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Abstract

In this paper we consider high dimensional ergodic diffusion mod-
els in nonparametric setting on the basis of discrete data, when the
diffusion coefficients are unknown. For this problem, by using efficient
sequential point-wise estimators we construct a model selection proce-
dure and then we show sharp oracle inequalities, i.e. the inequalities in
which the main term coefficient is closed to one. This means that the
proposed sequential model selection procedure is optimal in this sense.
Particularly, we show that the constructed procedure is the best in the
class of weighted least square estimators with the Pinsker coefficients
which provide the efficient estimation in the minimal asymptotical
quadratic risk sense.
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1 Introduction

1.1 Problem and Motivations

In this paper we consider the following diffusion model

q
dy, = Zej’lvbj(yt) dt + b(y,) dW,,0 <t < T, (1.1)

Jj=1

where the functions (¢;), <, are known linear independent functions, (W,);>o
is a standard Wiener process and the diffusion coefficient b(-) is an unknown
function. Moreover, it is assumed that the observations are accessible only
at discrete times, i.e.

(ytj)1gj§Na t;=Jo, (1.2)

where the frequency § = 0, € (0,1) is some function of 7" which will be
specified later and the sample size N = N(T') = [T/6]. Here [a] denotes
the integer part of a. It should be noted that in this case the diffusion
coefficient is considered as a nuisance parameter. The problem is to estimate
the unknown parameters (6,),.,, in the "high dimensional” setting, i.e.
when the number of parameters ¢ > N. Usually, for such models one uses
one of two methods: Lasso algorithm proposed in [37] for i.i.d. regression
models and modified later for diffusion regression models (1.1) in [10] and the
Dantzig selector method proposed in [3] and applied to diffusion models in [9].
But in all these papers the number of parameters ¢ is known and, therefore,
unfortunately, these methods can’t be applied to estimate the number of
parameters in regression models. In this paper we study this problem in
the nonparametric estimation framework, i.e. we study the diffusion process
defined as

dy, = S(y,) dt + b(y,) AW, (1.3)

and the problem is to estimate the unknown function S(-) on the basis of the
observations (1.2). The nonparametric setting allows to consider the models
(1.1) with unknown ¢ or with ¢ = +o00. Note that, the case when the number
of parameters ¢ is unknown is one of challenging problems in the signal
processing theory (see, for example, [2]). The models (1.3) are very important
for various fields in the theory of stochastic processes such as optimal control,
identification problem, filtration, financial markets, insurance etc (see, for
example, [28, 29, 34, 35, 36]). Nonparametric estimation problems of the drift
S were studied in a number of papers in the case of complete observations, i.e.
when the whole trajectory (y,)o<;<r is observed. In [12, 14, 15] a sequential
approach was proposed for the point-wise efficient estimation. In [5, 6, 13, 19]



this problem was studied for integral risks when the diffusion coefficient is
known. In practice, usually only discrete time observations are accessible. A
natural question arises about proprieties and the behavior of estimates based
on discrete time observations for such models. Nonparametric estimation
based on discrete time observations for models (1.3) was considered firstly for
estimating the squared unknown diffusion coefficient b(-) on a fixed interval
[0, 7] (see, for example, [8, 25, 26, 27] and the references therein). Later, in
[24] kernel estimates for the drift and diffusion coefficients were studied for
reflecting ergodic (1.3), i.e. for the processes with values in [0, 1]. Concerning
the estimation in the ergodic case, a sequential procedure was proposed in
[26] for nonparametric estimating the drift coefficient in an integral metric
and in [22] a special sequential method was developed to provide the efficient
estimation for the point-wise risks, i.e. sequential kernel procedures for which
normalized minimax risks attain a minimal value. This property is very
important for nonparametric estimation, since usually the convergence rate
is very slow, therefore, the influence of the value of the normalized risks in the
estimation accuracy is much more important than in the parametric cases.

1.2 Main tool

In this paper for the problem (1.3) we develop a new model selection method
which is an adaptive selection rule A of an estimator S* = S5 in the family of

weighted least square estimators (§ Vaea- Our goal is to show that the con-
structed procedure is optimal in the sense of the following oracle inequality:
for any small p > 0 and any 7" > 0
5 B
E||S*—S|>< (14 p) min E||S, — S|> + =X, 1.4
I5° = SI < (1-+p) min BJIS, - S|} + (1.4
where ||f||> = f; f?(x)dz for some a < b and the term By is some slowly
varying function of 7', i.e. for any § > 0

lim 5L 0. (1.5)

It should be noted that for the first time, such inequalities for non-Gaussian
regression models in discrete time were obtained in [17], and for continuous
processes in [30]. Later, such inequalities were called sharp (since the main
coefficient 1 + p arbitrarily close to one). Moreover, it should be noted that
such inequalities allow us to prove asymptotic efficiency without knowing the
regularity of the estimated function (see, for example, [19]).

Our approach is based on the sequential estimation method developed
in [22] for the efficient nonparametric point-wise estimation in a special
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functional class. Similarly to [19] we will use these estimators to pass to
a heteroscedastic regression model and, then, using the methods developed
in [17, 18] for such regression we construct the sequential model selection
procedure. To obtain the oracle inequalities we use a special uniform con-
centration inequality from [20] obtained for discrete time observations.

It should be noted also that in this paper we construct the model selection
procedure for arbitrary orthonormal basis. We recall that in [19] the model
selection procedure was constructed only for the trigonometric basis. In
practice, this basis is not well appropriate sometimes to signal processing
problems (see, for example, [4, 7] and the references therein). So in the
paper, we develop a new analytical tool to provide sharp oracle inequalities
for any orthonormal basis on the grid.

1.3 Plan of the paper

The paper is organized as follows. In Section 2 we describe functional classes
that will be used. Sequential estimators of the drift coefficient are constructed
in Section 3. In Section 4 we introduce a regression model based on the se-
quential estimators. In Section 5 we construct the model selection procedure
based on the sequential pointwise estimators. Main results are announced in
Section 6 and their proofs are given in Section 8. In Section 7 we study some
properties of the model selection. In Appendix we give all auxiliary results.

