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Hyperbolic scaling limit of non-equilibrium fluctuations
for a weakly anharmonic chain

Lu XU

Abstract

We consider a chain of n coupled oscillators placed on a one-dimensional lattice with
periodic boundary conditions. The interaction between particles is determined by a weakly
anharmonic potential V;, = r2/2 + ¢,U(r), where U has bounded second derivative and
on vanishes as n — co. The dynamics is perturbed by noises acting only on the positions,
such that the total momentum and length are the only conserved quantities. With relative
entropy technique, we prove for dynamics out of equilibrium that, if o, decays sufficiently
fast, the fluctuation field of the conserved quantities converges in law to a linear p-system
in the hyperbolic space-time scaling limit. The transition speed is spatially homogeneous
due to the vanishing anharmonicity. We also present a quantitative bound for the speed
of convergence to the corresponding hydrodynamic limit.

1. Introduction

One of the central topics in statistical physics is to derive macroscopic equations in scaling
limits of microscopic dynamics. For Hamiltonian lattice field, Euler equations can be formally
obtained in the limit, under a generic assumption of local equilibrium. However, to prove this
for deterministic dynamics is known as a difficult task. In particular when nonlinear interaction
exists, the appearance of shock waves in the Euler equations complicates further the problem.
In that case, the convergence to the entropy solution is expected.

The situation is better understood when the microscopic dynamics is perturbed stochasti-
cally. Proper noises can provide the dynamics with enough ergodicity, in the sense that the
only conserved quantities are those evolving with the macroscopic equations [13]. The deduc-
tion of partial differential equations from the limit of properly rescaled conserved quantities in
these dynamics is called hydrodynamic limit. For Hamiltonian dynamics with noises conserving
volume, momentum and energy, Euler equations are obtained under the hyperbolic space-time
scale [23,[4]. They are proved by relative entropy technique and restricted to the smooth regime
of Euler equations.

As hydrodynamic limit can be viewed as the law of large numbers in functional spaces, we
can go one step further towards the corresponding central limit theorem. More precisely, we
can investigate the macroscopic time evolution of the fluctuations of the conserved quantities
around its hydrodynamic centre. If the dynamics is in its equilibrium, these fluctuations are
Gaussian and evolve following linearized equations, known as equilibrium fluctuation. To prove
it requires to approximate the space-time variance of the currents associated to the conserved
quantities by their linear functions. This step is usually called the Boltzmann—Gibbs principle
[E, I8]. For gradient, reversible systems, a general proof of the Boltzmann—Gibbs principle
is established in [0] using entropy method. In other cases, such as anharmonic Hamiltonian
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dynamics, the proof usually relies on model-dependent arguments, such as the spectral gap
[22, 24].

Our main interest is non-equilibrium fluctuation, namely the central limit theorem asso-
ciated to the corresponding hydrodynamic limit for dynamics out of equilibrium. Compared
to the equilibrium case, the non-equilibrium fluctuation field exhibits long-range space-time
correlations, which turns out to be the main difficulty. For some dynamics such as symmetric
exclusion process (SSEP) and reaction-diffusion model, duality method can be used to con-
trol the correlations and obtain the non-equilibrium version of the Boltzmann—Gibbs principle
[211, 10} B, 25]. For one-dimensional weakly asymmetric exclusion process (WASEP), a micro-
scopic Cole-Hopf transformation [14] can be applied, instead of the Boltzmann—Gibbs principle,
to linearize the currents [8 [26] [2]. While most works deal with the diffusive space-time scale,
the totally asymmetric exclusion process (TASEP) is the only model in which non-equilibrium
fluctuation is proved under the hyperbolic scale [27]. Note that all these works are restricted
to models with stochastic integrability and single conservation law.

In the absence of stochastic integrability, non-equilibrium fluctuations are understood for
only few models. In [7], an Ornstein—Uhlenbeck process is obtained from non-equilibrium
fluctuations for one-dimensional Ginzburg-Landau model using logarithmic Sobolev inequality.
A general derivation of non-equilibrium fluctuations for conservative systems has been largely
open for a long period of time since then. Recently in [16, [I7], a new approach is developed
and applied to spatially inhomogeneous WASEP in dimensions d < 4. Their main tool is
relative entropy technique. Briefly speaking, Yau’s relative entropy inequality [30] says that
the derivative of the relative entropy with respect to a given local Gibbs measure is bounded
by a dissipative term and an entropy production term. In [I6, I7], the authors obtain an
estimate allowing them to control the entropy production term by the dissipative term, which
they called the key lemma. An entropy estimate then follows directly from this lemma. Using
both the lemma and the entropy estimate as input, Boltzmann—Gibbs principle can be proved
by a generalized Feyman—Kac inequality [I6, Lemma 3.5].

In the present article we study non-equilibrium fluctuations for a Hamiltonian lattice field
under the hyperbolic scale. Observe that part of the ideas in [I6] [T7] is robust enough to be
applied to our model, cf. Section [5] Meanwhile, the proof of the key lemma relies heavily on
the particular basis of the local functions on the configuration space of WASEP. In Section [3| we
establish a similar estimate for Hamiltonian dynamics. The main tools we used are the Poisson
equation and the equivalence of ensembles, see Section [§ and [J] for details.

The microscopic model we study is a noisy Hamiltonian system on one-dimensional lattice
space with vanishing anharmonicity and two conservation laws. Precisely speaking, consider
a chain of n coupled oscillators, each of them has mass 1. For i = 0, 1, ..., n, denote by
(pi,q;) € R? the momentum and position of the particle i. The periodic boundary condition
(Po, q0) = (Pn,qn) is applied to the chain.

Po m Pi—1 P Pn -1 Pn = po
. s e J—.
qo q1 Gi—1 i qn -1 gn = o
i i P
1y Ti Tn

Each pair of consecutive particles ¢ — 1 and ¢ is connected by a spring with potential defined
by V(g; — ¢i—1), where V is a nice function on R. With r; = ¢; — ¢;—1 the be inter particle
distance, the energy of the chain is given by the Hamiltonian



When V is quadratic, the corresponding Hamiltonian dynamics is harmonic, and the macro-
scopic behaviour is known to be purely ballistic. We add an anharmonic perturbation to the
quadratic potential to define

2
Vo(r) = % +oU(r), VreR,
where U is a smooth function with good properties, and ¢ > 0 is a small parameter which
regulates the nonlinearity. When o > 0 is fixed we say the potential is anharmonic, whereas
o — 0 is the weakly anharmonic case.

The deterministic Hamiltonian dynamics is perturbed by random, continuous exchange of
volume stretch (r;,7;4+1) for each i, such that r; 4+ ;41 is conserved. The corresponding micro
canonical surface is a line, where we add a Wiener process. This stochastic perturbation is
generated by a symmetric second order differential operator S,, , defined later in . The
noise does not conserve V(r;) + V(r;y1), thus breaks the conservation law of energy. Notice
that the total momentum is naturally another conserved quantity, which is untouched by the
noise. Similar noise that destroys the energy conservation is also adopted in [12]. Note that the
noise in [I2] includes also the exchange of momentum between the nearest neighbour particles.
In our case the noise on momentum can be dropped, thanks to the linear construction of the
momentum fluctuation in the microscopic level. We choose the noise in such way that the
momentum and volume are the only conserved quantities, hence the equilibrium states are
given by canonical Gibbs measures at a fixed temperature S~ > 0.

For the anharmonic case, the hydrodynamic equation is

atp(tax) = 8w7-a(t(t’x))a atta(tvx) = 8It(t7x)a

where T, is the equilibrium tension defined later in (2.4). It is proved in [23] in smooth regime.
Denote by (ps,t,) the solution of the equation above. Consider the fluctuation field of the
conserved quantities along the hydrodynamic equation, given by

L5 (pilt) = po(tyi/n) i
i (mt) ~wo(tifm) ) \" )
Formally, it is expected to converge to the linearized system
8tﬁa(t7 l‘) = Tg(ta)amfa(ta J)), atfa(ta x) = 8a:ﬁo(t7 l‘)

Particularly for the equilibrium system, (ps,t,) degenerates to constants and the fluctuation
equation is proved in [24], even with the energy conservation and boundary conditions. Non-
equilibrium fluctuations for anharmonic dynamics remain an open problem.

We work with the weakly anharmonic case that ¢ = o,, depends on the scaling parameter n
in such way that o, = o(1). Similar model with vanishing anharmonicity is also considered in
[1], where the authors take the FPU-type perturbation U = r* and the flip-type noise conserving
the total energy as well as the sum of the total volume and momentum. Although the main
interest of [I] lies in the anomalous diffusion of energy fluctuation, they also prove that under
the hyperbolic scale, the time evolution of the fluctuation field of the equilibrium dynamics is
govern by a p-system. Our main result, Theorem shows that non-equilibrium fluctuations
evolve following a linear p-system with spatially homogeneous sound speed, provided that U
has bounded second order derivative and o, decays fast enough. This is the first rigorous result
obtained for non-equilibrium fluctuations for a Hamiltonian dynamics presents some level of
nonlinearity. We also prove a quantitative version of the corresponding hydrodynamic limit in
Corollary

We believe that the macroscopic fluctuation equation proved in this work should be valid
with noises acting only on momentum, but the answer is unclear even when the dynamics is in



equilibrium. Another interesting problem concerns the presentation of boundary conditions in
the fluctuation. Boundary driven non-equilibrium fluctuations are studied for one-dimensional
SSEP in [19] [I1] and for WASEP in [15]. However for Hamiltonian dynamics, it is only studied
for equilibrium dynamics [24].

The article is organized as follows. In Section [2| we present the precise definition of the
microscopic dynamics and state our main results. In Section [3| we prove the technical lemma,
relying on the equivalence of ensembles under inhomogeneous canonical measures and a gra-
dient estimate for the solution of the Poisson equation. In Section Y] we prove the relative
entropy estimate Theorem based on the technical lemma. We also prove the quantitative
hydrodynamics limit Corollary as an application of Theorem In Section [5| we prove the
Boltzmann—Gibbs principle out of equilibrium, along the approach introduced in [I6, 17]. In
Section [6] and [7] we prove the two aspects of the weak convergence of non-equilibrium fluctua-
tions in Theorem [2.4] namely the finite-dimensional convergence and the tightness. In Section
and [9] we establish the equivalence of ensembles and the gradient estimate for the Poisson
equation, respectively. Both of them play an important role in the proof of the technical lemma.
Finally, some auxiliary estimates are collected in the appendix.

