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When a signal is injected in a parametric oscillator close enough to its resonance, the oscillator fre-
quency and phase are locked to those of the injected signal. Here we demonstrate two frequency-locking
schemes using a Josephson mixer in the parametric down-conversion regime, pumped beyond the para-
metric oscillation threshold. The circuit then emits radiation out of two spectrally and spatially separated
resonators at frequencies determined by the locking schemes that we choose. When we inject the signal
close to a resonance, it locks the oscillator emission to the signal frequency by injection locking. When
we inject the signal close to the difference of resonances, it locks the oscillator emission by parametric
locking. We compare both schemes and investigate the dependence of the parametric locking range on
the pump and the injected-signal power. Our results can be interpreted using Adler’s theory for lasers,
which provides a link between laser physics and superconducting circuits that could enable better under-
standing of pumped circuits for quantum-information applications such as error correction, circulators,
and photon-number detectors.
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I. INTRODUCTION

Injection locking is a phenomenon through which the
emission frequency and phase of a parametric oscillator
become locked to those of an injection tone. It is usually
performed by injection of a weak ac signal close to the
natural oscillator frequency and has given rise to applica-
tions including narrowing of the linewidth of lasers [1,2],
driving CMOS-based oscillators [3], understanding syn-
chronization of biological systems [4], and neuromorphic
computing [5,6]. Injection locking was recently exper-
imentally realized in various mesoscopic devices [7,8],
including micromechanical oscillators [9] and supercon-
ducting circuits [10,11].

In this paper we demonstrate parametric locking of two
nondegenerate oscillators with resonance frequencies ωa
and ωb by a signal injected close to the difference of
their frequencies ωa − ωb. The oscillators are coupled by
a Josephson circuit pumped at ωp = ωa + ωb. We show
that parametric locking relies on multiphotonic processes
occurring in the Josephson circuit and we compare it with

*benjamin.huard@ens-lyon.fr

the injection locking by a signal injected close to the nat-
ural frequency ωa or ωb of one of the oscillators. We
illustrate the differences between these two approaches by
measuring the frequency and power dependence of the
emission spectra of the two resonators and describe our
observations using an extension of Adler’s theory [12].

II. MEASUREMENT SETUP AND DEVICE
PARAMETERS

In our devices, resonators a and b are the λ/2 modes of
two aluminum superconducting microstrip lines arranged
in a cross shape. They resonate at frequencies ωa = 2π ×
8.445 GHz and ωb = 2π × 6.451 GHz. They are physi-
cally connected in their center by a Josephson ring mod-
ulator (JRM; Fig. 1) [13–15], which couples them when
their common mode is pumped far from resonance with
an external signal of amplitude p . The Hamiltonian of the
circuit is then given by

Ĥ = �ωaâ†â + �ωbb̂†b̂ + ĤJRM, (1)
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FIG. 1. The Josephson mixer consists of two microwave res-
onators a (orange) and b (green) resonating at different frequen-
cies ωa and ωb that are coupled via a Josephson ring modulator.
Two 180◦ hybrid couplers (circuits in rounded boxes) are used to
inject microwave signals in both differential and common driv-
ing on a and b ports. The circuit can be pumped at amplitude
pin and frequency ωp = ωa + ωb above the parametric oscilla-
tion threshold. An additional locking drive is injected on mode
ain at frequency ωin,a ≈ ωa, on mode bin at frequency ωin,b ≈ ωb,
or on the common mode cin at frequency ωc ≈ ωa − ωb.

where, at the lowest order in the fields, the JRM Hamilto-
nian reads [13,15]

ĤJRM = �χ(p + p∗)(â + â†)(b̂ + b̂†). (2)

When the pump is applied at frequency ωp = ωa + ωb, this
three-wave-mixing Hamiltonian simplifies to the paramet-
ric down-conversion Hamiltonian [15,16] in the rotating-
wave approximation as ĤPDC = �χ(pâ†b̂† + p∗âb̂). Two
regimes can be distinguished as a function of pump power.
Below the so-called parametric oscillation threshold (pin <

pth), the circuit behaves as a nondegenerate amplifier.
Without any input drives on a and b ports, the circuit
amplifies vacuum fluctuations into the output modes aout
and bout. More precisely, it generates a vacuum two-mode
squeezed state nondegenerate in frequency and space [17]
whose squeezing ratio increases with the pump power. The
threshold power corresponds to a conversion rate of pump
photons into a and b photons that is as large as the geo-
metric mean of the dissipation rates κa and κb of modes
a and b, such that the cooperativity C = 4χ2|pth|2/(κaκb)