2 Main Conditions

In the paper we consider the estimation problem for the drift S on the in-
terval [x,, x;], where x, < x, are some arbitrary fixed points. In order to
obtain a reliable estimator of S, it is necessary to impose some conditions on
this function which are similar to the periodicity of the deterministic signal in
the white noise model. One of conditions which is sufficient for this purpose
is the assumption that the process (y,);so in (1.3) returns to any vicinity of
each point = € [x,,x,] infinite times. The ergodicity provides this property,
when the coefficients of equation are known. In the case of unknown coeffi-
cients, one needs to impose the uniform ergodicity property. To obtain the
uniform ergodicity property for the process (1.3) we use the functional class
introduced in [22], i.e. for any fixed L > 1, M > 0 and x, > |x,| + |x,| we



set

T = {s €C'(R) : swp (|S(@)] +I$(@)]) <M,

|z|<x,
-L < | i‘nf S(z) < sup S(z) < —1/L} . (2.1)
.Z’ZX* MZX*

Here and in the sequel we denote by f and f the correspoding derivatives.
Moreover, for some fixed parameters 0 < b, . < b, < oo we denote by B
the class of functions b from C?*(R) such that

B, < inf [b(@)| < supmax ([o(@)], @], [b(@)]) < by (22)
z€R zeR
Now we set
O=S M xB={(Sb):5€X,y and beB}. (2.3)

It is easy to see that the functions from Xy ; are uniformly bounded on
[Xq,X4], 1.€.

*

s*= sup sup S%*(z) <oo. (2.4)

xg<r<x; S€X;, Mm

It should be noted that, for any 1 € ©, there exists an invariant density for
the process (1.3) which is defined as

qu(z) = ( /R b2(z) e§<z>dz> B b2(z) 5@ | (2.5)

where S(z) = 2 [y b2(v)S(v)dv (seee.g., [23], Ch.4, 18, Th2). It is easy to
see that this density is uniformly bounded on the class (2.3) , i.e.

q" = sup supgy(x) < 400 (2.6)
z€R Y€O

and bounded away from zero on the interval [—x,,x,], i.e.

q, = inf inf g4(x) > 0. (2.7)

lz|<x, Y€O

For any g, - integrable R — R function f, i.e. fR |f(z)|gy(x)de < oo, we
set

m,(f) = / £() qy(a) da (2.8)
15)



We need the following condition for the observation frequency.
A ) The frequency o in the observations (1.2) has the following form

1
0=0p= 77— 2.9
T+l (29)
where the function l is such that,
lim T — +00. (2.10)

For example, one can take I, = (In T)'** for some ¢ > 0.
In this paper we consider the quadratic risk defined for any estimator S as

R(S,9) = E, / " 18(2) — S(2)2da, (2.11)

0

where E; is the expectation with respect to the distribution of the process
(1.3) under the parameter ¢ € ©.

Remark 2.1. Note that we consider the estimation problem only for the
drift function S, i.e. in this case the diffusion coefficient b is considered as
a nuisance parameter.

3 Sequential point-wise estimation

In order to obtain a reliable estimator of the function S on the interval
[X,,X;] we need some efficient point-wise estimators of this function. To give
such estimators, we begin with the partition of the interval [x,, X,] by points
(21)o<p<n defined as

k(x, —
Zp =Xot+ Hx, — %) ; (3.1)
n
where n = n(7T) is an integer-valued function of 7" such that
T
im D) (3.2)
T—o0 T

To construct an efficient procedure for S(z,), at any point z,, we need to
use some estimators of the invariant density q4(-) and the squared diffusion
coefficient b?(+). To this end, we will estimate these functions by making use
of the first IV, observations, i.e. (ytj)lngNo.

We begin with estimating the function S. We set

N, = [N"(T)] with 3/4<~y<1. (3.3)
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Now we estimate S(z,), at every point z,, by making use of the observations
(Y )N, +1<j<n- To this end we use the sequential kernel estimator from [15]
; <<

with the indicator kernel function x(y) =1 (jyi<1y and the sample size given
by the stopping time

l

Te=ifel>Ny+1: Y x;,u(h) = Hyp, (3.4)
j=Ng+1
where y s
t._,  ~k X — X
X;k(h) =X (%) , h = 12n .

and H,, is some positive random threshold which will be specified later. On
the set
Iy ={n <N} (3.5)

we define the correction coefficient 0 < s, < 1 from the equation

T, —1

Z ijk(h) + %kXTk,k‘(h) =H,. (3.6)

j=Ng+1

Moreover, on the I', we set 3¢, = 0. Using this definition we introduce the
weight sequence

Zik = Ljery 20 oy - (3.7)

One can check directly that, for any j > 1, the coefficients > ; are G, ,

measurable, where G, = o (ytl ,0<1< j). Now we define the sequential

estimator for S(z,) as

Z ;. ka ik )Aytj 1, , (3.8)
] =Ny+1
where Ayt =Y, ~ Y, -
To spemfy the threshold H, we need a truncated estimator ¢(z,) for the
invariant density qy(z,) given in (3.12) which must be greater than some
positive function v,. We impose the next condition on this function.
A,) Assume, that

I 4ol I 0 (3.9)
im (v =0. .
T—o0 T T(UT)2 lp (UT)5




For example, one can take v, = In"*(T+1) and I, > In'*® T for some ¢ > 0.
Finally, as in [22], we set

H, = h(N — N)(2q(z,) — vy). (3.10)

Note that in [12] it has been shown that such form of the threshold H,
provides the optimal convergence rate.

Remark 3.1. [t should be noted that it is not necessary to have a good
estimator for the invariant density. As we will see later it suffices to construct
some rough estimators, just to correct corresponding coefficients.

Remark 3.2. In fact, our procedure uses only the observations belonging
to the interval [z, — h, z, + h]. This implies that the sample size equals
asymptotically to 2Nhq(z,). This is related with the choice of the estimator
kernel that is an indicator function. It is easy to verify (see [14]) that this
kernel minimizes the variance of stochastic term in the kernel estimator.
Ultimately, the last result provides efficiency of the procedure.

