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Crandall-Lions Viscosity Solutions for
Path-Dependent PDEs: The Case of Heat
Equation
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We address our interest to the development of a theory of viscosity solutions & la Crandall-
Lions for path-dependent partial differential equations (PDEs), namely PDEs in the space of
continuous paths C([0,77];R?). Path-dependent PDEs can play a central role in the study of
certain classes of optimal control problems, as for instance optimal control problems with delay.
Typically, they do not admit a smooth solution satisfying the corresponding HJB equation
in a classical sense, it is therefore natural to search for a weaker notion of solution. While
other notions of generalized solution have been proposed in the literature, the extension of the
Crandall-Lions framework to the path-dependent setting is still an open problem. The question
of uniqueness of the solutions, which is the more delicate issue, will be based on early ideas
from the theory of viscosity solutions and a suitable variant of Ekeland’s variational principle.
This latter is based on the construction of a smooth gauge-type function, where smooth is
meant in the horizontal/vertical (rather than Fréchet) sense. In order to make the presentation
more readable, we address the path-dependent heat equation, which in particular simplifies the
smoothing of its natural “candidate” solution. Finally, concerning the existence part, we provide
a functional It6 formula under general assumptions, extending earlier results in the literature.

MSC 2010 subject classifications: 35D40, 35R15, 60H30.
Keywords: Path-dependent partial differential equations, viscosity solutions, functional It6 for-
mula.

1. Introduction

Path-dependent heat equation refers to the following second-order partial differential
equation in the space of continuous paths:

oMt @) — str[ol,u(t,@)] = 0, (t,2) € [0,T) x C([0, T]; RY),
2 (1.1)
(T, x) = &(x), x € C([0,T); RY).
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Here C ([0, T]; R%) denotes the Banach space of continuous paths x: [0, 7] — R? equipped
with the supremum norm ||z(|oc := sup;c(o 7] [2(?)[, with |-| denoting the Euclidean norm
on R?. The terminal condition ¢: C([0,T];RY) — R is assumed to be continuous and
bounded. We refer to equation (1.1) as path-dependent heat equation. Similarly as for
the usual heat equation, it admits the following Feynman-Kac representation formula in
terms of the d-dimensional Brownian motion W = (W) ¢(0,77-

o(t,z) = E[EW"™)],  V(tz)e[0,T] x C([0,T);RY, (1.2)
where
o {w(s), s<t,
x(t)+ W, — Wy, s>t

In the case of the classical heat equation & only depends on the terminal value Wfrm

The peculiarity of equation (1.1) is the presence of the so-called functional or pathwise
derivatives 9 v, 9 v, where 0H v is known as horizontal derivative, while 9% v is the ma-
trix of second-order vertical derivatives. Those derivatives appeared in [54, 55] (under the
name of coinvariant derivatives) as building block of the so-called i-smooth analysis, and
independently in [1], where they were denoted Clio derivatives; later, they were rediscov-
ered by [30] (from which we borrow terminology and definitions), who adopted a slightly
different definition based on the space of cadlag paths and in addition developed a related
stochastic calculus, known as functional It6 calculus, including in particular the so-called
functional Ité formula. Differently from the classical Fréchet derivative on C([0,7]; R?),
the distinguished features of the pathwise derivatives are their finite-dimensional nature
and the property of being non-anticipative, which follow from the interpretation of ¢ in
x(t) as time variable. This means that v(¢, ) only depends on the values of the path x
up to time t; moreover, the horizontal and vertical derivatives at time ¢ are computed
keeping the past values frozen, while only the present value of the path (that is x(t))
can vary. The related functional Itd calculus was rigorously investigated in [11, 12, 13].
In [14, 17] we also gave a contribution in this direction, exploring the relation between
pathwise derivatives and Banach space stochastic calculus, built on an appropriate notion
of Fréchet type derivative and firstly conceived in [25], see also [26, 27, 28, 24].

Partial differential equations in the space of continuous paths (also known as func-
tional or Clio or path-dependent partial differential equations) are mostly motivated by
optimal control problems of deterministic and stochastic systems with delay (or path-
dependence) in the state variable. Such control systems arise in many fields, as for
instance optimal advertising theory [47, 48], chemical engineering [45], financial man-
agement [38, 72], economic growth theory [2], mean field game theory [5], biomedicine
[46, 81], systemic risk [9]. The underlying deterministic or stochastic controlled differen-
tial equations with delay may be studied in two ways: first using a direct approach (see for
instance [50, 84, 54, 51, 56]), second by lifting them into a suitable infinite-dimensional
framework, leading to evolution equations in Hilbert (as in [10, 23, 41]) or Banach spaces
(as in [69, 70, 25]). The latter methodology turned out to be preferable to address gen-
eral optimal control problems with delay (see for instance [90, 49, 47, 39, 40, 44, 37]),
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although such an infinite-dimensional reformulation may require some additional artifi-
cial assumptions to be imposed on the original control problem. On the other hand, the
direct approach was adopted for special problems where the Hamilton-Jacobi-Bellman
equation reduces to a finite-dimensional differential equation, as in [35, 57]. This ap-
proach can now regain relevance thanks to a well-grounded theory of path-dependent
partial differential equations. To this regard, the path-dependent heat equation repre-
sents the primary test for such a theory, it indeed requires the main building blocks of
the methodology, without overloading the proofs with additional technicalities.
Path-dependent partial differential equations represent a quite recent area of research.
Typically, they do not admit a smooth solution satisfying the equation in a classical
sense, mainly because of the awkward nature of the underlying space C([0,7];R?). This
happens also for the path-dependent heat equation, which in particular does not have
the smoothing effect characterizing the classical heat equation, except in some specific
cases (as shown in [25, 29]) with & belonging to the class of so-called cylinder or tame
functions (therefore depending specifically on a finite number of integrals with respect to
the path) or £ being smoothly Fréchet differentiable. It is indeed quite easy, relying on
the probabilistic representation formula (1.2), to see that the function v is not smooth
(in the horizontal/vertical sense mentioned above) for terminal conditions of the form

§(x) = sup (t), {(w) = x(to),
0<t<T
for some fixed to € (0,T). For a detailed analysis of the first case above we refer to
Section 3.2 in [16] (see also Remark 3.8 in [17]). It is however worth mentioning that
some positive results on smooth solutions were obtained in [17, 76]. We also refer to
Chapter 9 of [25] and [29], where smooth solutions were investigated using a Fréchet
type derivative formulation.

It is therefore natural to search for a weaker notion of solution, as the notion of vis-
cosity solution, commonly used in the standard finite-dimensional case. The theory of
viscosity solutions, firstly introduced in [20, 21] for first-order equations in finite dimen-
sion and later extended to the second-order case in [59, 60, 61], provides a well-suited
framework guaranteeing the desired existence, uniqueness, and stability properties (for a
comprehensive account see [19]). The extension of such a theory to equations in infinite
dimension was initiated by [22, 62, 63, 64, 85, 88]. One of the structural assumption is
that the state space has to be a Hilbert space or, slightly more general, certain Banach
space with smooth norm, not including for instance the Banach space C([0,T]; R?) (no-
tice however that in this paper we do not directly generalize those results to C([0, T]; RY),
as we adopt horizontal /vertical, rather than Fréchet, derivatives on C([0, T]; R?)).

First-order path-dependent partial differential equations were deeply investigated in
[68] using a viscosity type notion of solution, which differs from the Crandall-Lions def-
inition as the maximum/minimum condition is formulated on the subset of absolutely
continuous paths. Such a modification does not affect existence in the first-order case,
however it is particularly convenient for uniqueness, which is indeed established under
general conditions. Other notions of generalized solution designed for first-order equations
were adopted in [1] as well as in [65, 66, 67], where the minimax framework introduced
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in [86, 87] was implemented. We also mention [4], where such a minimax approach was
extended to first-order path-dependent Hamilton-Jacobi-Bellman equations in infinite di-
mension.Concerning the second-order case, a first attempt to extend the Crandall-Lions
framework to the path-dependent case was carried out in [74], even though a technical
condition on the semi-jets was imposed, namely condition (16) in [74], which narrows
down the applicability of such a result. In the literature, this was perceived as an almost
insurmountable obstacle, so that the Crandall-Lions definition was not further investi-
gated, while other notions of generalized solution were devised, see [32, 75, 89, 18, 58, 3, 8].
We mention in particular the framework designed in [32] and further investigated in
[33, 34, 78, 79, 80, 15], where the notion of sub/supersolution adopted differs from the
Crandall-Lions definition as the tangency condition is not pointwise but in the sense of
expectation with respect to an appropriate class of probability measures. On the other
hand, in [18] we introduced the so-called strong-viscosity solution, which is quite similar
to the notion of good solution for partial differential equations in finite dimension, that
in turn is known to be equivalent to the definition of LP-viscosity solution, see for in-
stance [52]. We also mention [3], where the authors deal with semilinear path-dependent
equations and propose the notion of decoupled mild solution, formulated in terms of gen-
eralized transition semigroups; such a notion also adapts to path-dependent equations
with integro-differential terms.