is 1. Beyond this threshold, the device enters the para-
metric oscillation regime characterized by a spontaneous
generation of photons in the two resonators and corre-
lated emissions [18] from modes a and b. In the absence
of mechanisms limiting the resonators’ populations, this
regime is unstable as the number of photons keeps increas-
ing. There are typically two processes that can stabilize
parametric oscillations. First, the pump power can be
depleted as down-conversion becomes stronger, such that

the pump cannot be considered stiff anymore and p does
not increase with pin any longer. It is this process that usu-
ally stabilizes lasing in optics [19,20]. Second, Kerr non-
linearities can shift the mode frequencies when the pump
power increases, and they ultimately limit the paramet-
ric down-conversion rate [11]. In microwave experiments
such as ours, where nonlinearities induced by Josephson
junctions are relatively much larger than in optics, the sec-
ond process dominates the first one and is thus responsible
for parametric oscillation stabilization [21].

The Kerr nonlinearities are generally described by an
extra term in the Hamiltonian, which can be written in the
rotating-wave approximation [22] as

ĤK = �

[
χa(â†)2â2 + χb(b̂†)2b̂2 + χabâ†âb̂†b̂

]
, (3)

where χa and χb are self-Kerr-coefficients of the two res-
onators and χab = 4

√
χaχb is their cross-Kerr-coefficient.

They effectively modify the oscillator frequencies by
a detuning χa(â†â) + χab(b̂†b̂) for resonator a and
χb(b̂†b̂) + χab(â†â) for resonator b.

As parametric oscillation is stabilized, the resulting
outgoing field amplitudes aout and bout exhibit similar
properties as in previously studied spatially degenerate
Josephson amplifiers [11,23]. Performing repeated het-
erodyne quadrature measurements of the outgoing field
amplitudes reveals quadrature statistics that is character-
istic of parametric oscillation (see Figs. 6 and 7). As
previously demonstrated [11], we observe that nondegen-
erate parametric oscillations occur with an arbitrary phase,
as expected from the highly degenerate state of the system.

III. INJECTION LOCKING

The standard approach to suppress phase indeterminacy
of parametric oscillations is to use injection locking. It con-
sists in injecting a small signal at the resonance frequency
of the oscillator, hence breaking the phase degeneracy
of the system. The oscillations lock to the phase of the
injected signal, which consequently narrows the linewidth
of the emissions. In Fig. 2(a), we show that this usual
scheme can be applied to our device by driving mode a
at a frequency ωin,a, close to its natural resonance fre-
quency ωa [Fig. 2(a)]. Here the pump power Pp is fixed to
−16 dBm (referred to the input of the dilution refrigerator)
so that the cooperativity is set to C ≈ 1. With a constant
input drive power at ωin,a, we measure the spectral noise
power Sa(ω) in the output mode aout as a function of ωin,a.
At low-enough detuning ωin,a − ωa, a single peak can be
seen in the spectrum and is localized at ωin,a [Fig. 2(a)],
hence indicating that the oscillator frequency is pulled by
the input tone and gets locked to it. This process works
for input frequencies within some injection-locking range
|ωin,a − ωa| < �ωin/2. Beyond that range, the emission
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(a) (b)

(c) (d)

FIG. 2. (a),(b) Measured power spectral density Sa(ω) emitted
into mode aout as a function of emission frequency ω and fre-
quency ωin,a (ωin,b) of the tone injected on mode a (b). The signal
is injected at a fixed power Pin = −26 dBm for both mode a and
mode b. Dashed black lines correspond to Adler’s theory (see
the text). (c),(d) Measured power spectral densities Sa(ω) and
Sb(ω) emitted from modes aout and bout as a function of emission
frequency ω and frequency ωc of the tone injected on the com-
mon mode at fixed power Pc = −26 dBm. For all measurements
the pump frequency ωp is fixed at 2π × 14.9 GHz and the pump
power Pp is fixed at −16 dBm.

spectrum consists of a series of peaks that match Adler’s
theory [12] for injection locking since they are localized at

ωn(ωin,a) = ωin,a + (n + 1)ωbeat(ωin,a) (4)

for an arbitrary integer index n, where the beating fre-
quency ωbeat is defined as [24]