3.1 Estimation of the invariant density

To estimate the density q, we will make use of the following kernel estimator

N

~ 1 -

Q(Zk> = 2N0 ho ZZ Xj,k<h0>7 (311)

]:
where )
ho(T) = and T, =0JN,
V1o

We set

(vp)'?, if  q(z,) < (vp)"?;
q(z,) = q(z,), if (UT)1/2 < q(z,) < (UT)_1/2§ (3.12)
(vp) ™2, if  q(z) > (vp)7V/2.

The properties of this estimator are studied in [22].



3.2 Estimation of the squared diffusion coefficient

To estimate the squared diffusion coefficient b?(z,) we use the following se-
quential procedure. First we define the sample size for this procedure. To
do this we set

J
T*,k = lnf{] 2 L ZXl,k(hO) Z H*} A NO7 (313)

where 1 1
and H, = ——=hyN,.

VT T (T +1)

hy =

Then we set

T

~ Z]*:Ii Xj,k(ho)<yt. — Yy, 1)2

b, = S A TP (3.14)

where F*k {ZJ 1 X] k( ) > H*}
This estimator satisfies the following property.

Proposition 3.1. For any a > 0,

lim sup max 77 Y279E,[b, — b*(z,)| = 0. (3.15)

T—o0 geo 1<k<n

Remark 3.3. Note that in the case of known diffusion coefficient b(-), we
can take b, = b*(z,) .

4 Regression model

In order to obtain an oracle inequality for discrete time data, we shall pass
to a regression model by the same way as in [19]. From (1.3) and (3.8) it
follows that, for any & on the set I';,

S;=S5(z) + B+ ¢, (4.1)

where the approximation term

B~ i S o) [ sow-sey a2

Jj=Ny+1 j—1



and the stochastic term
t
k j=Ny+1 i1

Therefore, if we set

Tk

1 ~ b(Zk)
&= — Z 2 Xie(WAW, and o = —(—=, (4.3)
then we can rewrite the stochastic term as
G = Bk + 03
where
~ 1 Tk — t
B 2 \on® [0 - v, @
k=N +1 tja
So, setting
G,=m_ I, and Y, =51, (4.5)

we can represent the equality (4.1) on the set G, as nonparametric regression
model, i.e. for any 1 < k <mn,

Y =85(2,) + 8 + 01 g, = B, + Ek (4.6)

Note that the coefficients (0;),;<, are random variables and using their
definitions one can obtain the following bounds

00, < min o7 < max o, < T1us (4.7)
* 1<i<n 1<I<n
where b b
— T min d — mazx )
%0+ = T5Nn MY T T L (N — Nk
Now we set
gp =T max sup E;gilc, (4.8)

Proposition 4.1. Assume that the observation frequency 6 and the band-
width h are defined in (2.9) and (3.4), respectively. Then, for any a > 0,

lim 5T —¢. (4.9)



Concerning the random variables (&), <;<,, we can show the following prop-
erty.

Proposition 4.2. The random variables (§},),<j<, are N(0,1) i.i.d. condi-
tionally to QNO.

Similarly to the proof of Proposition 4.5 in [22] and using Theorem A.1 we
can obtain the following property for the set G, in (4.5).

Proposition 4.3. Assume that the conditions A;) — A,) hold. Then, for
any a > 0,
lim T supPy(GS) = 0. (4.10)

T—o00 9cO

2 as follows:

We estimate the parameter o;

Y
= — 4.11
where ?)\l is the estimator of the squared diffusion coefficient b%(z;) defined in
(3.14).
In order to write the oracle inequality, we need to study the properties of
the last estimator. To this end we set

@) =nmax E, [0, — o7|.
1<i<n

Proposition 4.4. Assume that the conditions A;) — A,) hold. Then, for
any a > 0,

(4.12)

: v—1/2-a _% _

Tll_I)roloT wn =0. (4.13)
Remark 4.1. Note, that the main technical difference of the considering case
from the estimation problem on the complete observations considered in [19]
is such that in the heteroscedastic regression model (4.6) the noise variances
tend to zero as n — oo since the number of the point is proportionally to /T,
but not to T as in [19]. By this reason we need to normalize the difference
in (4.12) by n.

5 Model selection

First we choose a basis (¢;) ;5 in L2([X,X;]) such that, for any 1 <i,j <n,

X1 = Xy

(Pis &5)n =

Y b)) = Ly, - (5.1)

n

11



For example, one can take the trigonometric basis defined as Tr,(z) =

1/y/X; — X, and, for j > 2,

5 cos(2m[j/2]ly(z)) for even j;
Tr;(z) = — _ . . (5.2)
17 %0 | sin(2a[j/2]ly(x)) forodd j,

where [a] denotes the integer part of a and [(z) = (v — x,)/(x; — X,). Note
that if n is odd, then this basis is orthonormal for the empirical inner product,
i.e. satisfies the property (5.1). By making use of this property we define the
discrete Fourier representation for S on the sieve (3.1), i.e.,

S(zr) =Y 0,,0(z), 1< k<, (5.3)
j=1
where .
0, = (S, 0j)n = %0 > S(z)bi(z).

=1

Moreover, using the regression model (4.6) we estimate these coefficients as

X, — X,

é\j,n = <Y7 ¢])n =

> Vi) (5-4)
=1

n

By the model (4.6), we obtain on the set G,

o Roe (5.5)

Oim =Ojn + G Gin = 8jm + n

where

X1 — X - X — X u
En =\ T2 D okidi(2) g =0 D mes(a).
=1 =1

We estimate the values S(z,),1 < k < n, by the weighted least squares
estimators

Su(zn) = S NG u0i(z),  1<k<n, (5.6)
j=1

where the weight vector A = (A(1),...,A(n)) belongs to some finite set A
from [0,1]™. In the sequel, we denote by v the cardinal number of the set

12



A, v = card(A), which is a function of 7', i.e. v = v. Moreover, we set the

norm for A as
n

A, = ' .

