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INTE.Rl\.fITTENCY AT THE ONSET OF STOCHASTICITY IN NONLINEAR 
RESONANT COUPLING PROCESSES 

C. MEUNIER, M.N. BUSSAC and G. LAVAL 
Centre de Physique Tlit'<>rique. Erolt Pr•fytuhniqu(. Plc1tmu dt P<1l<1i.<t•11u. 911111 P1il11iu11u Cede,x. Frtmct 
(Equi1ie dt Rtdiert·li: Associi't <1u CNRS 110. 174) 

A simple mt>del for the non'iinear < .turation of a plasma instability is studied via numerical solution of the resonant 
three-wave "'upling equations. :Vhen parameters are varied the attractors of motion undergo bifurcations of several 

types. Jnterm !!ency is shown h• occur in a transition from a limit cycle to a strar.ge attractor. Such a transition might be 

indicative of a:, irdcrmittenl ott:set llf turrulence in certain plasma experiments. 

1. Introduction 

The u1,.currence of stochasticity in low-dimen­

sional dynamical systems is now common know­

ledge {I. 2]. However, most models up to now 

studied in fluid mechanics [2-5] are derived from 

arbitrary truncations of partial differential equa­

tions. In this way one is easily led to finite 

order differential systems. 

Such a procedure may be grounded on 

reasons of mathematical simplicity. but the 

models thus obtained can hardly describe any 

realistic situation of fluid physics. On the other 

hand. cerllin laboratory plasma experiments 

effectively involve but a few modes [6-8). The 

peculiar nature of plasma instabilities brings a 

natural explanation to this situation. The plasma 

en(forc � as long as the instability saturation level 

remain . .; low enough. Such a low level implies a 

small growth rate of instabilities and a structure 

of those perturbations which does not greatly 

differ from the structure of linear modes. 

Besides most waves are so strongly damped in 

these situations that they take 110 part in the 

system's evolution. Then. only a finite number 

of modes remains and those are endowed with 
small growth or damping rates. 

Those considerations have led to investigate 
an elementary model which pictures the 

qua<11atic interaction of tW'l modes (9. IO). In 

previous works on this system ( 11-13] chaotic 

behaviours have been obtained for particular 

values of the parameters. Subharmonic bifur­

cations cascades have been found together with 

a tangent bifurcation [12. 13] leading to a three 

loops cycle. In our work. we first thoroughly 

investigate a large domain of parameter values, 

and we determine the nature of the attractors 

existing in different regions. thus completing the 

previous works. More importantly we find that 

transitions with intermittency effectively occurs 

at certain tangent bifurcations. Such a 

phenomenon occurs in fluids experiments, 

where turbulence often appears in the guise of 

random burst• [17-19]. Though such a behaviour 

has already t.een found for the Lorenz system 

[22]. it is of interest to show that the same 

feature can be observed for the simple real 

dynarnical system we consider. It must be also 

stressed that our system has important 

differences with the Lorenz system. Namely, it  

does not have either symmetry or Lyapounov 

functions ensuring the boundedness of solu­

tions. 
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l. The model 

We consider the non-linear decay of a linearly 
unstable high-frequency wave into a linearly 
damped low-frequency one. 'Yo and 'Y1 represent 
the growth and damping rates, respectively. of 
those two modes. The real parameter V is res­
ponsible fr• the quadratic coupling. We also 
introduce a frequency mismatch L\w = wo- 2w1. 
Then the equations for complex mode am­
plitudes Ao= IAol e;<1> and A1 =!Aile;�, write 

i (��0- yoAo) = VAi exp(-i.iwt),

i (��1- 'Y1A1) = VAoATexp(+i.icut).

This system calls into play three 

variables; namely !Ao!. !Ail 
<Po - 2<,01 +�wt, a relative phase. 

Following re. [9] we set 

v v 
x =Yo IAol sin 6, y "':;-:�!Ao! cos O. 

vi z = :,- IA.12• T"" 'Yol.
'YO 

independent 
and 6 =

and reduce it to the dimensionless form: 

d.'1'. ' 
-
d

- = ). + llv - z + 2y-,7 -

:� = y - llx - 2xy,

dz cl-= -2yz + 2xz.

