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This paper is devoted to the study of Newton-type algorithm for solving inclusions involving
set-valued maps defined on Riemannian manifolds. We provide some sufficient conditions
ensuring the existence as well as the quadratic convergence of Newton sequence. The material
studied in this paper is based on Riemannian geometry as well as variational analysis, where
metric regularity property is a key point.
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1. Introduction

We consider the problem finding a solution of inclusion
0€ f(z)+ F(x). (1)

Here, the variable x varies in a finite dimensional Riemannian manifold M,
f M — R" is at least continuous, while F' : M = R" is a set-valued
mapping. We suppose that the graph Gr(F') of F is closed with respect to the
product topology on M x R™.



The general inclusion (1) covers many situations which have been studied
widely in the literature. When M is a Euclidean space, (1) is nothing but the
so-called generalized equation. In [3], the authors studied the (super-)linear
convergence of a Newton-type iterative process for solving generalized equa-
tions. The Kantorovich approach and Smale’s classical («,y)-theory was ex-
tended to generalized equations in [4]. If F(z) = 0, problem (1) reduces to
solve nonlinear equation f(z) = 0 on M. In the case F(x) = K for a fixed
cone K C R™, (1) coincides with the problem studied in [21].

The current work considers a scheme of Newton-type method to approximate
a solution of (1). This is based on the well-known Josephy-Newton method
applied to the generalized equation which was introduced in [8]. The strategy
is that to start at a guess point xy nearby a solution, and generates a sequence
(zg, vg) in the tangent bundle T'"M by the scheme

0 € flex) + 2f(an)(or) + (F o Re,) (k) Thr = Ra(0r)- (2)

In (2), 2f(z) : T.M — R" and R, : T,M — M are respectively the
covariant derivative of f and the retraction at z (see Section 2). Observe that
when F' = 0, (2) subsumes as a particular case of Newton-type methods for
solving nonlinear equation on manifold M studied e.g. in [2, 6]. Furthermore,
it might be viewed as an extension of algorithms for finding singularities of
a vector field considered by the works [5, 9, 10] if f is replaced by a smooth
vector field X, and F' is the zero field F'(x) = 0,. In the same spirit, more other
discussions about Newton-type method applying on smooth manifold can be
found in [1, 19, 17, 20].

The paper is organized as follows. In section 2, we recall basic elements, no-
tations and backgrounds on Riemannian geometry that will be useful in the
sequel. Section 3 is devoted to the stability of the metric regularity property
of the sum of two operators on Riemannian manifolds. In section 4, we prove
the local and global convergence of the retraction Newton-type algorithm for
solving (1).

2. Notions and backgrounds

Throughout this paper, we prefer to adopt the standard notations and different
concepts used in [7, 15| dealing with the basic background from Riemannian
geometry. For more details about these events, the readers are referred to
[12, 1, 14, 18] and references therein.

Riemannian manifold, metric structure. All objects under consideration
in this paper concerns finite dimensional smooth manifolds. The terminology
smooth is meant to be differentiable at least beyond the order that appears.
Elementary notions of differential geometry are assumed to be familiar.



A Riemannian manifold M of dimension m is a differentiable manifold of the
same dimension which is endowed with a Riemannian metric g. If x is a point
in M, the norm induced by ¢ in the tangent space T, M of M at x is denoted
by [|]|,- By B.(v,7) (resp. B,(v,r)) we mean the open (resp. closed) ball in
T, M with center at v € T, M and radius » > 0. To mention about the open

(closed) unit ball in T, M, we write B, (resp. B,).

Let x: [a,b] — M be a piecewise smooth curve, then its length is given by
the quantity

(00 = [ IOl it

Recall that here x/(t) stands for the tangent vector (or velocity) of x at the
instant t. (This is sometimes denoted in other ways, such as, x(t) or %(t).)
For two points z,y in the manifold M, the Riemannian distance between x

and y can be defined as follow

) X: [a,b] CR — M piecewise smooth;

We will omit the subscript M when the manifold is fixed.

With the Riemannian distance dyq, M becomes a metric space. Unless it has
some other specification, the space (M, dp,) is always supposed to be complete.
Completeness can be described via the famous Hofp—Rinow theorem (see [7,
15]). As usual, we denote the open and closed ball on M with center x and
radius 7 > 0 by B(z,r) and Bp(z,7), respectively.

Connection, covariant derivative. Let V be the Levi-Civita connection
on the manifold M. Consider a smooth function f: M — R and a vector
field Y on M. The covariant derivative of f with respect to Y is the function
Vyf := Yf, where Y[ indicates the action of Y on f (see [12, 15]). For
x € M, the covariant derivative Zf(z): T, M — R of f at z is a function
which assigns to each v € T, M the value Zf(x)(v) := (Vy f)(z) € R, where
Y is a vector field such that Y, = v. Explicitly, we have

2 f(@)(v) = X'(0)(f) = (f o x)" (0) (3)

for any smooth curve x satisfying x(0) = z and x/(0) = v.
Generally, if f = (f1,..., fn) : M — R"™ is a smooth map, then one defines

2 fi1(x)
Pf(x) = :
D fu(2)

as the covariant derivative of f at x. The covariant derivative Z f(z) is a linear
map from 7T, M into R™ (cf.[6]). In the sequel, we use the following norm for



the covariant derivative

12f ()| := sup [|Zf(z)(u)lgn - (4)

u€T M
flull, <1

Vector transportation. We will need later the concept of vector transports.
They provide a way to link between different tangent spaces of a manifold.
Among them, parallel transportations are the most typical and important.
Assume y : [a,b] — M is a smooth curve. By a vector field V' along ¥,
we mean a smooth map such that V(t) € T,y M. V is said to be parallel
along  if its covariant derivative V,,V vanishes. Then, the parallel transport

Py x(@)x) * Tx@M — Typ)M is given by

Py x(ayx (v) = V(b),

where V' is the unique vector field along x satisfying V,/V = 0 and V(a) = v.

It is well-known from Riemannian geometry that Py \(q) () is a linear isometry.

In particular, one always has

=1 and P! =P
XoX

xXx(b),x(a)-

1Pex@x® 7, . mir, gym (a),x(b)

Retraction. Retraction (cf. [5, 17]) is a crucial object for our approach. In
this paper, a retraction is meant to be a smooth map R: TM — M from the
tangent bundle into M so that its restriction R, (retraction at z) of R onto
each tangent space T, M satisfies

« R (0;) =u,
e (dR.), = idg,pm, with the identification T, (T, M) ~ T, M.

On the preceding descriptions, (dR,), stands for the differential of R, at
the origin 0, of T,M. If R is a retraction, and (x,v) is in TM, then the
map x : t — R,(tv) defines a smooth curve on M satisfying x(0) = =
and x'(0) = v. There is a natural retraction reduced by geodesics on M,
known as exponential map of the tangent bundle [7]. Recall that a curve
X : I — M is called a geodesic, if its acceleration V,,x’ is vanishing. The
exponential map exp : TM — M can be defined by exp(z,v) = x(1,z,v),
where t — x(t,z,v) is the unique geodesic such that x(0,z,v) = 2z and
X'(0,z,v) =wv.