= max ) AJ) (5.7)
j=1

which can be a function of T, i.e. A, = A (T). We assume that the basis

functions and the weights set A satisfy the following condition.

A,)For any a > 0,
o A (T)

where ¢, = Max; <, MaXy <,y |¢j (x)].
To estimate the function S on the interval x € [x,,X;], we use the step-
function approximation, i.e.,

~

ENE DN E) (5.9)

=1

Now one needs to choose a cost function in order to define an optimal weight
A € A. A best candidate for the cost function should be the empirical squared
error given by the relation

Err,(A) = ||S, — S||? — min .

In our case, the empirical squared error is equal to
Err,(\) = Y M), 2> M50, 0;, + Y 02, (5.10)
j=1 j=1 j=1

are unknown, we need to replace the term 0. 0. by

Since coefficients «9]-’” inYin

some estimator which we choose as
q 02 X1~ X0~ X1~ %o

— _ 0 =~
Oin = Oim o im and  0;, =

n

> 5e%=),  (5.11)
=1

where 7, is the estimator for o7 defined in(4.11). Note that if the diffusion

is known, then we take in (5.11) 7;,, = 0;,, and

X1 =Xy

Tjmn = Z HENN (5.12)
=1

n

13



It is clear that the inequalities (4.7) imply

0y, < min 0, < max o, <oy, (5.13)
1<i<n 1<i<n

Now, for using the estimator (5.11) instead of Gj’ngjm one needs to add to the

cost function a corresponding penalty term that we take as
D _ X1 X - 20\~
P = BN )z, (5.14)
7j=1
if the diffusion is unknown and as

Pa(d) = 220N M%)y, (5.15)

Ta(A) = NG, =2 A, + p PN, (5.16)

where the positive coefficient 0 < p < 1 will be specified later.
We define the model selection procedure as

X =argmin,_,J,(\) and S, =5;. (5.17)

AEAT N

Remark 5.1. It should be emphasized that if in the model (1.3) the diffusion
coefficient b(-) in known, then the model selection procedure (5.17) is defined
through the minimazing the cost function J,(\) with the penalty term (5.15).

6 Main results

First we set
v . X
U, = vl (1 + 9+ A*wT) + /T /vpsup \/ P,(Ge), (6.1)
3 9€O

where the function vy is given in (3.10). Now we give the oracle inequality
for the discrete norm (5.1).

Theorem 6.1. Assume that the conditions A,) — Aj) hold. Then there
exists a positive constant 1 > 0 such that for any T > 1,0 < p < 1/8 and

14



¥ € 0, the following oracle inequality holds for the model selection procedure
(5.17) :

~ 14+5p . ~ U
Ey|S, = S|? < E,lIS, — 9|7 +1—%. 6.2
oIS, = S < 60 min By|IS, — S + 1 (62)
Moreover, for any a > 0,
U
li L —0. 6.3
Tgl;o T (6:3)

Note that, if the diffusion coefficient b(-) is known, then the term @}, = 0 in
the function Uj.

Using Lemma A.3 with £ = p we obtain now the oracle inequality for the
risk (2.11).

Theorem 6.2. Assume that the conditions A,) — Ay) hold. Then, for any
T>1,0<p<1/8and¥ € O, the estimation procedure S, defined in (5.17)
satisfies the following inequality

o o (1pP(1+5p) B,

< i S — .
R(S,,9) < g, D R,(Sy,5) + T (6.4)

where the rest term By satisfies the limit the property (6.3) for any a > 0.

In the sequel to obtain the efficient properties for this procedure we will
use the special weight coefficients introduced in [17]. To this end consider a
numerical grid of the form

A={1,.... K}y x{r,,...,r .},

where 7; = ie and m* = [1/¢?]. The both parameters k* > 1 and 0 < e <1
are some functions of T', i.e. k* = k7. and ¢ = &, such that, for any v > 0,

I PR R . ) (6.5)
1m € p— b =U. .
T\ Toep ki InT

One can take, for example,

1 —
ep=——-—— and k*=k+/In(T+1),

In(T"+1)

for some fixed £k > 0. For each a = (5,r) € A we introduce the weight
sequence A, = (A;(@));>; as

N(e) =Lpgiciy + (1= (/wa)”) 1 <icwa - (6.6)

15



where j, = jo(a) = [w,/In(n + 1)], w, = w, (r n>1/(2ﬂ+1) and
1)(2 1) V@6+1)
(x, — %,) ((5+ )28+ )) |

w283

W, =

*

We set

A=) eu - (6.7)
Note that, in this case, the cardinal v of the set A is the function of T, i.e.
v = vy = k*m* and the conditions (6.5) imply that for any a > 0

lim - = 0. (6.8)

Zn: A(0) <w, <w, (3)1/3 .

Jj=1

Therefore, for any a > 0,

A,
Tlgl'olo jm =0. (69)

Hence, the condition A;) holds and we obtain the following theorem.

Theorem 6.3. Assume that the conditions A;) — A,) hold. Then, the model
selection procedure (5.16) with the weights (6.7) satisfies the oracle inequality
(6.4) with the rest term satisfying the property (6.3) for any a > 0.

Remark 6.1. It should be note that similarly to [19], we will use the in-
equality (6.4) to provide the efficiency property in the adaptive setting. This
means that without using the reqularity properties of the unknown function S
we can estimate from above the risk for the model selection procedure by the
risk for the efficient estimation procedure constructed on the reqularity prop-
erties of the function S. The upper bound for the risk of the model selection
procedure follows from the sharp oracle inequality.

7 Properties of the model (5.5)

In order to prove the oracle inequalities, we need to study the conditions
introduced in [30] for the general semimartingale model. To this end, for any
A € R™, we define the functions

Z(N) = 4/ 2 XOZ)\ &, and B() = - XOZ)\ Eins (T.1)

where &, in = 532.’71

the variables ¢; , are from (5.5), 0;,, = E}, .

