥, p) in
L? topology.

Recall that a K-class function is a continuous monotone in-
creasing function @ : [0; +00) > [0; +o0) with @(0) = 0. We
now recall the notion of dissipativity (see [39]).

Definition 6. We say that (DSD)y is strictly dissipative at an

optimal stationary point (3, @) of (SSD) with respect to the sup-
ply rate function

1
Wy @) = 5 (Ily = yall = 17 - yalP)

if there exists a storage function S : E — R locally bounded
and bounded below and a K -class function a(-) such that, for
any T > 0 and any 0 < T < T, the strict dissipation inequality

SO(™) +f0 a(|ly(® =yl dt < S(y(0)) +f0 w(y(®), w(n)) dt

(16)
is satisfied for any pair (y(+), w(+)) solution of (5).

Theorem 7. Fory; = 1,7y, = 0 (Lagrange case):
(i) (DSD)y is strictly dissipative in the sense of Definition 6.

(ii) The state-adjoint pair (yr,pr) satisfies the measure-
turnpike property.

Exponential turnpike. The exponential turnpike property is a
stronger property and can be satisfied either by the state, by the
adjoint or by the control or even by the three together.

Theorem 8. Fory, = 0,7, = 1 (Mayer case): For Q with C?
boundary and ¢ = O there exist Ty > 0, M > 0 and u > 0 such
that, for every T > T,

dy(wr (D), @) < Me T Vre(0,T).

In the Lagrange case, based on the numerical simulations
presented in Section 4 we conjecture the exponential turnpike
property, i.e., given optimal triples (yr, pr, wr) and (3, p, @),
there exist C; > 0 and C, > 0 independent of T such that

Iyr(®) = 311+ pr(®) = Bll + Warn = Xall < Ci(e +e7T)

forae. r€[0,T].

3. Proofs

3.1. Proof of Theorem 1

We first show existence of an optimal shape, solution for
(OCP)y and similarly for (SOP). We first see that the in-
fimum exists. We take a minimizing sequence (y,,a,) €
L*(0, T HY(Q)) x L¥(0,T; L*(Q,[0,1])) such that, for n €
N, for a.e.t € [0,T],a,(t) € (TIL, the pair (y,,a,) satis-
fies (6) and Jr(a,) — Jr. The sequence (a,) is bounded
in L*(0,T;L*(,[0,1])), so using (A.2) and (A.3), the se-
quence (y,) is bounded in L*(0, T; L2(Q)) N L*(0, T;Hé(Q)).
We show then, using (6), that the sequence (‘%”) is bounded
in L2(0,T; H'(Q)). We subtract a sequence still denoted by
(¥, a,) such that one can find a pair (y,a) € L*0,T; Hé (Q)) x
L>(0,T; L*(Q, [0, 1])) with

Yo =y weakly in L*(0, T; Hy(Q))

Ay, — 8y weaklyin L*(0,T; H'(Q))

a, — a  weakly *in L®(0, T; L*(Q, [0, 1])). (17)
We deduce that

- Oy+Ay—a inD'((0,T)xQ)
weakly in L2(Q).

3:)’n + Ayn —da
w0 — ¥0)

(18)

We get using (18) that (v, a) is a weak solution of (6). Moreover,
since L™(0,T; L2(Q,[0,11) = (L!(0,T; LA(Q, [0, 11))) (see
[21, Corollary 1.3.22]) the convergence (17) implies that for
every v € L!(0, T) satisfying v > 0 and [VllLio,ry = 1, we have
fOT ( fQ a(t, x) dx)v(t) dt < L|Q|. Since the function f, defined by
fu(®) = fQ a(t, x) dx belongs to L*(0,T), the norm || fallz~(0,7)
is the supremum of fOT ( fQ a(t, x) dx)v(t) dt over the set of all

possible v € L'(0,T) such that IVl = 1. Therefore
[lfallz=,ry < LIQ| and fﬂa(t, x)dx < LIQ| for a.e. t € (0,7).
This shows that the pair (y,a) is admissible. Since H(l)(Q) is



compactly embedded in L?(Q) and by using the Aubin-Lions
compactness Lemma (see [4]), we obtain

v, =y strongly in L*(0,T; LX(Q)).