ωbeat(ω) = (ωa − ω)

√
1 −

(
�ωin

2(ωa − ω)

)2

. (5)

The resulting frequencies ωn(ωin,a), shown as dashed lines
in Fig. 2, match precisely with the position of the peaks
in the emission spectra of the circuits. The peak corre-
sponding to n = 0 corresponds to the pulled oscillator
frequency, which becomes equal to its natural frequency
when |ωin,a − ωa| � �ωin and deviates significantly as
ωin,a approaches ωa. In agreement with the theory, we
observe experimentally that ω0 evolves continuously as
we sweep the injection frequency and matches ωin,a in
the injection-locking range. The peak corresponding to
n = −1 is exactly at the injection frequency for all ωin,a.
Other values of n can be observed and correspond to
higher-order-frequency-distortion sidebands.

Since for nondegenerate parametric oscillations the
phases of the oscillations are correlated in resonators a
and b, it is sufficient to inject a signal in only one of them

to suppress simultaneously their phase indeterminacy. As a
consequence, by injecting a signal at frequency ωin,b ≈ ωb
in resonator b, we observe the same injection-locking phe-
nomena as before when looking at the emission spectrum
of resonator a [Fig. 2(b)]. One striking difference is that,
within the injection-locking range, the frequency of the
emission peak is given by ω̃in,a = ωp − ωin,b rather than
ωin,a, and therefore decreases as we increase the frequency
of the injected signal. One advantage of this two-mode
injection locking is that the injected signal can be spa-
tially and spectrally separated from the natural frequency
of the oscillator. This could be useful for certain appli-
cations, where, for example, one of the resonators has to
remain isolated such as in a quantum memory [25]. Beyond
the locking range, the emission-spectrum frequency peaks
are localized at ωn(ω̃in,a) according to Eq. (4). The mea-
sured spectral peaks match well these frequencies [dashed
lines in Fig. 2(b)], so their frequencies are also captured by
Adler’s theory when ωin,a is replaced by ωp − ωin,b.

IV. PARAMETRIC LOCKING

We demonstrate a strategy to suppress phase indeter-
minacy that relies on what we call “parametric locking”
instead of injection locking. Since the sum of the phases
of the two modes θa + θb is fixed [21] when the sys-
tem is pumped at ωa + ωb, one needs only a single extra
constraint to determine the phases of the outgoing field
unequivocally. This can be obtained by pumping the circuit
with a parametric drive close to ωa − ωb, which con-
nects the fields in resonators a and b through conversion
processes such that θa − θb becomes a constant [26]. In
practice, we drive the common mode of the Josephson
mixer [22] at ωp = ωa + ωb with an amplitude p above
the parametric oscillation threshold and simultaneously
at ωc ≈ ωa − ωb with an amplitude c. This simultaneous
pumping can be used in other power regimes to realize
a circulator [27,28] or to simulate ultrastrong coupling
between oscillators [16].

Because of this additional drive at ωc, the three-wave-
mixing Hamiltonian acquires extra terms in the rotating-
wave approximation,

�χ(câ†b̂ + c∗âb̂†), (6)

which account for the conversion of photons between res-
onators a and b. They result in a parametric locking similar
to injection locking within a range �ωc, in which the
frequency of emission is given by (ωp + ωc)/2 instead
of ωin,a for mode a and (ωp − ωc)/2 instead of ωin,b for
mode b. Moreover, beyond this range, the spectrum is
also composed of a series of peaks, whose frequencies
are properly described by Adler’s theory provided that in
Eq. (4) we use an effective injection-locking frequency
ω̃in,a = (ωp + ωc)/2 for mode a and ω̃in,b = (ωp − ωc)/2
for mode b.
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(a)

(b)

FIG. 3. (a) Parametric locking range �ωc measured on res-
onator a as a function of pump power Pp . The pump frequency
ωp is set to 2π × 14.95 GHz and the parametric locking tone
is injected at ωc for a constant power Pc = −20 dBm. The full
black line corresponds to �ωc ∝ √

Pp . (b) Parametric locking
range measured on the mode a (green dots) and mode b (orange
dots) as a function of locking signal power Pc at ωc. The pump
frequency ωp is set to 2π × 14.95 GHz and the pump power Pp
is set to −16 dBm. Full black lines correspond to �ωc ∝ √

Pc.

