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PROJECTIVE STRUCTURE ON RIEMANN SURFACE AND
NATURAL DIFFERENTIAL OPERATORS

INDRANIL BISWAS AND SORIN DUMITRESCU

ABSTRACT. We investigate the holomorphic differential operators on a Riemann sur-
face M. This is done by endowing M with a projective structure. Let £ be a theta
characteristic on M. We explicitly describe the jet bundle J*(E @ L®"), where E is a
holomorphic vector bundle on M equipped with a holomorphic connection, for all £ and
n. This provides a description of holomorphic differential operators from E ® £®" to an-
other holomorphic vector bundle F using the natural isomorphism Diff*(E® £&", F) =
F® (JFE ® L))",

1. INTRODUCTION

The study of natural differential operators between natural bundles is a major topic in
global analysis on manifolds (see, for instance, [Ni], [Te] and [KMS]).

Our aim here is to study natural holomorphic differential operators between natural
holomorphic vector bundles on a Riemann surface M. To be able to formulate their
description, we make use of the existence of compatible projective structures on M (see
[Gu]).

We recall that a projective structure on M is given by a holomorphic coordinate atlas
such that all the transition functions are restrictions of Mobius transformations. This

approach to holomorphic differential operators on M entails a detailed understanding of
the action of SL(2,C) on the jet bundles on CP*.

Let V be a complex vector space of dimension two. For notational convenience, denote
by X the space P(V) of complex lines in V. Let L be the tautological line bundle of
degree one on X. The trivial holomorphic vector bundle X x V on X with fiber V will
be denoted by V;, while the symmetric product Sym’(V;) will be denoted by V;. The
holomorphically trivial line bundle X x C on X will be denoted by V.

We prove the following (see Theorem 3.5):
Theorem 1.1. Ifn < 0 orn > k, then
JELY) = L@V,
Ifk > n > 0, then
JFILM =V, (L% V@V, 4).
Both the isomorphisms are SL(V)—equivariant.
2010 Mathematics Subject Classification. 14F10, 14HAO.
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2 I. BISWAS AND S. DUMITRESCU

The natural forgetful homomorphism J*(L") — J*~1(L"™) of holomorphic vector bun-
dles with action of SL(V) is described in Proposition 3.1, Proposition 3.2 and Proposition
3.4.

Since all the above mentioned isomorphisms and homomorphisms are SL(V)-equivariant,
we are able to translate them into the set-up of a Riemann surface equipped with a pro-
jective structure (see Section 4 to see that any projective structure admits an underlying
atlas for which the transition maps are restrictions of elements in SL(V)).

Let M be a compact Riemann surface equipped with a projective structure P. Using
P, the above tautological line bundle L on X produces a holomorphic line bundle L on
M with the property that L®? = TM. Moreover, using P, the trivial vector bundle V;
produces a holomorphic vector bundle V; of rank two over M that fits in the following
short exact sequence of holomorphic vector bundles on M:

0 —L" —V, —L — 0.

This involves fixing a nonzero element of /\2 V. The symmetric power Sym’(V;) will be
denoted by V;, while the trivial line bundle Oy, will be denoted by V.

Let us now describe our results about natural differential holomorphic operators on a
Riemann surface endowed with a projective structure.

The following is deduced using Theorem 1.1 (see Corollary 4.2):

Corollary 1.2. If n < 0 orn > k, then there is a canonical isomorphism
JELY) = L P eV,
If kK > n > 0, then there is a canonical isomorphism

Jk(Ln) _ Vn D (L—(k-i-l) ® Vk—n—l) )

This enables us to deduce the following result (see Lemma 4.4):

Lemma 1.3. Let M be a compact connected Riemann surface endowed with a projective
structure P. Consider E a holomorphic vector bundle on M equipped with a holomorphic
connection.

Ifn < 0 orn > k, then there is a canonical isomorphism
JME®L") = EQL" " ®V,.
If k > n > 0, then there is a canonical isomorphism

JMEQLY = Eo(V,® (L ® VeV, ).

Let E be a holomorphic vector bundle on M equipped with a holomorphic connection,
as in the previous Lemma. Given a holomorphic vector bundle F' on M, denote by
Diff (E @ L", F) the sheaf of holomorphic differential operators of order k from E ® L"
to F'.

The associated symbol homomorphism
Diff¥ (E®L", F) — Hom(E @ L", F) ® (T M)®*
is describe in Corollary 4.7 and Corollary 4.11.

Fix integers k, n and [ such that at least one of the following two conditions is valid:
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Also fix a section
0o € H°(M, End(E) ® L!).
Using 6y, and a projective structure P on M, we construct a holomorphic differential
operator
To € H°(M, Difff(E®@ L", E @ L")
The following theorem shows that 7y is a lift of the symbol 8y to a holomorphic differential
operator (see Theorem 5.1):

Theorem 1.4. The symbol of the above holomorphic differential operator Tq is the section
o.

2. PRELIMINARIES

2.1. Jet bundles and differential operators. Let X be a connected Riemann surface.
The holomorphic cotangent bundle of X will be denoted by Kx. Consider the Cartesian
product X x X. For i = 1, 2, let

pit XXX — X
be the projection to the —th factor. Let
A={(z,z) |z € X} C X xX (2.1)

be the diagonal divisor. At times we shall identify A with X using the mapping z —
(x, ). For any nonnegative integer k, consider the natural exact sequence

0 — OXX)((—(/{—FUA) — OXXx(—kA) (2.2)
— OXXX(_kA)/OXXX(_<k+ 1)A) — 0.
Using the Poincaré adjunction formula, we have
OXXx(—kA)/OXXx(—(k+1)A) = Kg?k; (23)

here X is identified with A. Let z be a holomorphic coordinate function on an open subset
U C X. The isomorphism in (2.3) over (U x U) [ A sends the section (zo0py —z0p;)* of
Oxxx(—kA)/Oxwx(—(k+1)A) over (U x U)( A to the section (dz)®* of K¢¥| (after
identifying U with (U x U) ([ A).

