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Abstract

We consider the macroscopic large N limit of the Circular beta-Ensemble at high
temperature, and its weighted version as well, in the regime where the inverse temperature
scales as 3/N for some parameter 3 > 0. More precisely, in the limit N — oo, the
equilibrium measure of this particle system is described as the unique minimizer of a
functional which interpolates between the relative entropy (8 = 0) and the weighted
logarithmic energy (8 = oo). The purpose of this work is to show that the fluctuation of
the empirical measure around the equilibrium measure converges towards a Gaussian field
whose covariance structure interpolates between the Lebesgue L? (8 = 0) and the Sobolev
H/2 (8 = 00) norms. We furthermore obtain a rate of convergence for the fluctuations
in the W2 metric. Our proof uses the normal approximation result of Lambert, Ledoux,
and Webb [2017], the Coulomb transport inequality of Chafai, Hardy, and Maida [2018],
and a spectral analysis for the operator associated with the limiting covariance structure.
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1 Introduction and statement of the results

Let T := [—7m,n] ~ R/27Z be the one-dimensional torus that we equip with the metric

(z,y) — |e" —e| = |2sin(*5¥)|. Given an inverse temperature parameter 3 > 0, the Circular-

beta-ensemble is a celebrated particle system from random matrix theory of N particles on T

with distribution
1 8 AR
. eixi o eixj 7
ZN H ‘ | i 2w

1<J =1

where Zx > 0 is a normalization constant. This corresponds to the eigenvalues distribution
of a unitary Haar distributed random matrix when § = 2. The macroscopic behavior of this
particle system as N — oo is well-known: the empirical measure

| X
UN = N;6$7 (1)

converges almost surely (a.s) weakly towards the uniform mesure g—jﬁ on T. The fluctuations
of the particle system around the uniform measure can be described as well: for any smooth
enough test function ¢ : T — R satisfying fT P g—i = 0, Johansson [1988] proved!® the central

limit theorem (CLT)

N
law 2 2
N/l/Jd.uN = le(xi) N, BH?/)HHW)’ (2)
where the Sobolev semi-norm || - ||y1/2 is defined by
12 =2 ke ldwf?. (3)
k=1

Here and in what follows 1)y, := Jrv(x) e ke g—jﬁ are the usual Fourier coefficients.

The aim of this work is to provide similar statements at high temperature, namely when
goes to zero as N — oo. Notice first that if we take 8 = 0, which corresponds to the infinite

temperature setting, then the z;’s are independent random variables uniformly distributed
dz

on T. Thus the law of large numbers yields the a.s. weak convergence uy — 5~ as N — oo

and the classical CLT states that, for any L? function ¢ : T — R satisfying @Eo =0,

N
Y [y = 2= 3 i) 32 N ) @
=1

1 More precisely, the CLT in [Johansson, 1988] is stated for 8 = 2, in which case it is equivalent to the strong
Szego theorem for Toeplitz determinants, see for example [Simon, 2005, Chapter 6] or [Deift et al., 2013] for
comprehensive expositions of this celebrated result. However, it is straightforward to check that the method of
[Johansson, 1988] still applies for any fixed 3 > 0 provided that the test function v is C11< for some o > 0.
See also [Lambert, 2019, Theorem 1.2] for a generalization to the mesoscopic scale. Let us also stress that,
although one may believe this CLT holds true as soon as [|4||,;1/2 < 00, a counterexample has been provided
in [Lambert, 2019] when 8 = 4.



where the L? norm reads

)25 = /w —2Z|w 2. (5)

Notice the difference of normalization between (2) and (4).

As we shall see, there is a critical temperature regime of temperature where the variance
structure of the fluctuations interpolates between the Lebesgue L? and Sobolev H!/2 (semi-
Jnorms, and this happens when f is of order 1/N. Thus, from now we consider the particle
system where we rescale the inverse temperature parameter as 8 — 23/N, the factor 2 being
cosmetic. We also consider the case where the particle system is confined by an external
potential V' and will show that the limiting variance depends on V in a non trivial way. In
contrast, in the usual fixed temperature setting, the variance is expected to depend only on
the support of the equilibrium measure.

The study of random matrix ensembles at high temperature (i.e. with an interaction strength
of order 1/N) was initiated by Allez, Bouchaud, and Guionnet [2012] who described explicitly
the crossover for the density of state from the Wigner semicircle law to the Gaussian law.
There are also several results about eigenvalues fluctuations in this regime [Benaych-Georges
and Péché, 2015, Trinh, 2017, Nakano and Trinh, 2018, Pakzad, 2018, Nakano and Trinh, 2019]
whose study is motivated by the transition from random matrix to Poisson statistics, which
is considered to be instrumental to describe the Anderson localization phenomenon. In par-
ticular Trinh [2017] and Nakano and Trinh [2018] obtained a CLT for the linear statistics of
the Gaussian-beta-ensembles at this temperature regime, relying of the Dumitriu and Edel-
man [2002] tridiagonal matrix representation for this particle system, although the limiting
variance is not explicit. The asymptotic behavior of the largest eigenvalue of the Gaussian
beta-ensembles at high temperature has been recently investigated in [Pakzad, 2019a]. More-
over, in [Spohn, 2019], the asymptotic behavior of the generalized free energy of the Toda
chain has also been related with certain statistics of the Dumitriu-Edelman model in the high
temperature regime. There are also a few results available in higher dimension for Coulomb
gases [Rougerie and Serfaty, 2016, Akemann and Byun, 2019] in this regime. Here we chose
to focus instead on beta-ensembles on T; that T is compact yields several technical simplifi-
cations in the proofs and a simple formula for the limiting variance. However, let us mention
that one could adapt our approach to tackle the setting of the Gaussian-beta-ensembles, and
the beta-ensembles on R with a general potential as well, and provide an explicit formula for
the limiting variance similar to the one that we will derive below.

Let us also mention that an interesting result where fluctuations similar to the one we obtain
here has been previously derived by Guionnet and Bodineau [1999] for a two-component 2D
plasma model.

We now present the particle system we investigate and our main results.

The particle system of interest. For any 5 > 0 and any continuous potential V : T — R,
we consider N random interacting particles on T with joint probability distribution

N

28 . dl’z
dIPN(Il,..., = —H|el‘rl — 11]‘ N He*V(Il)i (6)

27
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where Zy > 0 is a normalization constant (which depends on the parameters § > 0 and V).
In the following we set
dx
1% e o= V(2)
dz) :=e — 7
l (da) = 7)
and, without loss of generality (by adding a constant to V' if necessary), we assume that u} is
a probability measure on T. If we introduce the discrete logarithmic energy of a configuration
x = (11,...,2y5) € TV,

H(x) = Z log |e®i — el%i |1 (8)
1<i<j<N
then (6) takes the form
1 23 @N
) = 51— exp {200} ) (@)
N

which is the Gibbs measure associated with the energy interaction # at inverse temperature
23/N with reference measure (u8 )®~. This particle system has a physical interpretation: we
can observe that J(x) = >, _; g(x; — x;) where g can be written as the restriction g(z) =
G(z,0) of the Green function G of the two-dimensional torus T x T, that is AG = —27(dy — 1)
on T x T in the distributional sense, see e.g. [Borodin and Serfaty, 2013]. Thus Py describes a
gas of NV unit charges, interacting according to the laws of electrostatic on the two-dimensional
torus but constrained to stay on T ~ T x {0} C T x T, in presence of an external potential V,
at temperature N/(23). As we shall see below, in this temperature regime, one of the main
reasons to study the statistical properties of such a Coulomb gas for large IV is that there is
a subtle competition between the energy and entropy of the gas which results in non-trivial
global fluctuations. This fact is somewhat surprising knowing that for any S > 0, the local
fluctuations of the Coulomb gas (6) are described by a Poisson point process with intensity M}a/
— this follows from adapting the argument from Nakano and Trinh [2019] from R to T.

Macroscopic behavior. First, we discuss the large NV limit of the empirical measure uy, see
(1), when the x;’s are distributed according to Py. If i lies in the space M1(T) of probability
measures on T, define its logarithmic energy by

E(pn) == //log
1

- // log o — o] p(dx)p(dy) + log 2. (10)

‘eia: — el
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Moreover, given any u,v € M;(T), the relative entropy of p with respect to v is given by

Kby i= [0 () au < 0.+ (11)

when p is absolutely continuous with respect to v; set (u|v) := +o00 otherwise. The functional
of interest here is Fy" : My (T) — [0, +o00] defined by

FY () := BE(w) + K(plug )- (12)



Note that when F/y (1) is finite, then p is absolutely continuous and, if p(dz) = p(z)dz, then
we can alternately write

FY () =Bﬁ(u)+/Vdu+/logudu+1og(27f)~

In particular, when p has a density and [log pdp < oo, we see that

. 1

FY () = Jim Y () =€)+ [Vl (13)
B—o00 ﬁ

is the celebrated weighted logarithmic energy from potential theory [Saff and Totik, 1997]. The

next result can be extracted from the literature.