These equations depend on the two parameters: 

The inequality 'Y > 1 ensures volume contrac­
tion in phase space (x, y, z). Hence we shall limit 
our study to the i1alf-plane 'Y > 1 in parameter 

space ('Y, ll). 

3. The attratting sets 

3.1 The fixed points 

The system has two stationary solutions. One 
is located at the origin and always remains un­
stable. Its unstable an<.! stable manifolds are the 
x-y plane and I-manifold tangent to the z axis, 
respectively. 

The second fixed point C has coordinates 

Provided that y > (I + \/})/2, this point remains 
linearly stable as long as lol >Be where 

8c1 =(I -2y)1(2;-2y + IJ/(2;-2y-1).
When the system's representative point in 

parameter space crosses the critical curve 

n ' Unbounded'-soluhon '........_ 

Non linear soturahon 

01 J
- -4- -f_::: -�---�---�-�9-��,� 

Fig. I. The three regions in (y, ll) space. 

Fig. 2. Observed attractors in region IJI. Curve (a) is the 
location of accumulation points for the subharmonic bifur­
cation cascade originating from C; Curve (b) is the location 
of � angent transition to 3 loops cycle. 
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Inverted Hopt bif. Noma! Hopf bif. Subharmonic bit 

Dh•e;gence l Fi>1.ed�int l 1 

1.366 1.78< 2 1!5 16.8 

frg. 3. Successive biturcatillns for ll "' 5. 
ii._, v.{y), Closes stability hy either �ubcritic'll or

supercritical Hopf bifurcation �11}. 

We thus are led lo distinguish three r .. gions in 

the c,.-, ll) pbne wh;ch wt� have e:in.!nsively stu­

died by numerica? m..tl;ods ("Jr 0 < ll < 10. 
(I + \13)/2 < 'Y < 50 (��e fig. 1). 

- region I: C is locally �•able, that is to say the 

unstable high frequency wave saturates at a 

constant amplitude. 

J.2 Region II. the adiabatic regime 
fo this region, C has lost stability by sub­

critlcal bifurcation. No bounded solutions 

exi�ts: namely the variables x(T), y(T), Z{T' 
oscillate with exponentially growing amplitud� > 
and frequencies. The decay process is not 

efficieni for saturating the linear instability. 

4.0 ] ' ' . .  

l a 
:i.o j 

tnterminencv 

1 

' ' '  ! ! !1 I I! . it 

z x·10.' .�������· ��.�����..., 3.3 Region Ill. periodic and aperiodic regimes 
l"n this 1cgion. C has lost its stability by 

supercritical bifurcation. The system displays an 

intricate bifurcation sequence with alternation 

of periodic (n:ultilooped cycles) and non­

periodk attractors (see fig. 2). Those attracting 

sets never achieve global stability, their attrac· 

tion basins are large. however. 

The transitions between limit cycles and 

strange attractors follow two different schemes 

depending on parameter value&: 

b 

I J. 'i 

r t 

[ 

- In the first one. the cycles undergo a sub­

harmonk bifurcation cascade. Akin bifurcation 
sequences may be obtained in iterations of sin­

g!�·hump functions [14-16]. 
0·-2ts·-,�.o���-� .• �.��,�o����--c��s·'°·�����-.:z.�zu 

- ln the second. a simple periodic attractor ab­
wptlJ1 takes an aperiodic one's place. In the 

1 
Fia. 4. Sections of the attra�tor. (al for y ,. tO, 3 .. 2: (b) for 
l' "21.6. 0 � �. 

3



1 .. , uo• 1.2 

1.0 

o.a 

a 

case of period 2 and period 3 cycles, inter· 
mittency occurs at that transition .. It appears to 
be the most striking result of this work. That 
lattc�r behavior may be understood when con­
sidering an appropriate first return map of the 
flow. 

We choose for convenience the plane x = +-y 
as the section surface, together with tre con­
dition dx/dT > 0. The section of the attractor by 
that plane consists of a finite set of points (limit 
cycles) or of arcs of curves (strange attractors) 
(see fig. 4). 