In the present paper we adopt the natural generalization of the well-known definition
of viscosity solution a la Crandall-Lions given in terms of test functions and, under this
notion, we establish existence and uniqueness for the path-dependent heat equation (1.1).
The uniqueness property is derived, as usual, from the comparison theorem. The proof
of this latter, which is the most delicate issue, is known to be quite involved even in the
classical finite-dimensional case (see for instance [19]), and in its latest form is based on
Ishii’s lemma. Here we follow instead an earlier approach (see for instance Theorem II.1
in [61] or Theorem IV.1 in [62]), which in principle can be applied to any path-dependent
equation admitting a “candidate” solution v, for which a probabilistic representation
formula holds. This is the case for equation (1.1), where the candidate solution is given
by formula (1.2), but it is also the case for Kolmogorov type equations or, more generally,
for Hamilton-Jacobi-Bellman equations. This latter is the class of equations studied in
[61] and [62], whose methodology in a nutshell can be described as follows. Let u (resp.
w) be a viscosity subsolution (resp. supersolution) of the same path-dependent equation.
The desired inequality v < w follows if we compare both u and w to the “candidate”
solution v, that is if we prove the two inequalities © < v and v < w. Let us consider
for instance the first inequality v < v. In the non-path-dependent and finite-dimensional
case (as in [61]), this is proved proceeding as follows: firstly, performing a smoothing
of v through its probabilistic representation formula; secondly, taking a local maximum
of u — v, (here it is used the local compactness of the finite-dimensional underlying
space), with v,, being a smooth approximation of v; finally, the inequality v < v, is
proved proceeding as in the so-called partial comparison theorem (comparison between
a viscosity subsolution/supersolution and a smooth supersolution/subsolution), namely
exploiting the viscosity subsolution property of u with v,, playing the role of test function.
In [62], where such a methodology was extended to the infinite-dimensional case, the
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existence of a maximum of u — v,, is achieved relying on Ekeland’s variational principle,
namely exploiting the completeness of the space instead of the missing local compactness.

In this paper we generalize the methodology sketched above to the path-dependent
case. There are however at least two crucial mathematical issues required by such a proof,
still not at disposal in the path-dependent framework.

Firstly, given a candidate solution v, it is not a priori obvious how to perform a smooth
approximation of v itself starting from its probabilistic representation formula. Here we
exploit the results proved in [17] (Theorem 3.5) and [18] (Theorem 3.12), which are re-
ported and adapted to the present framework in Appendix D (Lemma D.1 and Lemma
D.2, respectively). Notice that such results apply to the case of the path-dependent heat
equation (1.1), where there is only the terminal condition £ in the probabilistic repre-
sentation formula (1.2) for v. More general results are at disposal in [17] and [18], which
cover the case of semilinear path-dependent partial differential equations, characterized
by the presence of four coefficients b, o, F, £ (see, in particular, Theorem 3.16 in [18]
for more details). However, when those other coefficients appear in the path-dependent
partial differential equation, we need more information on the sequence {v, }, approxi-
mating v. For instance, we also have to estimate the derivatives of v, in order to proceed
as in [61] or [62]. Since such results are still not at disposal in the path-dependent setting,
in order to make the paper more readable and not excessively lengthy, here we address
the case of the path-dependent heat equation.

Secondly, concerning the existence of a maximum of u — v, we rely on a generalized
version of Ekeland’s variational principle for which we need a smooth gauge-type function
with bounded derivatives, as explained below. Our equation is in fact formulated on the
non-locally compact space [0, 7] x C([0, T]; R?) endowed with the pseudometric

doo ((t, ), (', @) 1= [t =t + |2(- A1) = 2'(- At)[|oo.

Recall that Ekeland’s variational principle, in its original form, applied to ([0,7] X
C([0,T);RY), d ) states that a perturbation u(-, ) — v, (-, -) — 8doo((+,*), (£, Z)) of u(-,-) —
vn(+,-) has a strict global maximum, with the perturbation being expressed in terms of
the distance do (the point (¢, ) is fixed). As the map (¢, &) — doo((¢, ), (¢, Z)) is not
smooth, it cannot be a test function. In order to have a smooth map instead of d,, we
need a smooth variational principle on A. To this end, the starting point is a generaliza-
tion of the so-called Borwein-Preiss smooth variant of Ekeland’s variational principle (see
for instance [7]), which works when d, is replaced by a so-called gauge-type function (see
Definition 3.1). For the proof of the comparison theorem, we have to construct a gauge-
type function which is also smooth and with bounded derivatives, recalling that smooth
in the present context means in the horizontal/vertical (rather than in the Fréchet) sense.
In Section 3 such a gauge-type function is built through a smoothing of d., itself (more
precisely, of the part concerning the supremum norm). This latter smoothing is performed
by convolution, firstly in the vertical direction, that is in the direction of the map 1 7y
(Lemma 3.1), then in the horizontal direction (Lemmata 3.2 and 3.3), the ordering of
smoothings being crucial. Notice in particular that the supremum norm is already smooth
in the horizontal direction; however, after the vertical smoothing, we lose in general the
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horizontal regularity because of the presence of the term 1 7); for this reason we have
also to perform the horizontal smoothing. The resulting smooth gauge-type function with
bounded derivatives corresponds to the function ps, defined in (3.7).

Regarding existence, we prove that the candidate solution v in (1.2) solves in the vis-
cosity sense equation (1.1). We proceed essentially as in the classical non-path-dependent
case, relying as usual on It6’s formula, which in the present context corresponds to the
functional It6 formula. Such a formula was firstly stated in [30] and then rigorously proved
in [11, 12], see also [13, 42, 17, 58, 71]. In the present paper we provide a functional It6
formula under general assumptions (Theorem 2.2). In particular, we do not require any
boundedness assumption on the functional u: [0, T] x C([0, T]; R%) — R, thus improving
(when the semimartingale process is continuous) the results stated in [11, 12]. The func-
tional It6 formula is proved following a similar approach as in [83], where the classical
non-path-dependent case was studied.

Finally, in the present paper we define pathwise derivatives in an alternative and self-
contained manner, as we are only interested in the case of continuous paths. Such an
approach, developed in detail in Section 2, is somehow minimalist compared to what
is usually done in the literature, where definitions require the space of cadlag paths.
More precisely, in order to define the so-called vertical derivatives for a map u: [0,7T] x
C([0,T);RY) — R we consider a lifting of u, that is a map @ defined on the enlarged
space [0, T] x C([0,T]; R%) x R, The third argument y in @(t, x,y) refers to the possible
jump of x at the present time ¢. Indeed, @ is a lifting of u if it holds that

u(t,z) = a(t,z,x(t)), Y (t,x) € [0,T] x C([0,T]; RY).

Therefore, when y = x(t) then there is no jump at time ¢, otherwise there is a jump of
size y — x(t). For this reason, we refer to the product space C([0,T];R?) x R? as the
space of paths with at most one jump at the present time (concerning such a space see
also [41]). As already mentioned, in the literature the product space C([0,T];R%) x R¢
is replaced by the space of cadlag paths D([0,7T]; R%).