Theorem 1.1. Let 8> 0 and assume V : T — R is continuous.

(a) The functional FY : Mi(T) — [0,400] has compact level sets {Fs < o}, o € R, and is
strictly convex. In particular it has a unique minimizer u‘ﬁ/ on My(T).

(b) The sequence (un) satisfies a large deviation principle in My (T) equipped with its weak
topology at speed BN with rate function p — Fg(u) — Fa (,ug) In particular,

a.s. v
KN —>N_>OO Hp
in the probability space @ 5 (TY,B(T)N Py).

When g = 0, this is Sanov’s theorem for i.i.d random variables and elementary properties
of the relative entropy, see e.g. [Dembo and Zeitouni, 2010]. Moreover, the unique minimizer
of Fy is given by (7) and hence the notation is consistent. In the case where 8 > 0, statement
(a) is classical (see e.g. the proof of Proposition 2.1 below) and (b) can be found in [Berman,
2018, Garcia-Zelada, 2018]. In fact, statement (a) of the theorem is also true for weaker
regularity assumptions on V and also when 8 = oo. Moreover, if one considers back the fixed
temperature setting by taking the particle system (6) after the scaling 8 — NS and V — NV,
then statement (b) holds true at the same speed with rate function FY — F. (1Y), see [Hiai
and Petz, 2000, Anderson, Guionnet, and Zeitouni, 2010].

We will derive several properties for ,u},/ in Section 2 but let us already mention that, due

to the rotational invariance, the equilibrium measure ,u% for V=0 is the uniform probability

measure g—;f on T for every 8 € [0,00]. For a general potential V, we shall see that ,u}i/ has a

bounded density that is larger than a positive constant and is essentially as smooth as V is.

Macroscopic fluctuations. Our main result is a central limit theorem (CLT) for the random
signed measure
vn = VN(pn — pf) (14)

tested against sufficiently smooth functions, with an explicit upper bound on the rate of con-
vergence in the Wasserstein Ws metric; the latter is defined for random variables X, Y taking
values in R? by

Wo(X,Y):= inf E[Hzl - ZQ||2]
ZeN(X,Y)



where the infimum is taken over all random variables Z = (Z7, Z5) with Z; law X and 2, law Y.
To state the result, let us also write ;L}}/ for the density of the equilibrium measure, so that

du‘ﬁ/ (z) = ,u‘ﬂ/ (z)dz, and introduce the operator .Z defined by

~ZLé=¢" +2mBH(py ¢') + (log )y )'¢/ (15)

which acts formally on the space L?(T) of real-valued square integrable functions on T equipped

with the scalar product
dx
(F)ee = | f@i(o) 5

Here H stands for the Hilbert transform defined on L?(T) by

P(t)  dit

Hy(e) = —p.v. T tan( t) o

(16)

where p.v. is the Cauchy principal value, that is the limit as ¢ — 0 of this integral restricted
to the integration domain |e!* —el*| > . Note that when 3 = 0 the operator . corresponds to
the Sturm-Liouville operator £ ¢ = —¢" + V'¢/. As we shall see from Proposition 4.3 below,
for any 8 > 0 the operator £ is well-defined and positive on the Sobolev-type space

H = {w € LA(T) : ¢ € L*(T), /wz =0}’ (17)

which is an Hilbert space once equipped with the inner-product
(6= [ v au (1)

and moreover that its inverse £~ is trace-class on H.

The central result of this work is that vy converges, in the sense of finite dimensional
distributions, to a Gaussian process on H with covariance operator £ ~1.

Theorem 1.2 (CLT). Let B > 0 and V € C3Y(T). Assume ¢ € C2V(T) for some integer
v > 2 and that [ duy = 0. Then we have

D) o N (0,07 (1)) (19)

i=1

%\H

where the variance is given by
o ) = (02 0 = [ 020y au, (20)
Moreover, there exists C = C(B,V,¢) > 0 such that

log N
y—1"
N~+1

Wo (VN(w) : N(o,ag(wf)) <C



Of course the theorem still holds for a general ¢ € C?7T!(T) after replacing ¢ by ¢ — [ 1 dug
in the left hand side of (19) and in the limiting variance (20)%. When V = 0, we can obtain
an explicit formula for the limiting variance.

Lemma 1.3. When V =0, we have

oo 1 .
op(¥)? = 2; TE Gk ]

This identity follows from the fact that, using the invariance by rotation, it is easy to
diagonalize the operator .Z — see the identity (73) below. Indeed, in this setting we have
—%¢ = ¢" + BH(¢') and the eigenfunctions are given by the Fourier basis ¢;(z) = €'/* since
L¢; = (5% + Bljl); for every j € Z.

Recalling (2)—(3) and (4)—(5), observe that 0%(1/))2 — ||]|2, as B — 0 and that 502(1/1)2 —
H1/)||E|1 /2 as B — oo; the factor 2 disappears due to the change of scale we made for temperature.
In this sense Jg () interpolates between the Lebesgue L? and the Sobolev H'/2 (semi-)norm.
In Section 8, we establish that for a general potential, we also have ag (¥)? — ||¢||2Lz(#(‘]/) as
B — 0 (see Proposition 8.2). We will also provide a sufficient condition on the equilibrium
measure N}a/ so that Bog(w)z — |[Yl|Z:)2 as well as Bagv(w)z — [[l|Z. 2 as B — oo (see
Proposition 8.3). This establishes that the Gaussian process which appears in Theorem 1.2
interpolates from a white noise (Poisson statistics) to a H'/2 noise (random matrix statistics).
This also shows that the fluctuations become universal, in the sense that they do not depend
on V, only when 8 = oco.

Remark 1.1. Let us observe that the rate of convergence in Theorem 1.2 does not depend
on the smoothness of V, but it improves with the regularity of the test function. Moreover, if
1 € C(T), we have

log N

Wa (v (), N (0,05 (%)) < O 2o~

We expect this rate to be optimal, maybe up to the factor v/log V.

The proof of Theorem 1.2 is deferred to Section 4 and relies on a normal approximation
technique introduced in [Lambert, Ledoux, and Webb, 2017], which is inspired from Stein’s
method; see Theorem 4.5 below. In [Lambert et al., 2017] this method has been used to investi-
gate the rate of convergence of the fluctuations for beta-Ensembles on R at fixed temperature.
There is a substantial technical difference in the analysis which arises in the high temperature
regime due to the fact that the operator £ has an extra Sturm-Liouville component. In par-
ticular, the spectral properties of .Z are quite different and this yields changes in the rate of
convergence as well as in the limiting variance.

Stein’s method has also been used previously in the context of random matrix theory to
investigate the rate of convergence for linear statistics of random matrices from the classi-
cal compact groups [Fulman, 2012, Dobler and Stolz, 2011, 2014] and for the Circular beta-
Ensemble at fixed temperature [Webb, 2016]. There are also results from Chatterjee [2009]
on linear statistics of Wigner matrices which are valid under strong assumptions on the law

?Note the operator .Z~! is only defined on the Hilbert space H, see (17).



of the entries and from Johnson [2015] on the eigenvalues of random regular graphs. For a
comprehensive introduction to Stein’s method which includes several applications, we refer to
the survey [Ross, 2011].

On the road to establish the CLT, we prove the following concentration inequality which
may be of independent interest: let Wy (u, ) be the Wasserstein-Kantorovich distance of order 1
between p,v € M;(T), defined by

Wi(u,v):= inf / lei® — el¥|r(dz,dy) = sup /fd —v) (21)

mell(p,v) I fllLip<1

where TI(u, v) is the set of probability measures on T x T with respective marginals p and v;
the second identity is known as the Kantorovich-Rubinstein dual representation for W1, where
the supremum is taken over Lipschitz functions T — R with Lipschitz constant at most one.

Theorem 1.4 (Concentration). Let 8 > 0 and assume V : T — R has a weak derivative V'
in L?(T). Then, there exists C = C(py) > 0 such that, for every N > 10 and r > 0,

Pr (Wl(UNa py) > r) < o~ A& NP 5105 N=C)

We have an explicit expression for the constant C' in terms of u‘ﬁ/ in (43). In particular,
when V' = 0, this upper bound holds with C' = 2log2+3/2+ 16 + 7~ ! ~ 19.2, which does not
depend on S.