We get then by weak lower semi-continuity of Jr and by Fatou
Lemma that

Jr(a) < liminf Jr(a,).

Hence a is an optimal control for (OCP)r, that we rather denote
by ar (and a for (SOP)). We next proceed by proving existence
of optimal shape designs.

1- We take y; = 0,7, = 1 (Mayer case). We consider an
optimal triple (yr, pr,ar) of (OCP)y. Then it satisfies (7) and
(11). It follows from the properties of the parabolic equation
and from the assumption of analytic-hypoellipticity that py is
analytic on (0,7T) x Q and that all level sets {pr(f) = a} have
zero Lebesgue measure. We conclude that the optimal control
ar satisfying (7)-(11) is such that

forae.re[0,T] 3ds@®) €R, ar(t,-) = Xipr(>s(t)} (19)
i.e., ar(t) is a characteristic function. Hence, for a Mayer prob-
lem (DSD)r, existence of an optimal shape is proved.

2-(i) In the case y; = 1,7y, = 0 (Lagrange case), we give the
proof for the static problem (SSD). We suppose y; < y° (we
proceed similarly for y; > yh. Having in mind (9) and (12), we
have Ay = ¢ on {p = 5}. By contradiction, if ¢ < 1 on {p = 5},
let us consider the solution y* of: Ay* = a*,yl’;99 = 0, with the
control a* which is the same as a verifying (12) except that ¢ =
0( =1ify; >y") on{p = 5. We have then A(H — y*) < 0 (or
A —y*) = 0if y; > y'). Then, by the maximum principle (see
[12, sec. 6.4]) and using the homogeneous Dirichlet condition,
we get that the maximum (the minimum if y; > y') of § — y* is
reached on the boundary and hence y; > y* >y (ory; < y* <y
if ys > y'). We deduce |ly* — yall < |1y — yall. This means that a*
is an optimal control. We conclude by uniqueness.

We use a similar argument thanks to maximum principle for
parabolic equations (see [12, sec. 7.1.4]) for existence of an
optimal shape solution of (DSD)r.

In view of proving the next part of the theorem, we first give
a useful Lemma inspired by [22, Theorem 3.2] and from [13,
Theorem 6.3].

Lemma 9. Given any p € [1,+o) and any u € W"P(Q) such
that [{u = 0}| > 0, we have Vu = 0 a.e. on {u = 0}.

Proof of Lemma 9. A proof of a more general result can be
found in [22, Theorem 3.2]. For completeness, we give here
a short argument. Du denotes here the weak derivative of
u. We need first to show that for u € W'“P(Q) and for a
function § € C!(R) for which there exists M > 0 such that
1S llz=) < M, we have S (u) € WP(Q) and DS (1) = S’ (u)Du.
To do that, by the Meyers-Serrins theorem, we get a sequence
u, € C°(Q) N WH(Q) such that u, — u in W'(Q) and
u, — u almost everywhere. We get by the chain rule DS (u,,) =
S’(u,)Du, and fg |DS (up)|P dx < IIS’IIPW(Q)IIDuHIIZ(Q) involv-
ing S(u,) € W'P(Q). Since S is Lipschitz, we have ||S (u,) —

S W) < llun — ullpr@) — 0 when n — 0. We write then
IDS (un) = S”w)Dullrr ) = IS (wn) Dy — S’ (u)Dul|r (o)
< IS (un)(Duy — Du)l|ze() + IS (un) = S’ () Dull ()
< S Mz @llien = ullwir) + 11057 (n) = S’ () Dullpr().-

The first term tends to O since u, — u in W'?(Q). For the
second term, we use that |S'(u,) — S’ (w)|P|Dul’ — 0 a.e. and
IS (u,) — S’ (w)|?|Dul? < 2||S’||pm(g)|Du|” € L'(Q). By the dom-
inated convergence theorem, [|(S'(u,) — S’(w))Dullrr ) — 0
which implies that [|[DS (u,) — S’(u)Dullrr@ — 0. Finally
S(u,) — S(u)in WP(Q) and DS (u) = S’(u)Du. Then, we

consider u* = max(u,0) and ¥~ = min(u,0) = —max(—u,0).
We define
S.(s) = { (()s2 +e)i-g ifs20
else.