This behavior is shown in Figs. 2(c) and 2(d), where we
have measured power spectral densities Sa(ω) and Sb(ω)

of the radiation emitted from modes aout and bout, respec-
tively, as a function of the frequency ωc of the parametric
drive. The spectra obtained by parametric locking are sim-
ilar to those obtained by injection locking [Figs. 2(a) and
2(b)]. However, a couple of striking differences can be
observed. Since the effective locking frequency is now
given by (ωp ± ωc)/2, the frequency of the emission peak

within the locking range shows a slope ± 1
2 as a function

of ωc for modes a and b, respectively. This technique of
parametric locking allows us to suppress phase indeter-
minacy by using only tones that are far from the reso-
nant frequencies of the oscillators. This procedure could
be useful for certain applications when one wants the
locking signal to remain far from the spectral range of
interest. It could also be used in situations where two
oscillators are almost degenerate in frequency but out-
side the technically accessible frequency range. Outside
the locking range, the emission-peak frequencies are prop-
erly described by Adler’s theory with the effective locking
frequencies [dashed lines in Figs. 2(c) and 2(d)].

Parametric locking can be made to operate over a larger
frequency range by increasing the pump power Pp at ωp
away from the parametric oscillation threshold. It can be
shown using Langevin equations (see Appendix A) that
at low pump powers we expect �ωc to be proportional to
the pump amplitude |p| and thus to

√
Pp . This is another

qualitative difference compared with the case of injection
locking, where �ωin is proportional to

√|p| and thus to
P1/4

p . As shown in Fig. 3(a), we observe that the size of the
locking range indeed follows the expected behavior as a
function of pump power. At larger pump power Pp , higher-
order terms start to contribute significantly and the locking
range has a more-complex evolution.

We also observe a power dependence of the paramet-
ric locking range with the power of the injected parametric
signal. It is well known for standard injection locking [8]
that the locking range is proportional to the amplitude of
the injected signal and is therefore a square-root function
of the injected power Pin as predicted by Adler’s the-
ory. We observe that for parametric locking the locking
range increases similarly with the strength of the injected
parametric signal [Fig. 3(b)], suggesting that a stronger
injected signal is favorable to suppress phase indetermi-
nacy in resonators a and b. For these measurements as
well as those in Fig. 2, the injected-signal powers are cho-
sen so that the frequency of the peak in the middle of
the locking range is the same for all experiments to ease
comparisons.

FIG. 4. Measured power spectral density Sa(ω) of mode aout as a function of ω and ωc for different pump powers Pp . The pump
frequency ωp is set to 2π × 14.952 GHz and the locking signal is injected at a constant power Pc = −20 dBm.
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Finally, we explore the parametric locking behavior
of our circuit well beyond the parametric threshold by
increasing the pump power Pp . This reveals qualita-
tive deviations from Adler’s theory as can be seen in
the measured spectra in Fig. 4. At pump powers Pp >

−10 dBm (referred to the input of the dilution refrigerator),
bifurcationlike features [29] appear in the emission-peak
frequency dependence due to the importance of micro-
scopic multiphotonic processes involving more than three
photons. These features are reminiscent of chaotic behav-
ior [30] and should be studied further.

V. CONCLUSION

We demonstrate injection-locking and parametric lock-
ing techniques for coupled nonlinear oscillators that make
use of a three-wave-mixing interaction. The geometry
of the Josephson circuit we use, based on two spa-
tially and spectrally separated resonators, provides original
approaches to suppress the inherent phase indeterminacy
of parametric oscillators and lock the field emitted from
the resonators. These techniques could be useful for appli-
cations in which standard injection locking is not possible.
This work illustrates how the strong coupling of supercon-
ducting circuits to microwave modes enables the design
and use of a variety of nonlinear effects that will be
instrumental for quantum-information applications such
as quantum error correction, nonreciprocal devices, and
detectors.
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APPENDIX A: PARAMETRIC OSCILLATION

In our experiment, we measure emission spectra of a
Josephson circuit in the parametric oscillation regime. The
circuit is driven by a pump at an amplitude larger than
the amplitudes used in the linear parametric amplifica-
tion regime. The threshold pump amplitude is defined by
cooperativity C equal to 1 and is thus given by |χpth|2 =
κaκb/4.