In particular, this yields together with Borel-Cantelli lemma that Wy (uy, u‘ﬁ/) — 0 a.s. for
fixed § > 0 and, when V' = 0, that Wy (uxn, 7r) — 0 a.s. when 8 may depend on N as long as
B> N~ For lower order temperature scales this should still be true but one needs to prove
it differently; note also there is an interesting change of behavior for the partition function of
the Gaussian-beta-ensemble around 8 ~ N1 pointed out in [Pakzad, 2018, Lemma 1.3].

The proof of the theorem follows the same strategy than the one of [Chafai, Hardy, and
Maida, 2018] and rely on their Coulomb transport inequality. Differences however arise due to
the presence of the relative entropy in Fﬁv . In particular, one needs to study the regularity of
the potential of the equilibrium measure.

Organisation of the paper. In sections 2 we obtain preliminary results on the equilibrium
measure M};/ and its logarithmic potential. Section 3 is devoted to the proof of Theorem 1.4. In
section 4, we provide the core of the proof of Theorem 1.2. In section 5, we obtain concentration
estimates for error terms by means of Theorem 1.4. In section 6, we investigates the spectral
properties of the operator .; in particular we show that .Z~! is trace-class. In section 7, we
study the regularity of the eigenfunctions of the operator . so as to complete the proof of the
main theorem. Finally, in Section 8, we investigate the behavior of the variance O‘X as 8 — 0
(Poisson regime) as well as f — oo (random matrix regime).

Notations, basic properties and conventions. From now, 8 > 0is fixed. In the following,
if n is a measure on T, we will denote by n(z) its density with respect to the Lebesgue measure
dz when it exists. If S C T is a Borel set, we denote by |S| its Lebesgue measure.

Recall that T is equipped with the metric (z,y) +— |el* — e¥| and denote for any k € IN :=
{0,1,2,...} and 0 < a < 1 by C¥(T) the space of k-times differentiable functions on T whose



k-th derivative is a-Holder continuous, or Lipschitz continuous when o« = 1. When 0 < o < 1
we also write C® instead of C%%, since there is not ambiguity, and put

Y(x) — Pyl [v(z) —Y(y)
HT/)”C" = Ssup ‘ iz iylao H'(/J”Lip = sup iz i ‘
zyeT e — el zyeT  |€% —elY|
T#Y z#y
Note that, for any 0 < a < 1, we have [|1)[[ce(r) < 2[|¢[|Lip-
We sometimes use as well the chordal metric
d = inf |z — 2k 22
T(2,y) = inf |z —y + 2k| (22)

instead of the reference metric since they are equivalent: 2dy(z,y) < [e' — e| < dy(w,y) for
any x,y € R. Moreover, since Rademacher’s theorem states that the Lipschitz constant for
the metric dy reads ||f'||p~, we have

™
£ 2o < M leip < Sl (23)

Recall that ), = Jp ¥(z) e~ %= 92 denotes the Fourier coefficient of ¢ € L'(T). Let L3(T) =
{¢ € LAT) : 4y = 0} and H™(T) be the Sobolev subspace of L2(T) of functions having
their m-th first distributional derivatives in L?(T). We will also use at several instances the
continuous embedding H™+1(T) c C™!/2(T) for m € IN, sometimes known as the Sobolev-
Holder embedding theorem.

Finally, we uses the letter C for a positive constant which may varies from line to line, and
which may depend only on 5 > 0 and on the potential V' unless stated otherwise.

Acknowledgments. The authors wish to thank Benjamin Schlein and Sylvia Serfaty for
interesting discussions, and Severin Schraven for pointing out the reference [Brown et al.,
2013]. A. H. is supported by ANR JCJC grant BoB (ANR-16-CE23- 0003) and Labex CEMPI
(ANR-11-LABX-0007-01). G.L. is supported by the grant SNSF Ambizione S-71114-05-01.

2 Properties of the equilibrium measure

In this section we study the minimizer M}a/ of Fp, see (12), and collect useful properties for
later. Given u € M;(T), its logarithmic potential U# : T — [0, 4+00] is defined by

U (2) = /log ’ sin (2

Proposition 2.1. If V : T — R is a measurable and bounded function, then for any > 0,

y)’_lu(dy)-

(a) Fﬂv has a unique minimizer u}a/ on My (T).
(b) ug is absolutely continuous and there exists a 0 < § < 1 such that

pg ()
2

0 < <dé ' ae

In particular, there exists 0 < £ < 1 such that { < Urs <! onT.



(c) There exists a constant CX € R such that
4 v AV
280" (x) + V(z) +logpug (z) = C5  a.e. (24)

Part (c) of the proposition is usually referred as the Euler-Lagrange equation.

Remark 2.1. If V' = 0, then u‘é is the uniform measure g—ﬁ because of the rotational invariance.
One can also check it satisfies (24) since, for any « € T,

1 —eile—y) |~
% — =log2. (25)

dz
27 = 1
UsF () = [ 1og =

Thus, the Euler-Lagrange constant reads Cg = 2F1log2 — log(27).

Remark 2.2. Part (a) of the proposition follows from well known results. Although part (b)
and (c) seem to be part of the folklore, we were not able to locate (b) and (c) proven in full
details in the literature; the little subtlety is to take care of the sets where the density of u‘ﬁ/

may a priori vanish or be arbitrary close to zero due to the term log ug.

Proof of Proposition 2.1. Tt is known that both mappings p — £(u) and p +— K(u|py ) have
compact level sets on M1(T) and are strictly convex there, see [Saff and Totik, 1997, Dembo
and Zeitouni, 2010], from which (a) directly follows. Moreover, since Fjg(22) < oo we have
5(M}3/) < 00 and ’C(N};’/W(‘)/) < 00, and in particular ,ug is absolutely continuous.

Let py : T — R be any measurable function such that py (dz) = pj ()dz. We first claim
that the Borel set Ag := {x € T : pp (x) = 0} has null Lebesgue measure. Indeed, otherwise
we could define 7 := [Ag| 14, (x)dz € M;(T) and obtain, for any 0 < & < 1,

F (1= e)uy +en) = Fg (uy) +e </(2BU"g +V)d(n — p) + /logndn - /log py duZ)
+eloge+ (1 —¢)log(l —¢) + szﬂf(,u},/ —n).
This yields in turn
FY (1 =e)ug +en) = F§ (uy) +e(C +loge) + O(?)

when ¢ — 0 for some C' € R and, since £(C + loge) + O(£2) is negative for every £ > 0 small
enough, this contradicts the fact that u‘ﬁ/ is the unique minimizer. Thus |Ap| = 0.

We next prove a weak form of (c¢). Let ¢ : T — R be a measurable and bounded function
satisfying [ ¢duy = 0. Then, for any real |e| < [|¢]|5, we have (1 +ep)uy € My(T) and

FY (1 +ed)up) = FY (up) + 5/ (2BU“X +V +logpuy )oduy
+e%E(ppy) + /(1 +e¢)log(1+e¢) dpuy .

By definition of u[‘;, the mapping ¢ F/y((l + a(é)u};) has a unique minimum at € = 0 and,
since [ (14 e¢)log(1+¢¢)duy = O(?), we obtain

/ (BUMS +V +logu¥)pdul =0

10



for any such ¢’s. If n € M;(T) has a bounded density ¢ with respect to ug, then by taking
¢ := 1 — 1 in the previous identity we obtain

/ (QﬁU“g +V +logpuy)dn=Cy = / (2ﬁU“X +V +loguy ) duy - (26)

Now, if one assumes A := {z € T : 28UH5 (z) + V(x) + log g (z) > CY} has py -positive
measure, then by taking n(dz) := ;LX(A)’llA(x)ug(dx) in (26) we reach a contradiction.
Since the same holds after replacing > by < we obtain

QBU“/‘?/ +V +log u}; = Cg, ,ug—a.e. (27)

We are now equipped to prove (b) and (c¢). Using that U*5 >0 on T, we obtain from (27)
that u}j/(ac) <ce V@ ps -a.e for some ¢ > 0, and thus the same holds true (Lebesgue)-a.e. In

particular, since V' is bounded by assumption, there exists C' > 0 such that u‘ﬂ/(z) < % for
a.e. ¢ € T. This yields in turn with (25) that Urs (z) < CU% (z) = Clog2 on T. Next, let
Ay ={zeT: ,u‘ﬁ/(x) <k}forany 0 < k < 1. If MX(AK) > 0, then by taking the measure
n(dzx) := (,u‘ﬂ/(A,{))_llAn (z)py (dz) in (26) we obtain

CY <28Clog2+ ||V~ +logk

and thus ug(An) = 0 for every x > 0 small enough. Since we have already shown that |Ag| = 0,
this means that |A;| = 0 for every x > 0 small enough, and the first claim of (b) is proven.
Since the function x — log | sin(%)|_1 is non-negative and integrable on T, the second claims
follows as well.

