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When a signal is injected in a parametric oscillator close enough to its resonance, the oscillator fre-
quency and phase are locked to those of the injected signal. Here we demonstrate two frequency-locking
schemes using a Josephson mixer in the parametric down-conversion regime, pumped beyond the para-
metric oscillation threshold. The circuit then emits radiation out of two spectrally and spatially separated
resonators at frequencies determined by the locking schemes that we choose. When we inject the signal
close to a resonance, it locks the oscillator emission to the signal frequency by injection locking. When
we inject the signal close to the difference of resonances, it locks the oscillator emission by parametric
locking. We compare both schemes and investigate the dependence of the parametric locking range on
the pump and the injected-signal power. Our results can be interpreted using Adler’s theory for lasers,
which provides a link between laser physics and superconducting circuits that could enable better under-
standing of pumped circuits for quantum-information applications such as error correction, circulators,

and photon-number detectors.
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I. INTRODUCTION

Injection locking is a phenomenon through which the
emission frequency and phase of a parametric oscillator
become locked to those of an injection tone. It is usually
performed by injection of a weak ac signal close to the
natural oscillator frequency and has given rise to applica-
tions including narrowing of the linewidth of lasers [1,2],
driving CMOS-based oscillators [3], understanding syn-
chronization of biological systems [4], and neuromorphic
computing [5,6]. Injection locking was recently exper-
imentally realized in various mesoscopic devices [7,8],
including micromechanical oscillators [9] and supercon-
ducting circuits [10,11].

In this paper we demonstrate parametric locking of two
nondegenerate oscillators with resonance frequencies w,
and w, by a signal injected close to the difference of
their frequencies w, — wp. The oscillators are coupled by
a Josephson circuit pumped at w, = w, + wp. We show
that parametric locking relies on multiphotonic processes
occurring in the Josephson circuit and we compare it with
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the injection locking by a signal injected close to the nat-
ural frequency w, or wp of one of the oscillators. We
illustrate the differences between these two approaches by
measuring the frequency and power dependence of the
emission spectra of the two resonators and describe our
observations using an extension of Adler’s theory [12].

II. MEASUREMENT SETUP AND DEVICE
PARAMETERS

In our devices, resonators @ and b are the A /2 modes of
two aluminum superconducting microstrip lines arranged
in a cross shape. They resonate at frequencies w, = 2w X
8.445 GHz and w, = 27w x 6.451 GHz. They are physi-
cally connected in their center by a Josephson ring mod-
ulator (JRM; Fig. 1) [13—15], which couples them when
their common mode is pumped far from resonance with
an external signal of amplitude p. The Hamiltonian of the
circuit is then given by

H = hw,a'a + haopb'b + Hipw, (D

© 2019 American Physical Society
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FIG. 1. The Josephson mixer consists of two microwave res-
onators a (orange) and b (green) resonating at different frequen-
cies w, and wj that are coupled via a Josephson ring modulator.
Two 180° hybrid couplers (circuits in rounded boxes) are used to
inject microwave signals in both differential and common driv-
ing on a and b ports. The circuit can be pumped at amplitude
Pin and frequency w, = w, + w, above the parametric oscilla-
tion threshold. An additional locking drive is injected on mode
aip at frequency win, & w,, on mode b;, at frequency winp ~ wp,
or on the common mode ¢;, at frequency w. ~ w, — wp.

where, at the lowest order in the fields, the JRM Hamilto-
nian reads [13,15]

Hign = hx (p +p*) @+ ahH b +b'). )