We detect the threshold by measuring the distribution
of the field quadratures for different pump amplitudes. The
signal emitted from mode a (b) is amplified and its two
quadratures Xa and Pa (Xb and Pb) are determined by het-
erodyne measurement. In practice, the signals emitted from
modes a and b are amplified and mixed with an external

FIG. 5. Field-quadrature histograms of the output fields mea-
sured in the linear amplification regime. They correspond to the
emission of a two-mode squeezed state by amplification of vac-
uum fluctuations, as can be inferred from the histograms shown
along quadratures of different modes (see Ref. [25] for details).

local oscillator with a small (few tens of megahertz) detun-
ing δω from the mode frequencies. The output voltage
of the mixer is then digitized with a 250-MHz-bandwidth
acquisition board. We demodulate the signals at δω over
a finite time window to determine the two quadratures X
and P. It is possible to calibrate these quadratures in mean-
ingful units. If a coherent state |α〉 is stabilized in mode
a, the calibration is such that, on average, 〈Xa〉 = Reα and
〈Pa〉 = Imα. With this choice, the quadratures X and P are
dimensionless.

In the parametric amplification regime, when modes a
and b are not driven, the output field is described by a
Gaussian distribution centered at the origin. The variance
of a single mode a or b is that of the vacuum fluctu-
ations amplified by the Josephson mixer and with the
thermal noise added by the chain of amplifiers, as shown in
Fig. 5. The apparent two-mode squeezing in the Xa–Xb and

FIG. 6. Distribution of measurement outcomes in the paramet-
ric self-oscillation regime for cooperativity C = 1.3. The phase
of the pump is tuned such that strong correlations are visible in
the Xa–Xb and Pa–Pb planes.
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FIG. 7. Measured quadrature statistics for mode a for the pump
power fixed in the self-oscillation regime and for four differ-
ent powers of the small signal injected on resonance into mode
a. Field-quadrature axes are calibrated in the square root of the
number of photons.

Pa–Pb histograms originates from the vacuum two-mode
squeezed state emitted by the device [17].

Beyond the threshold, the self-sustained parametric
oscillation state is characterized by complex amplitudes
given by

a = a0eiθa ,

b = b0eiθb

and highly degenerate phases θa and θb of the fields [11].
This regime is shown in Fig. 6. While a minimum of poten-
tial energy is reached for any phase θa or θb, the sum of the
phases is constrained and given by the phase of the pump
up to an offset that depends on cooperativity. In Fig. 6,
we chose the phase of the pump to highlight this phase
constraint in the Xa–Xb and Pa–Pb phase spaces.

We then inject a weak tone at frequency ωin on res-
onance in mode a and measure the quadrature statistics
for different powers of the injected signal. The histograms
shown in Fig. 7 demonstrate the transition from the phase-
unlocked regime to the phase-locked regime. A global
rotation from one histogram to the next corresponds to a
slowly drifting phase in the detection setup.

APPENDIX B: INJECTION-LOCKING AND
PARAMETRIC LOCKING RANGE CALCULATED

USING THE LANGEVIN-EQUATION
FORMALISM

1. Injection locking

When the circuit is pumped at ωp = ωa + ωb, it can be
described by the classical Langevin equations

da
dt

= −iωaa − iχpb∗−�aa + iχa|a|2a

+ iχab|b|2a +
√

2�aain,

db
dt

= −iωbb − iχpa∗−�bb + iχb|b|2b

+ iχab|a|2b +
√

2�bbin,

(B1)

where �a = κa/2, �b = κb/2, where κa and κb are the dis-
sipation rates of the modes of amplitude a and b, and

p = |p|e−iωp t is the amplitude of the pump applied on
the common mode. We include fourth-order Kerr terms
necessary for the stabilization of parametric oscillation.

On top of these equations, the fields, which can have
complex amplitudes, obey the following boundary condi-
tions:

√
2�aa = ain + aout,√
2�bb = bin + bout

. (B2)

In the parametric oscillation regime and beyond thresh-
old, the number of photons grows rapidly in the resonators
(na � 1 and nb � 1), such that the outgoing power is
much larger than the incoming power. We then have√

2�aa ≈ aout and
√

2�bb ≈ bout. Because of energy con-
servation, the number of outgoing photons must be the
same for resonators a and b, and therefore |aout| ≈ |bout|.
It is therefore straightforward to show that

�ana ≈ �bnb (B3)

if na = |a|2 and nb = |b|2 are the numbers of photons in
each mode.