Note that ||S ||z~ < 1. We deduce that DS .(u) = S () Du for
every € > 0. For ¢ € C2°(Q2) we take the limit of fQ S (u)D¢ dx
when ¢ — 0% to get that

Du* ={ Du

>0 0 on {u > 0}
0 on {u < 0}

—Du  on{u<0)

and Du~ = {
Since u = u* — u~, we get Du = 0 on {u = 0}. We can find this
Lemma in a weaker form in [13, Theorem 6.3]. ]

2-(ii) We assume that Ay; < 8in Q with 8 = §Ac*. Having in
mind (9) and (12), we assume by contradiction that |{p = 5}| >
0. Since A and A* are differential operators, applying A* to p
on {p = 5}, we obtain by Lemma 9 that A*p = ¢*5on {p = 5}.
Since (y, p) verifies (9) we get y; — 9 = c*5on {p = 5}. We
apply then A to this equation to get that Ay, — SAc* = Ay = a
on {p = 5}. Therefore Ay, — SAc* € (0,1) on {p = §} which
contradicts Ay; < 8. Hence |{p = 5}| = 0 and thus (12) implies
a = yg for some @ € U;. Existence of solution for (SSD) is
proved.

The uniqueness of optimal controls comes from the strict
convexity of the cost functionals. Indeed, in the dynamical
case, whatever (y1,y,) # (0,0) may be, Jr is strictly convex
with respect to variable y. The injectivity of the control-to-state
mapping gives the strict convexity with respect to the variable
a. In addition, uniqueness of (¥, p) follows by application of
the Poincaré inequality and uniqueness of (yr, pr) follows from
Gronwall inequality (A.3) in the appendix.

3.2. Proof of Theorem 4

For y; = 1,9, = 0 (Lagrange case), the cost is Jr(w) =
% fOT ly(t) = yall* dt. We consider the triples (yr, pr,Xw,) and
(3, b, x») satisfying the optimality conditions (7) and (9). Since
Xwr(r 1s bounded at each time ¢ € [0, 7] and by application of
Gronwall inequality (A.3) in the appendix to y7 and pr we can
find a constant C > 0 depending only on A, yg, y4, Q, L such that

VT >0 |yr(TIF<C and [prO)f <C.



Setting § = yr — ¥, p = pr — P, @ = Xw, — Xa» We have

JO)=yo -y (20)
p(T) =—p. 2D
First, using (7) and (9) one has (p(¢), a(¢)) > 0 for almost every

t € [0,T]. Multiplying (20) by p, (21) by ¥ and then adding
them, one can use the fact that

0y+Ay=a, Foa = 0O,
Op—-Ap=3poa = 0,

T T
(ﬁ—yo,ﬁ(O))—G’(T),ﬁ)=j; (ﬁ(t),fl(t))dHfo I dt.

By the Cauchy-Schwarz inequality we get a new constant C > 0
such that

T 1 T C
;j(; Iyl dt+?j(; (p(0), a(t)) dt < T

The two terms at the left-hand side are positive and using the
inequality (A.2) with £(¢) = p(T — t), we finally obtain M > 0
independent of T such that

S

1 T
T f (lyr(0) =3I + lpr() - plP*) dt <
0

3.3. Proof of Theorem 7

(1) Strict dissipativity is established thanks to the storage
function S(y) = (y,p) where p is the optimal adjoint. Fol-
lowing the Gronwall inequality (A.3) in the appendix, since
ly@®II> < M for every ¢t € [0,T] with M independent of final
time 7', the storage function S is locally bounded and bounded
below. We next consider an admissible pair (y(-), ¥w()) of
(OCP)t, we multiply (5) by p and or 7 > 0, we integrate over
(0, 7) x Q and use optimality conditions of static problem (9)-
(10) combined with integration by parts to write

fo (i + Ay, p)di = fo (ot P) dt < fo (o P) dt
andso (1), 5) - fo 00 = 3.5 - ya)di < (3(0). p).