Let W be a holomorphic vector bundle on X of rank ry,. For any nonnegative integer
k., consider the subsheaf

(p3W) @ Oxxx(—(k+1)A) C p3W .
The k-th order jet bundle J*(W) is defined to be the direct image
THW) = prl (W) /(03W) ® Oxsex (= (k + 1)A))) — X, (2.4)
which is a holomorphic vector bundle on X of rank (k + 1)ry.

For any & > 1, using the natural inclusions

(P3W) @ Oxxx(—(k+1)A) C (p3W) ® Oxxx(—kA) C p3W
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together with (2.3), we get a short exact sequence of holomorphic vector bundles on X
0 — W K¥ - J5W) 25 J5Y (W) — 0. (2.5)

Let V be a holomorphic vector bundle on X. Let Diff*(TW, V) denote the sheaf of
holomorphic differential operators of order k from W to V. It is the sheaf of holomorphic
sections of

Dift* (W, V) := Hom(J*(W), V) = V @ J*(W)*. (2.6)
Consider the homomorphism

DIifff(W, V) = V& J*W) '"“S VoW e K¥) = (TX)® @ Hom(W, V), (2.7)

where ¢ is the homomorphism in (2.5). This homomorphism in (2.7) is known as the
symbol map.

2.2. Line bundles on the projective line. Let V be a complex vector space of dimen-
sion two. Now set

X = P(V)
to be the compact Riemann surface of genus zero parametrizing all the complex lines in
V. Let
be the tautological holomorphic line bundle of degree one whose fiber over the point
corresponding to a line & C V is the quotient line V/£. For any integer n, by L™ we shall
denote the holomorphic line bundle

o L2 ifn > 0,
o (L®™* ifn < 0, and
e Ox (the trivial line bundle), if n = 0.

A theorem of Grothendieck asserts that any holomorphic vector bundle F' on X of rank

r is of the form i
F-
i=1

where a; € Z [Gr, p. 122, Théoreme 1.1]; moreover, the above integers {a;} are uniquely
determined, up to a permutation, by F' [Gr, p. 122, Théoreme 1.1], [At1, p. 315, Theorem
2]. The holomorphic cotangent bundle Kx is holomorphically isomorphic to L=2.

Let
L — X (2.9)

be the tautological holomorphic line bundle of degree —1 whose fiber over the point
corresponding to a line & C V is £ itself. This L is holomorphically isomorphic to L.
We note that there is no natural isomorphism between L~! and L.

Let SL(V) be the complex Lie group consisting of all linear automorphisms of V that
act trivially on the determinant line A*V. This group SL(V) acts on P(V) as follows: the
action of any A € SL(V) sends a line & C V to the line A(§). The corresponding action
homomorphism

SL(V) — Aut(X)
is holomorphic, and its kernel is +Idy. The action of SL(V) has a tautological lift to an
action of SL(V) on K™ for every integer m.
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The above action of SL(V) on P(V) clearly lifts to the line bundle L. Indeed, the action
of any A € SL(V) on V produces an isomorphism
V/§ — V/A(€)

for every line & C V. The resulting action of SL(V) on L produces an action of SL(V)
on L" for every n.

The diagonal action of SL(V) on X x X preserves the divisor A in (2.1). This action
of SL(V) on X x X, and the action of SL(V) on L", together produce an action of SL(V)
on J¥(L™) defined in (2.4). The homomorphism ¢ in (2.5) is in fact SL(V)-equivariant.

3. DESCRIPTION OF JET BUNDLES ON THE PROJECTIVE LINE

Consider the short exact sequence of coherent sheaves on X = P(V)
0 — (L") @ Oxux(=(k+ 1DA) — pL" — (03L")[kra — 0. (3.1)

From (2.4) we know that J*(L") is the direct image of (p5L™)|(x+1)a to X under the
projection p;. We would investigate J*(L") using the long exact sequence of direct images
for the short exact sequence of sheaves in (3.1).

Let
0 — Rpr(p3L") @ Oxxx(—(k+1)A)) — R°prpsL” — Rpr.((psL™)|ks1)0)

= JHL") — R'pu((p5L™) @ Oxxx(—(k+1)A)) — R'pppiLl" — 0 (3.2)

be the long exact sequence of direct images, under p;, associated to the short exact
sequence in (3.1). Note that

Rlpl*((p;Ln)‘(k—i—l)A) =0,
because the support of (p5L")|(x+1)a is finite over X (for the projection p,).

Since the diagonal action of SL(V) on X x X preserves the divisor A, each sheaf in
(3.2) is equipped with an action of SL(V) that lifts the action of SL(V) on X. Moreover,
all the homomorphisms in the exact sequence (3.2) are SL(V)-equivariant.

In (3.2), the direct image R'py.p3L" is the trivial holomorphic vector bundle
Rip.psL™ = X x HY(X, L") (3.3)
over X with fiber H (X, L") for i = 0, 1.