For injection locking to occur, one injects a small sig-
nal ain = |ain|e−iωt in resonator a, whereas bin = 0, such
that the fields a and b acquire well-defined phases and
frequencies. We can therefore write a = ãe−iωt and b =
b̃e−i(ωp −ω)t, where the complex amplitudes ã and b̃ do not
depend on time. Using these expressions in Eq. (B1), we
find the following expression for the field in resonator a:

a =
√

2�aain

−i (�ω+χana +χabnb) +�a − |χp|2
i(−�ω+χbnb+χabna)+�b

,

(B4)

where we have defined �ω = ω − ωa.
For a large field to arise in the resonator (|a| � 1) when

a vanishing injection-tone amplitude |ain| → 0 is applied,
the denominator of the previous expression must become
smaller than

√
�a|ain|. Therefore, when injection locking

happens, one can write

[−i (�ω + χana + χabnb) + �a]

× [i (−�ω + χbnb + χabna) + �b] − |χp|2 → 0.
(B5)

The real part of this expression gives the condition for
injection locking to occur,

|χp|2 ≈ �a�b + (�ω + χana + χabnb)

× (−�ω + χbnb + χabna), (B6)

while the imaginary part gives the relation between the
number of photons and the frequency shift with respect to
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the natural frequency of the oscillator,

�b(�ω + χana + χabnb) ≈ �a(−�ω + χbnb + χabna).
(B7)

Using the condition (B3) that �ana ≈ �bnb, one obtains
from Eqs. (B6) and (B7)

|χp|2 = �a�b + (�ω + χ̃ana)(−�ω + χ̃bna) (B8)

and

�b(�ω + χ̃ana) = �a(−�ω + χ̃bna), (B9)

respectively, where we have defined χ̃a = χa + χab�a/�b
and χ̃b = χab + χb�a/�b. Equations (B8) and (B9) have a
single solution (�ω0, na0), which means that the frequency
range over which the locking can occur is infinitely small
(�ωin = �ωmax − �ωmin ≈ 0).

For larger injection-tone amplitude (i.e., |ain| ∼ √
�a)

but still under the condition �ana � |ain|2, the square
modulus of Eq. (B4) combined with Eq. (B3) gives

na =
∣∣∣∣∣∣

√
2�aain

−i (�ω + χ̃ana) + �a + |χp|2
i(−�ω+χ̃bna)+�b

∣∣∣∣∣∣

2

, (B10)

which has an ensemble of solutions forming an ellipselike
shape centered at (�ω0, na0) in the {�ω, na} phase space,
and whose major axis is given by Eq. (B8). We can there-
fore find an approximate expression for the maximum and
minimum frequency shift �ω along this axis by combining
Eqs. (B10) and (B8). This leads to

na × [�b(�ω + χ̃ana) − �a(−�ω + χ̃bna)]2

= 2�a|ain|2
[
�2

b + (�ω − χ̃bna)
2] , (B11)

and then by introducing δω = �ω − �ω0 and δna = na −
na0, we obtain the relation between the resonator popula-
tion δna for an injection amplitude ain and the frequency
shift δω:

na × [�b(δω + χ̃aδna) − �a(−δω + χ̃bδna)]2

= 2�a|ain|2
[
�2

b + (�ω − χ̃bna)
2] , (B12)

where we have used the fact that (�ω0, na0) is the solution
of Eq. (B9).

Equation (B12) can be simplified by introducing the
three constants

α = (�a + �b) + (�bχ̃a − �aχ̃b)

× 2�ω0 − (χ̃b − χ̃a)na0

(χ̃b − χ̃a)�ω0 + 2χ̃aχ̃bna0
,

β = χ̃b�a − χ̃a�b

�a + �b
− χ̃b,

γ = |�a + �b

χ̃a + χ̃b
| ×

√
1

�a�b
,

(B13)

which linearly relate δω to δna, �ω0 to na0, and na0 to |χp|
in the following way

�b(δω + χ̃aδna) − �a(−δω + χ̃bδna) = α × δω,

�ω0 − χ̃bna0 = β × na0,

na0 = γ × |χp| ,

(B14)

given that the number of photons in the resonator remains
very large (�a�b � |χp|2 and �b � χ̃bna). The constants
β and γ are obtained using the fact that (�ω0, na0) is the
the solution of Eqs. (B8) and (B9), while α is obtained by
linearization of Eq. (B8) to the first order in δω and δna.