We close this section with some notations used through the article. Let T ~ [0,1) be the
one-dimensional torus. For a bounded function f: T — RY, define

[l = sup |f@)lgar 113 = / | (2) Buda.
T T

Let {¢m, m € Z} be the Fourier series on T given by ¢, (x) = €*™*™. For a smooth function
f € C®(T;R?) and k € R, define
=y e g, [ $(aont@)
mEZ (1 + mQ)k

Define the Sobolev space H(T) as the closure of C°°(T;R?) with respect to the norm || - ||x.
By a standard dual argument, we can identify H_x(T) with the space of linear functionals on
C°°(T;R?) which is continuous with respect to || - ||x. For T > 0, C([0,T]; H_}.) denotes the set
of all continuous trajectories on [0, T taking values in H_j, equipped with the uniform topol-
ogy. Also let C*([0,T); H—_k) be the subset of C([0,T]; H_x), consisting of Holder continuous
trajectories with order o > 0.

2. Microscopic model and main results

For n € Ny, denote by T,, = Z/nZ the one-dimensional discrete n-torus, and let Q,, = (R?)T»
be the configuration space. Elements in €, are denoted by 7 = {n;;i € T,}, where n;, =
(pi,r;) € R2. Let U be a smooth function on R with bounded second order derivative. To
simplify the arguments, we assume that

U@ =U'(0)=0, U'(r)e[-1,1], VreR.

For o € [0,1), which is supposed to be small eventually, define
2
Vo(r) = 5 +oU(r), VreR

Note that V, is a smooth function with quadratic growth:

infV”>1-0>0, supV/ <1+0 < oo.



Define the Hamiltonian H, , = > ;cp p?/2 + V,(r;). The corresponding Hamiltonian system
is generated by the following Liouville operator

0 1o}
Apo = i = Die1) 7+ (Vo(rivr) = Vo(ri) 5 —
: Z;r:n(p p 1)5)“_ (V) (riv1) ( ))81%
8 0 0
—gT: —Pi-1) +(n-+1—n)a—era(U’(nH)—U’(n))afpi

At each bond (7,7 + 1), the deterministic system is contact with a thermal bath in fixed tem-
perature. More precisely, fix some 5 > 0 and define

a9
8Ti+1 67“1‘7

Vi = Vie = B(Vy(riy1) = Vy(ri)) = Vi

Notice that 3 is fixed through this article, thus we omit the dependence on it in most cases.
For v > 0, consider the operator £, »~, given by

‘cn,a,'y = n(An,U + 'st,a)z n c— 73 Z yl gy'm (21)

76']1'

where v regulates a strengthening in noise. With an infinite system of independent, standard
Brownian motions {B*;i > 1}, the Markov process generated by L, . can be expressed by
the solution of the following system of stochastic differential equations:

; (Pit1 + pi—1 — 2p;)dt,

dri(t) = n(piv = pi)dt + T (Vo (rign) + Vi (rima) = 2V (o)) dt

npy(dB;~' —dBj),  VieT,.

dpi(t) = n(Vy(rien) = Vi(ra))dt + 21

It can be treated as the dynamics of the chain of oscillators illustrated in Section |1} rescaled
hyperbolically and perturbed with the noise conserving the total momentum ) p; as well as
the total length > r;. The total energy H, , is no longer conserved.

For 7 € R and 0 < 0 < 1, define the probability measure 7, , by

1
Tro(dr) = 7.0 e AVe)=1r) gy (2.2)

o\T

where Z,(7) is the normalization constant given by

Zy (1) = /Re_ﬂ(v"(r)_”)dr = /Rexp {—6;2 — BoU(r) + ﬂﬂ“} dr

The Gibbs potential G, and the free energy F, are then given for each 7 € R, r € R by the
following Legendre transform

G,(1) = %log Zy(1), F,(r)= ig% {Tr — GU(T)}. (2.3)

Denote by 7, and 7, the corresponding convex conjugate variables
To(T) = Er, [ = Go(7), 75(r)=F(r). (2.4)
Observe that given any finite interval [r_,r,] € R,

|TU(7") — r| < Co, |‘r:,(r) — 1| < Co, |T:7/(’I”)| < Co (2.5)



holds with a uniform constant C for all r € [r_, r,] and sufficiently small o > 0. The details of
these asymptotic properties are discussed in Appendix [A]
For n > 1, the (grand) Gibbs states of the generator £, , are given by the family of

product measures {7 ;(p,7) € R*} on Q,,, defined as

v i) = ] \/z exp {_W} dp; @ 7 o (dr;). (2.6)

€Ty,

It is easy to see that A,, » is anti-symmetric, while S,, , is symmetric with respect to the Gibbs
states, and for all smooth functions f, g on €,

1
Sno dyzlq-g:_f/ yz yz dI/ZlTU'
/Qn f( ) g) p,T, 2 Q, ig'r:n f g p,T,

In particular, vy , is invariant with respect to Ly, o 4.

2.1. Weakly anharmonic oscillator. Pick two positive sequences {0}, {7} and consider
the Markov process in 2, associated to the infinitesimal generator

Ly="Lno,m, Vn>1 (2.7)

Basically, we demand that o, — 0, v, > 1 and 7, = o(n). These conditions correspond to a
weakly anharmonic interaction and assure that the noise would not appear in the hyperbolic
scaling limit. From here on, we denote

Vn = Vcrnv Sn = Sn,(rnv Tn = 7:0"7 Tn = To, (28)
for short. For any fixed T' > 0, denote by
{i7(t) = (ni(t);i € Tp) € Qust € [0, T}

the Markov process generated by £,, and initial distribution v, on §2,,. This is the main subject
treated in this article. Denote by P,,, E,, the corresponding distribution and expectation on the
trajectory space C([0,T7];2,) of 7(+), respectively.

2.2. Hydrodynamic limit. We start from the anharmonic case o, = 0 € (0,1). Let P, ,
denote the law of the Markov process generated by L, ,1 and v,. Assume some profile v €
C?(T;R?), such that for any smooth function g on T,

Ly, (;) - /Tg(x)u(x)dx

lim v, {
n—oo n
i€T,

The hydrodynamic limit is then given by the convergence that

2 (L) mr- Lo () tagas

€Ty

> e} =0, Ve>0. (2.9)

>e}=& (2.10)

for all € > 0. Here (p,,ty) solves the quasi-linear p-system:
atpa = a:v‘ro’(ta)v atta = OzPo, (pa;ta)(oa ) =0, (211)

where T, = 7,(r) is the equilibrium tension given in . Note that the Lagrangian material
coordinate is considered as the space variable. It is well known that even with smooth initial
data, generates shock wave in finite time T,,. With the arguments in [23], can be
proved in its smooth regime, that is, for any ¢t < T,.

Now we return to the weakly anharmonic case. To simplify the notations, denote by (p,, t;,)
the solution of with o = ¢,,. The next proposition allows us to consider only the smooth
regime of (p,,t,) for any T > 0.



Proposition 2.1. lim, o T, = +0o. In particular, for any fized time T > 0, we can choose ng
sufficiently large, such that (py,ty,) is smooth on [0,T] for all n > ng.

Proposition follows directly from ([2.5)) and Lemma in Appendix |B| It is not hard to
observe that the hydrodynamic equation associated to the weakly anharmonic chain turns out
to be the linear p-system

Op = Ogr, Ot =0yp, (p,v)(0,:) =o0. (2.12)
We prove a quantitative convergence in Corollary later.

2.3. Relative entropy. For a probability measure p on a measurable space €2, and a density
function f with respect to p, its relative entropy is defined by

Mﬁm=4ﬂ%ﬁw (2.13)

Given T > 0, let (p7,t}) be the interpolation of (p,,t,) in (2.11]):

G0 = () (12) .t 0T i€,

As discussed before, we assume without loss of generality that (p,,t,) is smooth for ¢ € [0, T].
Denote by pt ., the local Gibbs measure on ), associated to the smooth profiles p,(¢,-) and

Tn(tn(t,-)):

Mt,n(dﬁ) = H V;;L,T;L,Un (dnl)> T? = T’ﬂ(t?)'
€Ty,

Let f; be the density of the dynamics 7(t) with respect to iy, and
Hn(t) = H(ft,n; ,Ult,n)-

Our first theorem is an estimate on H,(t), which improves the classical upper bound H, (t) <
C(H,(0) 4+ n) for all t € [0,T].

Theorem 2.2. There exists a constant C = Cg, 7, such that
H,(t) <C(H,(0)+ K,), Ytel0,T], n>1,

where K, is the deterministic sequence given by

1

6 _1
K, = max {J;’{fyn 5n%,’yn} .
From Theorem if {o,,}, {7n} satisfy that

. _ . _1 3
7}1{207371 t=o, n11_>1r010 oSy In2 =0, (2.14)

then K, = o(y/n) as n — oo. As an application of this observation, we have the following
quantitative version of hydrodynamic limit.

Corollary 2.3. Assume (2.14)) and a constant Cy such that H,(0) < Coy/n for all n. For any
1<p<2,te0,T] and smooth function h : T — R?,

ORLE

€Ty,

"] . clns

E, D
ni

holds with some constant C = C(8,0,T,Cy,p).
Theorem [2.2] and Corollary [2.3] are proved in Section [4]



2.4. Fluctuation field. By non-equilibrium fluctuation, we mean the fluctuation field of the
conserved quantities around its hydrodynamic limit. Define the empirical distribution of these

fluctuations as ) ) 0 o
n 1 pi(t) —pi(t
Y (h)=— h{-=]- 4 2.15
r= % (£)- (2o -%d). (2.15)
for t € [0,T], n > 1 and smooth function h : T — R2. Notice that the conserved quantities
are centred with (2.11) instead of (2.12]). Indeed, they are equivalent in the hyperbolic scaling
limit, if for all ¢ € [0, T,

ot ) = Pt 2 + l[en(t, ) = ()2 = o(n~2).
Observe that the decay speed of o, assumed in (2.14)), also in later, could be slower than
that in the equation above, therefore we have to work with the definition in .

By duality, defines a process {Y;* € H_;(T);t € [0,T]} for k > 1/2. The major goal
of this article is to derive the macroscopic equation of Y,*. Suppose that there is a random
variable Yy € H_y, such that Y;* converges weakly to Yy as n — oo. In the following theorem,
we prove that Y converges weakly to the solution of the a linear p-system with homogeneous
sound speed under some additional assumptions.

Theorem 2.4. Assume (2.14) and some € > 0, such that

limsup o2 K27 %n"! < 0o, sup H,(0) < oo, (2.16)

n— oo

where K,, is the sequence appeared in Theorem before. For oll T > 0, the laws of {Y;";t €
[0,T]} converge weakly to the solution of

8tY(t):[(1) (1)] 2,Y (1), Y(0)="Yp, (2.17)

with respect to the topology of C([0,T]; H-r) for k > 9/2.