The exponential map has many important properties. At each point of a Rie-
mannian manifold, there is a normal neighborhood for which exp, is injective
on some ball around the origin of tangent space T, M (see [12, 7, 18]). In accor-
dance with this property, we will establish here a similar result applied for any
retraction. The proof is based on the same strategy as the case of exponential
maps presented in the literature.



Proposition 2.1. Let M be a complete m—dimensional Riemannian manifold,
and let R : TM — M be a retraction. Then for every x € M there exists
a neighborhood W, = By(x,r,) (r, > 0 depends on z) and a real number
Cr(x) > 0 such that if y € W, then R, : T,M — M is injective in the ball
Cr(z)B, with R, (Cg(z)B,) D W,. We will call such a pair (ry, Cr(z)) as a

R-normal pair at x.

Proof. Let (U,x) be a local coordinate of M at z. Then (U x U, (x,x)) is a
local coordinate on M x M. Consider the map H : TU — M x M given by

H(z,v) = (z, Rz(v)).

Since R,(0,) = x and (dR,.), = id, the matrix of dH,,) in the local coordi-
nate above can be written as follow

(1)

Hence, we can apply an analogous argument as the proof of existence for normal
neighborhood in Riemannian manifold and obtain the required conclusion. For
shortness, one keeps in mind [15, Lemma 5.12] and/or [7, Theorem 3.7]. [

Besides Proposition 2.1, we shall also need some other facts. The next state-
ment will be useful throughout the rest of this paper.

Assumption 2.2. Given a retraction R : T’M — M, an open subset 2 C
M and positive numbers ¢, p1, po. We say that R satisfies the uniform rate
condition on 2 with respect to ratios pi,ps and radius e, written as R €

URC(p1, p2,¢,9Q), if
prllu— v, < d(Ru(u), Ra(v)) < p2llu— v, (5)
for all x € Q) and u,v € B,,.

Remark 2.3. It is obvious to see that (5) is trivial in the case M = R™ and R
is the usual translation R,(u) = x4 u. Another less trivial case will be showed
in Example 2.4 below. When R = exp is the exponential, the left-hand side
of (5) is satisfied on any Hadamard manifold (for instance, cf. [18], Chapter
V, Proposition 4.5). If R = exp and Q = By(Z,r), where r is small enough,
the right-hand side of (5) is also valid in terms of local property [12, 6]. For
general retractions, a condition ensures (5) appeared in the work [17], where
retractions R, are required to satisfy the equicontinuous derivative on 2.

Example 2.4 (retraction on the unit sphere). Consider the m-unit sphere
S™ = {z e R™: |z||* = 2Tz = 1},

where the vector is written in column form. S™ is endowed with the Riemannian
metric

9u(u,v) = (u,v)pem = u'v, Vu,v € T,S" ={z e R™": 2"z =0}. (6)



The Riemannian distance associated to the metric above is given by
d(x,y) = arccos (a:Ty) , x,y € S™. (7)
According to [1], let us consider the retraction

B r+u
|2+ ul’

R, (u)

reS" ueT,S". (8)

Observe that we have

T (z + u)

d(x, Ry(u)) = arccos (
(o ) ot al

1
) = arccos ——— = arctan ||u/| .
2
1+ [ful]

So, R, is injective on the whole space T,S™ and R, (¢B,) = Bgn (z, arctane)
for every x € S™ and ¢ > 0.

Let r > 0 be small enough and 2 C S™ is a closed set. Suppose that z € (2
and u,v € rB, C T,S™ are fixed. For brevity, we put d := d(R,(u), R,(v)).
From (7) and (8) we get
B 1

[z + ull [l + o

1+ uTw

(L Jal) " (1 + [10)?)

cosd = R, (u)T Ry(v) (2 +u) T (z +v)

/2

Hence
2 2 2 2
- e =olF + Jul P lo]* = (u"v)

sin?d =1 — cos?d =
(14 flull®) (1 + [lo]%)

It is clear that |ju” |jv]|* — (uTU)2 > 0, so

2 2

L, o] (L) :

sin“d > > —— ) Jlu—2|". 9)
(L4 flull®) (L [ol?) — N1+

On the other hand, we have 2u”v = |Ju||* + ||v||* = |lu — v||*, which implies

211112 2 2 2 1 9 2 9\ 2
P Bl = () = ol = 3 (Rl + ol = = )

1 2 2 9 1 4 2 2\ 2
5 (hull? 4+ 1ol®) fhw = ol = 5 [l = ol + (el = 1ol1?)?]

1 2 2 2
< 5 (lell® + [[0I°) e = o]

Thus,
[ g (el + 1ol)] e = off®

in?2d < — . 10
i (L~ 1l (L o) vl (10)

<l



Note that

d< d(z, Ry(u)) + d(z, Ry(v)) = arctan ||ul| + arctan ||v]| <

b

whenever u, v are in the unit ball of T,S™. Taking into account the following
fact

sint

ro|
3 [

(9) and (10) give us

1 < d(Rs(u), Ry(v))
2 ST Ju—l

7r
<§,0<r<1,u7év€7‘]]33$.

Consequently,
R € URC (py(r), p2(r),r,Q), (11)

where r € (0,1}, p1(r) = ﬁ and pa(r) = 7.

3. Stability of the metric regularity property on Riemannian
manifolds

To study the convergence of schemes like (2), the concept of metric regularity for
set-valued mapping [13] plays an important role in our analysis. Recall that a
set-valued (or also multivalued) mapping ® : X = Y between two metric spaces
X and Y is a correspondence assigning to each x € X a subset ®(z) C Y. Such
a mapping is totally determined by its graph Gr(®) := {(x,y) ceXxY:ye
<I>(1;)} The mapping @ is said to be metrically regular on a subset V' C X xY
if there exists a constant x > 0 (a modulus of regularity) such that

disty (z, @7 (y)) < wdisty (y, ®(z)), forall (z,y) € V. (12)

In (12), distx(-,-) and disty(:,-) are respectively the distances in X and Y,
while ®~! stands for the inverse of ®, given by

r€ P (y) =y e d(z)

When dealing with a property like (12), we will sometimes write kK € REG (<I>, V)
to simplify notations. Moreover, we also write G € Zip,(S) to indicate that
the mapping (maybe set-valued) G is Lipschitz continuous on the set S with a
modulus A. In words, G € Zip,(S) means

A (G(2), G(y)) < Adx(z,y), ,y €S, (13)
where d}}(C, D) is the Hausdorff distance [16] between two subsets C' and D
inY

d (C’, D) = sup |dy (y, C’) —dy (y, D)‘ . (14)

yey



We now present the main results of this section, which ensures the stability of
metric regularity property. These are essential preliminaries for the convergence
analysis at the end of this paper.