The paper is organized as follows. Section 2 is devoted to pathwise derivatives and
functional It6 calculus. In particular, there is the functional 1t6 formula (Theorem 2.2)
whose complete proof is reported in Appendix A. In Section 3 we prove the smooth
variational principle on A, constructing the smooth gauge-type function with bounded
derivatives. In Section 4 we provide the (path-dependent) Crandall-Lions definition of vis-
cosity solution for a general path-dependent partial differential equation. We then study
in detail the path-dependent heat equation. In particular, we prove existence showing
that the so-called candidate solution v solves in the viscosity sense the path-dependent
heat equation (Theorem 4.1). We conclude Section 4 proving the comparison theorem
(Theorem 4.2).

2. Pathwise derivatives and functional It6 calculus

In the present section we define the pathwise derivatives and state the fundamental tool
of functional It6 calculus, namely the functional It6 formula. We refer to [30, 12, 42, 13]
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for more details. However, as already mentioned in the Introduction, we define vertical
derivatives without relying on the space of cadlag paths (as it is generally done in the
literature); on the contrary, we employ the product space C([0,7]; R?) x R?, which can
be thought as the space of paths with at most one jump at the present time (Section
2.2).

2.1. Maps on continuous paths

Given T > 0 and d € N*, we denote by C([0,T];R?) the set of continuous functions
x: [0,7] — R% We denote by x(t) the value of & at t € [0,7]. We also denote by 0
the function x: [0,7] — R? identically equal to zero. We consider on C([0,7]; R?) the
supremum norm || - [|oo, namely [|x([oo := sup;e(o 77 [Z(t)], where |-| denotes the Euclidean
norm on R? (we use the same symbol | - | to denote the Euclidean norm on R¥, for any
k e N).

We set A := [0,T] x C([0,T]; R?) and define doo: A x A — [0,00) as

doo ((t, ), (t', @) = [t = |+ |2(- A1) = 2'( At)[|oo.

Notice that do is a pseudometric on A, that is d, is not a true metric because one may
have doo((t, ), (', 2')) = 0 even if (t,z) # (¢, x’). We recall that one can construct a
true metric space (A, d%), called the metric space induced by the pseudometric space
(A, dw), by means of the equivalence relation which follows from the vanishing of the
pseudometric. We also observe that (A, d) is a complete pseudometric space. Finally,
we denote by B(A) the Borel o-algebra on A induced by do.

Definition 2.1. A map (or functional) u: A — R is said to be non-anticipative (on
A) if it satisfies
u(ta .’B) = ’U,(t, :E( A t))a

for all (t,x) € A.

Remark 2.1. Whenever u: A — R is Borel measurable, namely u is measurable with
respect to B(A), then u is non-anticipative on A.

Definition 2.2. We denote by C(A) the set of non-anticipative maps v: A — R which
are continuous on A with respect to doo.

2.2. Lifted maps and their pathwise derivatives

In the sequel we consider the product space A x R?, endowed with the product topology
induced by do, on A and |- | on RY. We denote by B(A x R?) the corresponding Borel o-
algebra. On the subset [0, T) x C ([0, T]; R?) x R of A x R? we consider the corresponding
subspace topology.
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Definition 2.3. A map (or functional) i: AxR? — R is said to be non-anticipative
(on A x R?) if it satisfies

ﬁ(t,.’]},y) = ﬁ(tvm( /\t)ay)a

for all (t,z,y) € A x R%.

Remark 2.2. Whenever @: A x R — R is Borel measurable, namely @ is measurable
with respect to B(A x R?), then 4 is non-anticipative on A x R9.

Definition 2.4. We denote by C(AxR?) the set of non-anticipative maps ti: AxR? —
R which are continuous on A x R?.
Definition 2.5 (Pathwise derivatives). Let@: A x R? — R.

(i) Given (t,z) € [0,T) x C([0,T);RY), the horizontal derivative of i at (t,z) (if

the corresponding limit exists) is defined as

. At 46, x(- AL, 2(t) —alt, x, z(t))
ofla(t,z) = 513(% 5 .

When the above limit exists for every (t,x) € [0,T) x C([0,T];RY), then 0f 4 is a
real-valued map with domain [0,T) x C([0, T]; R9).

(ii) Given (t,z,y) € A x R%, the vertical derivatives of first and second-order of
at (t,x,y) (if the corresponding limits exist) are defined as

ﬂ(tv T,y + hez) - ’ll(t, -’B,y)

oV a(t = i
2, 0t 2, y) = lim . ;
Voo ViqV s
8I¢Iju(t5m5y) = 8;Ej (811u)(t7m7Y)7
where e, . .., eq is the standard orthonormal basis of RY.

When the above limits exist for every (t,x,y) € A x R?, then BX_, ('“);/ﬂj are real-

valued maps with domain A x R?,
Finally, we denote )4 = (8) @,...,0Y,0) and Oyt = (83‘6/1%_11)1-7]-:17,”_,[1.

Remark 2.3. We recall that our aim is to define pathwise derivatives for a map u: A —
R. In order to do it, as it will be stated in Section 2.3 (Definitions 2.9 and 2.10), we will
firstly consider a lift of u, that is a map 4: A x R? — R satisfying

u(t,z) = u(t, z,x(t)), V(t,z) € A.

Then, we will define the pathwise derivatives of u at (¢, ) as the pathwise derivatives of
(according to Definition 2.5) at (¢, x,y) with y = x(t). The lifting @ is only used to define
vertical derivatives (for which we need to consider discontinuous paths or, more precisely,
paths with at most a jump at the present time ¢, the jump size being given by y — x(t)).
On the other hand, in the definition of horizontal derivative only continuous paths are
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involved, so that the horizontal derivative could be directly defined for u (indeed, when
@ is a lifting of u, the horizontal derivative of 4 coincides with that of u). We also notice
that we will not need to consider the horizontal derivative of 4 at a point (¢, x,y) with

y # (1)

Definition 2.6. We denote by C*°(A x R?) the set of i € C(A x R?) such that 0@
exists everywhere on [0,T) x C([0,T);R?) and is continuous.

Definition 2.7. We denote by C**(A x R?) the set of it € C(A x R?) such that dY i,

oY i exist everywhere on A x RY and are continuous.

Definition 2.8. We denote by CY2(A x R?) the set C*(A x R?) N C*?(A x RY).

We can finally state the functional It6 formula for lifted maps, whose proof is reported
in Appendix A.

Theorem 2.1. Let i € CH?(A x R?). Then, for every d-dimensional continuous semi-

martingale X = (X¢)iejo,r) on some filtered probability space (0, F, (Ft)epo,1,P), with
X = (X',..., X%, the following functional Ité formula holds:

t d t
1 o
a(t, X, X,) = ﬂ(O,X,XO)—i-/ aﬁa(s,x)ds+§ E / Oy.0 (s, X, Xo) d[X", X7,
0 0

ij=1
d t .
+ Z/ oY a(s, X, X,)dX_, forall 0 <t <T, P-a.s.
i=170
Proof. See Appendix A. (|

2.3. Pathwise derivatives for maps on continuous paths

Definition 2.9. Leti: A xR? — R and u: A — R. We say that 0 is a lifting of u if
u(t,x) = a(t,z, x(t)),

for all (t,x) € A.

The following consistency property is crucial as it implies that, given a map u admit-
ting two liftings 4; and s, their pathwise derivatives coincide on continuous paths (see
also Remark 2.4).

Lemma 2.1. Ifdq,U0 € 01’2(A x R%) are non-anticipative maps satisfying

W (t,x,x(t) = Go(t, x, z(t)), V(t,x) € A,
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then
oy (t, ) = oyt ), Y (t,z) € [0,T) x C([0, T]; RY),
Yy (t, x, x(t)) oY o (t, x, (1)), V(t,x) € A,
OV pin(tz,a(t) = Olpia(t,z,a(t)), V(L)€ A.

Proof. See Appendix B. O
Thanks to Lemma 2.1 we can now give the following definition (see also Remark 2.4).

Definition 2.10. Let u: A — R. We say that v € CV2(A) if it admits a lifting
G: A x R — R satisfying & € CH?(A x R?). Moreover, we define

offu(t,x) = offat, ), V(t,x) €[0,T) x C([0,T];RY),
oY u(t,x) = Oyu(t,x,x(t)), V(t,x) € A,
oY ut,x) = oY a(t,x,x(t)), V(tx)€A.