When the pump is applied at frequency w, = w, + wp, this
three-wave-mixing Hamiltonian simplifies to the paramet-
ric down-conversion Hamiltonian [15,16] in the rotating-
wave approximation as Hppc = hix (pa'b' + p*ab). Two
regimes can be distinguished as a function of pump power.
Below the so-called parametric oscillation threshold (p;, <
Pw), the circuit behaves as a nondegenerate amplifier.
Without any input drives on a and b ports, the circuit
amplifies vacuum fluctuations into the output modes aqy
and b,y More precisely, it generates a vacuum two-mode
squeezed state nondegenerate in frequency and space [17]
whose squeezing ratio increases with the pump power. The
threshold power corresponds to a conversion rate of pump
photons into a and b photons that is as large as the geo-
metric mean of the dissipation rates «, and «; of modes
a and b, such that the cooperativity C = 4y 2|pw|*/(kakp)
is 1. Beyond this threshold, the device enters the para-
metric oscillation regime characterized by a spontaneous
generation of photons in the two resonators and corre-
lated emissions [18] from modes a and b. In the absence
of mechanisms limiting the resonators’ populations, this
regime is unstable as the number of photons keeps increas-
ing. There are typically two processes that can stabilize
parametric oscillations. First, the pump power can be
depleted as down-conversion becomes stronger, such that

the pump cannot be considered stiff anymore and p does
not increase with pi, any longer. It is this process that usu-
ally stabilizes lasing in optics [19,20]. Second, Kerr non-
linearities can shift the mode frequencies when the pump
power increases, and they ultimately limit the paramet-
ric down-conversion rate [11]. In microwave experiments
such as ours, where nonlinearities induced by Josephson
junctions are relatively much larger than in optics, the sec-
ond process dominates the first one and is thus responsible
for parametric oscillation stabilization [21].

The Kerr nonlinearities are generally described by an
extra term in the Hamiltonian, which can be written in the
rotating-wave approximation [22] as

A = h[ @%@ + B + xad"ab'h],  (3)

where x, and yx; are self-Kerr-coefficients of the two res-
onators and xa» = 4./XaX» is their cross-Kerr-coefficient.
They effectively modify the oscillator frequencies by
a detuning y,(a'a) + xap(bTh) for resonator a and
xu(bTh) + xu(Gta) for resonator b.

As parametric oscillation is stabilized, the resulting
outgoing field amplitudes a,, and by, exhibit similar
properties as in previously studied spatially degenerate
Josephson amplifiers [11,23]. Performing repeated het-
erodyne quadrature measurements of the outgoing field
amplitudes reveals quadrature statistics that is character-
istic of parametric oscillation (see Figs. 6 and 7). As
previously demonstrated [11], we observe that nondegen-
erate parametric oscillations occur with an arbitrary phase,
as expected from the highly degenerate state of the system.

III. INJECTION LOCKING

The standard approach to suppress phase indeterminacy
of parametric oscillations is to use injection locking. It con-
sists in injecting a small signal at the resonance frequency
of the oscillator, hence breaking the phase degeneracy
of the system. The oscillations lock to the phase of the
injected signal, which consequently narrows the linewidth
of the emissions. In Fig. 2(a), we show that this usual
scheme can be applied to our device by driving mode a
at a frequency wi,,, close to its natural resonance fre-
quency w, [Fig. 2(a)]. Here the pump power P, is fixed to
—16 dBm (referred to the input of the dilution refrigerator)
so that the cooperativity is set to C ~ 1. With a constant
input drive power at wji,,, we measure the spectral noise
power S, (w) in the output mode a,,; as a function of wiy 4.
At low-enough detuning wi,, — w,, a single peak can be
seen in the spectrum and is localized at wi,, [Fig. 2(a)],
hence indicating that the oscillator frequency is pulled by
the input tone and gets locked to it. This process works
for input frequencies within some injection-locking range
|@ing — w4] < Awin/2. Beyond that range, the emission
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FIG. 2. (a),(b) Measured power spectral density S, (w) emitted
into mode aqy as a function of emission frequency w and fre-
quency win (winp) of the tone injected on mode a (). The signal
is injected at a fixed power P, = —26 dBm for both mode a and
mode b. Dashed black lines correspond to Adler’s theory (see
the text). (c),(d) Measured power spectral densities S,(w) and
Sy (w) emitted from modes aqy and by as a function of emission
frequency w and frequency w, of the tone injected on the com-
mon mode at fixed power P. = —26 dBm. For all measurements
the pump frequency w), is fixed at 27 x 14.9 GHz and the pump
power P), is fixed at —16 dBm.

spectrum consists of a series of peaks that match Adler’s
theory [12] for injection locking since they are localized at