Tjn>

16



Proposition 7.1. For anyn > 1 and any A = (\,...,\,) € [0,1]",

n

—_ X — X
B, () < o, 520 (72)

Proof. From Proposition 4.2, (5.1), (5.5) and (4.7) we can obtain directly
that

2

E, EQ<)\) _ <X1 ;2}(0) E, ZUZQ ZA(])Q%(%)
<oy, B3 S A0 Y 6y en(z)
= 0, BT g B0 30§ e

Hence Proposition 7.1. [
Proposition 7.2. For anyn > 1 and any A = (A{,..., A,) € [0,1]",
E, [B*(\)|Gy,] < 60y.(x; —%p) Pu(N). (7.3)

Proof. We begin with presentation of the variables fNjn and B(\) from (7.1)
as follows

X, — X -
§jn = % Z (012¢§(21)771 + 211225137,1) ;
=1
where n, = & — 1, R, = 0,0;(2) 3,2} 0,6,(2,)§,, and

2 n

B(\) = (X1n_3—/;<o) Z (77171,1 + 25172,1)

=1

with Ty = 012 Z?Zl A(jw?(zl)v Yo = Zyzl )‘(j)Rj,11122-
In view of Proposition 4.2, one has

_ 4 "
E (B2(>\)‘QNO) — (Xln—?)XO) Z <2’yil —+ 4E [722,l|gN0]> = M171 + M172 .

=1
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Due to the Buniakovski-Cauchy-Schwartz inequality and the property (5.1),

one has
2

V=0l [ DDA | <o [ DD NG | D] =)
j=1 j=1 J=1
S 01* 2{: AQ

This implies for the term M, ;:

My, < 2gl’*<><1—_><o S o Z (i

=1 7j=1
—9 (XI_XO)3 - /\2 —9 _ P.(\
= 01,*72 ZU (2) =20 (%) — %) Pa(N) -
=1

In order to bound the terme M, , we have

-1 n
E [72271|QN0] = 012 Z 0,? Z A9, (2)0;(2,)
r=1 j=1

2

< 09,0, Z Z Ay Zz ¢k(zz)¢ (2,)0%(2,.)

r=1 j,k=1

201*12)\ Zz¢kzzz¢

7,k=1

::Ul* l § AQ
Xl'—-X

where the last equality follows from the property (5.1). Therefore, we obtain
that the term M, , can be estimated as

(X _x y} n n -
M, < 4‘71,*% Z ‘712 Z )‘2(3)¢5<21> = 4oy, (x; = %) Pa(A) -
=1 j=1
The upper bounds for M, ; and M, , imply
E (BQ()‘HQNO) = M1,1 + M1,2 < 601,*(X1 —Xg) Pa(M).
Hence Proposition 7.2. [
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8 Proofs

8.1 Proof of Theorem 6.1

First of all, note that on the set G, we can represent the empirical squared
error Err, (A) in the form

Brr, (A) = J,(\) + 2> ()8, + [ISI12 = p Pa(N) (8.1)

with 9]-7” =6, —0.0. . From (5.5) and (5.11) one obtains

J,m nrgmn’

. X, —
ej,n = ej,an,n + ( + 2 5] ngj n + g] "

where {;, =&} —o0;,and G;, =3G;, — 0;,. Setting now

M(\) :ik(j) 0., and D(A Z)\ Gim s (8.2)
j=1

we have from (8.1)

Err, (A) = J,(A) + 2M(X) + 2M, () — 2("1; )b
F1ISI2 = p P (N) = pB,(N). (8.3)
where P,(A) = P,(\) — Po(A) = 2220 5™ \%(5)5,,
M, (\) % BO)+ AN with AN =AM +A,00).  (84)

The function B(\) is given in (7.1) and

—~ . X — Xo N [
=D Mgy, and A0 =2\ /=23 A() &85
j=1 j=1

In view of Proposition 7.2, for any A € [0, 1]",
B, (B2(V)|Gy,) < 60.0%, — %)) Pa(V). (5.5)

To estimate the second term in (8.4) note that

sup A ( <ng g2 (8.6)

xglo,1]™
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To study the function A, () we recall that, for any € > 0 and any =,y € R,
20y < ex® 4+ 192, (8.7)

Therefore, for any 0 < ¢ < 1,

T A P |
A, <eTET ST (e, + 1B
j=1

B 2 2
BOY) | gl
NLD 5

where the vector A* = (A(j)),<;<,. Thus, for any X € [0, 1]",

=cP (\) +

A0 P, + PO ot

This implies
2
B | 5 BX]
Vn vn

Then, taking into account here that P,(\?) < P,(\), one gets, for any 0 <
e <landany A\ €A,

BOI ., BX) 2 (BN | BN
2 NG +2 NG <eP,(\) + - (Pn(A) + P(/\2)) (8.9)

Note that the inequalities (4.7) imply that

2|M,(N)] <2

+2eP,(\) + 47 gl (8.8)

Py,(A) < P,(\) <P\, (8.10)
where

00,*(X1 - Xo)‘)‘|2 01,*(X1 - Xo)’/\P

Bon(A) = and P, (M) =

n ’ n
From the inequalities (8.9)-(8.10) it follows

BV 2

2’B<)‘)’ +2 <eP,(\) +

NIRRT

B*(\), (8.11)

500,*()(1 — X)

where

o (BN B
BW‘( aE WP)'

20



By choosing € = p/3 one has from (8.8)

2AM, (V)| < pP,(N) + grnm, (8.12)

where

B*(A)
‘707*(X1 — X)
To obtain an upper bound for the empirical risk we evaluate the maximal
value of the term D(-), i.e.