Remark 2.4. Notice that, by Lemma 2.1, if u € Cl’Q(A) then the definition of the
pathwise derivatives of u is independent of the lifting & € C**(A x RY) of u.

Theorem 2.2. Let u € C“*(A). Then, for every d-dimensional continuous semi-

martingale X = (X¢)iejo,r) on some filtered probability space (0, F, (Ft)epo,1,P), with
X = (X',..., X%, the following functional Ité formula holds:

u(t,X) = u(0,X)+ /aH s, X) ds+2 Z/ Ve uls, X)dXT X, (2.1)

1,j=1

+Z/ Oy u(s, X)dX., forall 0 <t <T, P-a.s.

Proof. Since u € Cl’Q(A), by Definition 2.10 there exists a lifting 4: A x RY — R
satisfying & € CY?(A x R%). By Theorem 2.1, the below It6 formula holds:

a(t, X, X¢) = 4(0, X, Xo) /8 (s, X)ds+ = Z/ JWJA (s, X, X,)d[X", X7],

z_]l

d t
+ Z/ aY (s, X, X,) dX, forall 0 <t <T, P-as.
0

Now, the claim follows identifying the pathwise derivatives of @ with those of u. O
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3. Smooth variational principle on A

The goal of the present section is the proof of a smooth variational principle on A, which
plays a crucial role in the proof of the comparison Theorem (Theorem 4.2). To this end,
we begin recalling a generalization of the so-called Borwein-Preiss smooth variant ([6])
of Ekeland’s variational principle ([31]), corresponding to Theorem 3.2 below. We state
it for the case of real-valued (rather than R U {+oo}-valued as in [7]) maps on A. We
firstly recall the definition of gauge-type function for the specific set A.

Definition 3.1. We say that V: Ax A — [0,4+00) is a gauge-type function provided
that:

a) U is continuous on A X A;

b) U((t,x), (t,x)) =0, for every (t,x) € A;

c) for every e > 0 there exists n > 0 such that, for all (t',2'), (t",x") € A, the inequality
U((t,2), ", x")) <nimplies dso (', '), (t", ")) < €.

Theorem 3.1. Let G: A — R be an upper semicontinuous map, bounded from above.
Suppose that U: A x A — [0,+00) is a gauge-type function (according to Definition
3.1) and {6n}n>0 is a sequence of strictly positive real numbers. For every € > 0, let
(to,xo) € A such that

supG —e < G(tg,xo).

Then, there exists a sequence {(tn,@n)}n>1 C A which converges to some (t,&) € A
satisfying the following.

1) U((E, &), (th, y)) < Fig;» Jor every n > 0.
ii) G(to, o) < G(F, @) = 35,2 0n W((F, T), (tn, @n)).

ili) For every (t,x) # (¢, &),
+oo B +oo B
Glt,z) =Y 0 U((t,2), (tn, xn)) < GELE) =Y 0 U((EE), (tn, @n)).
n=0 n=0

Proof. Theorem 3.2 follows trivially from Theorem 2.5.2 in [7], the only difference being
that the latter result is stated on complete metric spaces, while here A is a complete
pseudometric space. O

The main ingredient of Theorem 3.2 is the gauge-type function W. In the proof of the
comparison theorem we need such a gauge-type function to be also smooth as a map
of its first pair, namely (¢t,) — ¥ ((t,x), (to, o)), and with bounded derivatives. The
most important example of gauge-type function is the pseudometric do, itself, which
unfortunately is not smooth enough. The major contribution of the present section is
the construction of such a smooth gauge-type function with bounded derivatives, which
corresponds to the function ps in (3.7). In order to do it, we perform a smoothing of
the pseudometric dn, itself (more precisely of the part concerning the supremum norm),
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first in the vertical direction, and then in the horizontal direction. In particular, the next
result concerns the smoothing in the vertical direction. The precise form of the mollifier

in (3.1) is used to get explicit bounds on & A(to’mo) and its derivatives.
¢ in ( get exp

Lemma 3.1. Let (: R? — R be the probability density function of the standard normal
multivariate distribution:

((z) = 1 Vz € R% (3.1)

For every fized (to, xo) € A, define the map Flo0) s A x RE [0, +00) as
I%(()‘;mmo)(t’w,y) = /d Hw(./\t)—:co(./\to)—(y—:c(t)—i—z)l[t’T]HOO ¢(z) dz—/d |z| {(z) dz
R R

for all (t,x,y) € A x RL. Moreover, let ko) A [0, 4+00) be given by
Ko (1) = Ao (2, 2(1)

= [ N0 = 2ol Ato) 21|, (o dz — [ 2l (a)
R4 R4

for every (t,x) € A. Then, the following properties hold.

1) #lo®0) ¢ CO2(A x RY).
2) For everyi,j =1,...,d, 6;’1_&&2”“) 1s bounded by the constant 1 and 8;/ A(to o) 4

bounded by the constant \/E
3) K (t, @) > [la(- At) — @o(- Ato)lleo — Ce, for every (t,@

) €

r(d

Ce = w00 (tg, zg) = / |z|((z) dz = (2
Rd

where T'(+) is the Gamma function.
4) For every fized d, there exists some constant aq > 0 such that

aa (lz(- At) —ao(- Ato)llSd Allz(- At) —ao(- Ato)ll) (3-3)
< wE(ta) < e At) = zo(- Ato)]loo,

for all (t,x) € A.
Proof. See Appendix C. O

Notice that the map

((tu CB), (t07 wO)) — |t - t0|2 + K;L()tomm())(t? w)
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is already a gauge-type function. However, as a map of the first pair, it is not smooth
in the horizontal direction. As a matter of fact, the presence of 1j; 7 in the definition of
plto-mo) (t,x) is an obstruction to horizontal regularity, therefore a further convolution in
the time variable ¢ is needed. We now address the problem of smoothing the map mé?’m“)
with respect to the horizontal derivative. Notice that the map

((tu CB), (t07 wO)) — |t - t0|2 + K;L()tomm())(t? w)

is already a gauge-type function. However, as a map of the first pair, it is not smooth
(to,z0)

in the horizontal direction because of the second term reg” ™’ (¢, ). We now address the
problem of smoothing the map ﬁ&“’mo) with respect to the horizontal derivative. To this

regard, the following lemma plays an important role.

Lemma 3.2. Letn: [0,+00) — R be a function satisfying the following properties.

n € CH([0, +0));
7 1S non-negative;

0Jroo 77(5) ds = 17'
n(0) = 0.

Let . € C%?(A x RY). The map ©: A x R* = R given by

+oo
o(t,z,y) = /0 ﬂ((t +s)AT, x(- A t),y) n(s) ds, Y (t,x,y) € A X R,

belongs to C*?(A x R?).
Proof. See Appendix C. O

We now apply Lemma 3.2 to the map &§°’m°>/(1+f&§°“’”°)), with o-®0) being the map
introduced in Lemma 3.1. We apply it to such a map (rather than to i {to-@o) directly)

in order to have bounded derivatives (see item 2 of Lemma 3.3). In order to get explicit

bounds for the derivatives of the map )ZS,ZO’ZO) introduced in Lemma 3.3 below, we fix the

function 7 appearing in Lemma 3.2, taking n as in (3.4).

Lemma 3.3. Let n: [0,+00) = R be given by
n(s) = /— 02, Vs > 0. (3.4)

For every fized (to, o) € A, let iL0®0) be the map defined in Lemma 3.1 and define the
map )Z&O’mo): A xR — [0, +0c0) as

o (to, o)

Xl P (t,x,y) =

s)ds

)

/+°° i Lo-0) (t+s)AT,z(-At),y)
0 14+A%®)((t+s) AT, z(- A1), y)
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for all (t,x,y) € A x RL. Moreover, let xé@“*""‘“): A — [0,4+00) be given by
xgo®l(t,m) = g0 (t,z,2(t), V()€ A (3.5)

Then, the following properties hold.

1) ™) e C12(A x RY).

2) The horizontal derivative of X(t" ,20)

is bounded by the constant \/ = (= O+OO ()] ds);

(to,xo)

the first-order vertical derivatives of X o are bounded by the constant 1; the second-

(to,z0)

order vertical derivatives of Xoo are bounded by the constant \/g + 2.