Proposition 3.1 (stability of local metric regularity). Given a complete
Riemannian manifold of dimension m, and a retraction R : TM — M. Fix
a point x € M and let (r,, Cr(x)) be a R—normal pair at x. Suppose that there
exist some positive numbers 0 < p; < po satisfying R € URC(py, pa, 6, W)
with W, = By(x,r,) and § = Cr(x). Pick some tangent vector u € T, M
and some positive constants r, s, ', s, A\, X, o and k obeying the following
relations

( 0 = pylpan (N 4+ Auz) <1,
p1p2 (1+ %) s <
(o' pe) (N £ i) (1 H8) 7 4 (14 2) ¢ <5, 15)
prtpe llall, + prto + prtpe (14 £55) ' + 259

\ 02 Hu“ + p2 [pl P2 (1 + 1+0) r 4 fﬁes’}

N

N
=S

N

rx7

for w, = ||2f(x)||. Assume that the mapping @, = 2f(x)(:) + (F o R,) (*)
is metrically reqular on a neighborhood V, = B,(u,r) x Bgn(p, s) of (u,p) €
Gr(®P,) together with a modulus k. Pick some point y € IBM (x, o) N W, such
that, for each geodesic x : [0,1] — M having x(0) = x(1) = y and
x([0,1]) € W

(i) Xyyz=R;'oR,— P, ,. € ZLip\(0B,);

(i1)  the linear map Gy 4y = Pf(y) 0 Pyoy — D f(x) satisfies |Gy zyll <N
Set v = (R,'oR,) () € TyM, g=p—2f(x)(a)+ 2f(y)(v) € R", and 7 =
p1 ' pats. Then one has 7 € REG(®,,V,), where &, = 2f(y)(-) + (F o Ry) ()
and Vy, =B, (v,7") x Bra (g, s').

To prove Proposition 3.1, we need the following lemma.

Lemma 3.2. Under the assumptions of Proposition 3.1, one has
\I’yx = .@f(y) — .@f(ﬂf) o (R;l o Ry) S gip)\/_,_)\#m (5]By)
Proof. Without loss of generality, we can focus on the case where W, is a

normal neighborhood at x. Let x: [0,1] — W, be a geodesic having x(0) =
and x(1) = y. It is not difficult to check that

Uy o (v) = (Gray © Pay) (0) + (2 (2) 0 Tyya) (v),

for v € 0B,. As a result, we find



Wy (V) = Wy a(v)l|gn

= H( xoysw © xmy) (V' =) + Zf(2) (Zyye(V) = Zyyu(v) HRn
<Gl [|Peay |10 = 0ll, + 12 f (@) Py (@) = Zya (W),
SN =oll, + peA " =],

Hence, the conclusion of Lemma 3.2 follows. O

Proof of Proposition 3.1. Pick (v, w) € V,. We have to establish the esti-
mation

dist (v, @, (w)) < dist(w, By (v)). (16)

We omitted the subscripts of spaces in (16), since these ones are determined
by the objects upon which the corresponding distances act. Here and in what
follows, we will use the common notation dist(-, -) for distance on any arbitrary
metric space.

The set &,(v) is obviously closed. So, (16) is easy when dist(w,®,(v)) = 0.
Consider the case 1) = dist (w, §,(v)) > 0. First, we set vg = v and yo = Ry (vp).
Note that o = R, ' (R, (@)) € Cr(z)B,, the triangle inequality and Assumption
2.2 give us

9]l < pi'd(y, Ry(0)) = pyd(y, Ro(w)) < pi* (d(y,x) + d(z, Ry(w)))
<yt (d(z,y) + pellall,) < pito 4 prtps lall,,
This implies
lvoll, < llvo = oI, + l[oll, <"+ pito+ prtps llull, < 6.
Since R € URC (p1, p2, 6, W), we have
d(yo, z) < d(yo, Ry(0)) + d(Ry(V), ) = d(Ry(vo), Ry(0)) + d(R (), z)

< p2llvo = vll, + p2 llull, < por’+ p2 |lall,

146 K
_ 1 / /
P2 HUHx—Fpg |:,01 p2< 1 ) 1 8:| r

Thus, yo = Ry(vo) € W, C R, (6B,). Let us choose ug € B, with R, (up) = yo
and put
wo =w+ Zf(x)(ug) — 2f(y)(vy) € R™.

We claim that (ug, wy) € V,. Indeed, due to Assumption 2.2 and the choice of
ug we get

L 'd(Ry(uo), Ro(w)) = pytd(Ry(vo), Ry(0))

i ’ (17)
1 1,02 [vo — U||y )



which yields |lug — ]|, < p7'p2r’ < 7. Taking into account R, (ug) = R,(vo)
and R,(u) = R,(v), we deduce

lwo = Pllgn = llw =Wy z(v0) = [q = Wyu(0)]l|
< 1y (v0) = Wy o (0) |+l = Gl|n (18)
< (N + Asta) [lvo — 0l + [Jw = gllgn -

N

In view of (18), we obtain
lwo = Pllgn < (N + Aptz)r’ + '
146 0
< (pr'p2)" (X + hie) (1 ! ﬁ) o <1 i m) J <

Hence, the inclusion (ug, vg) € V; is clear. By invoking the fact « € REG(®,, Vy.),
we find

Uo) —|— (F O R;v) (Uo))
f(y)(vo) + (F o Ry) (Uo))

= rdist (y)
F@)w) + (Fo Ry) (v)) = rn.

= rdist
So we can select a vector u; in @, (wy) which satisfies
g — usl], = dist(uo, B, " (wo)) < k1.
To continue, let us set y; = R, (u;). Inasmuch as k € REG(®,, V,), one has
dist (a, D, ' (wp)) < rdist (wo, P, (7)) < & ||wo — Pllgn -
Consequently,

|ur — wo|, = dist (uo,égl(wo))
|up — @l + dist(ﬂ, @;1(100)) (19)
|

<
< lluo = all, + # flwo = pllgn -

By induction hypothesis, suppose that the tangent vectors uq, . . ., u € B, (u,r),
V0, ... , Vg1 € 6B, C T, M are given, and they obey the following conditions

M Ry(?)j):Rx<u]‘),j:0,1,...,k’—1;
o uj €D N wy), withw; =w+2f(x)(u;))—2f(y)(v), 5 =0,1,..., k—1;

oy —ujpall, <l —woll,,, for & = p par(N + Ap,) < 1 and
G010, k=1

10



Thanks to the triangle inequality, we can write

-1 -1
s = all, <D M = wigall, + lluo = all, < Y0 lur — woll, + [luo — all,
i=0 i=0

L0 | o + lluo —all, < !
= — U, Ug — U X
g "M Mol ML S Ty

lur = woll, + o1 p2 [lvo — o1l

Since p;'py = 1, from (17), (18) and (19) we obtain

lu; = all, <

_ 1 _ _ K _
< {m o+ 19 [p1 P2+ KN 4 At } lo = ol + 7= llw = dllgn

_ 1+0 _ K _
<ot (1 1 0g ) o= ol 2 o= e

The latter implies
sl < lJu; —all, + [lall,

_ 1+0 _ K _ _
<t (1 10g ) oo =l 2 o = e+,

1+6
< piipa (1+m> T’+1i93'+||?7”x<5

Next, involving again Assumption 2.2, we derive
d(Ry(wr), v) < d(Rp(ur), Ry () + d(Ro (), 2) < p2 ||k — all, + p2 |1,