Remark 2.5. The additional assumptions in (2.16)) are necessary only for the proof of tightness,
see Section For the convergence of finite-dimensional laws of Y;® proved in Section @ it is

sufficient to assume that H,(0) = o(y/n) and (2.14]).
Remark 2.6. In the particular case that o, = n~%, 7, = n® with @ > 0, b > 0, the conditions

(2.14) and (2.16) are equivalent to

1
a> -

1 7—28a 2a +1
L ). - =

bE(f(a),f+(a))ﬂ[0,2 s )=

Hence, if 0, decays strictly faster than n~/%, then the result in Theorem holds with some
properly chosen sequence +,,.

The proof of Theorem [2.4] is divided into two parts. In Section [f] we show the convergence
of finite-dimensional distribution, based on the Boltzmann-Gibbs principle proved in Section
In Section [7] we show the tightness of the laws of Y. The weak convergence in Theorem
then follows from the uniqueness of the solution of .

3. The main lemma

Fix some C'-smooth function 7 = 7(-) on T. For each n > 1, define a product measure ,,
(dependent on 7(+), ¢,,) on R™ by

)
nd - " .o di7 Zn: I
o) = T w7t =7 (2)

1€T,,



Note that u, is the (r1,...,r,)-marginal distribution of a local Gibbs measure. To simplify the
notations, let ( - ); , denote the integral with respect to 7. ,. Define

n d
Q7 (ri) = Vé(m) - <VTZ>T{1)UW, - %(Vé>7n,(r)7gn ;

= V() = 7 = () (s = 1),

o (3.1)

where 7,, 7, are functions given by , , and r = 7, (7*). In this section, we prove an
estimate for the space variance associated to ®7'.

For a probability measure p on R™ and a density function f with respect to u, define the
Dirichlet form associated to S,, » by

1
D(fim) =5 Z/ (Vi f)?dp. (3.2)
ieT, ' R”
For g € C'(T), define the random local functional
i
() = ngn o gn =g 1), .
Wa(g) ; I g<n) (3.3)

Lemma 3.1. For any § > 0 and density function f with respect to u,, there exists a random
functional W, 5(g) (depending on 7(-) and f), such that

/f[Wn(g) — Wa.s(9)]dpn < dnynD (\/f; un) , (3.4)
where Wy, (g) is defined through and above, and
[ Wost@ldnn < 0+ 31 [t + (145 ) ] (35)
where C is a constant dependent on B, |7|r and |7'|r, and
My = |g|z + 9’|, #n = max {m%%?én%,an\/ﬁ} .

In particular, if the second limit in (2.14)) is satisfied, then k, = o(y/n).

To prove Lemma, we make use of the sub-Gaussian property of the local function ®}.
A real-valued random variable X is sub-Gaussian of order C > 0, if
C 2
log E[e*X] < TS, Vs € R. (3.6)

Recall that V,, = 72/2 + ¢,,U with U” bounded. We have the following lemma.

Lemma 3.2. For alln > 1,1 € Ty, U'(r;) — (U')rn 5, and r; —r]' are sub-Gaussian of a
uniform order dependent only on 8 and |7|r.

The proof of the sub-Gaussian property is direct and is postponed to the end of this section.
Some general properties of sub-Gaussian variables used hereafter are summarized in Appendix
[El Now we state the proof of Lemma [3.1]

Proof of Lemma[3.1] Pick some ¢ = {(n) < n which grows with n. Let

1 -1 1 -1 -1
Ge=00 =52 0" =B |5 Py | D rie
j=0 j=0 j=0



For each i € T, denote by V/, the adjoint of }; with respect to the inhomogeneous measure
tn- 1t is easy to see that for smooth F,

yl nF B( (T'H‘l) V'ri(rl) 1+1 + Ti )F yz (37)
Let ¢}y = wﬁg(ri, ...y Tite—1) solve the Poisson equation

(-2

S Vi gairitie = Vi Wi = Z By, — DLy (3.)

=0

By Proposition Yr € CL(R®). Define the auxiliary functionals

wllg) =3 gner, wilg) =Y grep,
i€T,, i€T,,
(3) Q(E — 1 2 =2
W (9) = T Z Z yH-szé )
n i€Ty j=0

foreachn >1, ¢ and i € T,.
Our first step is to observe that for any § > 0,

[ 1| wata) =W - wia) - 5w 0 | an,

/Zgz Z yz+j¢zl szrJf dpin, — /va(ng )dpin

€T, 7=0

S 5n’7n /f Z Z yz-‘r]f d:un = onyn D (\f :Un) .

€T, 7=0

Hence, the strategy is to bound the integrals of the auxiliary functionals by relative entropy
together with terms of ¢ and n, and then optimize the order of /.

For the first functional W'} ) note that ®7' = 0,¢}', where

n,l’

T d n
o7 (ri) =U'(ri) = (U')sr o, — $<Ul>7'n(7“?)70n (ri =17,
n_pn r(pn) 1
— U/(Ti) _ Tz Tz _ Tn(Tz ) (Tz' _ ’I”?)

On On

In view of (2.5)), there is a constant Cg |,|,, such that

T () —1

n

On

‘ < CB’\le Vn>1,ie€T,.

As {¢P;i € T,} is an independent family, by the entropy inequality (D.5)),
1 n n
/f‘WT(L,l[?’dl’Ln < o (H(f»ﬁbn) + Z log/eaa"‘gi’mi |dun> ,
ieT'Vl

for any a > 0. By Lemma and direct computation, ¢ is sub-Gaussian of a uniform order
¢ = cg|r|;- Choosing o, ¢ = (20,]g7%])~" and applying Lemma

/f|W(1) 71,,@ [H(f;pn)—k 3 (1og3+ 2)

€Ty

10



As |g7'| < Clg'|pfn~" with some universal constant C, therefore,

[ 1w, < < 'W”( H(f: ) + Can)

(3.9)

The second functional W(2€) is the variance of a canonical ensemble. Indeed, @7, = 0,97y,
where ¢7, is the conditional expectation on the box (..., 7iye—1):

N

-1

Z ¢1+J

Titj

I
<

J

The definition of ¢} suggests that this term can be estimated by the theory of equivalence of
ensembles presented in Section ﬁ First notice that {¢} ot € Ty } is an ¢-independent class.
With (| - we obtain that for any o > 0,

/f|W7§24}dun < - ( (fs 1n) E Z log/eaemg?%iedun) .

Since ¢}, is sub-Gaussian of order ¢, in view of Lemma

/eswmdﬂ <1t
n —= 17

Hence, Proposition yields that if £ < O(n?/?),

ie% <e, V|s|<A=A(e).

/eswﬁ?’e'dun <y, Vsl < A :A/(C),

with some universal constant C;. Choosing o, = A’(|g|ro,) 7!,

Cin Cion
[l < = (Hfi) + S < Calle (00 + S0 o)

For the third functional Wfl?’g, recall the Poisson equation (3.7)—(3.8). Using the C! estimate
of the Poisson equation in Proposition

/—

[V

{—2
(yZ‘Fle l) 30564 Sup Z yH»]
7=0

I\
o

J

From the definition of ‘Ij?,z’ with b7 = 7, (r7") = 7., (Fn(7])),

7 K2

Vit ¥Uiy = (Vri/(ri-i-j—l) - Vé/(riﬂ‘) - b?+j—1 + sz'L—i-j)

\
S|l

(UnUN(Tijl) - UnUH(riJrj) - b?ﬂ‘q + b?ﬂ')'

In view of the condition |U”(r)] <1 and ({2.5)),

Co, 1
‘yiﬂ“l’z-fg‘ < Z (1 + n) ,

11



with some constant C' dependent on |7/|r. Therefore,

2 —1o2 2 24
/fW?E?K)dlun < CWI Z (gf’)QEB < CW (3.11)
" i€, n

Combining (3.9)(3-11)), we obtain that if £ < O(n?/3),

1
[ 1w+ wio + 5w |,

5
opn ol
< C+1g2 +lo'k) (B + ont+ 04 20,

holds with some constant C = C(8, |7|r, |7'|T). The optimal choice of ¢ is
{(n) = min {(a;lvnn)%, n%} .

Indeed, if o, 'y, > n?/?, we take £ = y/n, and

2 p4 2
SR P LT PN PN P
12 6'7% 57’@ 9

On the other hand, if o, v, < n%/?2 we take £ = (o, 'y,n)/%, and

" 2 p4 6 _1 2 2 1 1\ s _1
ol + 20 4 T i 0t (on e 1 <) < (24 <) o o,

14 0Yn, 5 o

In consequence, (3.4), (3.5) are in force by defining
1
1 2
Was(9) = Wiid(9) + W2 (9) + 5,5 (a).

with £ = £(n) chosen above. O

Before proceeding to the proof of Lemma we discuss the anharmonic case briefly. If
0, = 0 and 7, = o(n), similar argument yields the estimate with &, replaced by &/, = n®/5*.
Apparently, it is insufficient for deriving the macroscopic fluctuation, which demands at least
k!, = o(y/n). By computing explicitly under Gaussian canonical measure, the upper bounds
presented for the first and second auxiliary functionals in the proof of Lemma turn out to
be sharp. Meanwhile, should be improvable. Indeed, by using , the left-hand side
of is bounded from above with

2

p C(gh)? 2 2
2H(f; pn) + 7 %r: 1og/eXp {n’;n 2 (Vits¥ite) }d“”’

Therefore, we guess that a nice upper bound of the exponential moment term above could help
us take the advantage of the entropy and improve (3.11)).
Lemma [3.2]is a special case of the next result.

Lemma 3.3. Let V € C(R) satisfy that c_r?> < 2V (r) < cyr? with two positive constants c..
For 7 € R, let m; be a probability measure on R given by

T, = e VOIT=CWar  Gr) = log/ e VT gy,
R
If F is a measurable function on R such that |F(r)| < c|r| with constant ¢, then F — E._[F] is

sub-Gaussian of order C = C(7,¢,cy) under . Furthermore, C is uniformly bounded for all
the coefficients in any compact intervals.

12



Proof. Notice that for all 7 € R,

2 /2 2
eG(T)>/exp{—c+T +T7"}: 7Texp{T}.
R 2 2C+ 2C+

For any t such that 0 < t < c_/(2¢?),

_ = 2tc?)r?
B, [exp(tF?)] < e=6) / exp{_(czfﬁ“ +ﬂ~} dr
R

e [P 1 1
= w2 P12 o e cy ) )

Denote Fy, = F — E,_[F]. By the convexity, for all ¢t > 0,
E, [exp(tF?)] < exp (2tEZ [F))E, [exp(2tF?)] < E, [exp(4tF?)].

Therefore, we obtain that

2
Er. {exp (16c2 EL)] s Ere [oxp 4c? )= o Py o cy '

Using the ¢o-condition (see Lemma [E.1|), we can conclude that F is a sub-Gaussian random
variable of the order given by

64cc 2 /2 1
Ol eres) = =g exp{z ( ) >}

The lemma then follows directly. O

4. Entropy estimate

In this section we prove Theorem [2.2] and Corollary They are direct results of Lemma
and the relative entropy inequality established in [30].