Next, to understand R'py.((p5L™) @ Oxxx(—(k + 1)A)), we first note that the holo-
morphic line bundle Ox x(A) is holomorphically isomorphic to (p{L) ® (p5L); however,
there is no natural isomorphism between these two isomorphic line bundles. To construct
an explicit isomorphism between them, fix a nonzero element

04we \V. (3.4)

Note that w defines a symplectic structure on V., in particular, w produces an isomorphism

Ve V. (3.5)
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The action of SL(V) on AV, given by the action of SL(V) on V, is the trivial action,
and hence this action fixes the element w. We note that w produces a holomorphic
isomorphism

UL — L, (3.6)

where L was constructed in (2.9). Indeed, from the short exact sequence of holomorphic
vector bundles

0 —L—XxV—L—0 (3.7)

we conclude that L ® L = X x A\®V. Therefore, the element w € AV gives a nowhere
vanishing holomorphic section of L& L. This section produces the isomorphism ¥ in (3.6).
Note that the diagonal action of SL(V) on X XV preserves the subbundle L in (3.7); more
precisely, the homomorphisms in (3.7) are SL(V)—equivariant. The isomorphism ¥ in (3.6)
is evidently SL(V)—equivariant. It should be mentioned that ¥ depends on w.

We have H°(X, L) = V. So
HY (X x X, (piL)® (p3L)) = H' (X, L)@ H'(X, L) = VRV,
and hence w € A°V € V®V in (3.4) defines a holomorphic section
5 e HYX x X, (5i1) ® (BL). (3.5)

This section @ vanishes exactly on the diagonal A € X x X. Consequently, there is a
unique holomorphic isomorphism

®: (piL) ® (p3L) — Oxxx(A)

such that the section ®(@), where @ is constructed in (3.8), coincides with the holomorphic
section of Oxy x(A) given by the constant function 1 on X x X. Therefore, combining &
with ¥ in (3.6), we have

(PL) @ (pL) = (L) @ (pL7Y) = (piL) @ (P5L71) = Oxux(=A). (3.9)

Using the identification of X with A, the Poincaré adjunction formula gives that
Oxxx(A)|a = TX, where T'X is the holomorphic tangent bundle of X; it is the dual of
the isomorphism in (2.3) for & = 1. Therefore, restricting the isomorphisms in (3.9) to
A C X x X, we have a holomorphic isomorphism

~

Py : L* = (L) = TX. (3.10)
Using the isomorphisms in (3.9), we have
(P2L") ® Oxx (= (k +1)A) = (piL™" 1) @ (pL" ) = (Pl ® (paL"™"71).
Hence by the projection formula, [Ha, p. 426, A4],
R'pul(p3L") ® Oxxx(=(k +1)A)) = R'pr((piL*") @ (p3L" ")) (3.11)

— ]Lk‘-i-l ® Ripl*(szn—k’—l)
forv = 0, 1.
We shall break (n, k) into three cases.
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3.1. The case of n < 0. In (3.2), we have Rpy,p5L™ = 0, because n < 0. Conse-
quently, the short exact sequence in (3.2) becomes

0 — JYL") — R'p.((p3L™) @ Oxux(—(k+1)A)) — RlpLp;L™ — 0. (3.12)
Now using (3.11), the exact sequence in (3.12) becomes the short exact sequence
0 — JHUL") — L @ Rlp,(ps L™ 1) 2% Rlpupil™ — 0. (3.13)
Invoking Serre duality and using the isomorphism @ in (3.10),
HY(X, L") = H°(X, L™""%)* = Sym " *(V)*,
where Sym™""2(V) denotes:

e the (—n — 2)-th symmetric power of V, if —n —2 > 0,
o C, if —n = 2, and
e (,if —n = 1.

Therefore, R'py.p5L™ in (3.13) is the trivial holomorphic vector bundle
X x Sym " A(V)* — X
(see (3.3)).

For notational convenience, the trivial holomorphic vector bundle X x Sym? (V) over
X with fiber Sym’ (V) will be denoted by V. The trivial line bundle Ox will be denoted
by Vy. So we have

R'ppsL™ = (V_, 0)* =V . (3.14)
Similarly, we have
R'pr(p3L" ") = X x Sym* " (V)" = Vi_,_, — X. (3.15)
Hence L1 @ Rlpy, (ps L™ *71) in (3.13) has the following description:
L' @ Rip (ps L") = LA o vy . (3.16)

Using (3.14) and (3.16), the homomorphism ~; in (3.13) is a homomorphism
LM eV — V. (3.17)

The homomorphism 7, in (3.17) is simply the contraction of elements of V by V* (recall
that . C X x V). More precisely, consider the contraction homomorphism

Ve (V) — (V)&
Since L. C V; (see (3.7)), this contraction produces a holomorphic homomorphism of
vector bundles
The homomorphism ~; in (3.17) is (k+ 1)-times iteration of this homomorphism starting
with j = k—n — 1.
We shall compute the kernel of the homomorphism ~; in (3.17).

Taking dual of the short exact sequence in (3.7), we have

L* ¢ X xV" = V7.
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Hence, using the isomorphism V¥ in (3.6), we have
L=L"CV:, (3.18)

For the natural duality paring V; ® Vi — Oy, the annihilator of the subbundle L. C V;
in (3.7) is the subbundle L. C V7 in (3.18). Therefore, from the above description of the
homomorphism 7 in (3.17) we conclude that the subbundle

Lo Vi, ) DL LoV =L "eV;

is contained in the kernel of the surjective homomorphism ~;; note that L™""! @ V} is
realized as a subbundle of V;_, ;| using the inclusion L. C V7 in (3.18). From (3.13) we
know that 7, is surjective. Since

rank(LF " ®@V;) = k+1 = (k—n) —(-—n—1) = rank(L* @ V;_,,_|) —rank(V*, _,),
we now conclude that
L ® Vi = kernel(y;).
Therefore, from (3.13) it follows that
JE(L™) = kernel(y,) = LF " @ V;. (3.19)

Now using the isomorphism between Vj and V} given by the isomorphism in (3.5), from
(3.19) we deduce that

JELY) = LF" eV,
Moreover, using the isomorphism W in (3.6) we have

JEL™) = L e V,. (3.20)

Recall that all the homomorphisms in (3.2) are SL(V)-equivariant. From the construc-
tion of the isomorphism in (3.19) between J*(L") and L* ™ @ V% it is evident that it is
SL(V)—equivariant. Therefore, the isomorphism in (3.20) is SL(V)-equivariant.