Finally, this yields that the equation (27) holds a.e. and thus (c) is proven. O

Corollary 2.2. For any p € My (T) satisfying E(n) < 0o, we have
FY (n) = FY (uy) = BE( — pl ) + K(ulpy).-

Proof. One can assume p has a density which satisfies f log pdp < oo since the identity is
otherwise trivial. Similarly, one can assume £(u) < oo so that E(u — ,u}g/) makes sense (and is
non-negative), see [Saff and Totik, 1997, Lemma 1.8]. By integrating (24) against u this yields

cy = 2B/U“Xdu +/Vdu + /log uy . (28)
In particular, we obtain by taking u = ug and subtracting the resulting identity to (28),
v
[vatu—uf) =282~ 26 [0 au— [1opY e+ [ogut an

The latter identity plugged into F g/ (n) — F gf (,ug) yields the corollary. O

We also describe the behavior as  — 0 and 8 — oo of the equilibrium measure.
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Lemma 2.3. If V : T — R is measurable and bounded, then we have the weak convergences

dzx
/311%'“/3 g oan Blm Bg = Hoo = 5

If we further assume V is lower semicontinuous and that uY, has a density which satisfies
[ log pY dpY. < oo, then we have the weak convergence

lim ,ugv = oo

B—o0

Note that V is lower semicontinous and does not take the value +oc ensures that F is
lower semicontinuous and has a unique minimizer p¥, on M;(T), see [Saff and Totik, 1997].

Proof. First, since € is positive, py minimizes Fj, K(ug [ug ) = 0 and E(uy ) < oo, we have

K(wh l1g ) < Fa(py) < Fa(uy ) = BE(uy ) — 0.

B—0

Since p +— K(p|py ) has for unique minimizer p§ and is lower semicontinuous on M (T), which

is weakly compact, this implies the weak convergence ,ug — uy as B — 0.

Next, recall that p0, = 42 is the unique minimizer of £ on M;(T). Since

BE(ws) + K(wg | ) = F () < F5 (§2) < BE(uy) + K(52|ng)
we obtain that ’C([L/‘B/LU/X) <K(Eu) = Jr VL < oo for every B > 0, and moreover
1 1
limsupg(ug) = limsup ng/(ug) < limsup ng/(g—ﬁ) =E(4). (29)

Since € is lower semicontinuous on M1 (T), this similarly yields the weak convergence ,u}; — ‘21—5”

as 3 — oo.
Finally, by observing that FBBV(M) = BFY (1) + [log(2mp) du provided pu € M;(T) has a
density, we have

BFY (15" ) + / log(2mp" ) duy” = FfY (u")
< FV(u)

:BFo‘é(uXo)ﬂL/log(?wi’o)duli

Thus, if [loguY du¥, < oo, after dividing by 8 > 0 and taking the limit as 8 — 400, this
implies
limsup FY (u3") < FY (X))

B—o0

and the weak convergence Mgv — Y as B — oo is obtained as well. O

12



Next, we study the regularity of the equilibrium measure and its potential. Recall the
Hilbert transform H acting on the Hilbert space L?(T) is defined in (16). We can also define
Hy for p € M1(T) as soon as it has a density pu(z). Note that H acts in a simple fashion on
the Fourier basis: H(1) =0 and, if k € IN'\ {0},

s oikx

. ie 1 —eik(t—2) (i -
H(e™) = o /T o (L te (=0)dt = et

By taking the complex conjugate, this implies that for every k € Z,
H(e™™) = isgn(k)e'*® (30)

where we set sgn(0) := 0. This yields that H : L?(T) — LZ(T) is a well-defined bounded
operator with adjoint H* = —H. Moreover, when restricted to L3(T), this turns H into an
isometry which satisfies H~' = —H. We will also use that this implies that for any f € H!(T),
H f also belong to the Sobolev space H!(T) and that (Hf)" = H(f’). In the sequel, we will
use these properties of the Hilbert transform at several instances.

Lemma 2.4. IfV is measurable and bounded, then Uns € HY(T) and (U“X)’ = WHM‘B/.

Proof. For any 9 € C!(T), by using the definition of the Cauchy principle value and doing an
integration by part we obtain, for every x € T,

U?(z) = /T log |sin (“"2_’5)

1

= 1HY(x).

-1
9 (t)dt

Next, using Fubini theorem and that H is a bounded operator on L?(T) satisfying H* = —H
we obtain

Vv ’
(0", 0" ) 2 = (U, g yp2 = (wHV, pig )2 = (0, mHpp ) 2.

This shows that U has a distributional derivative given by mH ﬂ‘ﬂ/. Moreover, since the

density ug(x) belongs to L?(T) by Proposition 2.1 (b), so does Hﬂ}; and thus (U“X)’ € L*(T).
O

Proposition 2.5. If V € HY(T) then Uns € CYY/2(T). Moreover, if V € C™(T) for some
m > 0, then ug e Cc™Y(T) .

Note that V' € H!(T) implies that V is continuous and this ensures the existence of NX~
Proof. By differentiating the Euler-Lagrange equation (24) we obtain the distributional identity
(np)' = —py (2BrHpy + V). (31)
Since Huy € L*(T) and ||y |z~ < oo according to Proposition 2.1 (b), (31) yields that

py € HY(T) as soon as V' € L*(T). This also shows that (Huy ) = H(py) € L*(T) and thus

13



H,ug € HY(T) c CY/?(T). In particular, the first claim follows by Lemma 2.4. Moreover, if we
further assume that V € C%1(T), then ||(u}§)’HLoo < o0 by (31) and the second statement is
proven for m = 0.

Next, we differentiate (31) in order to obtain

(mg)" =—(up) 2BrHpy + V') — py (2BrH(uy ) +V"). (32)

If we assume V € CHY(T), then in particular it is C%! and we have already shown that
(1) | < o0o. Together with (32) this provides (u); )" € L*(T), thus (H (uy )')’ = H(uy )" €
L?(T), and this yields in turn H(py )" € C'/2(T). Using (32) again, we obtain (k)" | < o0
and the claim holds for m = 1.

The case m > 2 follows inductively by differentiating (32) and using the same reasoning. [

3 Proof of Theorem 1.4

We now turn to the proof of Theorem 1.4. The proof follows the same strategy than the one in
[Chafal, Hardy, and Maida, 2018] and is based on combining a Coulomb transport inequality
together with an energy estimate after an appropriate regularization of the empirical measure.
The regularization we use here is rather similar to [Maida and Maurel-Segala, 2014] and the
technical input with this respect here is the following lemma.

Lemma 3.1. Given any configuration of distinct points x1,...,xny € T, there exists a config-
uration yi,...,yn € T satisfying:
9 N
min [e¥ — el¥F| > e —elVi| <1,
J#k | |2 5N*4 ;' <
and

1 1
- > -
Zlog loie) — olon| = Zlog loiv; — civn | N
ik #k

Proof. Given any ordered configuration z; < ... < xy in T, there exists at least one index j

such that ;41 —x; > 27/N. Thus, by permutation and translation, one can assume without
loss of generality that

2 2
— — < < ... < <T - —.
7T+N_£L'1 N < T N

Consider the increasing bijection z € T +— & := tan(x/2) € R U {£oo} which satisfies

2|z — 9|
V14321432

We set gy := 71 and §j11 = §; + max(Z;41 — &;, N~2) and then let y; < ... < yy € T be
the configuration obtained by taking the image of the §;’s by the inverse bijection. Since by
construction §; — ; < (j — 1)N~2 we have

[ — V] = (33)

N N
D e —evi| <2NT2Y (i -1) < 1L
j=1 j=1

14



Next, by assumption on the z;’s we have max;|Z;| < [tan(Z — +)| < N, which yields

max; |7;| < 2N, and we thus obtain, for every j # k,

2 2

Wi eivk| > > .
[ =¥ 2 SEaTaNe 2 5N

Finally, we have

Zlog el{L’] emkl Zlog - 1 Zlog 1 +1‘

Jj#k Jj#k
1
>Zlog|g y| N-1) Zlogl—i—x
ik gk
N -2
2 + 22
= log v N -1 log( f)
J% |elyj—elyk| ( >; 1+3132‘
N
2 1+(Z;+N2({F—-1))
>3] N=1) Y log (- )
j;og|ewj—elyk| ( );O 1+z

1 2 2
max log (—l—(x—l—c)) = log (1 + c) < 2,
R x 2+4—c

we obtain

N —92/.
(N_nzlog(1“%'*1]1;(9—”)2) oN
j=1 J

which completes the proof of the lemma.
Proof of Theorem 1.4. Recalling (6), if we set for convenience

AN
sin (3|

g(z) = log

then we can write

N

1 dz;

dPy(21,...,2N) = 7 exp ——Zg ZV(:E]') HT;
J#k j=1 j=1

for some new normalization constant Z fv > 0.