T,(\) = + 2llgll; -

D* = D\ —)\)|.
rggfl ( o)l

One can check directly that

2v A
E * < *k * .
A€A
where @, is defined in (4.12). Moreover, we need to study the term
B =B - A =S NG, ()
n b
j=1

To this end, denoting

P* = sup |Pn()\)| ,
AEA

we obtain that

i . X, — X) w N~
EyP' <) Ey[P (NI <) =23 N()Ey[5;, — oyl
NeA AEA j=1

X — X X, —
- Z n? = n
AEA

X *
2N\ vw. (8.15)

From (8.3) we obtain that, for some fixed A\, € A,

Err,(A) — Brr, (o) = J,(A) — J,(Ao) + 2 M (i) — 20x, —

+2(M,(N) = M () — p(P,(X) = P, (X))

~ -~ ~

= p(Bn(A) = Pa(Mo))
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where i = A — Ao- By the definition of \ in (5.17) we obtain on the set G,
~ ~ 6 =
Brr, (V) < Bre, () + 2 M(3) + 21,(3)
p

2(x; — %)

+ D* + 2pP, (M) — p(Py(N) = Po(No)) . (8.16)

n

To study the terme Y, (A\) in the previous inequality, we begin with the terme
B*(\). From (8.5) and (8.10) it follows that

BN | B(N)
e |A2|2>

E,1¢ B*(\) <E, (

£, PV
< 601,*(X1 _XO) Eﬂ( ‘)\|2 + |)\2|2

o? (x; —x,)?
<ot T

n

To estimate the norm ||g||? note that g,g, = 0 for [ # k. Therefore,

E,lc lgl? =E,1¢c. Y ¢,
j=1

< 05 e, 3 (o)

j=1 \i=1
_ <X1_Xo)2E ii 2 Q(z) <(x,—x )ﬁ
T R g Pi\Z) > (X 0/
j=1 =1
where g7, is given by (4.8). This implies
B*())
El-. YT =E,1 _— 2 2
ola, In vla, (0'07*(X1—X0) + Han>
60‘2 g*
< 2(x, — b L 27 ) 8.17
< 2(x; — %) (naQ* + T) ( )

Let us study now the term M in (8.3). For any A € A, we represent it as

M(p)=Z(u) +V(p) and p=X—=A, (8.18)
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n n
X1 = Xp

Z(n) = S (i) 0,8, and V(n) =" u())0;,8;,-

n

j=1 j=1

We begin with the weighted discrete Fourier transformation, i.e. we set
5’# = Z () 0in®; - (8.19)
j=1

Due to definition of §;,, in (5.5), we can estimate the term Z () as

‘71,*(X1 — X)

Eylg Z*(p) < n

15,112 . (8.20)

Moreover, using the inequality (8.7) with £ = p, we obtain

S - Isll?
2V (1) =2 u(h) 0,8, <p SN2+ == (8:21)
j=1
Therefore, on the set G,
- z: sl
2M(p) < 2p||S, |17 + — + —=, 8.22
(1) 15,115, YR (8.22)
where
) nZ*(p)
sup AT
ped—x 15,12
It is clear, that the upper bound (8.20) yields
nEy1l, Z2
Eylg < Y — 2 () < vy, (%, — %) (8.23)

15,112

HEA—X,

To estimate the norm “SuHi note that in view of (5.5) on the set G.
x a . ~ .
IS,2 — 15,02 = 3" k2G)@E, — ) <—25" 12(7) 6, G,
j=1 j=1

= —2Z,(p) — 2V4 (1), (8.24)




Taking into account that |u(7)| < 1, similarly to inequality (8.20), we find

‘71,*<X1 — X)

Eylg ZX(p) < -

15,112 -
Moreover, for the random variable

nz?
Z] = sup vl—('u),
- S |12
HEA—X, ” plln

we obtain the same upper bound as in (8.23), i.e.

Furthermore, similarly to (8.21) we estimate the second term in (8.24) as

< 1E 2 Igll?
2lVi(w)| < pllS, I +—".
Therefore, on the set G,
. 5 5 zZ;  el?
S < IS |? + 2|8 |7 + 2L + =22
1S, < IS,I17 + 20l “|!n+np+ Pt
l.e.
. 1~ 1 7
SIP<—|9 |7 + —— [ = 2. 8.26
18,2 < =5 IS, + =g (o + el (5.26)

Using this inequality in (8.22) and putting Z; = Z* + Z; yield on the set G,

20 A 1 5
SA 2 -2 2
S+ g (22 4 Tl

4p(Err, (A) + Err,, (A 1 Z;
—2p p(1—2p)

2M(p) <

Using this bound in (8.16), we obtain that

~_ 1+2p 2p(1 —2p) 1 Zy 2
Err,(A) < Err, (A —F— P (A — | =

e (Sn@ 2 =Xdpe e, ) - mo») .

24



Using here (8.13), (8.15), (8.17), (8.23), (8.25), we get
2p(1 — 2p)
Ey Err, (M)1s < _

(1 —x0) ((TA—144p)o, (v +7,) (13— 2p)g}
p<1—6p>( n T )

~ 1+ 2p

EyErr,(A)1g + Eylg P,(\o)

1-29)8+2) .

-+ (X1 — Xo) (1 — 6p)n2 *WT s

where 7, = 0, , /0, ,. From Proposition A.4 with ¢ = 2p it follows

EyErr,(\1g < KoEyErr,(\)1g,

+ (%, — %) <K1p(1(il—’*6p)n + KQ% + K VA;;D;>
+2|’S’|n\/(3;1——><0)01,*m7 (8.27)
where
Ky T2 p(1—2p) + (74 — 144p)(v + 7.),

(1 —4p)(1 —6p)

13 —-175 942
Ky = p %0 and K3 =
p(1—4p)(1 —6p)

It is easy to see that, for 0 < p < 1/8,

(1—2p)(8+2p)
(1—-6p)

1+4p K<1+5p

< Ky <1474 +7
Ty < oS 7T, M1t Ee),

39 8
and K3 <

p(1 —6p) 1—6p
Using these bounds and replacing in (8.27)

K, <

-~

EyErr, (M1g  and EyErr,(A)lg.

by Eyl|S,—S[2—[IS|2P,(G<) and E, || S, — S| —[[S|12P,(GS), respectively,
we come to the inequality (6.2):

~ 14+ 5p ~ U
BylIS. ~ 512 < 7o BallSy, — I + 1T (5.28)
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where

U, (1—|—gT—|—Aw)—|— (T/vp)sup y/Py(Ge),

YecO

Y

14 14

; brax (V2 (1 + 74v) + 74b) 3903
1 = supmax {4(){1 — X() max Gl ) ) UT, 1|, B
T>0

with b = buax/bmin, B = 2Mbya/X1 — Xo.