ﬂ
_ 146 K _
<mPﬁmQ+——)MOvH+——Wuqhﬂ+mwm

_ +0 K _
< p2 [pl 'po (1 + m) '+ 05/] +p2 |l <o

This means y, = R, (u;) € W,. Selecting vy, € 0B, with R, (v;) = R, (u) and

we = w + D f(x)(ur) = 2f(y)(ve) = w — ¥y a(vi),

we get

[wr = Pllgn = [lw = Wy () = 7 = ¥y o (0)]|[gn
Sy (0r) = Wy o (0)l[gn + 1w = qllgn
< (N + Apta) v = 0ll,, + [l = gl

< (N A+ Apte) [Jox — o], + 5",

11



Moreover, it holds that
vk — o, < o d(Ry (0r), Fyl(0)) = o7 d( i), Bo(@)) < pips s — il

_ _ 146 _ K _
<orton{orten (14 155 ) oo ol + 255 o =l

_ _ 146 K
<pr'p {P1lp2 (1+m) '+ 1_08,}-

Hence,

) - — 1+0 K
[we = Pllgn < p1'o2(N + M) {Pl ' (1 + 1T9> r' 4+ . 03’} + 5

—1 2 / 1+0 / 0 /
(p1'p2) (/\+/\uz)(1+—1_0>r+<1+1_0 s'<s

In other words, (ux,wy) belongs to V,. Including the hypothesis of metric
regularity property once more, we find
dist (ug, D, ' (wy,)) < rdist (wi, Dy (ur)) < & ||wr — w1 ||gn
=k flw—=Wye(ve) = [w = Tya(ve1)]llge = £ [[¥ya(vr) = Vya(vh-1)llzn
< B+ Mz ) [Jow = vpall], -
On the other hand,

L (Ry(vr), Ry(ve-1)) = prtd(Ra(un), Re(up1))
o flur — upa

low = vr—all, < p
<P
which implies that

dist (ug, @, " (wy)) < 0 flup — we—1ll, < 0" [Jus — o, -

However, @, '(wy) is a closed subset of a finite dimension space, so it must
contain at least a vector ug,1 such that

ot = e, = st (g, 257 () < 6% [lur — ],

As a result,

k
lugsr = all, <Y Mg = wll, + uo —all,
7=0

k
<Y 07 lug —uoll,, + luo —
=0
1
<
1—-06

|ur — uoll, + [Juo — @l -

12



According to (18) and (19) it is possible to write

< [luo = all, + £ lwo = pllgn
< o1t o2+ (N + Ao [vo — 0l + £ [Jw — Gllza
< pitp2(1+0)r + ks

x

Notice that ||ug — |, < p7'p2[|vo — |, < p1 par’, we deduce

_ _ 1+6 K
ks — al, < pr'ps (1 ; m) ARSI

In particular, ug; € B,(u, ), the sequences (uy) and (vy) are now well-defined
by induction.

From the construction above, both (uy) and (vy) are Cauchy sequences. Thus,
there are u* € T, M and v* € T, M such that u; — u* and v;, — v*. Passing
to the limit in the inclusion

w+ D f(x)(ur) — 2 f(y)(vr) = wi, € Pp(upy1)

we conclude

w+ D f(x)(u’) = 2f(y)(v*) € Pa(u’).

Equivalently, w € Zf(y)(v*) + (F o R,) (u*). But from R,(uy) = Ry(vy) we
also get R,(u*) = R,(v*), which gives us

w € Zf(y)(v*) + (Fo Ry) (v7) = y(v").

Consequently,

dist(v,@;(w)) < v =0, = [lvo — 07|, =

Z(Uk - Uk+1)

k>0 ”

< ok = vrgall, <D pr o2 lluk — wrs |,

k>0 k>0
_ _ 1
< e 08 = wll, = i oo s — wll,
k>0

< p7t L K

X P1 P21 7 n.
This is exactly (16). The proof is thereby complete. H

A semi-local version of Proposition 3.1 will be useful for the study of algorithm
(2). The next statement is in this sense.
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Proposition 3.3 (stability of semi-local metric regularity). Let M, R,
ry, Wy, § = Cr(x) and p1, ps be as in the statement of Proposition 3.1. Let
f: M — R"™ be a given smooth map and F: M = R"™ be a multivalued
mapping having closed graph. Fix a point x € M. Suppose that the mapping
D,(+) :=2f(x)(-) + (F o R,) () is metrically regular on the set

Vis (@) = {(u,w) € T,M x R" : |Jul|,, < r,dist(w, D, (u)) < 5}

with a modulus k > 0. Consider some positive numbers r’', s', o, X and X' such
that

0 = pi ' par(N 4+ Aite) < 1,

prlo 4 prlpor’ + 58 < min{d,r}, (20)
s < s,

K

pyp20 + pypir + pa1igs < Ty

Pick some y € W, so that d(y,z) < o and the conditions (i) and (ii) of Propo-
sition 3.1 hold. Then the multivalued mapping ®,(-) := 2f(y)(-)+ (F o R,) (*)
satisfies T € REG (pr, Vi s (d)y)) for T = pl_lpgﬁ and

Vg (@) = {(v,w) € T,M x R" : |[v]|, </, dist(w, P, (v)) < s'}.

Proof. We fix some (v,w) € Vv (®,) with n = dist(w, $,(v)) > 0 and look
for a point v* € @, ! (w) such that

lo = v, < 7. (21)

For this goal, let us set vy = v, and yo = Ry(vp). Since [[vofl, < 1" < pylpar’ <
9, the fact R € URC(py, p2,9, W,.) can be used. This yields

d(Ry(vo), x) < d(Ry(vo),y) + d(y, ) < p2lvoll, + 0 < par’ + 0

-1 1.2 Kk
< py P20+ py poT +p21_08 < Ty,

which implies yo = R,(vy) € W,. Thus, there exists (unique) uy € 6B, with
R, (up) = Ry(vp). By setting

wo =w+ Zf(x)(uo) — Zf(y)(vo) € R,
we are going to verify (ug, wo) € V;5(®P;). Indeed, according to Assumption 2.2
luoll, < P d(Ra(uo), @) = pi d(Ry(vo), ) < pi* (d(Ry(vo),y) +d(y, ))
<ot (p2 llwoll, + ) = o7 o2 ol + pi e (22)

and therefore

s <.

_ _ _ _ K
HUOH;U <P 1;027“/ + Py o < P1 o + pq lpgr’ + 10
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In addition, one has

dist (wo, Py (o)) = dist(wo — Zf () (uo), (F o Ry) (ug))
= dist(w — 2./ (y)(vo), (F o Ry) (v))
( (FoR
(w

w — ) Fo
= dist(w, Zf(y)(vo) + (F o R,) (%))
= dist (w, §,(v)) < &' < s.

o

So, the inclusion (ug, wg) € V.5 (P,) is now clear. Since xk € REG ((PI, \/,,75(4535)),
we get

dist (uo, B, " (wo)) < rdist(wo, Py(uo)) = rdist(w, B, (v)) = k.
Selecting uy € ¥, (wp) that [|ug — ]|, = dist(uo, &, (wo)), we conclude
luo — wal, < rn.