Step 1: Lower bound on the partition function. By writing

P N N
Zy = /exp{ N Zg(ﬂﬁj — ) — Z (V(zy) + IOg(QW#}a/(JUj)))} H H}a/(dl’j)

ik j=1 j=1
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and using Jensen’s inequality, we obtain

N N
log Zy > / f%Zg(zj — xy) Z (2;) + log(2mpy (x;)) H“‘ﬁ/ dz;)
j=1

ik j=1

= —B(N —1)E(uY) N/V+log27ruﬂ))du}3/

— NEp(uY) + BEGY). (36)
Step 2: Regularization and energy estimates. Given any configuration z1,...,zxy € T of
distinct points, let y1,...,yn € T be as in Lemma 3.1 and set

- 1 ¢ dz

HUN = N ; (Sy,i * An-s, Ae 1= 1[075] (.13) ?
Since ¢'(z) = —(2tan(z/2))~!, a Taylor-Lagrange expansion yields for any |u| < |z|/2,
o
~ 2sin|z/4| ~ sin|z/2|

(37)

Since Lemma 3.1 yields sin(|y; — yx|/2) > N~%/10 and sin(|yx — y; — u|/2) > N=4/10 — |u]
when j # k, we obtain from Lemma 3.1 again and (37) that, for N > 10,

Zg( — ) >Zg i — k)

Jj#k J#k
> Z/ 5 =y + ) Ay s (du) — 6N
J#k
> Z //g(yj — Y +u—v) Ay-s(du)A\y-s(dv) — 16N
J#k
= N2&(Jix) — NE(Ay—s) — 16N. (38)

Next, by using that 2|sin(a)| > |a| when |a| < 1, we obtain the upper bound
1
E(Xe) < /log Tl Ae(dz)Ae(dy) +1log2 = —loge + 3/2 + log 2. (39)

If we set ¢ := E(u‘ﬁ/) + 16 + 3/2 + log 2, then by combining (36)—(39) we obtain,

Zlexp ——Zg k)—ZV(xj)
Jj=1

J#k
< BBlog Nte) (=N (BE(n)—Fa(u})) X3, V(w;)

N
_ (B3 108 N+e) =N (Fa(fin) —F5 ()~ K i 1)) +N [ Q(in —pw) IT 270 (25)

j=1
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where Q := V +log u‘é = CX — QBU“X by (24). Using Corollary 2.2, we deduce from (35) that
for any r > 0,

Py (E(in — pf) > 1) < e FNT—hlogN—¢) / N QAN =) (V)N (dg). (40)

Finally, since by assumption V € H(T), Proposition 2.5 yields U 5 s Lipschitz and, using
again Lemma 3.1, we have

N v \%
’N/Qd(ﬁfv - /JN)’ < 252/ U5 (y; +u) — U5 (25)] A5 (du)
j=1

N
< 230 sy ( -0 = 42N [ [sinu/2)| Ay (du)

j=1
< 3B/ U ||1ip.
Together with (40), we have finally obtained the energy estimate
Py (g(ﬁN o H};’/) > T) < efﬁ(NrffllOgN*é)’ (41)
where €' == E(u) + 3(|U"5 |[Lip + 16 + 3/2 + log 2.

Step 4: The Coulomb transport inequality and conclusion. Lemma 3.1 yields,

N
~ 1 iz iy
Wl(,uN,uN) < N E l/le Zj _e(y1+U)|)\N75(du)
i=

2

< % 42 / [sin(u/2)] Ay (du) < (42)

Since both gy and “‘B/ have finite logarithmic energy, it follows from [Chafal et al., 2018,
Theorem 1.1] and the discussion below that, for every ¢ > 0,

Wi (fin, g )? < AmE(in — pg)-

Moreover, using that

4

1 - ~ ~
§W1(,UN; 1y)* < Wi, s )+ Wi, in)? < Wi (i, pg ) + Nz

we obtain for any r > 0 from (41),
v oy 1 4
IP’N(Wl(/izv,/iﬁ) > 7") < ]P’N(W1(MN,M5) > 5= ﬁ)
1 /r? 4
T
< efﬂ(ﬁNﬁfSlongC)
where the constant is given by
3 1
C = E(uY) + 31U |[uip + 16 + S Hlog2 4 — (43)

and the proof of the theorem is complete. O
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4 Main steps for the proof of Theorem 1.2

In this section, we explain the main strategy to prove Theorem 1.2. It is based on the multi-
dimensional Gaussian approximation result from [Lambert, Ledoux, and Webb, 2017] combined
with the previous concentration inequality and a study of the spectral properties of the oper-
ator .Z.

Consider the differential operator given by

L:=A-V(Zxx) + Zg V() -

v
N 9 N
:Zaiﬁ Zv’ )0,

j=1 N i+; 2tan (m] z) j=1

which satisfies the integration by part identity [ f(—Lg)dPy = [V f-VgdPy for any smooth
functions f,g: TN — R.

Recalling that vy = VN (fin — u}a/), we first show that vx(¢), seen as a mapping TV — R,
is an approzimate eigenfunction for L as long as ¢ is a (strong) eigenfunction of the differential
operator . defined in (15). More precisely, we have the approximate commutation relation:

Lemma 4.1. For any ¢ € C*(T) we have

Lun(¢) = —vn(£9) + —=(n(9) (44)

B
VN
where we introduced

O -GG, [
(@)= [[ Gy vst@nn(ay) = [ ' du (15)

Proof. If we set ®(x) := Z;V=1 ¢(z;) then we have

N (]5/
— Z¢H( Z mJ m1 Z¢ x] VI mj

=1 1757

3 N ¢, N
(1)3”’% N2 m % xz Z¢> WV/as) (46)

1,j=1

<.

Next, it is convenient to introduce the operator = defined by

P(x) — (1)

_‘¢( ) 2tan($ t) ‘B/(dt)’ (47)

which is a weighted version of the Hilbert transform H defined in (16). Indeed, we can write

¢ () — ¢' ()
N Z W

7,7=1

—2f/ duN+N/ " dpy +/ MVN(dx)VN(dy)

2 tan(*5Y)
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and this yields together with (46) and (45),
Lo = N [ (6" +62(6) - V) auf + VN [ (6" +205(0) - V") du + Bon (). (49
By (15), observe that the variational equation (31) yields

¢" +28E(¢)) = V'¢' = -ZL¢ (49)
where we used that, by (47),

By = m(H(ppy) — ¢ H(ug ). (50)

Moreover, we obtain by using that H* = —H,

[ vt == [ @) du + w0 0). )10

~2n [ Huyodu).

By integrating (31) against ¢’ dz, this yields together with an integration by parts:

[ @+ 526) - 6v)auf —o. G1)
By combining (48)—(51), we have finally shown that
Lo = —VNun(Z£9) + Bn(¢)

and the result follows by linearity of L since ® = v/ Nvy(¢) + N i d)d,u},/. O

It turns out the random variables {x(¢) are of smaller order of magnitude than the fluctu-
ations provided ¢ is smooth enough. More precisely, we have the following estimates.

Lemma 4.2. There exists a constant C = C(8,V) > 0 such that, for any N > 10, for any
¢ € C3Y(T), we have

2
E[[Cv(9)[*] < Clle” 12,5010 N)2. (52)
Moreover, for any Lipschitz function g : T — R

‘/ngN

The proof of this lemma is based on Theorem 1.4 and is postponed to Section 5.

2

E < Cllgllz;p log N. (53)

Another important input is the existence of an eigenbasis of H for the operator £ that
behaves like an eigenbasis of a Sturm-Liouville operator. Note that by (17), H is a separable
Hilbert space and it follows from Proposition 2.1(b) that the associated norm satisfies

Sl 1z < Illlf < 67 W' l1Zs,

a fact we will use at several instances below.
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Proposition 4.3. Assume that V€ C™(T) for some m > 1. Then there exists a family
(¢j)‘;‘;1 of functions ¢; : T — R such that:

(a) Lo; = sjp; where (3¢;)72

221 is an increasing sequence of positive numbers.
(b) (¢;)52 is an orthonormal basis of the Hilbert space H.
(c) There exists o > 0 such that s; ~ aj? as j — oo. for every j > 1.

)

(d) ¢; € C™(T) and there exist constants Cy such that for every k € {0,...,m},

k41

165 |ip < Chose;

The proof of Proposition 4.3 is postponed to the sections 6 and 7.

Proposition 4.4. Assume that the external potential V € C*(T). There exists a constant
C =C(B,V) > 0 such that, if we set

F = (Voavn (), v/Favn(éa),

then we have for every N > 10 and d > 1,

d d d
Wa(F, N(0.10) < ~= [ Blog N [0+ [1og NS 52> 5
\/N j=1 7j=1 j=1

Here N(0,1,) stands for a real standard Gaussian random vector in RY. This proposition
is a consequence of the previous concentration estimates together with the following general
normal approximation given by [Lambert et al., 2017, Proposition 2.1]; for F = (Fy,..., Fy) €
C?(TN,RY) we set LF := (LFy,...,LF,) and denote by || - ||z« the Euclidean norm of R¢.