Fix k£ > 1 an integer. Using (3.20), the homomorphism ¢y in (2.5) is a projection
o L"P @V, = JNLY) — JHLY) = LM eV, . (3.21)
We shall describe the homomorphism in (3.21).

Recall that V; = Sym’(V;) = Sym’(X x V), and the line bundle L is a quotient of
V1 (see (3.7)). Therefore, we have a natural projection

@y V, — LoV, . (3.22)

To describe this @) explicitly, let q;, : Vi — L be the quotient map in (3.7). Consider
the homomorphism

qr ® ldyow-y : V§* — Lo vy,
Note that g7 ® Idv®(k—1) sends the subbundle
1
Sym*(V,) ¢ V&*
to the subbundle L ® V;,_; C L ® V?(k_l). The homomorphism @) in (3.22) is this

restriction of ¢, ® Idyee-1).
1

Proposition 3.1. The homomorphism ¢y in (3.21) coincides with Idn— ® wy, where
@Y is the homomorphism in (3.22).
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Proof. Consider the short exact sequence in (3.12). We have the commutative diagram of
homomorphisms

0 0

l

0 —  JHLY) — R'p((p3L") @ Oxxx(—(k+1)A)) — Rlpnpil® — 0

l“ |
0 — J*HIY —  Rpn((LM) @ Oxex(—kA))  — Rpupsl® —s 0

l

0 0

(3.23)
where the bottom exact sequence is the one in (3.12) with & substituted by k — 1, the
top exact sequence is the one in (3.12), the left-vertical exact sequence is the one in (2.5)
for W = L", and the other vertical exact sequence is the long exact sequence of direct
images, under py, for the short exact sequence

0 — (P3L") ® Oxxx(—(k+1)A) — (L") @ Oxux(—kA) — (L"@ K{")[a — 0

of sheaves on X x X obtained by tensoring with p5L™ the short exact sequence given by
(2.2).

Using (3.11) and (3.16) we have
R'pr((p3L") @ Oxxx(=(k+ 1DA)) = L o Vi, ;.
Replacing k£ by k£ — 1, we have
R'pr((p3L") ® Oxxx(—kA)) = LY@ Vi, _,.
So the homomorphism g in (3.23) becomes a homomorphism
prLMleve | — LoV, .
This homomorphism is simply the contraction of elements of V* by elements of . C V.
The proposition follows from this and the commutative diagram in (3.23). O
3.2. The case of n > k. Note that n > 0, because n > k. Since now we have
n—k—1 > —1, it follows that
HY(X,L" ") =0,
and hence using (3.11) and (3.3) it is deduced that
R'pr((p3L") ® Oxxx(—(k +1)A)) = 0.

Consequently, the exact sequence in (3.2) becomes the short exact sequence

0 — Rpr((p5L") @ Oxxx(—(k +1)A)) — RprpsL™ — JH(L") — 0. (3.24)

Therefore, using (3.11) and (3.3), the exact sequence in (3.24) becomes the short exact
sequence

0 — L' @ Rop(psL" 1) = LM @V, 25 X x Sym" (V) (3.25)
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=V, — J¥L") — 0.
Consider the homomorphism given by the composition of the natural homomorphisms
VoV, — X xVeUH) 5 X x Sym™™H (V) = V.
Since . C V (see (3.7)), this restricts to a homomorphism
L®V, — V.

The homomorphism 7, in (3.25) is (k + 1)—fold iteration of this homomorphism starting
with j = n—k —1.

To compute the cokernel of this homomorphism 7, consider the surjective homomor-
phism V; — L in (3.7). It produces a surjective homomorphism

0, :V, — L"*oV,.

It is straight-forward to check that 6, o 9 = 0. Consequently, 65 produces a surjective
homomorphism from cokernel(vs) to L"* ® V. On the other hand,

rank(V,,) — rank(L* @V, ;1) = k+1 = rank(L" " @ V).
Hence we conclude that the above surjection from cokernel(ys) to L% ® V, is also
injective.
Therefore, from (3.25) it follows that
JELY) = L" P @ V. (3.26)
From the construction of the isomorphism in (3.26) it is evident that this isomorphism
is in fact SL(V)-equivariant.
Consider £ > 1 an integer. Using (3.26), the homomorphism ¢ in (2.5) is a projection
o L"P @V, = JNL") — TN = LM eV, . (3.27)
Proposition 3.2. The homomorphism ¢y, in (3.27) coincides with Idpn—x @ @Y, where

@V is the homomorphism in (3.22).