With respect to the inductive step, assume that for some £ > 1 we have found
Uy, ..., u in Ty,M and vy, ..., v, in 0B, C T, M such that

o Re(uj) = Ry(v;), 5 =0,1,... . k= 1;

. ujp1 € O H(w;) for wy =w+ Df(x)(u;) — 2f(y)(v;) and j < k —1;
oy —wpall, S uy —upal,, s <E-L

In the tangent space T, M the triangle inequality tells us

CA 1— g9
luj — woll, ZH%H will, <D0 [Jur — |, = 0 | — uol|,
=0

_ 1
S 1-4

||U1—U0||x7 ]:1,7]{3

Taking into account (22), |luoll, < pi ' pa [[voll,, + py o, which yields

1 -1 -1
lujll, < llwg = woll, + [luoll, < — gt PP [voll, + p1 o

1

< prlo+ pitper’ + 1_95’<min{(5,r}, j=1,... k.

From Assumption 2.2, we find

s <r,.

_ _ K
d(Re(ur),w) < pol[uell, < p1’pao+ pr pir' + por—
Hence, there exists vy, € 6B, with R,(v;) = Ry(uy). By setting

wp = w+ D f(x)(ur) = Zf(y)(v) € R",

15



we claim (uy, wi) € V,.s (9,). In fact, we have known |lug||, < 7. Besides that,
let us now estimate the quantity dist (wl, @x(uk)) as follows

dist (wi, P (ur)) < lwr — Wit llgn = lw = Pyu(vr) = [w = Pyo(Ve-1)] || gn
= Wy (vk) = Vyo(h-1)llgn < A+ M) [Jor — vr—a], -
In the preceding estimations, we used the relations
U, . (vj) =2f(y)(v;) — 2 f(x)(u;), j=0,1,... k.
On the other hand, we conclude from the fact R € URC(py, p2, 0, W) that

ok = viall, < P17 d(Ry(ve), Ry(vr-1)) < o7 p2 fluw — wpea |, -
Hence,

dist (wy, P2 (ug)) < (N + M) py ' o2 [Jug — wg—a],
<N+ M) py 2 [ — o,
<

(N + Mg py L p20 e = 0% < 078’ < s.
Invoking the hypothesis Kk € REG (@x, Vrys(fﬁx)), we obtain

dist (ug, @, " (wy,)) < kdist(wy, Po(ur)) < N + Apg)py 0205 [lur — uoll,
= 0" lur — uoll,, -

Since the tangent space T,M is finite dimensional, the projection wy,; €
D1 (wy) of uy, onto @, (wy) satisfies

[ur = wpsa ||, = dist (ug, &, (wy,)) < 6" [lur — uoll, ,

and the construction goes on. So, (ux) and (vg) are totally defined. The rest
of the proof is similar to the one of Proposition 3.1. [

Remark 3.4. In the case when the set-valued part F(z) does not depend on
z (i.e., F(z) = K), one has

Pyo Pyoy = Gyay + P, (23)

for any arbitrary geodesic segment x : [0,1] — M such that x(0) = = and
x(1) = y. Inasmuch as P, ,, is linearly isometric, for each subset V' C T, M x
R™ the fact 7 € REG (¢y, V) is equivalent to 7 € REG (@yoPX@,y, V! ), in which

V' ={(u,w) € TLM x R": (P, yu,w) € V}.

It is well-known from the literature that under condition imposed on &, and
Lipschitz modulus of G, , ,, the right-hand side of (23) is also metrically regu-
lar. Therefore, the suppositions related to the maps X, , . in both Propositions
3.1 and 3.3 might be omitted. And we simply need ||G.,|| < X < &1 Of
course, the corresponding parameters as well as the region of metric regularity
may be different from the old ones in Propositions 3.1 and 3.3 above.
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4. Convergence of Newton-type algorithms
We begin with some crucial hypotheses.

Standing assumptions. Let Ly, Ly : [0, +00) — [0, +00) be some nonde-
creasing continuous function with Ly(0) = L2(0) = 0 and  be a nonempty
open subset of M. We consider the conditions below:

(A1) Given z € 2 and a geodesic x: [0,1] — Q with x(0) = z.
If (r,, Cg(z)) is a normal pair, and x([0,1]) C Bay(z,r,) one
has X\ . € Zipr, ) (Cr(z)B,), where y = x(1) and
Yvyae=R;'oR,— Py,
(A2) If©:[0,1] — M is a geodesic in § joining z = ©(0) to 2’ = O(1)
and Geu,y = 2f(x) — 2 f(y) o Po sy, then ||Go .|| < La(4(O)).
Under the conditions (A1) and (A2) we have the following statement.

Proposition 4.1. Given z € Q and one R-normal pair (t,C) at zZ. Suppose
that

. the retraction segment c(t) = R,(tu) belongs to By(Z,T),
e Bu(Z,T) is a convex neighborhood at Z (cf. [7, 15]).
Define
Ap(f,2,u) = || f(Ro(w)) = [f(z) + 2 f(2)(W)]]| (24)

then one has

AR (f,z,u)) <

1 25
<||u||z/0 {ng(d(z,c(t)>)+[Ll(d(z,c(m)ﬂ} L2(d(z,c(t)))}dt, (2)

where i = |2 f(Z)]].

Proof. Denoting ©;, x; : [0,1] — M the minimizing geodesics with ©;(0) =
z, ©4(1) = R,(tu), x+(0) = z and x4(1) = R.(tu). For simplicity we will use
the notation ¢; = ¢(t), @' = (dR.),,, P' = Po,sct), P' = Py, ze1). Then
Yoy e = R_l) oR, — P'and Go, .., = Z2f(x) — Zf(c;)P". Note that tu =

c(t

R:Y(c(t)) € OB., from (A1) and (A2) one gets
Hd(Zet72’7Ct)tuH < Ly (ﬁ(@t)), HGGt,z,CtH < Lo (6(@7&))-

As a consequence of the choice of © it holds that £(6,) = d(z, ¢(t)). Combining
this with the following relation

d(Zorc)m = (dR(jé)>c(t) o (dR.), — P' = Q' - P",

we obtain

Q" — P'|| < L1 (¢(6y)) = Ly (d(z, (1)) -
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Thanks to the expressions Gy, .- ., = 2f(27) — Zf(c¢t) Py, 2~ ¢, , We obtain

12F(e)ll < =Grzer + ZFENN(Paze) ™ | < NGzl + 125 (2)]

<
< Lo (C0x)) + |21 (2)|| = Lo (d(2, c(1))) + f.

The map h = f o ¢ is smooth and

H(t)=2f(c) (Q'(u) = Zf(ct) (Q'(u) — P'(u)) + Zf(ct) (P'u)
= 2f(c) (Q"(u) = P'(u)) — Geyac (1) + 2f () (u).

Consequently,

Ar(f; z,u) = |[A(1) = h(0) = Zf(x)(u)]| = ‘ /0 W(t) dt — 2 f(x)(u)

1
< [ (251" = P+ IGaaal ) ul. de.
0

Hence, the conclusion of Proposition 4.1 follows. ]

We are now ready to present the main theorems of this section.