Theorem 4.5. For any given F = (Fy,...,Fy) € C3(TV,RY), let
SE VF}
4,j=1

and see both F and T’ as random variables defined on the probability space (TN, B(T)®N Py).
Given any d x d diagonal matriz K with positive diagonal entries, we have

W (F, N(0,1,)) < \/]E I1F + K= LF||7.] + \/E [Ta = KT

Proof of Proposition 4.4. By Proposition 4.3 (a) and Lemma 4.1, we have for every j > 1,

LF. i %]F +B\/7<N ¢j

As a consequence, taking K := diag(se,. .., s4), we obtain
2 B2 d 2
E[IF+ K LF] = 550 o B jov(on) ]
j=1
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and, by Lemma 4.2 and Proposition 4.3 (c¢)-(d), this yields

d

E ||F+K*1LF||]2Rd} <oprtt) logN Z 5. (54)

Next, since for any ¢,j € IN,

I'jj=VF,-VF; = \/T%J/(?;(ﬁ; dpn,
and using that the ¢;’s are orthonormal, we obtain

E([t~ K7 T[fus| =E [Hld — K2R

e
Lye [ ot an

zg 1 ]
Proposition 4.3 (d) moreover yield, for any i, € IN,

1656 |Lip < 165 l|Lip |05 |Lip + [10illLipl| &) |Lip < C(56y/75 + V22i5¢)

and it thus follows from Lemma 4.2 that

d d
E = K Th] < c255 343 (55)

The proposition follows by combining estimates (54) and (55) together with Theorem 4.5. O

We are finally in position to prove Theorem 1.2 by decomposing a general test function
into the eigenbasis (¢;)72; and by using Proposition 4.4.

Proof of Theorem 1.2. Assume that V € C*!(T) and let ¢ € C27*(T) for some integer v > 2.
We can assume without loss of generality that [ z/Jd,ug = 0. Thus v € H and we have by
Proposition 4.3 (b),

H o0
= (1, 6)n ¢ (56)
j=1
Moreover, since % lies in the domain of .27 and using that .Z is symmetric, we have
1 . 1 .
(W, ¢j)n| = ﬁ|<$ ¥, di)m| < ALl (57)
% %

In particular, by Proposition 4.3 (c), the series (56) converges uniformly on T.
Next, given any d € IN, let us consider the truncation of ),

d
=", 6)n 65
j=1
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Proposition 4.3 (¢)-(d) and the upper bound (57) yield for v > 1,
e P e DR (v
j=d+1

—~y+1/2
<Ol Y Y
j=d+1
< ClLMP|lnd 207,

Thus, by definition of the W5 metric and Lemma 4.2, this yields

Wy (i (), m(01)) < \/EU Jw-vman|] <clevmaES. 68

Next, if we set 7, := 37", %;1‘@/1, qu>H|2 for m € NU{oc}, then we obtain from (57) and
Proposition 4.3 (c¢) that

2

W (N(0,74) , N(0,7150))” = (V1o — v/ )?

S Moo — Nd

ST G w diml”
j=d+1

< CllL plfd (59)

A

Last, Proposition 4.4 and Proposition 4.3 (¢) yields

d

Wa (v (1), N(0.0)) = Wa | 3

j=1

(Y, dj)H

#j

vn(9;), N(0,74)

< Ve Wa(F, N(0,1y))
< \/% (5 log N d7/2 + \/logNd4> . (60)

Finally, by combining the estimates (58)—(60) and taking for d the integer part of N %,
we obtain
log N

~F—1
N+

Wa(vv(¥), N(0,150)) < Cy

where Cy, > 0 depends on 7, [|-Z79||n, B and V only. It remains to check that 7. equals to

the variance og (1)? given in (20); this is proven in Proposition 6.3 below. The proof of the

theorem is therefore complete. O

5 Concentration estimates: Proof of Lemma 4.2

If we use the Kantorovich-Rubinstein dual representation of Wy and take r := R4/log N/N
in Theorem 1.4, then under the same assumptions and using the same notation as in that
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theorem we obtain the following estimate: there exists C' = C(uy,8) > 0 and & = £(8) > 0
such that, for every R > 6 and N > 10,

Py sup /deN
(I fllLip<1

We also need the next estimate.
Lemma 5.1. There exists k = k(8) > 0 and a constant Ry > 0 such that, for any function
1 € C*L(T), one has for every R > Ry and N > 10,

<|// 2 tan (%5 y v (d)ry(dy)

Proof. The strategy is to prove that the random function

P(z) — ¥(y)
2tan(*5Y)

> \/RlogN> < CN—FE, (61)

> R||¢"||Lip log N) < CN~E,

Uy (z) = vy (dy)

has Lipschitz constant controlled by |[4”||rip\/log N with high probability and then to use (61).
Since 1 € C*1(T), we verify that for any = € R,

/w ¢’ (z) sin(x y)VN(dy)_ (62)

45111 ( =)

We now provide an upper bound on the Lipschitz constant of the integrand of ¥/, which is
uniform in z. Indeed, we have

4 <w<z> — %(y) = ¥/(2) sin(z — y)) _ (@) = () cos(5FY) — (¥'(2) + /() sin(*F4)

dy 4sin®(25Y) 4sin®(25Y)

(63)
Let et us recall that we introduced dr(z,y) in (22). Two Taylor-Lagrange expansions yield,
for any z,y € T,

x x 2
0(@) - v) = 0D (@) 4 0/ (w) - O (1) - )
for some u,v € T, so that
vl@) — v) = T (5@ 4 0/ (W) + O(dr (1)) s

Together with (63), this implies that there exists a constant C' > 0 such that

sup i Y(x) —Y(y) — ¢’ (x) sin(x — y)
=y 4sin®(25Y)

dy < C(I1W" lip + ¢l ze)-

Since the mean value theorem yields that

[l poe < " oo < 2|46 ||ip (64)
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we deduce from (61) that there exist constants k' > k and Ry > 0 such that for all R > Ry
and N > 10,

Py (||‘1’NHLip > (14" || Lip v RlOgN) < CN*E,

Therefore, by (61) again, we obtain

Y/ —

<Py (\ [ o] > 10l Rlog N [l < 16 i/ Rog N) L ON-R

<2CN—~'R,

> “¢//||LipR10g N)

which completes the proof of the lemma. O

Proof of Lemma 4.2. Using (61) and that, for any real random variable X and « > 0,
E[X?] = a/ P(|X| > VaR)dR, (65)
0

we obtain for any N > 10 and any Lipschitz function g : T — R that

2
1
E d < I 2 log N
U/g UN ] < <6+ mogN> l9llLip log (66)

and the second statement of the lemma is obtained.
Next, according to (45) and since uy is a probability measure, we have

@)l < ‘/ 2tan =) e <dx)yN<dy)’+”¢NL°°-

Using the inequality ||¢” ||z < 27||¢"||Lip obtained as in (64), we deduce from Lemma 5.1
that for all R > Ry and N > 10,

P(|Cw(9)] = 2RI¢" Liplog N) < CN~*E.

Thus, combined with (65) this yields
2 12 2 2 2C
< .

and the proof of the lemma is complete.
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6 Spectral theory: Proof of Proposition 4.3 (a)—(c)

In this section, we always assume V € CL1(T). In particular it follows from Proposition 2.5
that (log ug)’ is Lipschitz continuous. Recalling (15), we write

L=l +2mBW (68)

where we introduced the operators on L?(T),

JZ{QS = - (IOgﬂg)ld)/ = - Vv 9

W= —H(@'ny).

Note that 7 is a Sturm-Liouville operator in the sense that it reads

— = 4 (v gy ) +ate)

with p := log M}a/ and ¢ := 0; we refer to [Marchenko, 2011, Brown et al., 2013] for general
references on Sturm-Liouville equations.
We first check that . is a positive operator on H, as a consequence of the next lemma.

Lemma 6.1. The operators o/ and #  are both positive on H.