Proof. Consider the short exact sequence of sheaves in (3.24). We have the commutative
diagram of homomorphism

0 L@ K
0 —» Ropl*((p;m)@omx (—(k+1)A)) — RprpiL"™ — JEKL") — 0
I

0 — Rpl*((p2Ln ® X><X( k’A)) — R(Jpl*p;Ln — Jk71<Ln> — 0

%

(_

® KgF 0

O(—

(3.28)
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where the bottom exact row is (3.24) with k& — 1 substituted in place of k, the top exact
row is the one in (3.24), the right vertical exact sequence is the one in (2.5) and the left
vertical exact sequence is a part of the long exact sequence of direct images, under p;, for
the short exact sequence

0 — (p;Ln)@)OXX)((—(k?—Fl)A) — (p;Ln)(X)OXX)((—]{?A) — (Ln®K§?k)|A — 0

of sheaves on X x X obtained by tensoring (2.3) with p5L". Using (3.11), in (3.25) we
saw that

Ropi((p5L") @ Oxux(—(k+1)A)) = LM @V, 1,
So replacing k£ by k — 1, we have
Rp1r((p5L") ® Oxxx(—kA)) = LF @V, 4.
Using these isomorphisms, the injective homomorphism
pr LM eV, = LM @ Sym™ (V) — LF @ Sym™*(V))
in (3.28) is the natural homomorphism induced by the inclusion of L in V;. Now the
proposition follows from (3.28). d

The remaining case will now be considered.

3.3. The case of k > n > 0. Since n > 0, it follows that H'(X, L") = 0. Hence in
(3.2) we have

Rlpl*pSLn = 0;
see (3.3). Sincen —k —1 < 0, we have H°(X, L"*~1) = 0. Therefore, from (3.11) and
(3.3) we conclude that

Ropl*((pZL") X OXX)((—(/{Z + 1)A)) =0.
Consequently, the exact sequence in (3.2) becomes the short exact sequence
0 — RprpsL" — J*(L") — R'pr.((p5L") ® Oxxx(—(k+1)A)) — 0. (3.29)

Now using (3.11) and (3.3) together with the projection formula, the exact sequence in
(3.29) becomes the exact sequence

0 — V, 2 JHL") 2 LM @ R'p (L") — 0. (3.30)
The homomorphisms 3 and and 03 in (3.30) are clearly SL(V)-equivariant.
Lemma 3.3. The short exact sequence in (3.30) has a canonical SL(V)—equivariant holo-

morphic splitting.

Proof. Since k > n, there is a natural projection
JE(L™) — JM(L")
(see (2.5)). Now J"(L™) = V,, by (3.26), so this projection defines a projection
B JHLY) — V,. (3.31)

It is straight-forward to check that g o~ = Idy,, where 73 and 8 are constructed in
(3.30) and (3.31) respectively. This produces an SL(V)-equivariant holomorphic splitting

JE(L™) = image(y3) @ kernel(3)
of the short exact sequence in (3.30). O
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Lemma 3.3 gives a holomorphic decomposition
JEL™) =V, @ (LM @ R'pr (ps L") (3.32)

which is compatible with the actions of SL(V). Now, Rlp.(p3L"*=1) = Vi | (see
(3.15)), and V;_, , = V,_,y which is constructed using the isomorphism in (3.5).
Therefore, the decomposition in (3.32) can be reformulated as

JFILM) =V, e (L' QVie ) =V, @ (L DoV, . ) (3.33)
using ¥ in (3.6). As before, the isomorphisms in (3.33) are compatible with the actions
of SL(V).

If k—1 > n > 0, then from (3.33) we know that
JHL) =V, o (LF@V, 0) =V, 0 (LT"® Vi),
and if k —1 = n > 0, then from (3.26) we have
JEH L) = V.

The proof of the following proposition is similar to the proofs of Proposition 3.1 and
Proposition 3.2.

Proposition 3.4. If k—1 > n > 0, then the projection J*(L") — JE=L(L™) in (2.5)
15 the homomorphism

V, (L *V oV, 1) — V, 0 (L*0Vi_ns)

which is the direct sum of the identity map of V,, and the natural contraction map L~*+D®
Vk—n—l — Lik ® Vk—n—Q'

Ifk—1 = n > 0, then the projection J*(L") — J*=Y(L™) in (2.5) is the homomor-

phism
Vo® (L @V ) — V,
which is the direct sum of the identity map of V,, and the zero homomorphism of L=*+1)
Vieno1 = L™ (recall that Vo = Ox).
3.4. The jet bundle. Combining (3.20), (3.26) and (3.33), we have the following:
Theorem 3.5. Ifn < 0 orn > k, then
JELY) = L"F eV,
Ifk > n >0, then
JEILM =V, (L% @V, 4).

Both the isomorphisms are SL(V)—-equivariant.

4. HOLOMORPHIC CONNECTIONS ON VECTOR BUNDLES

In this section we construct and study natural differential holomorphic operators be-
tween natural holomorphic vector bundles on a Riemann surface equipped with a projec-
tive structure.
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4.1. Jets of Riemann surfaces with a projective structure. Let M be a compact
connected Riemann surface of genus g. A holomorphic coordinate chart on M is a pair
of the form (U, ¢), where U C M is an open subset and ¢ : U — P(V) = X
is a holomorphic embedding. A holomorphic coordinate atlas on M is a collection of
coordinate charts {(U;, ¢;)}ier such that M = |J,.; U;. A projective structure on M is
given by a holomorphic coordinate atlas {(U;, ¢;) }icr such that for all pairs (¢,j) € I x [
for which U;(U; # 0, there exists an element 7;; € Aut(P(V)) = PGL(V) such that
@jo; ! is the restriction of 7j,; to ¢;(U; (U;). A holomorphic coordinate atlas satisfying
this condition is called a projective atlas. Two such projective atlases {(U;, ¢;)}ier and
{(Ui, ¢i)}ics are called equivalent if their union {(U;, ¢;)}icrus is again a projective atlas.
A projective structure on M is an equivalence class of projective atlases (see [Gu).