Theorem 4.2 (local convergence). Given a complete Riemannian manifold
M of dimension m and a retraction R: TM — M. Let f: M — R" be a
smooth map, and F: M = R"™ be a closed multivalued mapping. Let z* € M

be a solution of problem (1), and (r*,C*) be a R-normal pair at x*. Assume
that

(i) R e URC(p1,p2, C*,W*) for some 0 < p; < py and W* =By (z*, r*);

(ii) the statements (A1) and (A2) hold for some real functions Ly, Ly together
with Q = W*;

(iii) the mapping &* = D f(x*)(-) + (F o Ry+) (+) satisfies T € REG(9*, V™)
where V* = 1B, x B ( — f(27),s);

(iv) Ly and Ly are of class C;

(v) 2K*r <1, with

K* = (py ' p2) {0 K (r) + [La(r) + 1 K(r) },
Kj(r> = SUPogt<r |L3( )
=2 f()].

We also assume in addition that W* is a convex neighborhood at x*. Set

. m pi7* p1 w P2
_ 1 C >0 26
o mln{p2 T, P1T, QK*TS’ 142K*r 7 2P1K*Tr } ’ 20

18



then for any x € Bpy(a*,0), there is a sequence (xy) generated by scheme (2)
which starts at xo = x and converges quadratically to x*. More precisely, one
has

(T30, %) < 2’;; [d(ar, 2%)])* k=0,1,... (27)

Under the suppositions of Theorem 4.2
L;(t) < Lj(0) + K;(r)t = K;(r)t, j = 1,2 (28)

for every ¢ in the interval [0, r].

Proof. Pick x € By(2*,0) and we set g = x, 09 = d(x*,29) < 0. If v = 2%,
then the proof is trivial. We focus on the case where x # z*. To find the next
iteration, we shall make use of Proposition 3.1. Let xq: [0,1] — W* be a
minimizing geodesic which links z* = x((0) and zg = xo(1). The hypothesis
(ii) of Theorem 4.2 tells us

EXO,IO,UE* € gile(Uo)<W*>7 HGXO,UE*@OH < LQ(UO)'

Choose & = 0y, p = —f(z*), v = R;/(z*) € C"B,, and ¢ = —f(z*) +
P f(x0)(v). Using condition (i) of Theorem 4.2

0[], < p1'd(Ray (D), o) = pyd(z*, 20) = py oo < pylo <1

Since

A5, By (t9)) = d(Rug(5), ey (£9)) < 2 | (1 = )5, < popitor <7
whenever 0 < t < 1, the retraction segment ©¢(t) = R,,(tv) lies into W*.

Moreover, d(mo, @0 t)) < pat [|9]],, by assumption (7). Thus, applying Propo-
sition 4.1 for Z = x* and z = zg

Ar(f, 20,7) <
<ol [ (L (et ol,) + L0 oatoll,) + 1) L (et [o].,) }

1 p2[17ll,

_ 1 {0 La®) + [Lalt) + 1] La(0) } b
P2
1 P1 P200

< - {M*Ll( )+ [La(t) } dt.
P2 Jo

Taking into account pj ' pacg < py'pao < 7, we get L;(t) < K;(r)t for j = 1,2
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and t € [0, p; ' pa0g]. As a result,

1 P1 P200
Anlfoan o) < o [7 7 {w @ + (1) +1 L2<t>} dt
2 J0
1 2 P2UO
< —{p Ki(r) + [Li(r) + 1] Ks(r }/
P2
= p—g{[u*Kl(T> + [Ll —|— 1 KQ }0'0 *O'g.
P1 paT”
Hence
. _ _ Lo
1 (@%) = f(z0) = D f(20)(0)llgn = Ar(f, %0,7) < Y 0. (29)
Let us now test the following evaluations
(00 = pi'par*[La(o0) + Li(oo)u] <1,
ﬁ _ US_ <,
0o [ K*a2- <5 30
—09 _2,017' 0_ ’ ( )
pylog + ﬁ 2p1T K*ot| <C*,
\ ,0211—% _2,017' K*O'g_ < T,

Indeed, the first relation in (30) is valid from the hypothesis, because of

Oy < pptpaTro0[Ky(r) + Ki(r)p'] < K*op < K*r <

Besides that, one has K*oq < K*r, = 9 < 1 K -
So, (30) follows from the suppositions (26) and (v)

Returning to the main proof: From (30), we can take some constants rg > 0
2 .
oy with

P2 (1 + —}iﬁg) ro+ 5580 <7,
— 2 *
(1" p2)” [L2(00) + Lofoo)u”) (1 + £282 ) ro + (

piloo+ pilpe (1 + %) ro+ =50 < C%,

fo
1790> So < S,

P2 |:101_1p2 (1 + %) ro + ﬁso} < Ty

\

Now, applying Proposition 3.1 for data u, p, v and ¢ above, the mapping
Po(-) = D f(20)(-)+ (F o Ry,) (-) satisfies the relation 7o € REG (&, Vp), where

7= py peiTgy and Vo = By (0,70) X Bre (g so). 1f we pick wy = —f(zo), then
wo — ¢ = f(z") = [f(20) + 2 f(x0) (V)]
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It follows from (29) that (v, wg) € Vp. Thus, we deduce

dlSt(T_},@al(WQ>) < TodiSt(wO,@o(T_])) < T0 H’wo — q”]R" = AR(f, Zo, 'l_})
T* 1
P1 021_6,0 |:2p27'* Uo} P1 %0

From this, the closed set @, (wy) contains a vector vy such that
llo — UOHxO = dist (17, @al(wo)) < pitK*op.
By the triangle inequality in 7,, M, we find

1voll, < 119 = volly, + 191l,,, < Py K705 + py o0
<prH (Ko +1)og < pi (K'r + 1) < C*.

Consequently,

A1, 2%) = d(Ruy(00). Ry (0)) < p2 00 — 7, < popi K707

P2 %112
< 2 e )

Taking into account o < £2r and d(zo, 2") < o, we get 52-d(zo, 2*) < 1. This
tells us x; € Baq(z*, 0). Therefore, we can use x; as a new starting point, and
go on.

Repeating this procedure, the sequence (xj) generated by (2) is well-defined
for which (27) is fulfilled. Exploiting (27) many times, we arrive at

2k_1 1 2k _1
d(zy,z") < [ P2 d(xo,x*)} d(xg,z") < (—) d(xg, "),
2,017’

which means z;, — z* quadratically. Hence, the proof is done. [

In the statement of Theorem 4.2, the behavior of f and F' around the solution
x* is a key point. There are many situations in practice where the informations
around z* are not available. So, a global version might be quite useful and
significant. The next theorem will be in this sense.

Theorem 4.3 (global analysis). Let M, R, f and F as in Theorem 4.2.
Given a point x € M and let (r,,C;) be a R-normal pair at x so that
W, = Bu(z,ry) is a convex neighborhood. We require in addition that R €
URC (pl,pg, Ch, Wx) with 0 < py < pa. Assume the following statements are
fulfilled:

(i) ®():=2f(x)(-) + (FoR,)() satisfying T € REG(®, V,,(®)) for some
T7>0,r>0,5>0;

21



(i) dist(0, f(x) + F(x)) <min{s, ;1. )

’2p1T
(iii) the assumptions (A1) and (A2) are valid with some C' functions Ly, Lo;

(iv) a=2Kp <1, where
K = (pi'p2)” 7{pta K1 (r) + [L1(r) + 1] Ka(r) } > 0,
B = prrdist (0, f(z) + F(x)),
Ki(r) = supge, [L1 (1), Ka(r) = supge, |L5()]
and poe = |2 f ()],
(v) B <min{pip~'r, pipy'r, pipy' Cos pipy*ra}, for n = =
Then, there exists a solution x* of problem 0 € f(x) + F(x) such that
d(z,z*) < papy B <7 (31)

For such a solution, it has a selection of sequence (xy) generated by (2) and
converges to x*. More precisely, one has

A= 2k .
d(wg, %) < popy '27H1 8 ifa=1,
_ 11—«
where A = == < L.