3) For every (t,x) € A,

(- At) — @o(- Ato)lIET A flz(- At) — @0( Ato)]lo
T+ ]x(- At) —xo(- Ato)leo
< xl&ot(t@) < e At) —@o(- Ato)llo AL

Qg (3.6)

with the same constant agq as in (3.3).
Proof. See Appendix C. O

In conclusion, by Lemma 3.3 it follows that the map poo: A X A — [0, 4+00) given by
P ((t ), (to, o)) = |t —to* + xo®o) (¢, ), Y (t,x), (to, o) € A, (3.7)

with Yo as in (3.5), is the claimed gauge-type function, smooth as a map of the first
pair, namely (¢, ) — poo((t, @), (to, o)), and with bounded derivatives.

We now apply Theorem 3.2 to the smooth gauge-type function p., with bounded
derivatives defined by (3.7), taking dp := ¢ > 0 and 4, := §/2", for every n > 1.

Theorem 3.2 (Smooth variational principle on A). Let 6 > 0 and G: A — R be an
upper semicontinuous map, bounded from above. For every e > 0, let (to, o) € A satisfy

supG —e < G(tg,xo).

Then, there exists a sequence {(tn, @n)tn>1 C A which converges to some (t,&) € A such
that:

il) G(to, :B()) S (t, :i) —

555 for every n > 0.
5o (t, ), where the map p-: A — [0, +00) is defined as

+001

pelt,) == Y 2—npm((t,m),(tn,wn)), Y(t,x) € A.
n=0

iii) For every (t,x) # (t, &), G(t,x) —dp:(t,x) < G(t, &) — 0 pe(t, T).
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Finally, the map p. satisfies the following properties.

1) ¢. € CY*(A) and is bounded.
2) [0f pc(t, )| <2 (2T+ %), for every (t,x) € [0,T) x C([0,T]; RY).
3) For everyi,j=1,...,d, 3;2905 is bounded by the constant 2 and 8;/1-:5]' e @5 bounded

by the constant 2 (\/g + 2).

Proof. Ttems i)-ii)-iii) follow directly from Theorem 3.2, while items 1)-2)-3) follow easily
from items 1)-2)-3) of Lemma 3.3. O

4. Crandall-Lions (path-dependent) viscosity
solutions

4.1. Viscosity solutions

In the present section we consider the following second-order path-dependent partial
differential equation:

OFu(t,x) = F(tz,u(t, ), 0% u(t, ), 0¥,u(t,x)), () € [0,T) x C([0, T]; RY), )
u(T,z) = &(x), z € ([0, T); RY), '

with F: [0,T] x C([0,T];R%) x R? x S(d) — R and ¢: C([0, T]; R?) — R, where S(d) is
the set of symmetric d X d matrices.

Definition 4.1. We denote by C’;’OQI(A) the set of ¢ € CY*(A) such that ¢, OF p,
Y ¢, 0¥ satisfy a polynomial growth condition.

Definition 4.2. We say that an upper semicontinuous map u: A — R is a (path-
dependent) viscosity subsolution of equation (4.1) if the following holds.

e u(T,x) < &(x), for all x € C([0,T);RY);
o for any (t,z) € [0,T) x C([0,T|;RY) and ¢ € CL2(A), satisfying

pol

(u - @)(tv w) = sup (’U, - @)(tla m/)u
',z )eA

we have
—('“)fcp(t, x)+ F(t, x,u(t, x), BXQD(t, x), Bg‘c/mcp(t, :B)) < 0.

We say that a lower semicontinuous map u: A — R is a (path-dependent) viscosity
supersolution of equation (4.1) if:
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e u(T,x) > &(x), for all x € C([0,T);RY);
o for any (t,x) € [0,T) x C([0,T);R?) and ¢ € CL2(A), satisfying:

pol

(u - @)(tv :B) = (t’,imr}§6A(u - @)(tlv :E/),

we have
=0T p(t, ) + F(t, @, u(t,x), 0y (t, x), 0y, p(t,x)) > 0.

We say that a continuous map u: A — R is a (path-dependent) viscosity solution of
equation (4.1) if u is both a (path-dependent) viscosity subsolution and a (path-dependent)
viscosity supersolution of (4.1).

4.2. Path-dependent heat equation

In the present section we focus on the path-dependent heat equation, namely when
F(t,x,r,p, M) = —%tr[M]:

Ol u(t, @) + gir[Okault, @) = 0, (t,) € [0,T) x C((0, T}; R%), )
u(T,z) = £(a), » € C([0, T RY.
Tn the sequel we denote
Lu(t,x) := 8ﬁu(t,m)+%tr[8¥mu(t,m)]. (4.3)

We impose the following assumption on the terminal condition &.

(A) The function &: C([0,T];R?Y) — R is continuous and bounded.

Remark 4.1. The boundedness of £ will be used in the proof of Theorem 4.2 (com-
parison). On the other hand, the proof that the function v in (4.4) is continuous and is
a viscosity solution of equation (4.2) (see the proof of Theorem 4.1) holds under weaker
growth condition on & (for instance, £ having polynomial growth).

4.2.1. FExzistence

The “candidate solution” to equation (4.2) is
o(t,z) = E[¢W"®)],  forall (t,x) € A, (4.4)

where W = (W) cjo,7] is a d-dimensional Brownian motion on some probability space
(Q, F,P), and the stochastic process W"* = (W?m)se[o,T] is given by

whe .— z(s), s <t, (4.5)
ST laet)+ W — W, s>, '
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Theorem 4.1. Under Assumption (A), the function v in (4.4) is continuous and
bounded. Moreover, v is a (path-dependent) viscosity solution of equation (4.2).

Proof. STEP 1. Continuity of v. Given (t,x), (t',2’) € A, with ¢t < ', we have from

(4.5):
x(s) — x'(s), s <t,
whe W’;l’m, = Sx(t)—x'(s) + W, — Wy, t<s<t,
z(t)—2' (') + Wy — Wy, s>t
Hence
sup [Wi™ = W] < [la(At) =@/ (- At)l|so + sup [W, = W
s€[0,T) set,t’]
d
< (- At) —x'(- At ||°°+Z sup |W! — W/,
i—1 SE[t.']

where W = (W1 ... . W9) and the second inequality follows from the fact the Euclidean
norm on R? is estimated by the 1-norm. By the reflection principle, SUP e[t ] (Wi — W
has the same law as |[W,, — W}/|, therefore

d

E[ sup [Wim—wi|] gHw(Aﬂ—w(AtHw+§:El - W]
s€[0,T]

= |lz(-At) —x'(- A Y |oo+d\/7\/t—t’

Then, since ¢ is bounded and continuous, the continuity of v follows from the above
estimate together with the Lebesgue dominated convergence theorem.

STEP I1. v is a viscosity solution of equation (4.2). For every t € [0, T, let F* = (FL) e m)
be the filtration given by: F! := o(W, — Wy, r € [t,s]), for all s € [t,T]. Now, fix
(t,z) € A and ' € [t, T]. We first prove that the following formula holds:

o(t,z) = Efo(t', W"®)]. (4.6)
To this end, we begin noting that by (4.5) we have

Therefore
v(t, ) = ElE(x(-At)+ Wy — W) (4.8)

Now, notice that, by (4.7),

’ t,x
wEWE = W AWy~ Wy = W
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This proves the flow property W"® = W W Then, by the freezing lemma for con-
ditional expectation and formula (4.8), we obtain

o(t,x) = E[gWH)] = E[¢(WI'W'™)] = E[¢(W'E + W.yp — W)
= E[E[S(WS + W = We)|FL]] = E[o(t, W3]

Finally, recalling that v is non-anticipative we deduce that v(t, W",) = v(t', W"®).
This concludes the proof of formula (4.6).