Noting that [ly = 31> +2(v = 3,5 = ya) = lly = yall* = Iy = yall* we

make appear the quantity ||y(r)—||* and finally get the strict dis-

sipation inequality (16) with respect to the supply rate function

w(y, @) = 3(Ily = yalP = II¥ = yal) and with a(s) = § s
T 1 5 T

(P, y(0) + f Elly(t) =Vl dt < (p,y(0)) + f w((0), (1)) dt.
0 0

(22)

(ii)) Now we prove that strict dissipativity implies measure-

turnpike, by following an argument of [35]. Applying (22) to
the optimal solution (y7, wr) at 7 = T, we get

L i  (r(0) — yr(T). )
L [ or - 5P <y - 7 CrO2 D),

0
Considering then the solution y; of (5) with w(-) = @ and J; =
T foT llys(t) = yall*, we have J7 — J; < 0 and we show that J; —

J< l‘g;ﬂ, then we find M; > 0 independent of T such that

1 (T M
- f e 1P dr < =" 23)
0

Applying (A.2) to {(-) = pr(T —-) — p, we get M, > 0 indepen-
dent of T such that

1 _n M, (T e
T llpr(r) — plI° dr < T llyr(®) — I~ dt. 24
0 0

We combine (23) and (24) to finally get a constant M > 0 which

does not depend on T such that Ve > 0, |P. 7| < —-
p>

3.4. Proof of Theorem 8

We take y; = 0,7, = 1 (Mayer case). We want to charac-
terize optimal shapes as being the level set of some functions
as in [8]. Let (y7, pr. xw,) be an optimal triple, coming from
Theorem 1-(i). Then £(z, x) = pr(T — ¢, x) satisfies

0L +A =0,

Gaa =0, £(0) = ya —yr(T). (25)

We write y;—y7(T) in the basis (¢;) jen:. There exists ({;) € RN
such that y; — yr(T) = X ;»; {;¢;. We can solve (25) and get
pr(t,x) = ¥ 51 {i¢j(x)e T~ Using the Gronwall inequality
(A.3) in the appendix, there exists C; > 0 independent of T
such that the solution of (5) satisfies |[y7(1)||> < C, for every t €
(0,T). Hence |£;I* < C; for every j € N*. Let us consider the
index jo = inf{j € N,{; # 0}. Take 4 = 4, and pu = A; where
k is the first index for which 4; > 1. We define @, = Z {idj
=1,

which is a finite sum of the eigenfunctions associated too the
eigenvalue 4. We write, for every x € Q and every 7 € [0, T,

P ) = e TPy = |3 256,00

>k

< Z |£i¢ ()| e,

=k

Since [¢j* < C,¥j € N*, by the Weyl Law and sup-norm
estimates for the eigenfunctions of A (see [33, Chapter 3]), we
can find @ € (0, 1) such that ou > A and two constants Cy,Cy >
0 independent of x, t and T such that

_ L
Ipr(t, ) = e T PDy()] < Ce T )" IV,
=k

Let £ > 0 be arbitrary. We claim that there exists C, > 0 inde-
pendent of x, 7, T such that, for every x € Q,

lpr(t, x) — e T D(x)] < Coe™™ T V1€ (0,T - &)
Ipr(t,x) — e T Ddy(x)| < C,  Vie (T —¢,T).

To conclude we take an arbitrary value for & and we write u
instead of au but always with u > A to get

Ipr(@) — e T 0Dl < Ce™ T Vre[0,T]  (26)

with C > 0 not depending on the final time 7. Using the bath-
tub principle ([24, Theorem 1.16]) and since @ is analytic, we



introduce sy € R and the shape wy = {®g > 59} € U such that
Xuw, 15 solution of the auxiliary problem

uel;

max f Oy (x)u(x) dx. 27
Q

Let t € [0,T] fixed. For x € wp, we remark that (26) implies
that p(t, x) > spe *T=" — C#T=D_ Reminding the definition of
s7(?) in (14) we write

lwol = LIQ| and

wo C {P(t, X) > S()EWI(T*I) — C*/J(T—[)}
{pr, x) = st} < LIQ.