It is clear to see that the case B(7, z) = 0 is trivial. From now, we assume 8 > 0.
In order to prove Theorem 4.3, the next technical lemma will be essential.

1

Lemma 4.4. Let us consider the quadratic polynomial w(t) = §Kt2 —t+ 0.

The Newton iterative sequence applied for the equation w(t) = 0 reads
to =0, tr =t —wty) wty). (33)

Then (tx) is well-defined, strictly increasing and converges to the smallest root

tr = vlza VKI_O‘ of w. Furthermore, the error bounds below are inherited:

. if o < 1, then

g, < A/Ia A2 (t — to) = WI=a A2*

a 1)k a 12k

2(te+1—tk) — < + — tk < AQk_1<tk _ tk:—l); (34>
1+\/1+4,\2k (1+22%)
. if a =1, then
— tr < 2—k+1(t1 _ t()) — 2—]€+1ﬁ7 (35>
2(V2—1) (tey —t) ST =t <t — i,
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Proof of Lemma 4.4. The existence of (¢;) and the error bounds (34), (35)

can be found in [11]. For the monotonicity, let us define the function ¢ : ¢t €
w(tw(t) _

(—o0,t*) — t — w'(t)"'w(t). By a simple computation ¢'(t) =

[’ ()]
K%. The polynomial w is positive on the interval I = (—oo,t*), so ¢'(t) >
0. Since tx1 = ¢(t), we obtain the necessary conclusion by induction. [

Remark 4.5. From Lemma 4.4 we have

1—+v1— 2
b o toViza W _s<r (36)

K CK1+V1i-a) 14+VI-a

for all k. Moreover, if & = 1, error bounds in (35) yield

op =t —t<;(t*— L
k — Vk+1 k\Z(ﬂ—l)

When «a < 1, taking into account (34), we deduce

4N .
(1 + \/1 + —(1 N w)2> (t* —ty)

<1<1+ 1+%> (t*—tk)zw(t*_tw

Op = tpy1 — tp <

N | =

S 2 1+ A
_ 2k _ 2

<1+\/1+044\/1 a A kﬁgl—l—\/l—i-ozél\/l a A 5

2 a 1= )\2 2 a 1—X
_a(l—i-\/l—i-a)ﬁ

2(1+vI—a)’"
In particular,
1++v2 1++v2 .
O < \/_,8 = \/—plelSt(O, f(z) + F(x)). (38)

2 2

Now, we begin to prove Theorem 4.3.

Proof of Theorem 4.3. We shall construct by induction the sequence (zy)
satisfying

d(iL‘k, l‘k+1) g pgpfl (tk+1 — tk) y k= 0, 1, e (39)
At the initial step, we set xg = x, &g = P, rg =1, So = s, 7o = 7. Then
To € REG(QDO, Vro,so(@o))- Put zp = — f(x¢), one has

dist (20, Po(04,)) = dist( — f(wo), F (o)) = dist (0, f(z) + F(z)) < so,
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which implies (0z,, 20) € Vyg,50(®o). Since 79 € REG(®g, V50 (P0)), we get
dist (04, Py ' (20)) < Todist (20, Po(04,)) = 7dist (0, f(z) + F(z)) = p; ' B.
Hence, there is a vector vy in ®;'(2) with
fooll, = dist (020, 85 (20)) < 78 = i (11— to). (10)

To continue, we pick 1 = R, (vg). Observe that zyp = —f(xo) € ®o(vg), or
equivalently,

—f(x0) € Zf(x0)(v0) + (F o Ryy) (v0).

Therefore, 21 verifies (2). Furthermore, note that 1 = —=2

+1—_2m > 1, one has

lvoll,, < p1'B < pi'nB < pipy'Co < Cp
By virtue of R € URC (pl, p2, Cy, Wx), we deduce

d(x1,20) = d(Ray(v0), 20) < p2llvoll,, < papi'B = papit (b1 —to),  (41)
which means that (39) is valid for k = 0.

Passing to the inductive step, given k (k > 1) points x1,...,zx in M and k
corresponding tangent vectors vy € T, M, .., vp_1 € T,, , M for which the
following relations hold

d .I'j_H:sz(’(]j>,j:0,...,l€—1;

e v € B;i(z), where z; = —f(z;), ®;(-) = Zf(x;)(-) + (FoR.,) (),
J<k—1;

ol <ot (e —ty) =100, 5 <k - L
o drjrin) <popr (G — ), J < k- L

We also denote ®y(-) = Zf(zk)(-) + (FoR,,)(-) and 2z, = —f(x). The
triangle inequality in M tells us

—_

j—1 =
d(xj,r) = d(zj, z0) < d(zi, Tig1) < p2p1 " (tiv1 — i) = papy 't

%

Il
=)
I
<)

7

So, by (36) d(z;,z) < pgpfltk < pgpflt* = pzpflnﬁ <r,.

This means z; € W, for j < k. We are now going to estimate the value of
quantity dist (zk, @k(Omk)). From the definition of z, and ®,, it holds that

dist (2, P (0s,)) = dist( — f(zx), F(xx)).

But by the induction hypothesis

—f(@r-1) = 2p—1 € Pp—1 (V1) = D f(@p—1)(Ve—1) + F (1)
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we obtain

dist (zk, ©(0s,)) < [|[=f(zx) = [=f(@r1) = 2 (@-1) (vr—1)]lzn
= AR(ﬁ l‘kq,vkq)-
This suggests using Proposition 4.1. We can see that for ¢ € [0, 1]
d(x, Rm_l(tvk_l)) <d(z,zp—1) + d(xk_l, Rm_l(tvk_l))
< p2pi thea +tpa lueall,,
< papy o1 + papy (b — tea)
= papy 'tk < papy 't = papi B < T,

so that the retraction segment R,,  (tvy—1) (0 < ¢ < 1) is in W,. Invoking
Proposition 4.1 and taking into account

d(wp—1, Ruy_, (tvg—1)) < tpo Jvk-1ll,, |, < p2p7 Ok1t,
we find

Ar(f, xp—1,vk-1) <

1
< Pf15k—1/ {Mle(mpflfSk—lt) + [La(p2py 10 at) + 1]L2(P2P1_15k—175)} dt
0

1 p2py Or—1 {

_020

1 p2py k1

gL (t) + [La(t) + 1]L2(t)} dt

[t K1 (1) + [Li(r) + 1] Ko (r)] t dt

"2 Jo
P
= o () L0+ 1) o7
As a result,
dist (21, @4(0r,)) < {11 (1) + [La (1) + 1] Ka(r) 67, < e, (12)
) k QP% k—1 2p17_ k—1

For the goal of applying Proposition 3.3, let us check that

(O = p1 ' par[La(te) + Li(ti)pa] < 1,
papy 2ty + e (ﬁK&,il) <min{C,, 7},

1 2
o 01 < 8,

\ 2o, + P21 <2F)%K6,3_1) <1,

(43)

Indeed, since ¢, < t* = nf < r (see (36)), it holds that L;(tx) < Ki(r)t, and
Lo(tr) < Kao(r)t. Thus,

O < py oot Ko(r) + Ki(r)palts < Kty < Kt* =1 -1 —a <1,
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and the firstr elationin (43)isd one. Fort hesecond o ne, we e xpand the

polynomial w with center at t,_;

/ 1 52* 1
w(te) = w(tp_1) + W' (tp_1)0k_1 + w (tk_l)% = §K52_1-

Consequently,

-2 T 1 2 -2 1 P2 -2
t — K¢ < t — [ == K¢
p2p1 "k + 10, (2,017' kl) p2p1 "tk + 1= Kty <2p% k1>
= papy” [ty — ' (te) "t (tk)] = o7 (8 + O)
= p2py s < papi = popy 0B < min {r, C, }.