Note that the collection {7;,} in the definition of a projective atlas forms a 1-cocycle
with values in PGL(V). The corresponding cohomology class in H!(M, PGL(V)) depends
only on the projective structure and can be lifted to H'(M, SL(V)). Moreover the space
of such lifts is in bijection with the theta characteristics of M (see [Gu]). We recall that

the theta characteristic on M is a holomorphic line bundle K}W/Q on M together with a

holomorphic isomorphism of K ]1\/;2 ® K MQ with the holomorphic cotangent bundle Ky;.

We fix a theta characteristic on M. So a projective structure on M is given by a
coordinate atlas {(U;, ¢;) }icr together with an element

Tj,i € SL (V)

for every ordered pair (i, j) € I x I such that U;(U; # 0 such that the following four
conditions hold:

(1) @; 0 ;! is the restriction to ¢;(U; (U;) of the automorphism of X given by 7;;,
(2) TikTk,jTji = Idv for all 7:, j, k € I such that UZﬂUJﬂUk 7é (Z),

(3) 7i; = Idy for all i € I, and

(4) the theta characteristic corresponding to the data is the given one.

Two such collections of triples {{(U;, ¢;)}ier, {7;}} and {{(Ui, i) }ies, {m;}} are
called equivalent if their union {{(U;, i) }ierus, {7i;}} is again a part of a collection
of triples satisfying the above conditions. A SL(V)-projective structure on M is an equiv-
alence class of collection of triples satisfying the above conditions.

Let P = {{(Ui, ¢i) }ier, {7 ;}} be a SL(V)-projective structure on M. Recall that the
collection {7, ;} forms a l-cocycle on M with values in the group SL(V). Hence {7;;}
produce a holomorphic rank two bundle V on M equipped with a holomorphic connection
D (see [At2] for holomorphic connections). To construct the pair (V, D) explicitly, for
each ¢ € I, consider the trivial holomorphic vector bundle U; x V. — U; equipped with
the trivial connection. For any ordered pair (i, j) € I x I with U;(U; # 0, glue U; x V
and U; x V over U; (| U; using the automorphism of (U; (| U;) x V that sends any

(y,v) € (Ui(\U) xV C U xV

to (y, 1ij(v)) € (UiNU;) x V C U; x V. This automorphism of (U;(\U;) x V is
holomorphic, and it evidently preserves the trivial connection. Therefore, this gluing
operation produces a holomorphic vector bundle on M, which we shall denote by V, and
a holomorphic connection on V, which we shall denote by D.
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The diagonal action of SL(V) on X x V preserves the subbundle L in (3.7). Therefore,
the subbundles ¢;(U;) x L. C ¢(U;) x V patch together compatibly to produce a holomor-
phic line subbundle of the vector bundle ¥V on M constructed above. This line subbundle
of V will be denoted by L. Let

L:=V/L (4.1)
be the quotient bundle.

Recall that the isomorphism V¥ in (3.6) and the isomorphism @, in (3.10) are both
SL(V)-equivariant. However, it should be clarified that a nonzero element w € A*V
(see (3.4)) was used in their construction. Since U and &y are SL(V)—equivariant, they
produce isomorphisms

L =L andL®? = (L)®* =TM (4.2)

respectively. Recall that we fixed a theta characteristic on M. The fourth condition in
the definition of a projective structure says that the theta characteristic £ coincides with
the chosen one.

For any j > 1, the vector bundle Sym? (V) will be denoted by V;. Also, V, will denote
the trivial line bundle O,;. The holomorphic connection D on V induces a holomorphic
connection on V; for every j > 1; this connection on V; will be denoted by D;. The
trivial connection on Vy = O, will be denoted by Dy. The connections D,, and D,, on
V,» and V), respectively together produce a holomorphic connection on V,, ® V,.

Proposition 4.1. Let M be a compact connected Riemann surface equipped with a projec-
tive structure P. Take integersm > n > 0. Then V,,®V,, has a canonical decomposition

Vm X Vn - @ Vm+n—2i .
=0

The above isomorphism takes the connection on V,, ® V, induced by D,, and D, to the
connection @y Dyin—2i 0n By Vinin—2i-

Proof. First consider the case of X = P(V) investigated in Section 2. The SL(V)-module
Sym? (V) is irreducible for every j > 0 [FH, p. 150], and furthermore, for m > n > 0,
the SL(V)-module Sym™ (V) ® Sym" (V) decomposes as

Sym™(V) @ Sym™(V) = @ Sym™ "2 (V) (4.3)

[FH, p. 151, Ex. 11.11].

Choose data {{(U;, ¢;)}icr, {7;}} representing a SL(V)-projective structure associated
to P and to a fixed theta characteristic on M. On each U; we have the holomorphic vector
bundles ¢}V, = U; x Sym’ (V) equipped with the trivial connection. Patching these
together using {7; ;} as the transition functions we get V; equipped with the connection
D; for every 7 > 0. Now it can be shown that the isomorphism in (4.3) over each U; patch
together compatibly to give a global isomorphism over M. Indeed, this is an immediate
consequence of the fact that the isomorphism in (4.3) intertwines the actions of SL(V).
This completes the proof. O

Henceforth we assume that genus(M) = ¢g > 1. Since all the isomorphisms in Theo-
rem 3.5 are SL(V)—equivariant, the following corollary is deduced from Theorem 3.5.
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Corollary 4.2. Let M be a connected Riemann surface equipped with a projective struc-
ture P. If n < 0 orn > k, then there is a canonical isomorphism

JEL™) = L P @ V.
If k > n > 0, then there is a canonical isomorphism
Jk(Ln) _ Vn fan (L—(k-i-l) ® Vk—n—l) ]

Remark 4.3. Note that Proposition 4.1, Corollary 4.2 and (4.2) together give a description
of any jet bundles of the form J*(L%) ® JY(L®) as a direct sum of vector bundles of the
form VP @ LA.