Hence s7(¢) > spe 79 — C#T=D_We change the roles of wy
and wr(f) to get s7(1) < spe T~ + C#T=D and finally obtain

Is7(6) — e T Dsgl < Ce T Ve 0, T]. (28)

We write @ = 5o — @9, Yr(t, x) = sp(t) — pr(t, x) and Yo(t, x) =
e MT-Dd(x) and using (26) with (28), we get a new constant
C > 0 independent of T such that

7 (8, x) = ot Wll=@y < Ce* T, Vre[0,T].  (29)

We now follow arguments of [8] to establish the exponential
turnpike property for the control and then for the state by using
some information on the control y,,. We first remark that for
all 11,1, € [0,71, {Yo(t1.) < 0} = {Yo(t2,) < 0} = {® < O},
Then we take ¢ € [0,T] and we compare the sets {yo(z,) <
0}, {¥r(t,-) < O} and {yo(t,-) + Ce T~ < 0}. Thanks to (29)
we get for every 7 € [0, T']

{®<-Ce VT  fyr(t,) <0} c {®<Ce WV} (30)
{@<—-Ce T}  {yo(z,-) <0} € {D<Ce™ ™M) (31)

We infer from [8, Lemma 2.3] that for every ¢ € [0, T],

dy(lyr(r,) < 0}, {® < 0})
< dy({® <~Ce W VTD) {d < Ce™v-IT0)) - (32)

To conclude, since dy; is a distance, we only have to estimate
dp({® <0}, {® < £CemH-DT0)),

Lemma 10. Let f : Q — R be a continuously differentiable
function and set T = {f = 0}. Under the assumption (S): there
exists C > 0 such that

IVfll=2C VxeTl,

there exist &y > 0 and Cy > 0 only depending on f such that for
any € < &

du(lf < O){f < ) < Ce.

Proof of Lemma 10. We consider f satisfying (S) with I' =
{® = 0}. We assume by contradiction that for every & > 0,
there exists x € {|f] < &} such that ||V f(x)|| = 0. We take & = %
and we subtract a subsequence (x,) — x € {|f] < 1} (which is

compact). By continuity of f and of ||[Vf||, we have x € " and
[lf(x)ll = 0, which raises contradiction with (S). Hence we find
g0 > 0 such that |[Vf(x)|]| > § for every x € {|f] < &}. We apply
[5, Corollary 4] (see also [5, Theorem 2]) to get

2
dr({f <OL{f < +e}) < Ze.
A more general statement can be found in [5, 8]. O

We infer that @ satisfies (S) on [[V.o(t, %) =
e TV, D(x)|| for x € Q. We first remark that @, sat-
isfies ADy = A, @y, Do, = so and that the set I’ = {®y = 0}
is compact. Since Q has a C? boundary and ¢ = 0 the Hopf
lemma (see [12, sec. 6.4]) gives

xp €Ly = [[V.@(xo)ll = [[VcDo(x0)ll > 0.

Hence there exists Cy > 0 not depending on ¢, T such that for
every x € Iy, [|[V.®@(xp)l] = Cy > 0. We take v > 0,e™” < &.
We remark that e 79 < g, Vt € (0, T —v) and we use Lemma
10 combined with (32) to get that, for every t € (0, T — v),

dﬂ({'ﬁr(t,') <0L{® < o}) < Coe~H=DT=0,

We adapt the constant Cy such that on the compact interval ¢ €
(T — v, T) the sets are the same whatever T > Ty > 0 may be,
to get that, for every t € (0, T),

d‘H({lﬁT(t,') <0l {d < 0}) < Coe W00

We obtain therefore an exponential turnpike property for the
control in the sense of the Hausdorft distance

dy(wr(1), w) < Coe™# VT vt e [0,T]. (33)