Proof of Theorem[2.3 Recall that (p', 1) = (ppn,tn)(t,i/n) and 77 = 7,,(¢7"). We start from
Yau’s entropy inequality stated in Appendix [C}

10) < =209 (VFestn) +6 [ finTditn + Cn (11)
where C' = Cg 7. The remainder J;* can be expressed by
J=Wyo(hy) + EF, by = 0it,(t, 1), (4.2)
where the functional W, is defined through , and

n __ n . pi — Py n__ Pn 1 T;LJrl_T;L
By = Z €; (Vrlb(n) o TZL) , € = —0¢ (tn) (t, n) +n (P? - szl) . (4.3)

€Ty,

For the integral of E}*, (D.5) yields that

< t + e AN ?
/]t’nEt d//‘t,n = Hn( ) § IOg/ P {61 (V’IL(IJ z’) 7 ?) } dﬂt,n~

i€Ty
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Notice that under i, p; — pJ is a Gaussian variable, while due to Lemma Vi(ry) — 7 is
sub-Gaussian of order C' = Cg 1, so that

/

C
[ fenErdun, < Hu®) 40 Y I < Hoft) + —22L (4.4)
i€T,

For W,,(hy), denote by uy,, the marginal distribution of y; , on positions (r1,...,7,), and by
fi, the density of (rq,...,7,)(t) with respect to uy ,,. Applying Lemmawith 0 =2/p, and
using the relation H(f,,; 7 ) < H(fins fiin) (sce (D)),

2 n * *
/ft,an(hn)dﬂt,n S T;Y D ( ft,n; Nt,n) + O(H(ft,rw :ut,n) + Hn)
2nvyy, )
< 3 D ( ft,nyﬂt,n) +O(Hn(t)+l€n).

Hence, we obtain from (4.1)) that for all ¢ € [0, T,
H(t) < Csor (Hn(t) + max{rn, 'yn}) = C o1 (Hn(t) + Kp).
Proposition then follows from the Gronwall’s inequality. O

Corollary is a special case of the following result.

Corollary 4.1. Let F' € C(R) satisfy that |F(r)| < c|r|. For all p € [1,2), there is a constant
C=C(B,v,T,c,p), such that for all h € C(T), t € [0,T],

! i "l 0+ @) E R
B ||x S0 (2) (00 - B PG| | < ()]
| -
1€Ty
In particular, if (2.14) holds and H,(0) < Co\/n, then
: i "l
En n h{ F [ Et F A < F]
‘n i;T: (n) (£ el ni

with some constant C = C(B,0,T, ¢, p,Co). Similar result holds for F(p;).
Proof. Denote by F; = F(r;) — E,, ,[F(r;)] for short. By (D.3]),

pn{
n

L >

€Ty,

Al H,(t) +log2 .
—logut,n{| > hIE| > )\n}

In view of Lemma {F;,i € T,} is an independent family of sub-Gaussian variables of a
uniform order under p ,. Then, with a constant C = Cjg 1.,

2
exp{th?Fl} Sexp{C; Z(hf)g}, Vs € R.

€Ty, €Ty

Iom

t,n

Therefore, Y, hI"F; is sub-Gaussian of order Cn||hl|3, and

Zh"F- >n b < 2ex __XMn_
e S2OP\ o0

€Ty
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From this and the estimate above, we obtain that for any A > 0,
1 C(1+ H,(@#)|h|3
Pn{ Lo, >A}< (L+ Ha(0) [}
n

2
e A%n
By the moment estimate in Lemma for all p € [1,2),

‘i > nF

i€Ty,

P

E, <

C(1+ Hy(t)) %[5

nz2

The second inequality in Corollary follows directly from Theorem The parallel result
for F(p;) can be proved in the same way. O

5. Boltzmann—Gibbs principle

In this section, we prove the proposition which is known in the literature as the Boltzmann—
Gibbs principle, firstly established for the equilibrium dynamics of zero range jump process in
[E]. Tt aims at determining the space-time variance of a local observation of conserved field by
its linear approximation.

Proposition 5.1. Suppose (2.14) and in additional

H
lim 7n(0>

n—oo n

=0. (5.1)

Let g, = gn(t,x) be a sequence of functions on [0,T] x T, such that |g,|r and |Opgn|r are
uniformly bounded for t € [0,T] andn > 1. For any 0 <t <t' <T,

: 1 t/ n n

€Ty,

> /\} =0, YA>0, (5.2)

where gi' = gn(t,i/n) and O is given by (3.1)).
We prove it along the approach in [I7, Theorem 5.1].

Proof. As we can consider —g,, instead of g, it suffices to prove that

tl
nlgrgopn{/ Zgi<I>ids>)\\/ﬁ}:0.

t o EeT,

Recall the auxiliary functional W, ;5 defined in Lemma and the expressions E}*, W,,(h,,) in
(4.2). Define for any @ > 0 and n > 1 that

B rmm
Un,a(gn) = Wn,ﬁ (9n) + % [Et + Wn,%(hn)] (5.3)
Note that the parameter « is not needed here, but would be used in Section m Let P ,, and
P}, be the law of the dynamics generated by L, respectively with initial distributions uy

and f; ndpe . By the Markov property,

ary ,,
H ( b ;Pt,n) = Hn(ftm;//‘t,n) = Hn(t)

15



Therefore, we can apply (D.3) to the trajectory space to get

P, { /t (W) — Un.al(g)]ds > A\/ﬁ}
< H(t) +log2 .
T 108 P fy T Wal9) = Unalg)lds > Ay/n}

Applying [16l Lemma 3.5] (see also [I7, Lemma A.2]) to the reference measures {fij4sn;s €
[0,¢ —t]},

10g Pt,n {A ) [Wn(gn) - Un,a(gn)] ds > )\\/E}

t'—t
< —ai/n +/ sup{ — nynD (\/f; ut+s,n) +
0 f

Jn
/f [O‘(Wn(gn) - Un,a(gn)) + 5 ;+S:| d/lt+s7n}d8,

where the supremum runs over all the density functions f with respect to p;ys,. Since J;* =
EP + W, (hy,), (3-4) in Lemma [3.] yields that

ﬁ‘]tn-ﬁ-s
2

/f [a(Wn(gn) — Un,a(gn)) + } dftetsn < Ny D (\/f; ut+s,n) :

Hence, we can conclude that for all A > 0,

logpt,n {A ) [Wn(gn) - Un,a(gn)} ds > )\\/ﬁ} S _CY)\\/E-

As the conditions and Theorem assure that H,(t) = o(y/n),

¢ H,(t) +log2
. _ < 1 ~Z 2" -
lim P, { / [Wa(gn) = Un a(gn)]ds > A\/ﬁ} < Jim SIS0 ()
For the integral of U, , notice that by Chebyshev’s inequality,
t’ 1 t’
Bud [ Unalodds > Mo < By || [ Unalga)ds||
, elon) Wi |
By (3.5) in Lemma [3.1] and (4.4), with a constant C' = Cp , ,
En[|[Un,a(ga)l] <Clata™)(1+19a()F + 10:9n(t)|r) (Ha(t) + Ky).
From the conditions on g,, and Theorem [2.2
t/
li_>m P, {/ Up.a(gn)ds > A\/n
K (5.5)
/ —
< Clt — 01+ G) (a + 1) lim HaO) + Ko _ 0.
A « ) n—oo \/ﬁ

where Cy = sup,,>1 1e(0.71{19n (1) [F + [02gn(t)|r}. By summing up (5.4) and (5.5)) together we
prove the result. O
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6. Convergence of finite-dimensional laws

In this section we prove that every possible weak limit point of Y, in (2.15]) satisfies (2.17)). Let
H :[0,T] x T — R? be a smooth function, and write H = (Hy, Hy). By Ito’s formula, there is
a square integrable martingale M[*(H), such that

! d n n
VE0) - YR E0) = [ (L) YIS+ 07 1), (6.)
and the quadratic variation of M;*(H) is given by
¢
() = [ TLYPHE)]ds, Tof =Sl - 210, (62)
0
Recall that u, = (p,,t,) denotes the solution to with o = o, (P, ) = u,(s,i/n) and
T = 7,(v). We also write b} = 7/ (¢). Through dlrect computation,
d
—Y'(H H'—-L'H —u; H!- — A7
ds \f ZEZT” a ) ( uz \F ZEZT" i )

R (B ()
o=t (Gl (7).

SuYI(H)] = 2778 Y ATHLV ().

i€Ty

Here V7' and A} are discrete derivatives given by
VM“{J"( >f<):|7 AT f=n(Vif=Viif),
n n
while the operator L? = L?(s) and approximate field A? = A?(s) are

g [0 T (VY (TR
LiH_L’? OKV?Hz)’ A"_”(p?—p?l '

With the notations above, Y;"(H (t)) is split into

Y/(H(t) = Y5 (H(0)) + % (H) + " (H) + 7" (H) + 7" (H) + M"(H),  (6.3)

where Z}', <", /" and #," are given respectively by
ts

2 ( \f/ > [a H (s ) LY H(s )} (i —u)ds,

€T,
) o) e
S (H) = 2\/ﬁn/ X A s
W f/ EET: Ve Hi(s)[ = V() + 7 + 67 (r; — 1) ] ds.

The finite-dimensional convergence is stated below.
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Proposition 6.1. Assume and (5.1). Define h,, = hy,(t,x) be the solution to the fol-
lowing adjoint equation on (t, ) €[0,T] x T:

By { é Dol =0, hn(0,-) = H, (6.4)

with some fized initial condition H € C*(T). For any A > 0,

lim P, ¢ sup |Y*(h,(t)) =Y (H)|>Ap =0, YA>0.
n—00 t€[0,T]

Proof. We investigate each term in (6.3]) respectively. The martingale term M]* is the easiest.
From (6.2), for all ¢t € [0, 7],

E, [|M] / 3 n2 (V2ha)? < 228 sup 19,k (s)[2 (6.5)

ieT, n s€[0,t]
From Doob’s inequality,

sup |Mt (hn)|21 < 4EnUMT(hn)|2} < )
t€[0,T] n

E,

which vanishes as n — oco. For the integral Z;*, by (6.4),

~ 2
d.hy, (S’Z> —L?hn(s)’ < M.
n

n

Using this estimate and Corollary for all p € [1,2),

o[ 5 [ (2) - s2me] - (225)

Taking p = 1 and with Cauchy—Schwarz inequality,

(6.6)

np(1+4 3

ﬂ Cyl02hn(s)I%
n—oo tE[O,T] n—oo

lim E, [ sup |%t"(hn)|] < lim CTn™ i = 0.