Wy, (win,a) = Wing + (}’l + 1)a)beat(win,a) (4)

for an arbitrary integer index n, where the beating fre-
qUENCY wpeyt 15 defined as [24]

Aa)in

2
Wheat (@) = (wg — w)\/l — <m) . (5)

The resulting frequencies w,(win4), shown as dashed lines
in Fig. 2, match precisely with the position of the peaks
in the emission spectra of the circuits. The peak corre-
sponding to n = 0 corresponds to the pulled oscillator
frequency, which becomes equal to its natural frequency
when |win, — w4 > Awin and deviates significantly as
Wing approaches w,. In agreement with the theory, we
observe experimentally that wy evolves continuously as
we sweep the injection frequency and matches wi,, in
the injection-locking range. The peak corresponding to
n = —1 is exactly at the injection frequency for all wjy,.
Other values of n can be observed and correspond to
higher-order-frequency-distortion sidebands.

Since for nondegenerate parametric oscillations the
phases of the oscillations are correlated in resonators a
and b, it is sufficient to inject a signal in only one of them

to suppress simultaneously their phase indeterminacy. As a
consequence, by injecting a signal at frequency win, ~ wp
in resonator b, we observe the same injection-locking phe-
nomena as before when looking at the emission spectrum
of resonator a [Fig. 2(b)]. One striking difference is that,
within the injection-locking range, the frequency of the
emission peak is given by @iy, = wp — winy rather than
win g, and therefore decreases as we increase the frequency
of the injected signal. One advantage of this two-mode
injection locking is that the injected signal can be spa-
tially and spectrally separated from the natural frequency
of the oscillator. This could be useful for certain appli-
cations, where, for example, one of the resonators has to
remain isolated such as in a quantum memory [25]. Beyond
the locking range, the emission-spectrum frequency peaks
are localized at w,(@in,) according to Eq. (4). The mea-
sured spectral peaks match well these frequencies [dashed
lines in Fig. 2(b)], so their frequencies are also captured by
Adler’s theory when wjy, is replaced by w, — winp.

IV. PARAMETRIC LOCKING

We demonstrate a strategy to suppress phase indeter-
minacy that relies on what we call “parametric locking”
instead of injection locking. Since the sum of the phases
of the two modes 6, + 6, is fixed [21] when the sys-
tem is pumped at w, + @, one needs only a single extra
constraint to determine the phases of the outgoing field
unequivocally. This can be obtained by pumping the circuit
with a parametric drive close to w, — wp, which con-
nects the fields in resonators a and b through conversion
processes such that 6, — 6, becomes a constant [26]. In
practice, we drive the common mode of the Josephson
mixer [22] at w, = @, + @, with an amplitude p above
the parametric oscillation threshold and simultaneously
at w. & w, — wp with an amplitude c. This simultaneous
pumping can be used in other power regimes to realize
a circulator [27,28] or to simulate ultrastrong coupling
between oscillators [16].

Because of this additional drive at w., the three-wave-
mixing Hamiltonian acquires extra terms in the rotating-
wave approximation,

iy (ca'h + c*abh, (6)

which account for the conversion of photons between res-
onators a and b. They result in a parametric locking similar
to injection locking within a range Aw., in which the
frequency of emission is given by (w, + w.)/2 instead
of wiy, for mode a and (w, — w.)/2 instead of wj,; for
mode b. Moreover, beyond this range, the spectrum is
also composed of a series of peaks, whose frequencies
are properly described by Adler’s theory provided that in
Eq. (4) we use an effective injection-locking frequency
Wing = (wp + ) /2 for mode a and @i = (w, — wc)/2
for mode b.
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FIG. 3. (a) Parametric locking range Aw, measured on res-
onator @ as a function of pump power P,. The pump frequency
w), is set to 2w x 14.95 GHz and the parametric locking tone
is injected at w. for a constant power P. = —20 dBm. The full
black line corresponds to Aw, \/PT, . (b) Parametric locking
range measured on the mode a (green dots) and mode b (orange
dots) as a function of locking signal power P, at w.. The pump
frequency w, is set to 2 x 14.95 GHz and the pump power P,
is set to —16 dBm. Full black lines correspond to Aw, o< /P,.