At the lowest order in δω, δna, and |ain| and for �b �
χ̃ana0, Eq. (B12) then becomes

γ × |χp| α2δω2 = 2�a|ain|2β2(γ × |χp|)2, (B15)

which gives two symmetric solutions ±δω such that the
locking range �ωin = 2δω is given by

�ωin ≈ 2
√

2�a

√
β2γ

α2 |ain|
√

|χp|. (B16)

Expression (B16) shows that the locking range increases
as the square root of the injected power

√
Pin = |ain| and

follows a power law with the pump power
√|p| = P1/4

p as
mentioned in Fig. 3.

2. Parametric locking

In the case of parametric locking, the circuit is simulta-
neously pumped at ωp = ωa + ωb and ωc = ωa − ωb, and
ain = bin = 0. The Langevin equations thus read

da
dt

= −iωaa − iχpb∗−�aa

+ iχa|a|2a + iχab|b|2a − iχcb,

db
dt

= −iωbb − iχpa∗−�bb

+ iχb|b|2b + iχab|a|2b − iχc∗a,

(B17)
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D. MARKOVIĆ et al. PHYS. REV. APPLIED 12, 024034 (2019)

where p = |p|e−i(ωp t+ϕp ) and c = |c|e−i(ωct+ϕc) are ampli-
tudes of the stiff pumps applied to the common mode of
the circuit.

The solutions for which parametric locking occurs can
be written as before as a = ãe−iω1t and b = b̃e−iω2t. Sta-
tionary solutions, where ã and b̃ do not depend on time,
exist only if

ω1 = ωp + ωc

2
and ω2 = ωp − ωc

2
. (B18)

Injecting these solutions into the Langevin equations leads
straightforwardly to the expression

a
a∗ =

2iχ2pc (�ω − χ̃bna) /
[
(�ω − χ̃bna)

2 + �2
b

]

−i�ω + �a − iχ̃ana − |χp|2
�b−i(�ω−χ̃bna)

+ |χc|2
�b+i(�ω−χ̃bna)

,

(B19)

where we have taken ω1 = ω and ω2 = ωp − ω and define
�ω = ω − ωa.

Similarly to injection locking in the case of vanishing
input amplitude ain, this expression has a single solution
(�ω0, na0) if c → 0.

For a finite pump amplitude c, the solutions also form
an ellipse in the {�ω, na} phase space, whose center is
given by (�ω0, na0) and whose major axis is given by the
solution of Eq. (B8). Similarly to injection locking, we can
find an approximate expression for the maximum and min-
imum frequency shifts �ω along this axis by combining
Eqs. (B8) and (B19) and using the fact that in the experi-
ment |p| � |c| and that the numbers of photons na and nb
are large. Equation (B19) thus simplifies to

a
a∗ ≈ i2χ2pc

αδω
, (B20)

where α is the same constant as for injection locking and
δω = �ω − �ω0.

We thus find the parametric locking range to be

�ωc = 4χ2 |pc|
α

, (B21)

which shows that the locking range increases as
√

Pp and√
Pc. The two pumps therefore act in a similar way for

parametric locking.
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[16] D. Marković, S. Jezouin, Q. Ficheux, S. Fedortchenko,
S. Felicetti, T. Coudreau, P. Milman, Z. Leghtas, and B.
Huard, Demonstration of an Effective Ultrastrong Cou-
pling between two Oscillators, Phys. Rev. Lett. 121, 040505
(2018).

[17] E. Flurin, N. Roch, F. Mallet, M. H. Devoret, and B.
Huard, Generating Entangled Microwave Radiation Over
two Transmission Lines, Phys. Rev. Lett. 109, 183901
(2012).

[18] A. Kamal, A. Marblestone, and M. Devoret, Signal-to-
pump back action and self-oscillation in double-pump

024034-8

https://doi.org/10.1063/1.1754502
https://doi.org/10.1038/s41566-018-0320-3
https://doi.org/10.1109/JSSC.2004.831608
https://doi.org/10.1137/0150098
https://doi.org/10.1038/s41586-018-0632-y
https://doi.org/10.1063/1.5079305
https://doi.org/10.1103/PhysRevLett.95.067203
https://doi.org/10.1103/PhysRevA.92.053802
https://doi.org/10.1103/PhysRevLett.109.233906
https://doi.org/10.1126/science.aah6640
https://doi.org/10.1103/PhysRevB.97.144502
https://doi.org/10.1109/PROC.1973.9292
https://doi.org/10.1038/nature09035
https://doi.org/10.1103/PhysRevLett.108.147701
https://doi.org/10.1103/PhysRevB.87.014508
https://doi.org/10.1103/PhysRevLett.121.040505
https://doi.org/10.1103/PhysRevLett.109.183901


INJECTION LOCKING AND PARAMETRIC LOCKING. . . PHYS. REV. APPLIED 12, 024034 (2019)

josephson parametric amplifier, Phys. Rev. B 79, 184301
(2009).