4.2. Jets of vector bundles with a holomorphic connection. Let M be a compact
connected Riemann surface. Let E be a holomorphic vector bundle on M equipped with
a holomorphic connection Dg. Take a holomorphic vector bundle W on M. We will
construct a holomorphic homomorphism from J*(E ® W) to E ® J*(W) for all k > 0.
To construct this homomorphism, let fi, fo : M x M — M be the projections to the
first and second factors respectively. The diagonal divisor

{(z,z) |z € M} C M x M
will be denoted by Aj;. Recall from (2.4) that
THE@W) = f((Z(EW)/((E@W))® Ormxu(—(k+1)Ayx)  (44)

= [((FE) @ (W) /() @ (W) @ Omxm(=(k +1)Axn))) — M.

Consider the pulled back connection f;Dg on fiE. Since the sheaf of holomorphic two-
forms on M is the zero sheaf, the connection Dy is flat (the curvature vanishes identically).
Hence the connection f5Dpg is also flat. Therefore, on any analytic neighborhood U of
Ay C M x M that admits a deformation retraction to A,;, the two vector bundles
(piE)|v and (p5E)|y are identified using parallel translation. Invoking this isomorphism
between (piE)|y and (p3E)|y, from (4.4) we have

THE@W) = fi.((FFE) @ (W)/(FE)® (W) ® Orrxnr(=(k + 1)Ap))) .
Hence the projection formula gives that
JHE@W) = E@ fi(EW) /(W) @ Osxu(—(k + 1DAy))) = E@ J*(W). (4.5)

Lemma 4.4. Let M be a connected Riemann surface equipped with a projective structure
P. Let E be a holomorphic vector bundle on M equipped with a holomorphic connection
Dg. If n < 0 orn > k, then there is a canonical isomorphism

JMERL") = EQL" " ®V,.
If k > n > 0, then there is a canonical isomorphism

JMEQLY = E@o(V, & (L " VeV, ).

Proof. This follows from (4.5) and Corollary 4.2. We omit the details. O
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4.3. The symbol map. As before, M is a compact connected Riemann surface equipped
with a projective structure P, and E is a holomorphic vector bundle over M equipped
with a holomorphic connection Dg. Consider the projection

op : JHEQL") — JY(E®LY) (4.6)

in (2.5). We will describe ¢y, in terms of the isomorphisms in Lemma 4.4.

4.3.1. Case where either n < 0 or n > k. Assume that at least one of the following two
conditions is valid:

(1) n < 0, or
(2) n > k.

In view of Lemma 4.4, this implies that
JFE®L") = EQL"*®V, and J"'E®L") = E@L" "oV, (47

when k& > 1 (note that in (4.6) we have & > 1). Using (4.7), the projection ¢y in (4.6)
is a surjective homomorphism

op : EQL" "V, — EQL" " oV,_,. (4.8)

Recall that V; = Sym/(V), and the line bundle L is a quotient of V (see (4.1)).
Therefore, we have a natural projection

wr Ve — L V. (49)

To describe @}, explicitly, let q, : V — L be the tiont " Consider the ]
morphism I 1 :l h- hOIIlO
qL X Idv®(k_1) : V®k —— 1 ® V®(k—1) )

Note that gr, ®Idyse-1 sends the subbundle Sym*(V) € V®* to the subbundle L&V,_; C
L ® V®*=D_ The homomorphism ¢, in (4.9) is this restriction of the homomorphism
qr @ Idyper-1).

Proposition 4.5. The homomorphism ¢y in (4.8) coincides with 1d ® wy, where 1d
denotes the identity map of E @ L"*, and wy, is the homomorphism in (4.9).

Proof. This follows from Proposition 3.1 and Proposition 3.2. O

Consider the inclusion homomorphism ¢z : £ < V (see (4.1)). We have the subbundle
Vo= 1dp @G EQ LY — E@Sym*(V) = E® V).

Using the isomorphism L = £* in (4.2), the above homomorphism ¢ produces a homo-
morphism

T =/@ldps : EQL"* = EQ L @L"™" < E@ WV @L"", (4.10)
The following is an immediate consequence of Proposition 4.5.

Corollary 4.6. The kernel of the surjective homomorphism ¢y, in (4.8) coincides with
the subbundle E @ L™ % — E® V, ® L™ given by the image of the homomorphism T
in (4.10).



PROJECTIVE STRUCTURE AND DIFFERENTIAL OPERATORS 17
Let F' be any holomorphic vector bundle on M. Using (2.6) and (4.7), we have
Difff (E@L", F) = F® (EQL""@W) = FLF " (E®V,)". (4.11)
Using the homomorphism 7 in (4.10) construct the homomorphism
dp @7 : FRIEQV, L") — Fe(E@L"*)" = Hom(E, F)L*™". (4.12)
Combining (4.11) and (4.12), we have a surjective homomorphism
ox ¢ Diffy,(E®L", F) — Hom(E, F) @ L*™".
The following is an immediate consequence of Corollary 4.6.
Corollary 4.7. The symbol homomorphism
Diff¥ (E®L", F) — Hom(E @ L", F) ® (T M)®*

in (2.7) coincides with the above homomorphism oy, after T M is identified with L®? as in
(4.2).