Let us now prove that v is a viscosity solution of equation (4.2). We only prove the
viscosity subsolution property, as the supersolution property can be proved in a similar
way. We proceed along the same lines as in the proof of the subsolution property in
Theorem 3.66 of [37]. Let (¢, x) € [0,T) x C([0,T]; R%) and ¢ € C>2(A), satisfying:

pol

(v—p)(t.x)= sup (v—9p)(t z)
(t',@')EA

We suppose that (v — ¢)(¢t,2) = 0 (if this is not the case, we replace ¢ by ¥(-,) =
() + ot ®) — ¢(t,z)). Take

ot,x) = v(t,x) = Elv(t+e,W"®)] < E[p(t+e W], (4.9)

where the last inequality follows from the fact that sup(v — ¢) = 0, so that v < ¢ on A.
Notice that the last expectation in (4.9) is finite, as ¢ has polynomial growth. Now, by
the functional It6 formula (2.1), we have

t+
o(t+e,WhH*) = <p(t,m)+/ Lp(s, WH?) ds—l—Z/ (s, WH®) dW,
t

where £ was defined in (4.3). Since BX_ ¢ has polynomial growth, the corresponding
stochastic integral is a martingale. Then, plugging the above formula into (4.9) and
dividing by e, we find

1 t+e
—E{g Lo(s, WhHT) ds] < 0.
t
Letting ¢ — 0T, we conclude that
_‘C<P(ta .’B) < 07

which proves the viscosity subsolution property. O

4.2.2. Comparison theorem

Theorem 4.2. Suppose that Assumption (A) holds. Let u,w: A — R be respectively
upper and lower semicontinuous, satisfying

supu < +09, infw > —oo0.

Suppose that u (resp. w) is a (path-dependent) viscosity subsolution (resp. supersolution)
of equation (4.2). Then u < w on A.
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Proof. The proof consists in showing that v < v and v < w on A (with v given by
(4.4)), from which we immediately deduce the claim. In what follows, we only report the
proof of the inequality u < v, as the other inequality (that is v < w) can be deduced
from the first one replacing u, v, £ with —w, —v, —§, respectively.

We proceed by contradiction and assume that sup(u — v) > 0. Then, there exists
(to, o) € A such that
u — )(to,wo) > 0.

(
Notice that to < T, since u(T,-) < &(+) = v(T,-). We split the rest of the proof into five
steps.

STEP 1. Let {{x}n be the sequence given by Lemma D.2. Since ¢ is bounded, we have
that £n is bounded uniformly with respect to N. Now, denote

on(t, @) = E[{n(W")],  forall (t,x) € A.

Then, vy is bounded uniformly with respect to N. Moreover, by Lemma D.1 it follows
that, for every N, vy € C"?(A) and is a classical (smooth) solution of equation (4.2)
with terminal condition £y. Finally, recalling from Lemma D.2 that {{n}n converges
pointwise to £ as N — 400, it follows from the Lebesgue dominated convergence theorem
that {vy}n converges pointwise to v as N — +oo. Then, we notice that there exists
Ny € N such that

(u—vNO)(to,.’Bo) > 0. (410)
We also suppose that (possibly enlarging Ny)
1
[€(@0) — Eno(@o)| < 5 (u = v (to, o). (4.11)

STEP II. For every A > 0, we set

u’\(t,w) = e’\tu(t,m), 5’\(30) = e)‘Tﬁ(m), vj},o (t,x) = e’\tvN0 (t,x), 51)\‘,0 (x) = e’\TgNO(:c).

for all (t,2) € A. Notice that u* is a (path-dependent) viscosity subsolution of the
path-dependent partial differential equation

OHuM t, x) + %tr[(?;/u)‘(t,w)] = \ut(t, ), (t,z) € [0,T) x C([0, T]; RY), (412)
N z) = ), x € C([0,T);RY). '

Similarly, v])‘\,o is a classical (smooth) solution of equation (4.12) with ¢* replaced by 51’%.
We finally notice that by (4.10) we have

(ut = op, ) (to, zo) > 0.

So, in particular,

A

sup(ut — oy, ) —e = (u* — vy, )(to, o) < sup(ut —vy,), (4.13)
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where € := sup(u* — vy, ) — (u* — vy, ) (to, To)-
STEP III. Notice that u* — ’Uf{,o is upper semicontinuous and bounded from above. Then,

by (4.13) and the smooth variational principle (Theorem 3.2) with G = u* — vy, , we

deduce that for every § > 0 there exists a sequence {(t,,,)}n>1 C A converging to
some (¢, &) € A (possibly depending on ¢, §, A\, Ny) such that:

1) poo((tn,xn), (1, &) < 555, for every n > 0, where ps is the smooth gauge-type
function with bounded derivatives defined by (3.7).
i) (ut — v])‘\,o)(to, xg) < (u)‘ — (vf{,o + &pg))(f, Z), where

+oo
oe(t, ) = Z 2i" Poo ((t, ), (tn, ) V(t,x) € A.
n=0

iii) It holds that

(u’\ —( ])Q;O + 5<pg))(t_, Zz) = (tSL;IG)A (u’\ - (UJ>{[0 + 6¢:)) (¢, x). (4.14)

We also recall from Theorem 3.2 that ¢, satisfies the following properties.

1) ¢. € C**(A) and is bounded.
2) [0 ¢ (t, )| <2 (2T+ %), for every (t,z) € [0,T) x C([0, T]; R%).

3) Forevery i,j =1,...,d, (’9;/1, e is bounded by the constant 2 and Bg‘ﬁ/ixj e is bounded

by the constant 2 (\/g + 2).

(A).
STEP IV. We prove below that ¢ < T. As a matter of fact, by item ii) of STEP III we
have

In particular, ¢, € C’Il)fl
(uk - (’U])\V() + 5905))(_7 53) > (uk - ’U])\Vg)(tm :Bo). (4'15)

On the other hand, if # = T we obtain
(= (0, +09:)) (1, &) = M (E(&)—Eny (7))~ 0 (T, &) < T (E(Z)—Eno (T)), (4.16)

where the latter inequality comes from the fact that ¢ > 0. Hence, by (4.15) and (4.16)
we get
M0 (u — v, ) (to, ®0) < M (E(Z) — &, (B)).

Letting € — 0, it follows from item i) above with n = 0 and (3.6) that dw ((¢, Z), (t0, o)) —
0. Therefore, letting ¢ — 0 in the previous inequality, we obtain

M0 (u — vp, ) (to, o) < M (E(mo) — Eny (0)).

By (4.11), we end up with e’o < %e’\T. Letting A — 0, we find a contradiction.



Viscosity Solutions for Path-Dependent PDEs 21

STEP V. Here again A > 0 is fixed. By (4.14) and the deﬁnition of viscosity subsolution
of (4.12) applied to u* at the point (£, Z) with test function vy, + d¢pe, we obtain

—L(vX, + 6pe)(E, &) + Au I, &) < 0.

Recalling that ”J)% is a classical (smooth) solution of equation (4.12) with £* replaced by
{?VO, we find
N —oX,) (&) < 0 Lo (F, 7).

By item ii) in STEP IIT (namely (4.15)), subtracting from both sides the quantity
M. (t, T), we obtain

A (u — UJAVO)(tO, xo) < A (uA — (v]){,o + 5<p5))(f, Z) < 0Lp(t,T) — NOpe(t, T).
Recalling that ¢. > 0, we see that
At = ok )t @0) < A — (0, +390)) () < 6L (F.3).

From items 2) and 3) above, it follows that Ly (¢, Z) is bounded by a constant (not
depending on €, §, A). Therefore, letting § — 07, taking into account the notations of
STEP II, we have

AeMo (u — vy, ) (to, o) = A (u —’Uf{[o)(to,wo) < 0,

which gives a contradiction to (4.10). O

Appendix A: Functional Ité’s formula for lifted maps
We start with a technical result.

Lemma A.1. Leta € CY°(AxR?). Then, for every (t,x) € [0,T) x C([0, T]; R x R,
€ (0,T —t), the map ¢: [0,(T —t)/e) — R, defined as

ola) == a(t+ae,z(- A1), z(t)), Vael0,(T—t)e),
is in C1([0, (T —t)/e)) and

¢'(a) = cdu(t + as, z(- A1), Vael0,(T—t)/e).
Proof. Let a € [0, (T —t)/e). We have, for any ¢ € (0,(T —t)/e — a),

dla+90) —¢(a) _ Wt + (a+0)e,x(- ANt),x(t)) — u(t + ag, x(- A t),x(t))
) 0

— O a(t + ae, (- A 1)).