Here is a possible way to find a further turnpike property on
state and adjoint. We could use a similar argument (valid only
for convex sets) as in [15, Theorem 1-()]: Ivwr ) — Xwoll <
Cdy(wr(t), wo). Denoting by b, = d, — d, the oriented
distance, we follow [10, Theorem 4.1-(ii)] and [10, Theorem
5.1-(iii)(iv)] and we use the inequality |xz, — xz,ll < llda, —
dllwiz@ < 104, = bagllwiz) = 1ba, = ball +11Vba, = Vby, |l to
try to make the link between ||y, ;) — Xw,ll and dy(wr (), wo).
Afterwards, applying Gronwall inequality (A.3), we get

(u+A)
-

Iy(@) = Flli2) < Coe™ Yte (0,T) (34)

with y solution of Ay = x,,, Y9 = 0. Taking x = ‘%ﬂ >0
and by application of Gronwall inequality (A.3) for the adjoint,
we finally get the exponential turnpike property for the state,
adjoint and control.

4. Numerical simulations: optimal shape design for the 2D
heat equation

Wetake Q = [-1,1], L = §, T € {1,...,5}, ya = Cst = 0.1
and yo = 0. We focus on the heat equation and consider the
minimization problem

T
min f f y(t, x) — 0.1 dx dt (35)
WO Jo Jr-n1p



under the constraints

0y — AY = X, ¥(0,-) =0, Yoo = 0. (36)

We compute numerically a solution by solving the equiva-
lent convexified problem (OCP)y thanks to a direct method in
optimal control (see [34]). We discretize here with an implicit
Euler method in time and with a decomposition on a finite el-
ement mesh of Q using FREEFEM++ (see [19]). We express the
problem as a quadratic programming problem in finite dimen-
sion. We use then the routine IpOpt (see [38]) on a standard
desktop machine.
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Figure 1: Optimal shape’s time evolution cylinder - T’ = 2

We plot in Figure 1 the evolution in time of the optimal shape
t = w(t) which appears like a cylinder whose section at time ¢
represents the shape w(f). At the beginning (r = 0) we notice
that the shape concentrates at the middle of Q in order to warm
as soon as possible near to y,;. Once it is acceptable the shape is
almost stationary during a long time. Finally, since the target y,
is taken here as a constant, the optimal final state yr(7) should
be as flat as possible. Indeed, for ¢+ < T and plotting the state’s
curve, we observe that yy(f) is much larger at the center of Q
than close to the boundary. So at final time, the shape comes
closer to the boundary of Q such that y7(T) gets larger close to
it and lower at the center. We observe therefore that y7(T) is
almost constant in Q and very close to y,.

We plot in Figure 2 the comparison between the optimal
shape at several times (in red) and the optimal static shape (in
yellow). We see the same behavior when ¢ = g

Now in order to highlight the turnpike phenomenon, we plot
the evolution in time of the distance between the optimal dy-
namic triple and the optimal static one 7 +— ||y () =¥+ || pr(¥) —
Pl + IWwr@) — Xall- In Figure 3 we observe that this function is
exponentially close to 0. This behavior leads us to conjecture
that the exponential turnpike property should be satisfied.

To complete this work, we need to clarify the existence of
optimal shapes for (DSD)r when y; is convex. We see nu-
merically in Figure 2 the time optimal shape’s existence for y,

® 00

(a) (b) ©
()] (e) ®

Figure 2: Time optimal shape 7" = 5 - Static shape: (a) t = 0; (b) t = 0.5; (¢)
te[1,4]; (d)t =4.5; (e) t = T; (f) static shape
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Figure 3: Error between dynamical optimal triple and static one

convex on Q. Otherwise we can sometimes observe a relaxation
phenomenon due to the presence of ¢ and cr(-) in the optimality
conditions (7) - (9).

We consider the same problem (OCP)y in 2D with Q =
[-1,113, L = %,T = 5 and the static one associated (SOP).
We take yg(x,y) = =55 (x> + y* = 2).