This behavior is shown in Figs. 2(c¢) and 2(d), where we
have measured power spectral densities S,(w) and Sp(w)
of the radiation emitted from modes @,y and bqy, respec-
tively, as a function of the frequency w. of the parametric
drive. The spectra obtained by parametric locking are sim-
ilar to those obtained by injection locking [Figs. 2(a) and
2(b)]. However, a couple of striking differences can be
observed. Since the effective locking frequency is now
given by (w, & @.)/2, the frequency of the emission peak

within the locking range shows a slope :I:% as a function
of w. for modes a and b, respectively. This technique of
parametric locking allows us to suppress phase indeter-
minacy by using only tones that are far from the reso-
nant frequencies of the oscillators. This procedure could
be useful for certain applications when one wants the
locking signal to remain far from the spectral range of
interest. It could also be used in situations where two
oscillators are almost degenerate in frequency but out-
side the technically accessible frequency range. Outside
the locking range, the emission-peak frequencies are prop-
erly described by Adler’s theory with the effective locking
frequencies [dashed lines in Figs. 2(c) and 2(d)].

Parametric locking can be made to operate over a larger
frequency range by increasing the pump power P, at w),
away from the parametric oscillation threshold. It can be
shown using Langevin equations (see Appendix A) that
at low pump powers we expect Aw, to be proportional to
the pump amplitude |p| and thus to \/P,. This is another
qualitative difference compared with the case of injection
locking, where Awj, is proportional to /[p[ and thus to
P;/ % As shown in Fig. 3(a), we observe that the size of the
locking range indeed follows the expected behavior as a
function of pump power. At larger pump power P,, higher-
order terms start to contribute significantly and the locking
range has a more-complex evolution.

We also observe a power dependence of the paramet-
ric locking range with the power of the injected parametric
signal. It is well known for standard injection locking [8]
that the locking range is proportional to the amplitude of
the injected signal and is therefore a square-root function
of the injected power P;, as predicted by Adler’s the-
ory. We observe that for parametric locking the locking
range increases similarly with the strength of the injected
parametric signal [Fig. 3(b)], suggesting that a stronger
injected signal is favorable to suppress phase indetermi-
nacy in resonators a and b. For these measurements as
well as those in Fig. 2, the injected-signal powers are cho-
sen so that the frequency of the peak in the middle of
the locking range is the same for all experiments to ease
comparisons.

P,=-16dBm P,=-13dBm P,=-10dBm P,=-7dBm P, =—4dBm S, (dBm)
2.1
' -30
=
o -40
g,
£ 20
8.37 8.45 8.53 8.37 8.45 8.53 8.37 8.45 8.53 8.37 8.45 8.53 8.37 8.45 8.53 =70
-~ (GHz) —~ (GHz) = (GHz) = (GHz) = (GHz)
2 2 2r 2 2T

FIG. 4. Measured power spectral density S,(w) of mode a, as a function of @ and w, for different pump powers P,. The pump
frequency w, is set to 2 x 14.952 GHz and the locking signal is injected at a constant power P. = —20 dBm.
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Finally, we explore the parametric locking behavior
of our circuit well beyond the parametric threshold by
increasing the pump power P,. This reveals qualita-
tive deviations from Adler’s theory as can be seen in
the measured spectra in Fig. 4. At pump powers P, >
—10 dBm (referred to the input of the dilution refrigerator),
bifurcationlike features [29] appear in the emission-peak
frequency dependence due to the importance of micro-
scopic multiphotonic processes involving more than three
photons. These features are reminiscent of chaotic behav-
ior [30] and should be studied further.

V. CONCLUSION

We demonstrate injection-locking and parametric lock-
ing techniques for coupled nonlinear oscillators that make
use of a three-wave-mixing interaction. The geometry
of the Josephson circuit we use, based on two spa-
tially and spectrally separated resonators, provides original
approaches to suppress the inherent phase indeterminacy
of parametric oscillators and lock the field emitted from
the resonators. These techniques could be useful for appli-
cations in which standard injection locking is not possible.
This work illustrates how the strong coupling of supercon-
ducting circuits to microwave modes enables the design
and use of a variety of nonlinear effects that will be
instrumental for quantum-information applications such
as quantum error correction, nonreciprocal devices, and
detectors.
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APPENDIX A: PARAMETRIC OSCILLATION

In our experiment, we measure emission spectra of a
Josephson circuit in the parametric oscillation regime. The
circuit is driven by a pump at an amplitude larger than
the amplitudes used in the linear parametric amplifica-
tion regime. The threshold pump amplitude is defined by
cooperativity C equal to 1 and is thus given by |xpum|* =
Kakp/4.