§—0+
This shows that ¢ is right-differentiable on [0, (T —¢)/¢) and that such a right-derivative
is continuous on [0, (7" — t)/e). Then, it follows for instance from Corollary 1.2, Chapter
2, in [73] that ¢ € C1([0, (T —t)/e)). O



22 A. Cosso and F. Russo

We now introduce a special class of lifted maps, for which the proof of the functional
It6 formula will be easier.

Definition A.1. A strictly non-anticipative map (on AxR?) is a non-anticipative
map G: A x R? — R for which there exists 5 > 0 such that, for all (t,x) € A,

a((t+8) AT, x,@(t) = a((t+06) AT, x(-At),x(t))
or, equivalently,
a(t,z,((t—0)V0)) = a(t,z(-A((t—0)V0)),z((t—38)V0)),

for all 6 € [0, o).
Remark A.1. We give an example of delayed map. Let : [0, 7] x C([0, T]; R?) x R? —
R be a non-anticipative map. Take dp > 0 and define the map s, : [0, 7] x C([0, T]; RY) x
R? - R as

s, (t,,y) = a(t,z(- A ((t—3d0) V0)),y), V(t,x,y) € A xR (A1)

Then, s, is a delayed map with delay dg, in the sense of Definition A.1.

Lemma A.2. Letd € CH?(A xRY) and o > 0. Let also ts, be given by (A.1). Then,
ti5, € CH?(A x RY). Moreover

ol s, (t,x) = offalt,x(- A ((t—do) V0))), Y (t,x) €[0,T) x C([0,T]; RY),
oy s, (t,z,y) = Oy u(t,z(- A((t— o) V0)),y), Y (t,x,y) € A x RY,
Oalis,(t, 2, y) = Oygtu(t,z(- A ((t— o) V0)),y), Y (t,x,y) € A x R%

Proof. The claim follows easily from the definitions of horizontal and vertical derivatives,
see Definition 2.5. O

The functional It6 formula is proved extending to the path-dependent setting the
approach of stochastic calculus via regularization. It is therefore useful to recall the
following standard definitions of stochastic calculus via regularization (for more details
we refer for instance to [83]).

Definition A.2. Let X = (Xy)icjo,r) and Y = (Yi)iepo,r) be real-valued processes on
some probability space (2, F,P), with X continuous. For every e > 0, we denote

tX,, - X,
IF = / Ys%d‘s, vt e [0,7T).
0

If I¥ converges in the ucp sense as € — 0%, we denote its limit by fo Y, d™ X, and call it
the forward integral.
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Definition A.3. Let X = (Xt)icpo,r] be a d-dimensional continuous process on some
probability space (Q,F,P), with X = (X',...,X%). For every i,j = 1,...,d and any
e > 0, we denote
o t (X! - X)) (X7 - XJ
(X7, XI5 = / (Koot ) Koo ) ds, Vtel[0,T].  (A2)
0

3

We say that X has all its mutual brackets if, for every i,j = 1,...,d, [X¢ X7|°
converges in the ucp sense as € — 0. When i = j we denote [X*, X']¢ simply by [X']°.
We denote its limit by [ X', X7]. When i = j we denote [X*, X?] simply by [X].

The following technical result concerning the stability of Ito integral will be useful.

Lemma A.3. Let X = (X¢)iep0,1) be a real continuous semimartingale on some filtered
probability space (Q, F, (Ft)iejo,1), P). Moreover, for every e >0, let Y = (Y);e[0,1] be
a family of real progressively measurable processes such that

ucp

ye Y,

e—0t

where Y = (Y;)ie0,1) 5 @ real progressively measurable process satisfying sup, [Y;| < oo,
P-a.s.. Then

1 t ucp ¢
— | vE (X, — X,)ds =B Y, dXs, A3
E~/0 ° ( (s+e)AT ) s e—0t ~/O ( )

where the latter is Ito integral.

Proof. We begin noting that (A.3) holds if and only if

1 [t aep t
- YE(X - X,)d Y, dX,. A4
[ G0 3 o

As a matter of fact, it holds that

I I
~ / Y: (X(s+a)/\T - Xs) ds — — / Y: (X(s+a)/\t - Xs) ds
0 0

& &
1t ucp
= - HYS (X(s4e)n — X(steyne) ds ava 0. (A.5)

The validity of (A.5) follows easily reasoning on subsequences in terms of P-a.s. pointwise
convergence and using the fact that sup, |¥;| < oo, P-a.s..
It remains to prove (A.4). To this effect, we first remark that, for every t € [0, T,

1 t 1 t r
—/ Ve (X ooyt — Xo) ds = —/ (/ YE ds) dXx,, (A.6)
€Jo € Jo (r—e)*
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where (r—e)t = (r—¢)V0 denotes the positive part of (r—e). The validity of (A.6) follows
from the fact that, by stopping techniques, we can reduce to the case when the bounded
variation component of X, denoted AX, is bounded, the local martingale component,
denoted M™, is bounded and also its bracket [M ]z is bounded. In addition, we can
suppose Y¢ to be bounded. Then, (A.6) follows by the stochastic Fubini theorem, see for
instance Theorem 64, Chapter IV, of [77]. It remains to show that

t T t
1 u
/<—/ des)dXT =B Y, dX,. (A.7)
0 € J(r—e)t =0t Jo

In order to prove (A.7), recall that X = AX + M* where A% is the bounded variation
component and M~ is the local martingale component. We prove the validity of (A.7)
separately for AX and MX. Firstly, the ucp convergence (A.7) with AX in place of X
is a direct consequence of the Lebesgue dominated convergence theorem. Finally, (A.7)
with M% in place of X follows by Proposition 2.26, Chapter 3, of [53] and the fact that

t T 2
1
/(—/ \Y;-Y;W) My = 0.
0 \€ Jr—e)t e—0t

We can now prove the functional It6 formula for strictly non-anticipative maps.

Proposition A.1. Let 4 € 01’2(A x R?). Suppose also that @ is a strictly non-
anticipative map. Then, for every d-dimensional continuous semimartingale X = (X¢)iejo,1
on some filtered probability space (U, F, (Ft)epo,1),P), with X = (X1, ..., X%, the fol-
lowing functional Ité formula holds:

a(t, X, X;) = a(0,X, Xo) /austs+ / e, 0(s, X, X)) d[X, X7

1,j=1

d t
+Z/ oY (s, X, X,) dX], forall 0<t<T, P-as. (A.8)
. 0

where the integrals in the last summation are Ito integrals.

Proof. Let 9 > 0 be the constant appearing in Definition A.1 of 4. Given s € [0, T, for
any € € [0, dp] we have

’&((S + E) A Ta Xa X(s-l—s)/\T) - ﬁ(S, Xa XS) - Il (Sa E) + 12(55 E)a
where

Li(s,e) = u((s+e) AT, X, X(speyar) —U((s +) AT, X, X)),
Ir(s,e) = a((s +e) AT, X, X;) —a(s, X, X).
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Notice that, by telescoping, we have

ucp

! AT, X, X6 —a(s, X, X,
/ (s +¢) (stonr) — (s, X, X,) (-, X, X.) — (0, X, Xo).
0

£ e—0t

It remains to investigate the convergence of L [0 I1(s,e) ds and L [, Ix(s,e) ds as e — 0F.

Convergence of L [ I1(s,€)ds as ¢ — 0. We have
Ii(s,e) = Ti(s,e) + Ia(s,e)+ Lis(s,e) + Ta(s, ),

where

d
111(575) = ZavA((S+E)/\T7X7XS)(X(Z-5+€)/\T_Xsi)v

=1

d
1 . _
112(575) = 5 Z T; wj S X X )(X(s-‘,-s)/\T - X )(X(Jerg) _X.g)a
d
Lis(s,e) = Z zzJA (s+e)ANT, X, Xy)
3,j=1
89‘5/111’&(57)(7 XS))(X(is—i-a)/\T - X )(X(Js+g) Xg)v
1 &t
114(875) = 5 / (a;/lm A((S"FE)/\TaXaXs+a(X(s+s)AT_Xs))
ij=1"70

=0y 0, 0((s + &) AT, X, X)) (X{yoypnr — XD(X]

(ste)AT — X7) da.