) ©) ()

Figure 4: Relaxation phenomenon : (a) ¢t = 0; (b) t = 0.5; (¢) ¢ € [1,4]; (d)
t =4.5; (e) t = T; (f) static shape

In Figure 4 we see that optimal control (ar,a) of (OCP)r



Figure 5: Error between dynamical optimal triple and static one (Relaxation
case)

and (SOP) take values in (0, 1) in the middle of Q. This illus-
trates that relaxation occurs for some y;. Here, y; was chosen
such that —Ay,; € (0, 1). We have tuned the parameter L to ob-
serve the relaxation phenomenon, but for same y,; and smaller
L, optimal solutions are shapes. Despite the relaxation we see
in Figure 5 that turnpike still occurs.

5. Further comments

Numerical simulations when Ay, > 0 lead us to conjecture
existence of an optimal shape for (DSD)t, because we have not
observed any relaxation phenomenon in that case. Existence
might be proved thanks to arguments like maximal regularity
properties and Holder estimates for solutions of parabolic equa-
tions.

Moreover, still based on our simulations and particularly on
Figure 3, we conjecture the exponential turnpike property.

The work that we presented here is focused on second-order
parabolic equations and particularly on the heat equation. Con-
cerning the Mayer case, we have used in our arguments the
Weyl law, sup-norm estimates of eigenelements (see [33]) and
analyticity of solutions (analytic-hypoelliptic operator). Nev-
ertheless, concerning the Lagrange case and having in mind
[30, 35] it seems reasonable to extend our results to general
local parabolic operators which satisfy an energy inequality
(A.2) and the maximum principle to ensure existence of so-
lutions. However, some results like Theorem 1.2-(ii) should
be adapted. Moreover we consider a linear partial differen-
tial equation which gives uniqueness of the solution thanks to
the strict convexity of the criterion. At the contrary, if we do
not have uniqueness, as in [35], the notion of measure-turnpike
seems to be a good and soft way to obtain turnpike results.

To go further with the numerical simulations, our objective
will be to find optimal shapes evolving in time, solving dynam-
ical shape design problems for more difficult real-life partial
differential equations which play a role in fluid mechanics for
example. We can find in the recent literature some articles on
the optimization of a wavemaker (see [7, 28]). It is natural to
wonder what can happen when considering a wavemaker whose
shape can evolve in time. We have in mind the behavior of a

static wave that we can observe in the nature (Eisbach Wave in
Miinchen) which arises thanks to the shape of the bottom and
when the inside flow is supercritical. We are interested in mod-
eling this phenomenon and taking into account a bottom whose
shape may evolve in time in order to design a static wave. Since
the target is stationary, we would expect that an optimal evolv-
ing bottom stays most of the time static too. There already exist
some wavemakers designed for surf-riding inspired by this phe-
nomenon (see [1]).

Appendix A. Energy inequality

We recall some useful inequalities to study existence and
turnpike. Since 6 satisfies (4), we can find 8 > 0,y > 0 such
that 8 > y and

(Au,u) = Bllullz

2
ey = Yl (A1)

L2(Q)°

From this follows the energy inequality (see [12, Chapter 7,
Theorem 2]): there exists C > 0 such that, for any solution y of
(6), for almost every ¢ € [0, T,

IwmfﬂﬁHﬂ@%mNhSC@mW+lNMSWw)(A%

We improve this inequality. Having in mind (A.1), the Poincaré
inequality and that y verifies (6), we find two constants Cy, C, >
0 such that 4|y + CilyOIF = f(1) < Colla@)|?. We
solve this differential equation to get |ly()|> = |[yolPe €' +
Jg e =9 f(s5)ds. Since for all t € (0,T), f(£) < Calla(®)|,
we obtain that for almost every ¢ € (0, T),

15
mesanfW+c{féﬁ“WmmFﬁ. (A.3)

0
The constants C, Cy, C, depend only on the domain Q (Poincaré
inequality) and on the operator A and not on final time 7T since
(A.1) is satisfied with 8 > .
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