Actually those curves do have a transversal 
structure owing to the uniqueness of solutions 
for such a differential system. However, that 
fine structure does not appear at the scale used 
in figures, owing to the strong contraction rate 
and we shall take no account of it. Hence, we 
can parametrize the position of a point by its z 
coordinate, since the curves present no sin­
gularity. We shall accordingly consider in the 
sequel the reduced Poincare map f ,. Let us 
notice that z takes its largest values in the plane 
x = 'Y· Hence, our reduced Poincare map f,. 
yields nothing else than the recurrence scheme 
for z maxima, i.e. the maximal values of the 
low-frequency wave energy. 

The representative curve f ,, smoothly 
depends on parameters values (see fig. 5). For 
low 'Y values, we obtain a smooth parabolic 

2. 

1. 

j � 
0'o ... ��� ·-�1.����2�.����·�� 

z, x10' 
Fig. 6. Second iterate of the Poincare map at -y = 2l.6, 
6=S. 
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a 

3. 

2. 

1. 

o. -1-�..,-�.---,������������..,-�.---,������----1 6. a. 
X102 o. 2. 

b 

3. 

2. 

1. 

o. 2. 6. a. o. 
X102 

Fig. 7. Time rl1,t of z...,,\11 for ,neral v11lues of y 111 �., 5. \a) 1 = 21.61. (b) 'I= 21.62, Id -r = 21.63. (d) 'I= 21.64. 
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Fig. 7. (Continued). 
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curve (see fig. 5a). For higher 'Y values. en� 
curve presents a hump (see fig. 5b). In that 
parameter range the system di:.piays the tran­
sition from a strange attractor to a double 
looped cycle. Near the bifurcation threshold we 
observe an i11termittent b!havior. 

4. Intermlttency 
For 8 = 5, the transition occurs at 'Y"" 21.64,

see fig. 3. Since the ilmit cycle has two loops, 

\>. �.,nsider the secon �-return map i.e. the 
second iterate of the Point-:>�e m1'•)> f,. 

For i' > 21.6. the represenlatire curve inter­

sects four times 1!:e first bisectrh:. gi\ mg rise to 
two pairs of fixed points. To eacn pair belong a 
stable fixed point •section of one loop of the 
cycle) and an unstabl;- or.:'. Each pair collapses 
to a single point at 'Ye= 21.64. Then the curve is 
tangent t.o the bisectrix in two points. For 'Y 
slightly smaller that 21.64. the curve no longer 
crosses !the bisectrix but remains close to it (see 

fig. 6). Locally. the change in the trend of the 
carve reduces to the translation of a parabolic 
curve, together with a change of its second 
derivative. 

Such bifurcations have been studied by 
Pomeau and Manneville [20, 21). Following 

those authors, we shall refer to that 
phenomenon as type I intermittency. 

We have plotted successive values of z as a 

fur.ction of time and observed the expected 
behavior (see fig. 7). For 'Y slightly smaller than 
'Ye• laminar periods (no loss of correlations) are 
interrupted by random turbulent bursts (loss of 
corrcbtions). The duration of laminar periods is 
upper bounded. 

The upper bound depends on the distance to 
the bifurcation threshold. Consequently, we 

have plotted that maximal duration as a function 
of E = ('Ye - 'Y )h'<· As predicted by Pomeau and 
Manneville. we have then obtained a E-112 law 
with a good accuracy (see fig. 8) (6%). Similar 
features are observed at the intermittent onset 
of turbulence following a perioJ 3 cycle. 

Fig. 8. The square of N. the lar�st number of cycles during 
a laminar period is proportional to the distance from the 
threshold (y,-y)/y,. N is given within I cycle to account 
for the uncertainty in the definition of a laminar phase. 

S. Conclusion 

That simple system displays a rich variety of 
behavior, yielding both subharmonic and in­
termittent bifurcations to stochasticity. That 
latter feature is observed in ftuid experiments 
I 17, 18]. The results we obtain suggest that 
plasma turbulence might also set in under such a 
guise. 
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