We detect the threshold by measuring the distribution
of the field quadratures for different pump amplitudes. The
signal emitted from mode a (b) is amplified and its two
quadratures X, and P, (X} and Pp) are determined by het-
erodyne measurement. In practice, the signals emitted from
modes a and b are amplified and mixed with an external

50 50 50
25 25 25
© 0 . © o . < o .
-25 -25 -25
-50 -50 -50
-50-25 0 25 50 -50-25 0 25 50 -50-25 0 25 50
X Xa Xa
50 50 50
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0 » 20 - © 0 -
-25 -25 -25
-50 -50 -50

-50-25 0 25 50 -50-25 0 25 50 -50-25 0 25 50
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FIG. 5. Field-quadrature histograms of the output fields mea-
sured in the linear amplification regime. They correspond to the
emission of a two-mode squeezed state by amplification of vac-
uum fluctuations, as can be inferred from the histograms shown
along quadratures of different modes (see Ref. [25] for details).

local oscillator with a small (few tens of megahertz) detun-
ing dw from the mode frequencies. The output voltage
of the mixer is then digitized with a 250-MHz-bandwidth
acquisition board. We demodulate the signals at §w over
a finite time window to determine the two quadratures X
and P. It is possible to calibrate these quadratures in mean-
ingful units. If a coherent state |«) is stabilized in mode
a, the calibration is such that, on average, (X,) = Rea and
(P,) = Ima. With this choice, the quadratures X and P are
dimensionless.

In the parametric amplification regime, when modes a
and b are not driven, the output field is described by a
Gaussian distribution centered at the origin. The variance
of a single mode a or b is that of the vacuum fluctu-
ations amplified by the Josephson mixer and with the
thermal noise added by the chain of amplifiers, as shown in
Fig. 5. The apparent two-mode squeezing in the X,—X} and

120 120 120
60 60 60
-60 -60 -60
-120 -120 -120
-120-60 0 60 120 -120-60 0 60 120 -120-60 0 60 120
Xb Xa Xa
120 120 120
60 60 60
-60 -60 -60

-120 -120 -120
-120-60 0 60 120 -120-60 0 60 120 -120-60 0 60 120

Xa Pa Pa

FIG. 6. Distribution of measurement outcomes in the paramet-
ric self-oscillation regime for cooperativity C = 1.3. The phase
of the pump is tuned such that strong correlations are visible in
the X,—X, and P,—P} planes.
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FIG. 7. Measured quadrature statistics for mode a for the pump
power fixed in the self-oscillation regime and for four differ-
ent powers of the small signal injected on resonance into mode
a. Field-quadrature axes are calibrated in the square root of the
number of photons.

PPy histograms originates from the vacuum two-mode
squeezed state emitted by the device [17].

Beyond the threshold, the self-sustained parametric
oscillation state is characterized by complex amplitudes
given by

a = ayé,

b = bye'®

and highly degenerate phases 6, and 6, of the fields [11].
This regime is shown in Fig. 6. While a minimum of poten-
tial energy is reached for any phase 6, or 6, the sum of the
phases is constrained and given by the phase of the pump
up to an offset that depends on cooperativity. In Fig. 6,
we chose the phase of the pump to highlight this phase
constraint in the X,—X; and P,—P; phase spaces.

We then inject a weak tone at frequency wi, on res-
onance in mode a and measure the quadrature statistics
for different powers of the injected signal. The histograms
shown in Fig. 7 demonstrate the transition from the phase-
unlocked regime to the phase-locked regime. A global
rotation from one histogram to the next corresponds to a
slowly drifting phase in the detection setup.