Next, we use (38) and combine this relation with the initial condition (%)

2 2
g <L T_1K<1+2\/§) 52:L<1+\/§> ag

2pT % 4pq 2

1
1

+4\/§> adist (0, f(z) + F(z)) < s.

Finally, since

2 —2 1 2 2 =2 1
Pop t + P! K(S < Po P t 4+ —w t

= p3p1 2 (te + On) = p3py te < papi t* = papy*nB < 1y,

the last inequality in (43) is valid due to the supposition (v) of Theorem 4.3.
In summary, (43) is completely fulfilled.

According to (43), we can select some positive numbers 7 and s; such that

_1

2
g 801 < Sk < 8,

papy 2tk + pytpark + =g Sk < min {r,C.,},

Py P5ts + py TR parg Sk < Ta

Recalling d(xy,z) < pap] ‘t, Proposition 3.3 asserts that 7, € REG (@k, Vk),

where
-

T = P1_1,021_—0k < pi'pe Vi = Vs (Pr).

-
1— Kt
Thanks to (42), the inclusion (0,,,2;) € Vi is true. This guarantees for the
estimations below
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dist (O:r:k7 (I),;l<2k)) < deiSt (Zk, (IDk(Oxk))

1_;%;—%{%[(1(1”) + [L1(r) + 1]K2(7’)}51371

_ 1 1 _ Y \—
= (g0 ) = o[- () et

= pr (tesr — te).

< Pflp2

Because T, M is finite dimensional, there exists v;, € @gl(zk) with
o, = dist (On,, B (21)) < 1t (Ekgr — te)-

And we update now xp41 = R, (vx) as the next iteration.
The selection of vy tells us — f(xy) = 2z, € Py (vy), which is equivalent to

—f(zr) € Df(xx)(vr) + (F o R, (vr).

As a consequence, (xy,vy) is generated by (2). Using (38) once more, from
hypothesis (ii) we arrive at

1++v2
9

vkl < 7pidist (0, f(2) + F(2)) < Co,

and hence

(w1, 08) = d (R (i), 2x) < p2 [|vell,, < papr (ben — 1) -

The construction of sequence (zy) is now completed by induction.

Since (t3) is convergent, and d(zy, Tr1) < p2py’ (thi1 — t), the sequence (1)
is Cauchy. So, x; must converge to some z* in M. The error bounds in (31)
and (32) follows from (34), (35) and the following

(g, 2%) < d(ay, m500) < p2pr ' D (tipn — 1) = papr  (E — 1)

=k >k

To finish the proof, we claim that z* solves (1). In fact, it follows from the
preceding construction that

0€ flar) + 2f(xr)(v) + F(2ps1)- (44)
Fixing an index k which is large enough. If x4 : [0,1] — W, is a minimizing
geodesic joining z* = xx(0) to zx = xx(1), then ¢(xx) = d(x*,xy). Using the
hypothesis (i) of Theorem 4.3,

|G| < La(€(xi)) = Lo(d(a”, 2x)) < Ka(r)d(a™, z).
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Note that ka,x*,xk — _@f(xk)PXk,m*,wk + @f(l'*>, S0

= Gyl + 12 (@) | < Ka(r)d(z®, ax) + |2 f(«7)]]-
Thus, we obtain

121 (@) ()llgn < (121 @)l ol

<
< [Ka(r)d(@, z) + |2 () Jpr" (b — i)

Hence, 2 f(x1)(vx) converges to 0 in R™ as k — oo. Finally, by passing to the
limit in (44), we get 0 € f(x*) + F(z*). O

Remark 4.6. In the proofs of Theorems 4.2 and 4.3, the existence and the
convergence of a Newton sequence (xy) require the assumptions (Al) and (A2)
which are imposed on covariant derivative Zf as well as the retraction R.
Assumption (A2) usually concerns with the so-called ”Lipschitz continuity”
for 2f (see, e.g., [10, 9]). If the higher order covariant derivatives 2% f (cf.
[6, 21]) are involved in the hypotheses of those theorems, we obtain (A2) from
the informations on 2*f. Therefore, we can achieve some new versions of
Theorems 4.2 and 4.3 under conditions of type Kantorovich and/or Smale.

On the other hand, if we restrict our consideration on the case F(x) = C,
and R = exp is the exponential, then Theorems 4.2 and 4.3 can be slightly
improved. Indeed, as noticed in Remark 3.4, the stability of metric regularity
property can be obtained by using only (A2). Besides that, when R = exp,
the essential Proposition 4.1 holds with L;(f) = 0 and Ly(t) is the function in
(A2) since P, y (o)) (X'(0)) = x/(t) for any arbitrary geodesic x. Consequently,
Kantorovich-type versions of Theorems 4.2 and 4.3 like in [21] can be recovered.
Now, we keep assuming F'(z) = C, while (A2) is replaced by the following

(A3) For each z and y in Q so that R, !(y) is a singleton, one has
|Gzl =112 (@) = 2f W) T2 [l < L (d(=9)) (45)

Z‘?y

where Tgf“y is the vector transport defined by

TR (v) = (dR,), (v) = %{Rw(u + o)}

z,Y

We refer to [1, Section 8.1] and [17] for more details about transportation of
the form Tgfy. Then, by considering f along the retraction curve x(t) = R, (tu),
the estimation (25) in Proposition 4.1 simply reads

Anlfz0) <l [ L (d(zx(0)) (46)
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So, by removing all conditions related to L; and putting L instead of L. in
both Theorems 4.2 and 4.3, we obtain Kantorovich-type results for algorithm
(2), which might be viewed as extensions of the corresponding ones studied in
[21].

5. Concluding Remarks

In this paper, we have studied a Newton-type algorithm for solving generalized
equations in a finite dimensional Riemannian manifold. We provided sufficient
conditions that guaranteed the existence and the quadratic convergence of the
sequence generated by the extended Newton’s method. This work can be con-
sidered one of the first that studied Newton’s type algorithms for set-valued
inclusions of the form (1), where the metric regularity concept plays an impor-
tant role. Due to the large number of applications in the calculus of variations
or PDE’s e.g., it would be interesting to consider the infinite dimensional Rie-
mannian manifolds modeled on a Banach or a Hilbert space.
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