For the integral 7", since we assume that the quasi-linear system (2.11)) has smooth solution
at least up to time 7', therefore

sup %me>—M%)<qm@
s€[0,T) n n
This gives us the uniform estimate that
: Clhn(s)|T
5 — | =AM | < /22— .
\F;T: " ( ) {asu" (sn) ] - (6.7)

N

Hence, | A} (hy,,)| vanishes uniformly on ¢ € [0,T] as n — oo. For the integral .7, observe that
the integrand can be bounded from above by

> Athua(s) (Via(r) = 77)

1€T,

+ n|0§hn,2(3)7n(tn)’1r'

18



Again, by Corollary for all p € [1,2),

p

En,

]1 S Alha(s)V ()
n

€Ty,

< Cp|02hn(s)[2 (n—% + 1) . (6.8)
Taking p = 1 and using Cauchy—Schwarz inequality,

lim E,,
n— oo

sup |<5’l”(hn)|] < lim
t€[0,T]

Finally, we apply Proposition [5.1] to #;" to get that
lim P, < sup |[#"(hn)| >Ap =0, VA>0.
n—00 t€[0,T]

The proof is then completed. O

7. Tightness

In this section, we prove that the laws of {Y;*;¢t € [0,7]} forms a tight sequence in proper
trajectory space. We start with two lemmas. Suppose that for n > 1 and f € C*(T), {X}* =
X7(f);t €0,7T7} is a random field on £2,,. Define

t
27(0) = [ Xp(nds, vee 0.1)
0
By Kolmogorov—Prokhorov’s tightness criterion, to show the tightness of 2™ on the a-Hdolder
continuous path space C*([0,T]; H_x), one need to estimate

2

)

1
[ = 200 = 3 e |2 om) = 23 Gom)
mez

with the Fourier series ¢y, defined in Section [I} Since Corollary and only hold with
powers p < 2, the next result is helpful here.

Lemma 7.1. Assume some p > 1 and a > 0, such that
E,[| X! (em)P] < Clm|™, Vm € Z, t € [0,T).

Then there exists a constant Cy,, such that for k > a+3/2,
n_ gmn Cylt" — 2|
P"{H t’_‘%||_k>>‘}§T7 V0§t<tI§T.

In particular, Z" is tight in C*([0,T); H_g) for a« <1—1/p.

The proof of Lemma [7.1]is direct and we postpone it to the end of this section. In order to
use Lemma [7.1] we need the following priori moment estimate.

Lemma 7.2. Assume (2.14)) and (2.16) with some e € R. For all1 <p <p.=(4—2¢)/(3 -
2¢) V2 and f € C*(T),

E, [[Y7()P] < C(L+IfB+IF1F +1f715).

where 6 =0 = (3—2€)/(2—e) A1 and C = Cg o1y p-
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Note that if we apply Corollary 2.3] to the left-hand side above, the upper bound could
diverse. The additional condition (2.16]) helps to avoid this.

Proof of Lemma[7.3 Fix some t € [0,T], and define f,, = f,(s,z) to be the solution of the
following backward equation on (s,z) € [0,t] x T:

0
(tn

Applying (6.3) to f,, and estimate each term in the right-hand side.
For Y (fn(0)), use (D.3)) to get that for all A > 0,

H,(0) +log2
—log o, n{[Yg" (fn(0))] > A}’

By Lemma and the independence, with some C' = Cj .,

P {|Y5 (fn(0))] > A} <

2
pon{ Y5 (fn(0))] > A} < 26Xp{20||f1(0)||‘§’}'

As H,(0) is assumed to be bounded,

Cllf»OIE(Hn(0) +1) _ [l fn(0)]5

P { Y5 (f(0))] > A} < 22 =

Using Lemma for all p € [1,2),
En [[Y5" (fn(0))IP] < Cpll fu(0)5 < Gyl f15-

For M}, apply an interpolation of (6.5) with p € [1,2]:

ETLUMtTL(fn)‘p} < ('Yntn_l)E Sl[lop] ‘axfn(s)% < CT7;D|JN|?E*-
s€|0,t

For Z}', it is easy to obtain from that, for p € [1, 2),

t ;
B, |7 (5] < 0 [ on ¥ 025, (5) s < €I
0

For 47", the upper bound of p-moment follows directly from the uniform estimate in . For
/", the estimate can be obtained from similarly to Z;*.
The only term needs extra effort is #;". Rewrite this term as

Hf) = 07%/0 > (—U’(n)+ T?U_ t?) " fds
i€T,, n
pr—1 [t
+ Z\/ﬁ /o Z(Ti—t?)v?_lfds.

i€T,,

By (2.5, |67 — 1| = O(a,,), so we obtain from Theorem [2.2 and Corollary [4.1] that
E, (|7 (N)|"] < Cla)t70i(H,(0) + K+ 1)2 | f].

for all ¢ € [1,2) with some C(q) = C3,o,7(g). Thus, for all A > 0,

Ct04(H,(0) + K, + 1)3| f'|4
P '

P, {|#77(1)] > A} < (7.2)
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In view of Lemma if 02 K,, is bounded, or equivalently e > 1,
P
E, [[77 ()] < Cowompt’| 7

for all p € [1,2) and we obtain the desired estimate. On the other hand, using and ( .

with a =t~ 1 2 we get the same probability bounded by

CVH(H,(0) + K, +1)
V)

Note that the expression above vanishes for large n. Therefore, in case that 0 < € < 1, we can
apply the following interpolation for 6 € (0,1) that

C(Qa Q)Mf (‘L 9) tquF%
\q6+1—0

o8 (H,(0) + K, + 1

P {|#(F)] > A} <

L+ + 1))

X

P {|#(f)] > A} <
where C(q,0) = C&\,,T(q, 0) and
-0
Mp(q.0) = |F1E L+ 13 +11"0) " < @, 0)(1+ F1E00 1 #7]n).

To assure that the second line above is bounded in n, choose

1
9 = 9(67 q) = m
The estimate above becomes
P {[#()] > A} < Cle, AT (L+|f/1% + |f|n)to, (7.3)
where
y__(2-eq __(3=2e)q __(B=eq
1+(1—eq 7 1+(0-e¢ ™ 2+2(1—¢)q

The dependence on t is not important here. Notice that 1 < ¢’ < 2 for ¢ € [1,2) and € < 1,
thus we get from Lemma that for all p € [1,¢"),

E, [[#"(N)["] < Cowrlpd) (1 +111F + 1127,

where § = ¢./q¢' = (3 — 2¢)/(2 — ¢€) is independent of ¢. Since ¢ can be taken arbitrarily close
to 2, the inequality above holds for all 1 < p < p.. Finally, the lemma is proved by collecting
all the moment estimate together. O

With these lemmas, we can prove the tightness of Y. stated below.

Proposition 7.3. Assume (2.14) and (2.16) with some € > 0. The laws of {Y;*;t € [0,T]} is
tight with respect to the topology of C([0,T); H_x) for k > 9/2.

Proof. We need to investigate the tightness for each term in (6.3)). Similar with (6.5)), it is easy
to observe that M} is tight on C([0,T]; H_g) for k > 3/2:

’vnlt t| [
En [[IM7 — M| ] D T 0
mEZ

The computations for Z", &/™ and .#" are also direct. For %}, note that

t
B (o) = — / Y7 (LT om)ds.
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From Lemma[7.2] for 1 <p < p.,
B[V (LY ¢m)|] < Clm|*.

By Lemmal (7.1} 2™ is tight on C*([0,T); H—_i) for k > 9/2, o < ae = 1—1/p,. For 27", observe
that from (6.7), for £ > 1/2,

n n||2 C|tl _t|2 |90m|2
H i — ||—kS n Zz(l—i—mg)’fﬁo'

Therefore, it is tight in C*([0, T); H_x(T)) for k > 1/2. For .#/*, notice that ¢!/, = CmZp,,.
Substituting this into , we obtain that

P

En < Clm|*, Vpe[L,2).

1
=3 AtV
‘n P om V(i)

i€Ty,

By Lemma [7.1] it is tight on C([0, T]; H_x(T)) for k > 7/2, o < 1/2.
We are left with #;". In order to prove its tightness, we need to track the power of ¢ in
(7.3). Repeat the computation, we obtain that for 1 < p < p,

E, [[#2(f) = #(H[F] < CO+ 132 + | £ r) |t —t

As € >0, gir > 1 when 2/(1+4¢) < g < 2. Therefore, there exists some p > 1, smaller than but
close to p., such that

En [[#2(F) = #(HO] < COL+IF197 + |7 2) 1t — 7,

where p’ > 1. Applying the estimate to f = ¢,, and noticing that § < 3/2, by Lemma we
know that #," is tight in C*([0,T],H_k) for « <1 —1/p and k > 9/2. In conclusion, the laws
of Y is tight with respect to the topology of C([0,T]; H_j) with k& > 9/2. O

GuxP/Pe

Proof of Lemma[71] For any t, t' € [0,T],
En [| 25 (om) = 27 (em)[7] < CIt = t[7|m|P.

For any € > 0, with C(e) =Y, ., (1+ m2)~z€,

B, {2 - 27, > 2}

A lp_1_.
< 3Pl |20 (em) — 27 (pm)| 2 (1+m?)3379
mEZ C(G)
C(p,e _P(k—1_¢ a
< DS (1 ) BO= 500 — gl

mEZ

Hence, for any k > a + 3/2, the probability is bounded from above by

C'(p, )|t —t|” 3 1

E(1—e)”
v A i

By fixing some € such that p(1 —€) > 1, we obtain the desired estimate. For the tightness, only
to note that by virtue of Lemma [D-4]

E, [H = %an_k} < Cp,q‘t/ - t|q7 Vq € (1710)7

and invoke Kolmogorov—Prokhorov’s tightness criterion. O
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8. Equivalence of ensembles

In this section we prove the equivalence of ensembles for inhomogeneous canonical measure,
which is used in Section [3] Our main result, Proposition B3] is valid not only for the weakly
anharmonic case, but also for the general anharmonic case.

Recall that for 7 € R, o € [0, 1), we have the probability measure

o
Tro(dr) = exp {—2 — BaU(r) + Brr — ﬁGJ(T)} dr

For simplicity, we fix 8 = 1 in this section, but the arguments apply to any fixed § naturally.
For 7 = (71,...,7,), define iz, as the product measure ®}_,7,, ,(dr;) on R™. For bounded
continuous functlon F on R™, define

(Flu)z.g = By, [Flroy =u], 7= Zw

By equivalence of ensembles we mean that, as n — oo, the micro canonical ensemble (F|u)z .
is equivalent to the canonical one E,,_ [F].

First of all, we present a basic property of the micro canonical ensemble, which would be
frequently used hereafter in this section. Note that as U is smooth, we can define the regular
conditional expectation (F'|u)z , point-wisely for all u € R.