APPENDIX B: INJECTION-LOCKING AND
PARAMETRIC LOCKING RANGE CALCULATED
USING THE LANGEVIN-EQUATION
FORMALISM

1. Injection locking

When the circuit is pumped at @, = @, + wp, it can be
described by the classical Langevin equations

da . . " . 2
— = —iwga — ixpb*—T.a +ix.al*a
dt
+ ixa|bl*a + /2Tt B1)
db
E = —ia)bb — ixpa*—rbb + le|b|2b

+ iXab|a|2b + AV 21_‘bbina

where I';, = «,/2, 'y = kp/2, where k, and k}, are the dis-
sipation rates of the modes of amplitude a and b, and

p = |ple”™»! is the amplitude of the pump applied on

the common mode. We include fourth-order Kerr terms
necessary for the stabilization of parametric oscillation.

On top of these equations, the fields, which can have
complex amplitudes, obey the following boundary condi-
tions:

V 2Faa = din + dout,
V 2be = bin + bout

In the parametric oscillation regime and beyond thresh-
old, the number of photons grows rapidly in the resonators
(ng > 1 and np > 1), such that the outgoing power is
much larger than the incoming power. We then have
V2l a = agy and /2T =~ byyt. Because of energy con-
servation, the number of outgoing photons must be the
same for resonators a and b, and therefore |agy| = |bout|.
It is therefore straightforward to show that

(B2)

Iung =~ Typny (B3)
if n, = |a|? and n, = |b|?> are the numbers of photons in
each mode.

For injection locking to occur, one injects a small sig-
nal aj, = |aip|e ™ in resonator a, whereas b, = 0, such
that the fields @ and b acquire well-defined phases and
frequencies. We can therefore write a = ae! and b =
be~“r=®" where the complex amplitudes & and b do not
depend on time. Using these expressions in Eq. (B1), we
find the following expression for the field in resonator a:

y— 2T jain
=— 5 ,
A0+ttt + = s
(B4)

where we have defined Aw = v — w,.

For a large field to arise in the resonator (Ja| > 1) when
a vanishing injection-tone amplitude |ay,| — 0 is applied,
the denominator of the previous expression must become
smaller than /T |a;,|. Therefore, when injection locking
happens, one can write

[—i (Aw + xantg + Xaphp) + T4l

x [i (—Aw ~+ xpnp + Xapha) + Tp] — Ixp > — 0.
(B5)

The real part of this expression gives the condition for
injection locking to occur,
|XP|2 ~ Ty + (Aw + Xalla + Xabnb)

X (—Aw + xpnp + Xabha), (B6)

while the imaginary part gives the relation between the
number of photons and the frequency shift with respect to
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the natural frequency of the oscillator,

Fo(Aw + xahg + xaptp) = T'y(—Aw + xpnp + Xapha)-
(B7)

Using the condition (B3) that I'yn, &~ I'yn;,, one obtains
from Egs. (B6) and (B7)

Ixp* = Tl + (A® + Fang) (—Aw + Fpna)  (BY)

and

Cp(Aw + Xanta) = Ta(—Aw + Xpna), (B9)

respectively, where we have defined X, = x4 + xala/ s
and xp = Xap + X'/ ['s. Equations (B8) and (B9) have a
single solution (Awy, n40), which means that the frequency
range over which the locking can occur is infinitely small
(Awin = AWmax — AWpin ~ 0)

For larger injection-tone amplitude (i.e., |ain| ~ +/T4)
but still under the condition I',n, > |aiy|?, the square
modulus of Eq. (B4) combined with Eq. (B3) gives

2

2Fa in
Ve ad . (B10)

: - 2
—i(Aw+ Xaha) + Ta + W

ng =

which has an ensemble of solutions forming an ellipselike
shape centered at (Awy, n,0) in the {Aw, n,} phase space,
and whose major axis is given by Eq. (B8). We can there-
fore find an approximate expression for the maximum and
minimum frequency shift Aw along this axis by combining
Egs. (B10) and (B8). This leads to

Na X [Th(A® + Fatta) — Tu(—Aw® + Fp1a)]

= 2T lainl* [T + (Aw — 7pn4)°]. (B11)

and then by introducing w = Aw — Awy and dn, = n, —
ng4, we obtain the relation between the resonator popula-
tion §n, for an injection amplitude aj, and the frequency
shift Sw:

Na X [Th(8 + Fabn4) — Ta(—8w + 7p8n2)]

= 2T lain|* [T + (Aw — 7pna)°], (B12)

where we have used the fact that (Awy, nyg) 1s the solution
of Eq. (B9).