Proof. We have for any function ¢ € H,

7N\’ , d
<»@f¢,¢>H=—/ (‘pv) sodx=/ | IQ% >0
T \Hg T Ha

where we set ¢ := ¢’ /“B/' Moreover, if one decomposes ¢ in the Fourier basis, then we have
W 6.0 =~ [ o) odo = llonl” = el 2 0 (70)
T ke
and the lemma is proven. O

The spectral properties of the Sturm-Liouville operator o/ (with periodic boundary condi-
tions) are well known, see for instance [Brown et al., 2013, Chapter 2 and 3], from which one
can obtain the basic properties:

Lemma 6.2. There exists a orthonormal basis (p;)3<, of H consisting of (weak) eigenfunctions
of & associated with positive eigenvalues. Moreover, if

A pj = Ajp;
with 0 < Ay < Ao < -+, then there exists a > 0 such that, as j — oo,

)\j ~ G{jQ.
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Proof. Since for any smooth function ¢ : T — R we have
(0. 00nquy = [ So0aut = [167duf 20 (71)

we see that o7 is a positive Sturm-Liouville operator on L?(u}) whose domain is H(uy ) :=
{¢ € L*(uy) : ¢/ € L*(uy )} = H'(T), where we used Proposition 2.1 (b) for this equality. It
then follows from the general properties of the Sturm-Liouville operators that there exists an
orthonormal basis of LQ(uﬁ) consisting of eigenfunctions (goj) 5 C HY(T) of o associated to
non-negative increasing eigenvalues (\;)32,. Moreover, by Weyl’s law (see e.g. [Brown et al.,
2013, Theorem 3.3.2] in our setting), there exists o > 0 such that \; ~ aj? as j — oo.

The smallest eigenvalue A\g = 0 comes with the eigenfunction @y = 1 which is orthogonal
to H in L*(T), see (17). Since the @;’s are orthonormal in L?(uy ), we have for any j > 1,

/@j duy = (5, P0)L2(uy) =0 (72)
and thus (¢;)32; C H. Moreover, since we have for any 4,5 € N,

(@i, Pj)n = @27@91:2(#;)
= (i, T i) 2 ()
= Xjdij»

it follows that A1 > 0 (since otherwise @; would be a non-zero constant function and this would
contradict (72)). Finally, if we set ¢; := ¢;/1/A;, then the family (;)52; is an orthonormal
basis of H that satisfies the requirements of the lemma. O

Proposition 6.3. Proposition 4.3 (a)—(c) hold true. More precisely, there exists a orthonormal
basis (¢;)52, of H such that L¢; = »; ¢; with 0 < 321 < 300 < - -+ and we have

-2
np~ Q]

as 7 — oo for the same o > 0 than in Lemma 6.2. In particular, £~ is a well defined trace
class operator on H and, for any ¢ € H, we have

o0

(0, 27 0 Z%i [, 650m[" (73)

Proof. We use here basic results from operator theory, see e.g. [Kato, 1995]. Lemma 6.2
yields that &7 is a positive self-adjoint operator on H and that .7 ~! is trace-class. Since #
is non-negative and self-adjoint on H, it follows that £~ = (& + 278#)~! is a positive
self-adjoint compact operator on H. The spectral theorem for self-adjoint compact operators
then yields the existence of an orthonormal family (¢j) °, in H and an increasing sequence of
positive numbers (s )J:1 such that £~ = Zj »; qﬁj ® ¢;. In particular Z¢; = »;¢; weakly

for every j > 1. Moreover, since £~ ! is positive, the family (¢;) is necessarily a complete
orthonormal family in H: part (a) and (b) are thus proven.
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Writing (-,-) instead of (-,-)y for simplicity, the min-max theorem (see e.g. [Reed and
Simon, 1978, Theorem XIII.2]) yields, for any j > 1,

»; = max min (LY, ),
Sj-1peS;,
llvll=1

where the maximum is taken over all subspace S;_1 C H of dimension j — 1. By taking

Sj :=span(p1, ..., ;) where (p;)52, is as in Lemma 6.2, this provides

%> min (L1,9)
$ESH
l]|=1

> min (/1) 9) =)\ (74)

where we also used that # > 0 in the last inequality. Similarly, we use the reversed form of
the min-max principle to obtain that, using also (68), for any j > 1,

%) = min max (LY, )
" lli=1

max (L, )

PES,;

lllI=1

< Xj + 218 max (W, ). (75)
PES;
[p[|1=1

IN

Next, by using (70), the Cauchy-Schwarz inequality, that H is an isometry of L2(T) such that
H() = H(y') for every 1 € HY(T), the second equality in (69) and Proposition 2.1 (b), we
obtain for any ¢ > 1,

W oo, oe0m < 27 (|(@hp )|l L2 llas Il 2
= 27|l o e 2l opmy || 22
< 216 | pell 2y lpelm
= 27r§71)\;/2.

For the last step, we used that by definition, ||¢¢||n = 1 and ||<ngL2(“};) = )\;1/2 (see the end
of the proof of Lemma 6.2). Together with (75), this yields

s < A+ AT?B5TIAY

Finally, combined with (74) and Lemma 6.2, the proof of the proposition is complete. O

7 Regularity: Proof of Proposition 4.3 (d)

We start with the following lemma.
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Lemma 7.1. Suppose that V € CHY(T). There exists C = C(3,V) > 0 such that, if ¢ € H
satisfies ||plln = 1 and Lo = ¢ weakly for some » > 0, then ¢"" € L*(T) and ||¢||p2 <
Cx 12,

Proof. First, since /cﬁd,ug = 0 and ¢ is continuous, there exists £ € T such that ¢(£) = 0.
Thus, by the Cauchy-Schwarz inequality,

Joll= < sup) [ 16’ a6| < 211 (76)
xe
By Proposition 2.1(b), this yields in turn

6]z < 27672 g|ln = 27/ V5. (77)

Since ,u}g/ € CH(T) according to Proposition 2.5 and using that the Hilbert transform
H preserves the L?(T) norm, we see the functions H(uy¢') and (logpy)'¢’ are in L*(T).
Together with the definition (15) of .Z, this implies that

— ¢ = x¢+2mBH (uy ¢') + (log ) ¢/ (78)

belongs to L?(T). Recalling (69), an integration by parts shows that

{6, $)pa| <07 /quﬂbdug =6 Yg|Z =071
Moreover, by (69), using Cauchy-Schwarz inequality and (77), we have

(&, ) 2] < lI6ll 216 1o | 2
<5 2YIgllze [l
< 2mé L.
Put together, by (68), this yields
l6]72 = 216, L)1z < 51671 (14 4n°B)
which completes the proof. 0

We finally turn to the proof of the last statement of Proposition 4.3 and thus complete the
proof of Theorem 1.2.

Proof of Proposition 4.3 (d). Assume V € C™(T) for some m > 1. In particular, Proposi-
tion 2.5 yields uy € C™!(T) and, thanks to Proposition 2.1(b), we also have log uy € C™'(T)

and thus [|(log ) )™ || oo < o0.
Starting from (78) and using that ||H - |12 < || - ||z, that ||¢;||n = 1 and Lemma 7.1, we
see there exists C' = C(3,V) > 0 such that, for any j > 1,
16712 < s¢ilisllze + 2Bl &5y 2 + Il (log ) 5] 2
< sl dille + (286712 + 5712 (log ) ll2=) 1651
<Oy (79)
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Combined with (76) and (23), this yields that Proposition 4.3 (d) holds true when k = 0.
Next, we use that for any ¢ € HY(T), we have by (76)

[H | Lo < 2m||(H1p)'|| L2 = 2m][¢)"|| 2.
Thus, since ug € CV(T) and ¢f € L*(T), according to (78), we have for every j > 1,
1H (1 )| Loe < 27| (p5 05)' [ 2
< 2 (| (ug) e llgjll e + 616 ] 2)
<O\ (80)

for some C' = C(8,V) > 0; note that we used again that [|¢}||2 < 67/?||¢;||u. By using this
estimate in (78) together with (77) and using the proposition for k£ = 0, we obtain

197l < Cxj.

This proves the proposition when k = 1. Note that, in particular, gf)}’ € L>(T).
Assume now that m > 2 so as to treat the case where k = 2. Observe that, since ¢;-’ € L3(T),
the right hand side of equation (78) has a weak derivative in L? and we obtain, for any j > 1,

0 = 20 + 2 BH(n 0} + (log )"}, + (log p ) . (81)
Together with (79) and the upper bounds used to prove it, this yields

165ll2 < C3¢;

and in particular ¢/’ € L?(T). Similarly as in (80), this implies in turn that
1H (15 6) || L= < C.

By using this estimate combined together with the proposition for £ = 0 and k& = 1, we obtain
from (81) that

16 || < Coel/?

and the proof of the proposition is complete when k = 2.
The setting where k > 3 is proven inductively by using the same method, after k — 1
differentiations of formula (78). O

8 Continuity of the variance in the parameter § € [0, +oc]

In this final section, we study the limits of 0}5(@/})2 as f — 0 and 8 — oco. We provide sufficient

conditions on V so that the variance interpolates between the L? and the H'/2 (semi-)norms,
as it is the case when V = 0, see Lemma 1.3.
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Convention: In this section, we denote the Hilbert space H and the operators .Z, &/, and
W defined in the previous sections by Hg, £, %73, and #j respectively to emphasize on the
dependence on the parameter g > 0.