4.3.2. Case where k > n > 0. We first assume that k —1 > n > 0. Therefore, from
Lemma 4.4 we have J*E®@L") = E® (V, ® (L% ®V,_,_1)) and

JFHEQL") = EQ (Vo @ (L7 @ Vi a)).

Let
o - E@ WV (L *YeV,_,4) = J(EQLY (4.13)

— JFHEQL") = E@ (V. ® (L™"® Vi_n))

be the projection in (2.5). Just as the homomorphism Id ® wy, in Proposition 4.5, we have
a homomorphism

@ E@L "oy, — ELF @V, .
Lemma 4.8. The homomorphism ¢y in (4.13) coincides with the homomorphism

gy, @& : EQ WV, @ L* VeV, 1) — E@ V@ (L @V ns)).
Proof. This follows from Proposition 3.4. U

Note that using (4.2),
kernel(&) = E@ L~ * @ £5¢) = po KL,

The following is an immediate consequence of Lemma 4.8.

Corollary 4.9. Let F' be any holomorphic vector bundle on M. The symbol homomor-
phism

Diff¥ (E®L", F) — Hom(E @ L", F) ® (T M)®*
coincides with Idp ® *, where ¢ : kernel(@y) — E® L-® D @V, .. 1 is the inclusion
map.
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We now assume that k —1 = n > 0.

Under this assumption, from Lemma 4.4 we have

JFEQLY = E@(V,eaL ) and JFYEQL') = EQV,.

Let
o BE@(V,oL™*) = JME@L") — J"HERLY) = E)), (4.14)
be the projection in (2.5).
Lemma 4.10. The homomorphism ¢y, in (4.14) coincides with the projection
EQ(V,aL ) — EoV,

to the first factor.

Proof. This follows from Proposition 3.4. O

The following is an immediate consequence of Lemma 4.10.

Corollary 4.11. Let F' be any holomorphic vector bundle on M. The symbol homomor-
phism
Diff¥ (E®L", F) — Hom(E @ L", F) ® (T M)®*
coincides with Idr ® p’, where
p/ . E* ® (Vn @ Lf(k+1)>* N E* ® (Lf(k+1))*

15 the natural projection.

5. LIFTING OF SYMBOL

As before, M is a connected Riemann surface equipped with a projective structure P,
and F is a holomorphic vector bundle on M equipped with a holomorphic connection Dg.
The connection Dg on E induces a holomorphic connection on End(E). This induced
connection on End(FE) will be denoted by Dg.

Take integers k, n and [ such that at least one of the following two conditions is valid:

(1) n < 0, or
(2) n,l > k.

Let
6y € H°(M, End(E) ® L") (5.1)

be a holomorphic section. Note that 6, defines a section
0 € H'(M, J*(End(E) ® LY).

Recall that Dg induces a holomorphic connection Dg on End(£). In view of this connec-
tion, Lemma 4.4 says that J*(End(F) ® L!) = End(E) @ L'"* ® V. So, we have

0 € H'(M, End(E) @ L''™* @ V)). (5.2)

Recall from Lemma 4.4 that J*(E @ L") = E@ L™ " ® V. Let
T JMEQL") = EQL" "oV, — EL" gV, 0V,
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be the homomorphism defined by a ® b —— >_.(aj(a) ® b ® b}), where a and b are local
sections of £ and L"™"® V), respectively, while 6 in (5.2) is locally expressed as >, a, @V}
with a and b being local sections of End(FE) and L'"* ® V. respectively. Let

po: Ve ® Ve —, Vo = On

be the projection constructed using the decomposition in Proposition 4.1. Now define the
homomorphism

To = (Id®po)o Ty : JHEQL") = EQL"™* @V, — EQL"" 2 (53)
where Id denotes the identity map of £ @ L*"=2* Therefore, we have
To € H°(M, Diff"(E @ L", E @ L'"~2%)) (5.4)

(see (2.6)). Let
o : DIff(E@L", E L™ ) — End(F)® L™ @ (TM)® = End(E)® L
be the symbol homomorphism in (2.7); in (4.2) it was shown that TM = L%2,

Theorem 5.1. The symbol o(Ty) of the differential operator Ty in (5.4) is the section 6
in (5.1).

Proof. This theorem can be derived from Corollary 4.7 that describes the symbol. The
following is needed to derive the theorem from Corollary 4.7.

Consider the decomposition of the SL(V)-module
Sym™(V) @ Sym™(V) = @5 Sym*"~(V)
i=0

in (4.3). Let

f: Sym™(V) ® Sym™(V) — Sym°(V) = C
be the projection constructed using this decomposition (by setting ¢ = m in the decom-
position). Then for any line Ly C V, we have

FULG™) @ (Lo @ Sym™ (V) = 0,
so f produces a homomorphism
Fo (L™ ® ((Sym™(V))/(Lo ® Sym™ ' (V))) = (L§™) @ (V/Lo)®™ — C.

This homomorphism fsends VO™ @ u®™ where v € Ly and u € V/Lg, to X € C that
satisfies the equation

vAU = AW,

where w is the fixed element in (3.4); note that v A u is a well-defined element of A\*V.
The theorem follows from this observation and Corollary 4.7. U

Remark 5.2. It may be mentioned that symbols do not always lift to a holomorphic
differential operator. For such an example, set the symbol to be the constant function
1. It does not lift to a first order holomorphic differential operator from L™ to L" ® K
if g > 2and n # 0. Indeed, a first order holomorphic differential operator from L£" to
L" ® K with symbol 1 is a holomorphic connection on £". But £" does not admit a
holomorphic connection because its degree is nonzero.
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