Equation (B12) can be simplified by introducing the
three constants

a=Ts+Ts) + TsXxa — Taxs)

% ZAC()() - ()N(b - Xa)nao
(Xb - Xa)AU)O + 2)~(a)~(bna0 ’

#oTa— als (B13)
p=""F—o—"—Xbs
Fa + 1—‘lb
|Fa + Fb| 1
Y =1z - >
Xa+ Xb Fan

which linearly relate Sw to §n,, Awg to 1y, and nyg to | xp|
in the following way

Iy(8w + xu0n,) — Ty(—8w + xpdn,) = a X dw,

Awy — Xphao = B X Ny, (B14)

no =y x |xpl,

given that the number of photons in the resonator remains
very large (I',T', < |xp|? and T'y, < x»n,). The constants
B and y are obtained using the fact that (Awy, nyg) is the
the solution of Eqgs. (B8) and (B9), while « is obtained by
linearization of Eq. (B8) to the first order in §w and én,,.

At the lowest order in Sw, dn,, and |a;,| and for '), <
Xala0, Eq. (B12) then becomes

v X [xpla?se® = 2alan?B*(y x Ixp)?,  (B1S)

which gives two symmetric solutions +8w such that the
locking range Awi, = 28w is given by

| By
Awip & 2\/2Ta ?|ain|\/@-

Expression (B16) shows that the locking range increases
as the square root of the injected power /Pi, = |ai,| and
follows a power law with the pump power /|p| = PIL/ *as

mentioned in Fig. 3.

(B16)

2. Parametric locking
In the case of parametric locking, the circuit is simulta-
neously pumped at w, = @, + @ and w. = w, — wp, and
ain = bin = 0. The Langevin equations thus read

da . .
5= —iwga — ixpb*—T,a
+ixalal®a + ixa|bl*a — ixcb,
B17
db iwpb — ixpa*—Tpb e
— = —iwpb — ixpa*—
i b XP b

+ixp|bI?b + ixalal?b — ixcta,

024034-7
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where p = |ple”" %) and ¢ = |c|e @' T¥) are ampli-
tudes of the stiff pumps applied to the common mode of
the circuit.

The solutions for which parametric locking occurs can
be written as before as @ = ae”™1" and b = be~'. Sta-
tionary solutions, where a and b do not depend on time,
exist only if

wp + W w, — W,

w=—"2—= and w=-2—= (B18)
2 2

Injecting these solutions into the Langevin equations leads

straightforwardly to the expression

o 20080 = Hno) /(Ao — Ty + T

Ixpl? xcl?
Cp—i(Aw—Xpng) = Tp+i(Aw—xpna)
(B19)

a*

—iAw+ T, —ixang, —

where we have taken w; = w and w; = w, — w and define
Aw=w — w,.

Similarly to injection locking in the case of vanishing
input amplitude ay,, this expression has a single solution
(Awy, ny) if c — 0.

For a finite pump amplitude ¢, the solutions also form
an ellipse in the {Aw,n,} phase space, whose center is
given by (Awy, n49) and whose major axis is given by the
solution of Eq. (B8). Similarly to injection locking, we can
find an approximate expression for the maximum and min-
imum frequency shifts Aw along this axis by combining
Egs. (B8) and (B19) and using the fact that in the experi-
ment |p| >> |c| and that the numbers of photons 7, and
are large. Equation (B19) thus simplifies to

a _ i2x%pc

a* adw

) (B20)

where « is the same constant as for injection locking and
dw = Aw — Awy.
We thus find the parametric locking range to be

Aw, =4y

2M, (B21)
o

which shows that the locking range increases as /P, and

/P.. The two pumps therefore act in a similar way for
parametric locking.
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