The weight A\, € A being arbitrary in (8.28), we come to the oracle in-
equality (6.2). The property (6.3) follows directly from asymptotic behaviour
of the right-hand part components of the function U,. Hence Theorem 6.1.

]

8.2 Proof of Proposition 4.1

First, note that from (4.2) we can represent the term B, in the following
form

Bk = Bl,k: + Bz,k + BS,k

where

t
Bie= i > . o - | ) - s, ).
t

Jj=Ny+1 j—1

By = H Z 21X, i (ytjil) = S(z,))

j=Ny+1
1 & — —
B3,k = o Z (1- \/ %j,k) %j,ka,k(h)S(ytj_l) .
kj=Ny+1
J=No

In Appendix we show that there exists some constant C* > 0 such that

max sup EﬁB <C*S. (8.29)

1<k<n €O

Moreover, using the definition (2.1), we obtain that

Mh M
|B2,k| < H_k and ’Bs,k| < Fk
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Taking into account here the property (2.9), the definition of the bandwidth
hin (3.4) and that for sufficiently large T' the threshold H, > hN,/05/2, we
obtain that

lim T sup EﬁB =0.

T—o0 9€O

Moreover, the term Ek defined in (4.4) we can represent as

By =By + By,

n 1 ~ * * i
Bu=gr X yAmenae) == [ 00, b, ),

Jj=Ny+1 j—1

By = 5H Z 2 Xk (P) (b(ytrl) - b(Zk)) AW, .

J=Ny+1

In Appendix we show that there exists some constant C* > 0 such that for
sufficiently large T’

8C* b2 .0
max sup E B1 P S T (8.30)
1<k<n gco hT /o7
and
E, B’ 8b$’mh (8.31)
5, B By < 7 |
From here we obtain the limit equation (4.9). Hence Proposition 4.1. [
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A Appendix

A.1 Concentration inequalities

In this section we remind the concentration inequalities from [20] which will
be used to study non asymptotic properties of the sequential estimation pro-
cedures. We set
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Dy,(2) = i (3 (") ) s, (A1)

where N = [T'/4], the frequency ¢ is defined in (2.9) — (2.10) and q, ,(2) =
fj1 qy(z + uh)du.

Theorem A.1. Assume that the condition (3.9) holds. Then, for any z, > 0
and a > 0,

lim 7% max sup sup sup P, (|D, ,(2)] > v;T) =0. (A.2)
T—00 1<n<N h>T—1/2 |z|[<z, 0€O ’

The proof of this result follows directly from Theorem 2.3 in [20].

If we consider the deviation problem for the first IV, observations with
the NNV, defined in (3.3), we have to check the conditions (3.9) for the time
duration

T27—1
To=oNo~ =i~
T

Therefore, the frequency has be represented as

as T — 00.

1 Tl
d I(T)==L~T"2127" T — o0.
Tl (T) and [,(T) T, T as 00

So, we need to check the conditions (3.9) by replacing T" with 7, and I,
with [,(T"), respectively. It is clear that these conditions hold if we take , for
example, v = In" (T + 1) and I = In'™® T, for some ¢ > 0.

Corollary A.2. Assume that the condition (3.9) holds. Then, for any z, > 0

and a > 0,
lim 7% sup sup sup P, <|DN W(2)| > vy T0> =0, (A.3)
Tooe hpp? o fHSa deo "

where N, is defined in (3.3) and T;, = ON,.

A.2 Proof of Proposition 3.1

First note that Corollary A.2 implies directly that, for any a > 0,

lim T°P(I,)=0.

T—o0
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Using the model (1.3) in (3.14), we obtain that
Y1, =Y, = \/gb(?/tj,l)ﬁj + Uj )

where 7, = (Wtj — Wtj_l)/\/g ~ N(0,1) and

Uj Z/tj S(yu)dU+/tj (b(yu> —b<ytj_1)> dw, .

j—1 j—1

Due to the bound (A.6), there exists some positive constant C* such that,
for any 7 > 1,

sup E, (Uf|]-"tj_1> < Cr8? <1 +y;

EC) J*1> (4-4)

So, the squared difference can be represented as

(e, =9, ) =00y, I +U; and U, =U?+2Vob(y, ;U

From (A.4) we obtain that, for some positive constant C* and for any j > 1,
sup Ey (|(7j| | F, ) < C*oVo (1+yt2. ) . (A.5)
9€0 =t it
Therefore, on the set I', ; we obtain that

~ Z;*:Ii Xj,k(ho) bQ(fUt]._l)

b, = H + T1,T + TQ,T )

*

where

v o Zj*zli Xj,k(ho) bQ(ytjil)ﬁj and Yoo — Z;*:]i Xj,k-(ho> [7]‘
1T J7i 2T 0H, ’

*

and 7); = 77]2. — 1. Note now, that on the set I',

Tw,k
0< Z ngk(ho) —H, < XT*yk,k(h@) <1
j=1

and on I'¢
*,k

*,k
Z Xj,k<h0) S H* :
j=1
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Hence,

T*,k
Z Xir(ho) < H, +1 a.s.
j=1

Therefore, for some constant C* > 0

~ 1
B, - el < ¢ (+ 51 )

*

+ E, |T1,T| + E, |T2,T’ + b2(2k) P(Fik) .
Note here, that

1 - H,+1 _ 4
2 _ 4 ~2 4 * 4
E79 TLT - Ff Ez? Zl Xj,k(hO) b (ytj,l) nj < 2bmax H?2 < Ebmax
J:

*

and

No

1 -
E, ‘TQ,T| < SH. Z Eﬂl{jguyk} Xj,k(ho) E, (‘Uj’ | ’F;fj71>

j=1

RS
<O 20 Bolyar g Xiulho) (1 +9, )

j—1

<OV .