First, let us record the following smoothing property of the operators Zﬂ_l.

Lemma 8.1. Let V € CYY(T). If f € Hg for some 3 > 0, then Zﬂ_lf € H3(T).
Proof. If f € Hg, then by Proposition 4.3 we have the convergent expansion in Hg,
o0
— <f7 ¢>H
Lilf=) e
j=1 J

By differentiating this formula and using the estimate (79) this shows that, if V € Cb1(T),
there exists a constant C' = C(83,V) > 0 such that

sy, < 3 12l < o5 1l <y,

Proposition 8.2. If V € CY1(T) then we have for every 1 € HY(T),

lim o (¢) = ag (¥).

B—0

Proof. Let ¢ € HY(T) and set ¢g := ¢ — [ wd,u‘ﬁ/ for any 8 > 0. In particular g is continuous
on T and Lemma 2.3 yields

i v
élil% Hzpﬂ““(w ||wOHL2(lL )y =00 (V). (82)

We also use the integration by part formula
[octwans = [0 anl (83)

which holds for any ¢ € H'(T) and ¢ € H*(T). Note that ¢35 € Hg and, by Lemma 8.1, that
fﬁ_ld)g € H2. Since ¥ > /3 > 0 as operators on Hg, we obtain together with (83),

V(212 -1
o = L
Y@ = (. 25 0s),
_ -1
— <w6,ﬂf3.% ¢5>L2(HX)
= HWfH%Q(Mg) : (84)
Combined with (82), this gives

limsup og V() < oy ().
B—0
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As for the lower bound, by using (83) again, that @3 = £5 — 2% and fgfl;l(b =¢
for every ¢ € HY(T), we have

oW = [ bsets(25 03 duf
= sl 278 [ 0ol 25 ) . (85)

Since #5(¢) = —H((b’,ug) and the Hilbert transform satisfies H* = —H on L?(T),
[z onant = [ H@ant) (25 0o . (56)

Since M};/ is bounded by Proposition 2.1, we have d)ﬂug € L3*(T), and so does H(wgug)

which moreover satisfies fT H(wg,u}i/) dxr = 0. As a consequence, H(lpgu‘ﬁ/) has a primitive

Yg : T — R that we can pick so that [ g d,ug = 0. Thus, Y3 € Hg and we obtain by using
the Cauchy-Schwarz inequality (recalling that .,S”ﬁ_l > 0 on Hg) and (84),

’/H(i/)ﬂu}a/)(o?fg_l?ﬁﬁ)'du}s/‘ = ‘<19/3w%_1¢ﬂ>H5‘

< {05, L7109 -
- \/< 825 ﬁ>Hﬁ <¢B,$,3 q/)5>Hﬁ
<98l 2y P8l L2y - (87)

To bound the term H195||L2(N\B/), first note that the variational constant C/‘B/ from (24) satisfies

CY =2Fs(uf) — Ky |ud) < 2Fs(ud) = 2BE (1),

where we used that IC(,u‘ﬁ/mg) > 0, that ,ug is the minimizer of Fg, and that K(ud [y ) = 0.
Thus, since U"5 > 0, this yields together with Proposition 2.1(c) that u/‘B/ (z) < 2BE(ng )=V (@)
on T. In particular, there exists C = C(V) > 0 such that, for any S € [0,1], we have
|} | < C?/m. As a consequence, using (76), we obtain for 5 € [0, 1],
19l L2y < 195l

< 2| H (s )| 2

= 2m||oppu || 2

< Cll¥slrzuy)-

Combined with (85)—(87), this finally yields

. . Vv 2 . . 2 _ .V 2
liminfog (¢)° > hgn_}glf Hd)gHLQ(Mg) (1-27CB) =0ay (¥)7,

B—0

where the last identity follows from (82). The proof of the proposition is thus complete. [
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Proposition 8.3. If V € C11(T) and Bminy ,ug — 00 as B — oo, then for any 1 € H*(T),
Jim Bog () = [1¥llf2- (88)
If we assume instead that 8 miny ,ugv — 00 as 8 — 0o, then we also have
Jim BogY (@) = 9[- (89)

Remark 8.1. Let us comment on the assumptions of Proposition 8.3. First, the condition that
b € H%(T) seems only technical and we expect the result still holds provided that 1 € H(T).
Next, we know from Proposition 2.1(b) that miny ,u‘ﬁ/ > 0 and ming ,ugv > 0 for every fixed
B8 > 0. However, we expect that the later quantity decays to zero as f — oo. Indeed, one
can verify from the Euler-Lagrange equation that if V' € C%!(T) is not constant, then the

minimizer pY of the functional (13) does not have full support on T. On the other-hand, if

the potential V' is fixed, then we already know from Lemma 2.3 that ,ug — (21—;’; weakly. In

Lemma 8.4 below, we establish that, if this convergence holds in LP for p > 1 with a rate of at
most clog 8/ for ¢ > 0 small enough, then the hypothesis that 5 miny u‘ﬁ/ — 400 as f — +oo
is satisfied.

We are now ready to prove of Proposition 8.3.

Proof. We start by proving (88). Recall that by definition, we have for every ¢ € HY(T),

@1f/2 = (&', H(¢)) 12 = —(H(¢'), d) 2.

By Lemma 6.1, the operator ”//,871 is well-defined on Hg. Moreover, by (69) and since H 1 =
—H on L3(T), we have for every ¢ € Hg,

0057%) 't = —Ho+ [ (457 0) .

Recall that g = ¢— [¢ dug for any 8 > 0 and that )3 € Hg. Using further that £3 > 2n5%/3
as operators on Hg, we obtain for every 8 > 0 the upper bound,

8o () = B (s, 25 5) (90)

Hs
= % <w6’%_1¢’3>H5

- <’l/}/ﬁ7 H(w3)>L2
a2
= 19l 2- (91)

As for the lower bound, recalling that #3(¢) = —H(gb’ug) and writing 2n#s = £ — A3,
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since H is an isometry of LZ(T) and 17% = 0, we obtain
Bok () = 2m8 (W, (L5 sV hY ) |
= 2mB (H ('), H((L5 ") 1) )
= —2mB (H(W), #3(Z5 " vs)) |
= —(H), )0 + (HW), (L5 09))

L2

= [le + (H@), (L5 "s)) - (92)
Now, we set
95 = 29,
s

Since by assumption ¢ € L?(T), ||(/¢X)’||Loo < 00 by Proposition 2.5 and H maps L?(T) into
L&(T), it easily follows from Proposition 2.1(b) that 93 € Hgz. Moreover, since fﬁ_l(d}g) €

H2(T) according to Lemma 8.1, we can use Remark 83 and the Cauchy-Schwarz inequality
(recalling that 3,8_1 > 0 on Hg) to obtain

(@)L 00)) |, = 5= (9, 6257 05))

L2(uY)

=5 (9025 00),,

1

> ——a} ($)o} (V). (93)

Next, using (84) and Proposition 2.1(b), we then have

1 _
575 (98) < 195l L2quy) < 6° VIH@ |2 = 629l

for some § = §(B) > 0 that satisfies, by assumption, 8§ — oo as f — oo. Combined with
(92)—(93) this then yields

Bay ()2 = 1Wlfz — 62 Yllne oy ().

By computing the roots of the polynomial function @ — 2% — (88)~/2|[¢)||yrx + [|¢)||2,,» this
provides in turn,

[9lR 9l
485 2B3

and, together with the upper bound (90), the claim (88) is proven.

li f >l f
ﬁlg_ﬁl_go faﬁ 1m1n

= [[9llnr2

Since the proof of (89) is identical to the one of (88) after replacing 1} 5 by u V' everywhere
in the above arguments, the proposition is obtained. O
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Lemma 8.4. Let V € HY(T) and p > 1. Suppose that for all B sufficiently large,

log
I = &1, < 5

for a constant k, > 0 which is sufficiently small, then Binfr ,ug — 40 as B — +oo.
Proof. Recall that Utr = log 2. Since K(ugm}f) >0 and ‘21—: minimizes £, we have for 8 > 0,
Cy >2BE(ny) > 2Blog2.

From (24), which holds for all z € T if V € HY(T) according to Proposition 2.5, the density
,ug satisfies for all z € T,
v CY —28U"F (2)—V(2) < 28(U%% —U" (@)« ¢ —V
pg () =e”s >e 1%fe .
Next, notice that the mapping ¢ defined in (34) is LP for any p > 0. Using Young’s convolution
inequality we obtain, for every p > 1,

v da
[U#5 = U | e = g * (1 — )l e < Ngll, 2 e — 2511

Lo T

and the lemma follows. O
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