Proposition 8.1. For allu e R, 7 € R"” and 7 € R,

(Flu)z,o = (Flu)7—r,0, (8.1)
where 7 — 7 2 (11 — 7,...,Tn — T). Moreover, there is 7 = v(u;T,c), such that
Eu lrml=u, (- |use = (- |[w)zo- (8:2)

In particular when n =1, v(u;7,0) = To(u).

Proof. By direct computation, for F = F(ry,...,rg) and n > k,

n 1 nu — kr)
Flu)zo = Fr o ’ nd 8.3

where Fr, denotes the density of r(,) under pz,, and 7 = (7p41,...,7,). Observe that for
any bounded continuous function A on R and 7 € R,

1< - s
Burs o] = [ 0 (230 ) e { S - 5 - ) - Gt L
/ i=1 =1

= exp Z GU (Tj - T) - GU (Tj) E#?—r,a [ " b o r(n)}

Since h is arbitrary,

Fr o (u) = exp  nTu + Z Go(1j —T) — Go(T)) ¢ Frro(u). (8.4)

j=1
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The relation (8.1 then follows from (8.3) and (8.4). In order to define 7 that fulfils (8.2)),

observe that as G, is strictly convex, there is a unique 7 € R, such that

1 n
B o lrem] = > Gy —7)=u
j=1

It suffices to define ¥(u;7,0) =7 — 7. O

Recall the function 7, and 7, in (2.4). For each pair of (7,7) € R?, the rate function I, (7, r)

is defined as
Iy (1,1) = Go(7) + Fo(r) — 77

(8.5)
= Go(7) = Go(To(r)) = Go(To(r))(T = To(r)).
Taking advantage of (8.2)) and (8.4)), we can rewrite the density as
Fro(u) =expq — Z I, (Tj, Fa(uj)) Fy.(u), YueR, (8.6)

Jj=1

where 7 = (v1,...,v,) = P(u; 7, 0) is defined through (8.2).

The classical equivalence of ensembles (cf. [I8, Appendix 2]) can be extended to the case
that canonical measure is inhomogeneous. In order to cover the weakly anharmonic setting in
Section for each n > 1, pick o, € [0,1), T, = (Tn1s- -+ Tnon) € R™ and fix them. For sake of
readability, in the following contents we write

Tn,g = Try j.ony  Hn = U7, 0,5 E, = ) < . |u>n = < : |u>?n,on~

Also denote that

Un = Enlrgy),  un2 = \/En [(r(ny — un)?].
We have the following result (cf. [I8, Corollary A2.1.4, pp. 353]).

Proposition 8.2. Assume some € > 0 and K > 0, such that
sup{on;n > 1} <1l—€, sup{|r,;;n>1,1<j<n}<K. (8.7)

For any F = F(ry,...,r) such that E,[F?] < co, we have

[Flunhn — EalF)| < S5 B[(F B[P,

with some constant C = C¢ g for each n > k.
Proof. In view of ({8.3)), the key point is to understand the asymptotic behaviour of the density
of r(,y. To this end, we first check the conditions of the local central limit theorem in Appendix
[E] Similarly to Appendix [A] for 0 < ¢ < 4, the (-derivative of G, satisfies that

GO () - G (1) < Cro, Voe[0,1—¢), 7€ [-K, K],
with a uniform constant C; = Cy (e, K). Let @, , be the characteristic function

B, () = / exp {i€(r — Ex,., [r]) } 7.0 (dr).

By the integral-by-part formula,

i€®, (€)= / exp {i€(r — B, 1))} (r + oU"(r) — 7)r o (dr).
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It is not hard to obtain with some Cy = Cs(e, K) that

@, (6)] < Co(1+ €))7, Voe[0,1—¢), 7€ [-K, K]
Moreover, using the inequality |e® — 1| < el®!|z|, for 0 < £ < 4,

|2)(6) — @) (€)| < Cso, Vo e[0,1—¢), 7€ [-K, K],

with some C3 = Cs(e, K). By the arguments above, the conditions (i), (ii), (iii) in Appendix
are fulfilled by 7y, uniformly for o0 < 1 —e. Hence, assures that Lemma is applicable
to fin, even when the reference measure g ., is changing with n.

Fix some k > 1 and a function F' = F'(ry,...,7;). Denote by F,, the density of r(,) under
tn. According to Lemma with a bounded sequence C,, o,

1 1 C, 0> ( 1 )
—F,(u,) = 1+— ) +ol—].
vn n{t) un,2\/277( n n
Similarly, denote by F); the density of r(,,_g) under pz: 5., T = (Tu k41, - Tnn), then there

are bounded sequences C}, , Cy, 1, such that

1 <nunkr<k>> 1 s ( Yk )
Vn—k " n—k why"" N\ Vn—k)’

2
1 Y Cho+C
S S <1+n,o+my<k>> +0<1)7
Uy V21 2(n—k) n—=k n

* 1 = " . Ty — En[rj}
s =4[ = D G (Tajen)s =) T,
=1 j=1 n,

Therefore, the density in (8.3]) satisfies the estimate

where

n 1 Nuy — kT(k) U, 2\/5 C ) 1
Fy < ’ 1+ 2(1 1
0k Fyun) ( Py vy R G ORIV R S

where C' = C  is a uniform constant. Furthermore,

n

=4/1+ <l+—+o
UZ,Q vn —k Gg” (Tn,k+1) +...+ ng (Tn,n) o 2n

Therefore, with some constant C' = C? .,

Cunpvn GI (1) + ..+ G (Tok) Ck <1>

n 1 nun—k‘r(k) Cl 9 1
Fy -1l <= o).
n—k Fp(un) ”( s < —(k+ym +yi) o~

Proposition then follows from (8.3)) and Schwarz inequality. O

Proposition is valid only for cylinder functions F' = F(ry,...,rg). In Section [3| it is
required to control the exponential moment of the micro canonical expectation of a particular
extensive observation. Next, we give the corresponding result.

Recall that 7, (1) = 7y, (), Tn(r) = To, (). Given F : R — R, let

d

]:”aj(r) = F(T) - Eﬂn,j [F] - %Eﬂ-ﬂ'n(r},a‘n [F]

(7" - fn(Tn,j))v

r=7p(Tn,j)

for j =1, ..., n, and define F = 37| F, ;(r;).
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Proposition 8.3. Assume (8.7), and a constant M such that
ITng = Tngt+1] < Mn™3, ¥Yn>1,1<j<n. (8.8)

Suppose that for each n, T — deWM,n is twice continuously differentiable, and there is some
constant A > 0, such that for all (n,j),

En[exp(s|fn,j\)] <e, Vsl <A
Then, we can find A; < oo and As > 0, such that for alln > 1,
En[exp(s|<]:|~>n|)] < Ay, Vs| < A,

Remark 8.4. Proposition [8.3]is stated for function F' on R, but the parallel result for F' on Ry,
for each k£ > 1 can be proved without additional efforts. Furthermore, the Euler’s constant e in
the condition is not sensible.

Proof of Proposition[8.3 Fix an F fulfilling the conditions. Recall that u, = E, [7(ny], and let
Ans ={r € R";7(,) € (up — 0,uy, +9)} for § > 0. Note that

B [e81F100l] = B, [e1F 11140 ] 4 B [ecltFldoln, ],

We estimate the two terms respectively.
For the integral on Af ;, recall the rate function I, in (8.5). Since G, is strictly convex
and 7, 4, 0y, are bounded, for § sufficiently small, such that

Iy, (Tnjs7) > C8* Y| — 7n(mn)| =6, (8.9)
with some C'= C(¢). By (8.6] ., . ) and Lemma n for § small but fixed,

1
F,(u) <exp {—M{Szn + ogn

}, Y|u — up| > 6.
Hence, by Hélder’s inequality, for p, ¢ > 1 such that 1/p+1/g =1,
|(Flu)a 2 [ Flupaly) 7
By 17192110 ] < (tndlrny = n] = 8})7 (B [erelFPe ])

2 n
< exp {—M6 logn} H sqIJ-'n il

p i

Choose some p < M&? + 1, we have that for any |s| < ¢~ A that

Jr
q 2p

M §? 1
En[eC'“'“ﬂllA;é]gexp{ iz Og”}ﬁo.

To deal with the integral on A,, s, divide (F,, ;(r;)|u), into two parts:

d _
Koy = (F(rg) uhn = B,y o [F] = 3 B [FY (il = Pa(vny)):
=T"n\Tn,j
d _ _
Knj=En, . Fl—Ec ., [F]- %E”T"“'”ﬂ [l ( )(Tn(VnJ) — 7 (Tnj))s
r="pn(Tn,j

where (Vp1,...VUnn) = Un = P(u;Tn,0n) is the vector defined through (8.2). The definition of
Uy, together with Proposition yields that

(Pl = Bu 7140 (5) o (5l =l +0 (7).
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uniformly in A, 5. Therefore, > ; | Ky, ;| is uniformly bounded. Meanwhile,

1 d? . . 2
(Kl <5 sup (7o (Vng) = T (7)) "

[lu—up|<d

2 E, F
du? "'n(T')v[’"[ ] T=Tn(Tn,5)

Hence, it suffices to prove that
- 2
En €xXp SZ (Fn(l/n,j) - Fn(Tn,j)) S Ala V|S| S AQ;
j=1

with some A; < oo and A > 0. To this end, note that

(fn(Vn,j) - fn(Tn,j))Q < 3(7”(71) - un)2 + 3(up — 7771(7'n,j))2 + 3(fn(yn7j) - T(n))z-

We estimate the three terms in the right-hand side respectively. For the first term, it is easy to
see from central limit theorem that, for |s| < uy, 2/2,

1 2 _ _a?
lim E,[exp {en(rm — Enlrom])? Y] = 7/ e e n2dr < 00
lim E, [exp {en(r(n) — Enlrm))*}] avon

For the second term, taking advantage of (8.8]), we obtain that

Z (Un - 'Fn(Tn:j)) = Z n Z fn(Tn’j’) - U(Tn’j)
7j=1 j=1 7'=1
1 _ _ 2
<23 (alrg) = Flmy)* < O1).
3,3
For the third term, observe that by the definition of #,,
1 n
= TaVng) =T(n)s Vngr = Vnj = Tagr = T,
n =
S0, it can be estimated similarly to the second term. O

9. Gradient estimate for the Poisson equation

In this section, we present a gradient-type estimate for the solution to the Poisson equation

(3.8), which is used in the proof of Lemma
We work under the following case with general anharmonic potential function. Let V be a

given C?-smooth, uniformly convex function:
V' z)>e>0, VzeR.