Finally, for some constant C* > 0 and for sufficiently large T" — oo,

VA

~ 1
Hence Proposition 3.1. O

A.3 Proof of Proposition 4.4

First of all note that

~ 1 ~
Eﬁ’UZ_UQ Eﬂ|bz_b2(zz)|-

<
”—WMN—%W

Taking into account that according to the definition N, in (3.3) we obtain
through Proposition 3.1 the equality (4.13). Hence Proposition 4.4. [J
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A.4 Technical results

Lemma A.3. Let [ be an absolutely continuous [X0,X;] = R function with
|fll < oo and g be [xy,%,] = R a step-wise function of the form

9(t) = Z € X(zy12,] (1)
j=1

where c; are some constants and the sequence (2;)<j<, 5 given in (3.1).
Then for all € > 0, the function A = f — g satisfies the following inequalities

1\ |I£1?
a1 < o+ 2ol + (14 2) e -,
and ,
A 2 < (1 A 2 1 1 HfH2 2
o < e aar+ (14 2) Ml —x)

The proof is given in Lemma A.2 from [31].

A.5 Proof of the upper bound (8.29)
First, note that

Tk Tk Tk
Z %, Xjk(h) = Z i kX (h) + Z < Hik — %j,k> Xk (h)
j=Ng+1 J=Ng+1 j=Ng+1

= Hy, + (\/59, — ) X, (W) < Hp + 1.

So, by the Bunyakovskii - Cauchy - Schwarz inequality,

Tk T,

1 . 1 —
E, Bik < Ey S2H. Z %j,ka,k(h) Eﬁﬁ Z %j,ka,k(h)Q?
j=No+1 k=N +1
2 1 & ,
< 52 EﬁF %j,ka,k(h)Eﬁ (Qj|~7:tj_1> .
k.
Jj=Ny+1

Moreover, taking into account that the function S from the class (2.1) is
lipschitzian with the constant L; = M V L, we obtain that

E, (Q.?’ftjfl) < 5[,? /ttj E, ((yu _ ytj—l)Q‘ﬂj71> du.

7—1
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Note here that, for tig <u<ty,

B,((y, — v, )17, ) <2 ( / E,(S*(y,)|F, )dv+ bm)
t

j—1

<26 <2L§/ (1+Ey(y,l 7, ) )dv+ bim) :
t

7j—1

Due to Proposition A.6 from [22], one has for t; | <v <t
B, 02F, )< D4y .

where D, = (M + Lx, + 2x,)*(L + M) + b2, . So, for t; | <u < t; and
0<d<1,

E, ((yu - ytj1>2 ‘]:tjl) <26 (Cl + Czytzj_l + bfmx> ) (A-G)
where ¢, = 2L? (D,L + 1) and ¢, = 2L?. Taking into account that
Xj,k(h)yfj_l < 2(h2 + Zz) )
we obtain that, for some constant C* > 0,

sup sup . (B, (0, —w, I, ) <C'8 (A7)

t;_1<u<t; J€O

j—1
and, therefore,

* 1 Tk -~ *
sup EﬁBik < C*) sup EﬁF Z 7 Xk(h) < C76.
) 9e0 kN

Hence the upper bound (8.29). [

A.6 Proof of the upper bounds (8.30)—(8.31)

Due to orthogonality of stochastic integral increaments, we obtain that

- 1 L \
By By = 5By 30 B, (=27, )

j=Ny+1
2b2 1 Tk tj

< (;’;‘” Eﬁﬁ Z ;fj,ka,k(h)/

k j=Ny+1 ti1

E, ((yu - ytj_1)2|th_l> du.
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By using the bound (A.7) for the last conditional expectation we get

. 1
E, B}, < 4C bfnaXEﬁm.

This inequality and (3.12), (3.4) provide the inequality (8.30). Moreover, one
has

~ 2
B, B2, = ﬁHQ S el ) (b, ) — b)) (AW, )?
] =Ny+1
2b2 U
< ZTmax Z kX]k - Zk)Q < mgm EﬁF )
j =Ny+1 k

Hence the upper bound (8.31). [

A.7 Proof of Proposition A.4
Proposition A.4. For any 0 <e < 1/2,

(4 = %o)g;

E,1c P.()\) <
o le, Faldo) < e(1—2e)T

n()\o)]‘G* +

2(x; — %), N 2[5/ (%1 = Xg) 0y,

ne vn

where the term g, is given in (4.6).

+ P19 (Gi) )

Proof. Note that on the set G,

Err,(\) = > (A1), — 0,,)% = Z N ()¢

j=1
_221_ QJ”CJ”+Z

Taking into account here that
2 2 X1~ Xp 2 [X1 — X
Qjan - gjzn + n gjyn + 2 n g],n&],n ’
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we obtain

Err, (\) > ~2 20 XOZAQ )2+ 24 [T I,

where I, = 22—1 N(7)9jn&jp and I, = Z;;l(l—A(j))A(j)9j7n§j7n. Moreover,
note that, for any 0 < e < 1,

X4
g < gl + ZV

2

Therefore

1—¢) 2 /x, — X 1
Err,(A\) > ( ZAQ 52 - #12 - gHgHi

and

1— _
E,l¢ Err, (o) > (=2t =x) ZV

2/x;, — X 1

Taking into account here the definition of B(-) in (7.1) and that EyI, = 0
we can rewrite the last inequality as

1—¢)

\/_
2./X, — X 1
+ #Eﬂl(a*)c I, - gEﬂlc* lgll? .

Now Propositions 7.1 — 7.2 imply that

Eylg Err, (Ao) > (1— E)EﬁlG* P.(\)+ (

n

———E;1¢ B(\?)

2(X1 - XO)Ul,*
E 1G Err,(Ao) > (1 —2¢)E, 1G P(\N—-—m—=

215,14/ (%1 — XO)Ul,* 1 )
- Jn VPy (G — gEﬁlG* gll;, -

Hence Proposition A.4. n
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