[19] S. Reynaud, C. Fabre, and E. Giacobino, Quantum fluctua-
tions in a two-mode parametric oscillator, J. Opt. Soc. Am.
B 4, 1520 (1987).

[20] D. F. Walls and G. J. Milburn, Quantum Optics (Springer,
Berlin, 2008).

[21] W. Wustmann and V. Shumeiko, Nondegenerate parametric
resonance in a tunable superconducting cavity, Phys. Rev.
App. 8, 024018 (2017).

[22] E. Flurin, Ph.D. thesis, École Normale Supérieure, Paris,
2014.

[23] C. M. Wilson, T. Duty, M. Sandberg, F. Persson, V.
Shumeiko, and P. Delsing, Photon Generation in an Electro-
magnetic Cavity with a Time-dependent Boundary, Phys.
Rev. Lett. 105, 233907 (2010).

[24] M. Armand, On the spectrum of the unlocked driven oscil-
lators, Proc. IEEE 57, 798 (1969).

[25] E. Flurin, N. Roch, J. D. Pillet, F. Mallet, and B. Huard,
Superconducting Quantum Node for Entanglement and
Storage of Microwave Radiation, Phys. Rev. Lett. 114,
090503 (2015).

[26] B. Abdo, K. Sliwa, F. Schackert, N. Bergeal, M.
Hatridge, L. Frunzio, A. D. Stone, and M. Devoret, Full
Coherent Frequency Conversion between two Propagat-
ing Microwave Modes, Phys. Rev. Lett. 110, 173902
(2013).

[27] K. M. Sliwa, M. Hatridge, A. Narla, S. Shankar, L. Frun-
zio, R. J. Schoelkopf, and M. H. Devoret, Reconfigurable
Josephson Circulator / Directional Amplifier, Phys. Rev. X
5, 041020 (2015).

[28] T.-C. Chien, O. Lanes, C. Liu, X. Cao, P. Lu, S.
Motz, G. Liu, D. Pekker, and M. Hatridge, Multi-
parametric amplification and qubit measurement with a
Kerr-free Josephson ring modulator, arXiv:1903.02102
(2019).

[29] C. Richy, K. I. Petsas, E. Giacobino, C. Fabre, and L.
Lugiato, Observation of bistability and delayed bifurcation
in a triply resonant optical parametric oscillator, J. Opt. Soc.
Am. B 12, 456 (1995).

[30] L. A. Lugiato, C. Oldano, C. Fabre, E. Giacobino, and
R. J. Horowicz, Bistability, self-pulsing and chaos in opti-
cal parametric oscillators, Nuovo Cimento D 10, 959
(1988).

024034-9

https://doi.org/10.1103/PhysRevB.79.184301
https://doi.org/10.1364/JOSAB.4.001520
https://doi.org/10.1103/PhysRevApplied.8.024018
https://doi.org/10.1103/PhysRevLett.105.233907
https://doi.org/10.1109/PROC.1969.7077
https://doi.org/10.1103/PhysRevLett.114.090503
https://doi.org/10.1103/PhysRevLett.110.173902
https://doi.org/10.1103/PhysRevX.5.041020
https://doi.org/10.1364/JOSAB.12.000456
https://doi.org/10.1007/BF02450197

	I. INTRODUCTION
	II. MEASUREMENT SETUP AND DEVICE PARAMETERS
	III. INJECTION LOCKING
	IV. PARAMETRIC LOCKING
	V. CONCLUSION
	ACKNOWLEDGMENTS
	A. APPENDIX A: PARAMETRIC OSCILLATION
	B. APPENDIX B: INJECTION-LOCKING AND PARAMETRIC LOCKING RANGE CALCULATED USING THE LANGEVIN-EQUATION FORMALISM
	1. Injection locking
	2. Parametric locking

	. References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