With a given vector a = (aq,...,a,), define U : R™ — R by

Ux) = zn:V(xj) —a-x, VxeR™

j=1
Then, D;U =V'(z;11) — V'(x;) — aj4+1 + a;, where the operator D; is

0 0
Dj = -, Vj=1,...,n—1,
817j+1 axj
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Forz e R,let ¥, = {x € R";21+...4+xz, = x} be the (n—1)-dimensional hyperplane. Suppose
a differentiable function ¥ to satisfy the following conditions:

n—1
sup Y D] < ox. / e UIp(x) =0,
=1

for all x € ¥,. Consider the following ordinary differential equation:

n—1
—e” > " Di(e"VDjy) = 0.

j=1

Note that the Poisson equation discussed in the proof of Lemma can be obtained by
taking n = ¢, V = 3V, and a = B(7,...,Tize—1). A sharp gradient-type estimate for the
solution 1) is obtained in [29, Theorem 1.1]. By investigating the constant in their estimate, we
get the following result.

Proposition 9.1. There is a constant C dependent on ¢ = inf V", such that

IDY(x)|* < Cn? sup IDY*, vxeR”,

where D = (D1,...,Dp_1).

Proof. Rewrite the equation with the new coordinates:

J n
yj:foi, Vi=1,...,n—1, y*:fZa:j.
i=1 j=1
Notice that for 1 <j <n —1, D; = d,,. The new equation is

VyU(y;y.) - Vytb — Ayt = W(y; ),

where y, is viewed as a parameter, y = (y1,...,Yn—1), and
~ n—2 n—1
U=V(-y1)+ Z V(y; = yj+1) + V(yn—1 —y) + Z(aj - ajy1)Y;-
Jj=1 j=1

Denote by A, = Amin(Hy,) the smallest eigenvalue of

by +by  —bo 0 ... 0
—by ba + b3 —bs3 .. 0
H,, = hessy ﬁ(-,y*) = 0 —bs b3 +bs ... 0 , (9.1)
0 0 0 e b1+ by

where we write b; = V' (z;) for 1 < j <n. As each b; > 0, it is easy to observe that A, > 0.
Applying [29, Theorem 1.1] for each fixed ys.,

‘Vylz(y;y*) Skglsup‘vy‘f(y;y*) , V(y,y) €R™
y

In Lemma we show that A\, > Cn~2 with some constant C' = C(c). By returning to the
original variables x, we get the desired estimate. O
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The proof of Proposition is completed by the following lower bound of H,,.

Lemma 9.2. In (9.1), suppose that b; > ¢ > 0 for all j, then
6c_
)\min Hn Z — N 22
)2 o ymrny ™

Proof. Let E,, be the n-th identity matrix, and define Q;(\) = —b; !,

Qn(A) = (=1)" det [AE, 1 — H\H , Yn>2.

Jj=1 bn
Notice that Q2(0) = —(b;* +by'), and
Qn(o) - Qn—l(o) — bn—l
Qn71<0) - Qn72(0) bn ’

By a simple inductive argument, we obtain that

Vn > 3.

n

Qn(0) = —Z%, vn > 1.

j=1"7

Similarly, we have Q7 (0) = 0, Q5(0) = (b1b2)~!, and

bn (Q1(0) = Q7-1(0)) = bn1(Q7,-1(0) — @, _5(0)) = ~Qu—1(0) >0, ¥n >3.

By using this relation recurrently, we have the expression

j—l n 1 j 1
Z ZQ] Z;
§'=2 by j=1 =1 \j=1 j= J+1 bj
Observing that for each 1 < j' <n —1,
J oon n n
1 1 1 1
- S L) [y Lonoiisn ) o
b; n4=b; b; b;
j=1 j=1 J j=j'+1 J j=1 J

Therefore, with the condition b; > ¢ > 0 for each j, we get

n

1 1 "2”1 n—'2jl 1
>3, z;<<i3z |

|
N

IN

Summing up the estimate above for 5 =1 ton — 1,

S

(9.4)

Note that all the roots of @,, are real and positive, so Ay, is the first root to the right of the

origin. With this observation, (9.3) and (9.4) assure that

Qul0) . 6o

Auwin(Hn) 2 =000 2 G m+ 1)

The lower bound for A, then follows.
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Appendix A. Equilibrium tension

Recall the probability measure 7, defined in (2.2), and the normalization constant Z,(7)
appeared in it. Note that for § > 0 and o = 0,

Zo(T) = \/?exp{ﬂj}, v e R.

Denote by ( - ), the integral with respect to m,,. For any € > 0 and o € [0,1 — €], with the
elementary inequality |e® — 1 — z| < el*l22/2 we can get that

| Zo(1) — Zo(1) (1 — 0B(U) )| < Co?,

’B_lZ;(T) — Zo(T) (T — UB(TU)T@)‘ < Co?,

|5712g(7) — Zo(7) (572 +1- 052<7“2U>r,0)| < Co?,

’B_QZ(’,”(T) — Zo(T) (,6’7'3 + 37 — 0'62<7“3U>7—70)’ < Co?,

with some constant C' = Cg ;. Furthermore, the constant C' can be taken uniformly for 7 in

any compact intervals in R.
Recall the functions 7, and 7, defined through (2.3)—(2.4). From the definition and the
estimate above, we obtain that as o — 07T,

To(T)=7— aﬂ<(r — T)U>T)0 + o0, (0),
771/7(7—) =1- 0ﬁ2<[(7' - ,7_)2 - 571}U>7-0 + O,B,T(J)v
Fl(r) = —aB{[(r—7)° =387 (r — T)]U>r,o +03,-(0),
uniformly for 7 in any compact interval. As the macroscopic tension function T, is the inverse
of 7, we can conclude the following asymptotic behaviours
TO'(T) =r+ 00(57 T)U + 0[3,7’(0)7
T:;(T) =1+ Cl(ﬁ’ T)U + 067T(0)’
TZ(T) = C2(B,r)o + 05,7"(0)7

holds uniformly for  in any compact intervals in R. Moreover, the constants Cy, C7 and Cy
are continuously dependent on 8 and 7.

Appendix B. Quasi-linear p-system

In this appendix we present a lower bound for the life span of the classical solution of a quasi-
linear p-system with smooth initial data. The result is necessary for the proof of Proposition

21
Suppose that f is a positive function in C*(R). Consider the following partial differential
equations for t > 0 and = € T:

8tp(t’$) = f(r)@xr(t,x), (9t7‘(t,l') = 8a:p(ta .Z‘), (Bl)
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with some given smooth initial data
p(oa ) =po € Cl(T)a T(Ov ) =Tp € Cl(T)

Note that by taking f = 7/, (B.1) coincides the hydrodynamic equation (2.11)) for anharmonic
potential. It is well-known that if f # const, (B.1)) would produce shocks in finite time. Recall
that | - |7 represents the uniform norm on T, and define

K = Ipolz + [rolrsup { /T (s 7] < [rolx } -
The next lemma is a special case of the classical result in [20].
Lemma B.1. Smooth solution of (B.1)) exists on t € [0,T] for any
1 -1
T < T = 4|ph/T(ro) + S (ro)| <s|up )fi<r>f’<r>\> .
r|I<K

Remark B.2. For the readers not familiar to the hyperbolic systems, it worth mentioning that
the bound we obtained above is not as sharp as the case of scalar equation, for instance the
inviscid Burger’s equation.

Proof. We briefly state the proof. Define an antiderivative of /f:

F(s) = / v f(r)dr, VseR.
0
The equation can be rewritten in Riemann invariants as
Oru = Mu,v)0,u, v = —A(u,v)0v, (u,v)(0,-) = (ug,vo),

where u =p+ F(r), v=p— F(r) and A(u,v) = /f(r).
Consider the characteristic lines (¢, 24 ), given by the ODEs

dzy

e A (u(t, ), v(t, @), wxo=wx€T.

Within the life span of the smooth solution, u is constant along (¢, 2 ), thus

sup |u(t, )| < sup |ug(z)] < K. (B.2)
zeT €T

Similarly, we have the same priori bound for v(¢, z).
Suppose that the smooth solution of (B.l)) exists on time interval [0,7] for some T' > 0.
Taking spatial difference on the equation of u,

Orath — Azt = O N(0pu)? + Oy NOpudyv, t € [0,T).

In order to investigating the continuity, let z(¢,2) = 1/A(u,v)0;u. From the equation above,
for t € [0,T], z solves the Riemann problem given by

{@z — A0z = A%, A =20,V
2(0,-) = v/ A(ug, vo)ugp.

By (B.2), before the generation of shocks, |A| is bounded from above by

K’ £ 25up {9 \/Aw,0); [ul, o] < K}
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Via a comparison argument, one obtains that |z(¢,z)| < oo for

1
¢ 0, T,
A A . |z<o,x>> .

which guarantees that |0,u| < oo, so shock cannot form. Since

OV e
28uﬁ—F,(T)—4 f=A) [ (r),

the estimate in Lemma [B.1] then follows. 0

Appendix C. Yau’s entropy method

In this appendix, we apply Yau’s relative entropy method to obtain the formulas 7 in
the proof of Theorem [2.2]

Fix n > 1 and o € (0,1). Take a smooth function (p,r) = (p,r)(t,z) on [0,T] x T, and
define p? = p(t,i/n), r* = r(t,i/n), 7" = 7,(r") for each i € T,, where T, is given by (2.4).
Recall the Gibbs states defined in and choose v = 1/ , as the reference measure on €2,,.
Consider the local Gibbs measure dyu; = exp(Spt)dv, where

n\2
ol =S (w7 4+ Y [— ® 60— Gaw)} |

: , 2
€Ty, €Ty,

Let 7j(t) be the Markov process generated by L, - in (2.1) with some fixed v > 0, and denote
by f: the density of 7j(t) with respect to ;.
From the definition of the relative entropy in (2.13)),

d

d
%H(fﬁﬂt) = —4dnyD ( ftaﬂt) +/ (L‘ma,'yft - 5ftdt<,0t) dpig,

where the Dirichlet form D(f, i) is defined as

Df.p) = [Tutdu, Tuf =3 304
i€Ty,

for probability measure p and density function f on €,. Since
/An,crftd,ut - _/ftAn,cr [eﬁwt]dy - _ﬂ/ftAn,a(Ptdﬂta
1
/Sn,aftd,ut =3 Z /yift Y [P ] dv

€Ty,
1 1 2 IB2 2
<1 Z /*(yift) dpy + — Z /ft(yi%) dyug,
i€Tx Ji 4 €T,

we obtain that with J' = —(nA,, , + d/dt)¢y,

d 2
%H(ft;ut) < —QTWD( ft;Mt) +5/ft*]tnd/ﬁt + @/ft(rn%)dﬂt- (C.1)

Using the explicit formula of ¢y,

Lot =5 3 (a0~ 720)" < - [ cr(rt,a)) P

1€Ty,
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so that T',; < Cr/n. Also, by the formula of ¢y,

n ,oPt = § T — DPi— 1 +; (Vg/(ri+l) - Vc;(rl))
_ (Ti+1_7'¢n>.< pi —Dp; )
= Z n_ g ") — 70 )
ieT, P; —Di—1 Va(”) T
I i
dt(pt - . dt pz
€Ty €Ty,
= TR Y/ AN
icT, dt To’(ri )(rl T’L )

Therefore, we obtain the explicit form of J;* as

d 7'." _T_n p—pn
Jn = i i+1 9 . 7 4
- [ ()G ()

[Va(r) = 70 = o) = o7,

(C.2)

€Ty

In particular, the formulas . follow from , C.2) by taking 0 = o, 7 = 7, and
(p,7) to be the solution (p,, tn) of the hydrodynamlc equatlon - ) for 0 = o,.

Appendix D. Entropy and moment inequalities

Recall the relative entropy H(f; ) in (2.13]) for probability measure p and density function f
on some measurable space 2. In this appendix we give some classical inequalities related to
H(f;p). We begin from a variational formula of H(f; u):

H(f:p) = du —1 9d D.1
(fsm) ges};lblzm{/ﬂfgﬂ Og/ﬂe u}, (D.1)

where By,(Q2) stands for the class of all bounded measurable functions on 2. The proof of (D.1)
can be found in |28, Theorem 4.1]. From (D.1]) we immediately get the first lemma.

Lemma D.1. Let (21,.%1, 11), (Qa, Fa, p2) be two probability spaces. Suppose f to be a density
function on Q = Q1 x Qo with respect to . = p1 @ s, then

H(fi;p1) < H(f; ), (D.2)

where f1 is the density of the marginal distribution of fdu on 4.
Next we give two inequalities frequently used in this article.

Lemma D.2. For any measurable subset A C €,

H(f;p) +log2
IREE =i (B:3)

If X : Q — R is integrable under fdu, then for any a > 0,

/ fXdp < L [H(f;u) +10g/ eaxdu] : (D.4)
Q Q Q
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Proof. Taking g = —log(p(A))14 in (D.I]), we obtain that
H(f;p) > —log (u / fdp —log (2 — p(A4)),
and (D.3)) follows. For (D.4]), if X is bounded, take g = aX to get

H(fin) 2 a [ fXdu—tog [ e¥a
Q Q

We can obtain (D.4]) via a standard approximating argument. O
A family of random variables {X;;4 = 1,...,m} is said to be f-independent for some 1 <

£ < m, if for any subset T' C {1,...,m} such that |i — j| > ¢ for each i # j € I, the sub family
{X,;;i € T'} is independent. From (D.4]) we easily get the next lemma.

Lemma D.3. If {X1, Xa,..., X} is ¢-independent, then for any o > 0,

|/fZX dul <~ [ (fip Zmax{log/eio‘exidu}l.

Proof. For k =0, 1, .., 0 —1, let Ty = {k+il;1 < i < (m—k)/¢}. Since {X;,i € T'y} is
independent, (D.4) yields that

/fZXdu<[ (f; ) +Zlog/ ""X7du]

i€l el

Taking summation over k € {0,1,...,¢ — 1}, we get that

/fZXd,u<l (f; 1) + %Z /”‘”“du]. (D.5)

The proof is completed by repeating the argument with —X; instead of Xj;. O

Taking A = {|X| > A} in (D.3) gives us tail estimates of X. The following result makes
it possible to get moment bounds of X from tail estimates. It has been used in the proof of
Corollary [£.1] and the tightness of the fluctuation field.

Lemma D.4. Suppose a constant C' > 0, some q > 1 such that
P(IX|>X) <CX1 VYA>0.
Then, for any q € [1,p), there exists a constant K, 4 > 1, such that
E[IXPP] < K,4C.

Proof. Using the integration-by-parts formula, for all 1 < p < ¢,

* g
BIXP] < [ 5 0V)P(X| = ax
g/ 1p/\p’1d>\+0/ Cpattagy < L of
<A<Ca A>Ca q—p

Thus, the lemma holds with K, ;, = ¢/(¢ —p) > 1. O
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Appendix E. Sub-Gaussian random variable

Recall that a real random variable X, is called sub-Gaussian of order o2, if

2.2
log B[] < o, VseR. (B.1)

There is an elementary but useful condition for sub-Gaussian property.
Lemma E.1 (¢2 condition). If E[X] =0, and
E[eX") < 0, (E-2)
for some ¢ >0 and C > 1, then X is sub-Gaussian of order 2Cc™1
Proof. Since E[X] = 0, we have for any s € R that

SX k Xk+2
Be) 1 S o S MBI
k=2 k=0

The summation in the right-hand side is bounded by

2 2 |sX| 2 9 X2 52
T E[x2X < S E|x =
2 Pl <3 [ eXp{ 2 +20H

for any ¢ > 0. With the elementary inequality ye¥ < e,

s2 9 cX? g2 52 s2 X2
— - J— < i ¢ .
2E{X exp{ 5 +20H - xp{2C}E[e }

Hence, by the condition (E.2)),

2 2 2
Ele*¥] <1+ Csexp{s} < exp{Cs}.
c 2c

As s is arbitrary, the proof is completed. O

Recall that in Lemma we need to bound the exponential integral of the absolute value
of a sub-Gaussian variable. The general estimate is as follows.

Lemma E.2. If X is sub-Gaussian of order o2, then
2
E[ef¥] < +: : {J2|5|}, Vs € (~1,1).
Proof. By Chernoft’s method, for any A > 0,

P < 5[ O oy (2N [ 2

Since similar estimate holds for P(X < —\),

/\2
P(X|>XN) <2 —— 7. E.
(%12 3 < 200 { -2 | (5:3)
For 0 <t < 1/(20?), the integration-by-parts formula yields that
* d 2 1+ 2to?
E[eX] <1 / eN)P(IX] 2 NdA < 1.
e A G G ~2t0?

Hence, for any s € [0, 1),

X2 s 1+s o2s
ElesXl < E sA LTS5 < —_— .
[T < Elepgoa+ 51| S 7,00 5

The case s € (—1,0) holds similarly. O
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Appendix F. Local central limit theorem

In this appendix, we state a local central limit theorem with expansions for the sum of inde-
pendent, non-identically distributed random variables. It is used in the proof of equivalence of
ensembles in Section

We work under the following setting. Suppose that 7 is some Borel measure on R, and
f:R — R is an integrable function. Assume for all 7 € R that

G(r) = log/ e (dr) < co.
R

Denote by 7, the tilted probability measure on R, given by
7 (dr) = exp{rf — G(7)}w(dr).

Let ®,(¢) = [exp{i(f — [ fdn;)}m,(dr) be the characteristic function of f. For all K > 0,
we assume the following conditions with a constant Mg

(i) G is four times differentiable on R, and
G (1) > Mi', |GY(7)| < Mk, Vr € [-K, K], £=0,1,2,3,4.
(i) [2-(&)] < Mrg(1+]&)~ forall ¢ e R and 7 € [ K, K];
(iii) @, is four times differentiable on R for all 7 € R, and
Ve >0, 30 =d(e, K) > 0, s.t. [@(6) — @(0)| < e,
forall |¢| < d, 7€ [-K,K]and £ =0, 1, 2, 3, 4.

Given 7 = (71,...,Ts), define the inhomogeneous product measure
tn (dr) = pn (75 dr) = H?TTj(d’l“i), r=(r,..., ) € R™.
j=1
Define u; = ue(7T) > 0 for £ =1, 2, 3, 4 via the formula
1 n
¢_ - (-
= G .
= 326017

Observe that u; = E,, [F] and u3 = E,, [(F — u1)?], where 7 =n=1 > r;.
The local central limit theorem is stated as follows. Let ¢ be the standard Gaussian density,
and {H;;j > 0} be the group of Hermite polynomials:

2

1 22 w2 dl 22
Or) = =€ T, Hi(w) = (-1)eT — [ 7]

In particular, Hy = 23 — 3z, Hy = z* — 622 + 3 and Hg = 2% — 152* + 4522 — 15.

Lemma F.1. Assume that 7; € [-K, K] for all1 < j <n. Let f,(T;-) be the density function
with respect of ., of the random variable

WZ(U —uy (7).
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For any € > 0, there exists N = N(e, K, Mx) sufficiently large, such that if n > N, then the
following estimate holds uniformly for x € R:

fn(T52) — ¢(x) {1 + LQn,l(z) + ;Qn72(gg)} ’ < % <6+ 1>

vn vn

where C' = C(Mf) is a constant and Qn1, Qn2 are given by

1 us 3 1 Uy 4 1 us 6
ni=—(—2) Hs, Qn =) Hi+—— (=) He.
@1 =3 (uQ) » @n2=g (u ) ETENE (uQ) 0

Lemma can be proved following [9 Theorem XVI.2.2; pp. 535]. Here we briefly sketch
the proof to emphasize the dependence of (N,C) on €, K and M.

Proof. By the definition of characteristic function ®..,
£
dg.
us\/n ¢

1 T
Fa)=— [ e ] o,
fa(F2) 277./R€ j=1 i < 2

Let us define A,, = A, (7;€) for each £ € R by

A7 =] @, (o) -ew{- 52} 1P + 5P|

j=1

where P, = P,(7;) is the polynomial given by

1 uz\ 1 (ug\*
poo L (m) e, L (u)
"3l (uz> ST <u2 v

From the definition of Hermite polynomials, it suffices to prove that

/RlAn(ﬁmdf < % (e+ %) .

For any € > 0, Taylor’s theorem yields that there is § = d(e, K) > 0, such that

G/l
log (pT (E) Z €| Z)

<e§,

for all |¢] < § and T € [— K, K]. Therefore, when [£| < duz+/n,

2

- £ £ e’
;10g¢Tj (W) + -~ P,(i&)] < A

Without loss of generality we can choose § < 1, so that

w b € _ Culg®
Patie)] < (3 + gk ) S5 < S

with some Cy = C1(Mg). Using the elementary inequality

/ (xl)2 ! / 3 /
e —1—x - < emaxtlzllz ‘}(|x7$|+|1’| ), Vz,2’ €R,
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we obtain that when [£| < duzv/n,

n

- 4 C€P 2) 1 4 o8l
sl {5 -§11(5 )

By furthermore choosing § = (¢, K, M) sufficiently small, we get

2 9
29 < Lew{ £} (4 EL).

with some Cy = Co(Mg) on the set {|§| < dua/n}. From the estimate above, we have some
constant C' = C(Mf), such that for all n > 1,

C 1
A, (7 6)|de < = —).
/|s|<au2\/ﬁ| (7€)l ”(H\/ﬁ)

On the remaining set {|€| > duz+/n}, by (ii) we have that

n

- M 2 1

Hence, we can choose N = N (4, M), such that for all n > N,

1
/|£|zsu2ﬁ | 9 < 7

The proof is then completed. O
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