We begin noting that, by usual arguments (see for instance Proposition 1.2 of [82]), it
holds that

I X, X,)d[ X", X7]s.
8/0 12(S 5 5*)0* 2 Z/ TiT; S ) [ ’ ]

On the other hand, we have that | fot I3(s,€) ds| is bounded by

d
sup |0y, a((t+e) AT, X, X;) = 0), a(t, X, Xp)| - 1([Xi]€T + [Xj]ffT),
ii=1 te[0,T] 2

with [X’]% and [X7]5, given by (A.2). Since X is a semimartingale, then [X*]5. converges
in probability to [X*]z as e — 07, see for instance Section 3.3 in [83]. In particular [X]
exists and it is the usual bracket. Now, for every fixed w, since X (w) is continuous and the
map (t,e) — (?X_Ijﬂ((t—l—a) AT, X (w), Xi(w)) on [0,T] x [0, o] is continuous and therefore
uniformly continuous, there exists a modulus of continuity p13: [0, 4+00) — [0, +00) (not
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depending on t, e, possibly depending on w), which can be taken to be non-decreasing
and independent of 4, j, such that

[ ntscras] < Foue Z_ (1, X705 () + X0, X))

Since X has all its mutual brackets, it follows that

1 uc
/I13(s e)ds =3 0.
0

£ e—0t

Similarly, we have

[ s

Z/ sup |9Y o, Ut +e) AT, X, Xy + a(X(pyeynr — Xt))
0

2 = Jo tefo)

1 o o

— Y, i((t+ &) AT, X, X da- 5 (1X°, X5 + X7, X7]7).
For every fixed w, since X (w) is continuous and the map (t,a,¢) = 9y, a((t +¢) A
T, X (w), X¢(w) + a(Xqeyar(w) — Xi(w))) on [0,T] x [0,1] x [0,d¢] is continuous and
therefore uniformly continuous, there exists a modulus of continuity p14: [0, +00) —

[0, +00) (not depending on t,a, e, possibly depending on w), which can be taken to be
non-decreasing and independent of i, j, such that

‘/11455

Recalling that py4 is non-decreasing, we find

Z /0 sup pia(alX(peyar — Xil) da - ([ 7+ [Xj]ET)-

” 1 te[0,T]

t 1 d . .
‘/ La(s,2)ds| < 7 3 pua( sup [Xonr — Xl ) (IX5 + [X7T7).
0 4 ij=1 te[0,T]

Since X has all its mutual brackets, it follows that

1
/ La(s,e)ds B 0.
e 0 e—0t

Finally, it remains to investigate the ucp convergence of the term % fo L1 (s,¢e)ds.

Convergence of% fo Ir(s,e)ds as e — 0. Since € < §p and 4 is a delayed map with delay
do, we obtain

Iy(s,e) = W((s+e) AT, X(-Ns), Xs) —u(s, X, Xs).
For every fixed w, let ¢: [0,1] — R be given by
ola) = W((s+ae) AT, X(- A s)(w), Xs(w)).
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By Lemma A.1 we deduce that ¢ € C*([0,1]). Then ¢(1) = ¢(0) + fo ¢'(a)da. So, in
particular,

I (s,e) = 5/01 O a((s +ae) AT, X (- A 5)) da.

/Oth(é’,a)ds = E/Ot(/OlatHﬁ((SJras)AT,X(-/\s))da)ds,

For every fixed w, since X (w) is continuous and the map (a,¢) — 0f a((s+ac) AT, X (- A
s)(w)) on [0,1] x [0, dp] is continuous and therefore locally bounded, we conclude that

Hence

1 ’ uc ’
—/ Li(s,e)ds B o (s, X) ds.
€ Jo e—0t 0 0

We can finally prove the functional Ito formula, namely Theorem 2.1.

Proof (of Theorem 2.1). Let § > 0 and define i;: [0, 7] x C([0,T];RY) x R? — R as
'&J(taway) = ﬂ(tvm( A (t - 5)+)ay)a V(t7m7Y) €A Xx Rd'

By Remark A.1 we know that s is a delayed map with delay §, in the sense of Definition
A.1. Moreover, by Lemma A.2 we have that 5 € C"?(AxR%) and the following equalities
hold:

o u(t,x(- A (t—8)"1)), v (t.x) € 0,T) x C([0, T|; RY),

0 y), V(t,z,y) € AxRY,

)
wa(t,x(-A(t—6)),
Ovpis(t,x,y) = Ovpu(t,z(-A(t—8)T),y), V(t,z,y) € A xR

8fﬁ5(t,:n) =
a:’&g(f,il),y) =

By the above equalities and Proposition A.1, we obtain

us(t, X, Xy) = ﬁg(O,X,XO)—i-/tatHﬁ(s,X(-/\(t—5)+))ds

+3 Z/ s, X (A (= 6)F)), X)) X, X,

1]1

+ Z/ 8;211(5,)((- At —6)T)), Xs)dXE, forall 0 <t <T, P-as.

Our aim is to obtain the functional Itd formula (A.8) letting § — 0T in the above equality,
for every fixed ¢ € [0, T, and investigating the convergence of each term. We begin noting
that 45(0, X,0) = 4(0, X, 0). Moreover, for any fixed w and ¢ € [0, T},

(6, X (), Xu(w) — il X (@), X,(w)):
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Now, for any fixed w and s, we have

Ofta(s, X(-A (s =) M)w) — Bfals, X(w), (A.9)
Oy (s, X (- A (s = 0)")(w), X)) — 805, X (w), Xa(w)), (A.10)
Ogali(s, X(- A (s = 0)")(w), Xs (W) —= Oggi(s, X (w), Xs(w)). (A11)

Notice that, for any fixed w, the families (parametrized by §) of continuous maps on
[0, 7] given by s+ 0 (s, X(- A (s = §)T)(w)), s = 0¥ (s, X(- A (s — 0)T)(w)), Xs(w)),
s OV (s, X(-A(s—0)")(w), Xs(w)) are uniformly bounded and equicontinuous. Then,
by the Arzela-Ascoli theorem we deduce that convergences (A.9)-(A.10)-(A.11) hold uni-
formly with respect to s € [0, T]. This implies that, for any fixed w and ¢t € [0,T],

/(?tHﬁ(s,X(-/\(s—(S)Jr)(w))ds — O a(s, X (w)) ds,

6—0+ 0

53 [ K5, XA G 5776, Koo A )

4,J=1
5—)04r 2 Z/ M%A ) XS(W)) d[Xian]s(w).

It remains to study the convergence of the stochastic integral. Recall that X = M + V,
where M is a local martingale and V' is bounded variation process, so that the stochastic
integral can be written as the sum of two integrals with respect to M and V, respectively.
The integral with respect to V' can be treated along the same lines as the integral with
respect to [X*, X7]. It remains to deal with the stochastic integral with respect to M.
By Proposition 2.26, Chapter 3, in [53] we know that the claim follows if, for every
i=1,...,d,

T
/ 0V (s, X(- A (s — 6)), Xo) — 0¥ (s, X, X)[Pd[XT]s = 0, (A.12)
0

where the convergence is understood in the probability sense. Using again convergence
(A.10), uniform with respect to s € [0,T], we deduce that (A.12) holds in the P-a.s.
sense. This concludes the proof. O

Appendix B: Consistency

Proof (of Lemma 2.1). The claim concerning the horizontal derivatives follows di-
rectly from their definition (Definition 2.5-(i)).

It remains to prove the claim concerning the vertical derivatives. To this end, let X =
(Xt)tepo, 1) be a d-dimensional continuous semimartingale on some filtered probability
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space (2, F, (F)iep,r),P), with X = (X',...,X?). Since 41,92 € C"*(A x RY), by
Theorem 2.1 the following functional It6 formulae hold:

t 1 d t ) )
ﬁl(thvXt) :ﬁl(OaXaXO)_'—/ 815]{’&1(55X)d5+§ Z / aXimjﬂl(S’X’XS)d[XZ’XJ]S
0 0

ij=1

d t
+ Z/ oY (s, X, Xs) dX, for all 0 <t < T, P-as.
=1 0
and

A ) Lo 1<Kt ) o
uQ(t,X,Xt):ug(O,X,XO)—f—/O atHuz(s,X)dH5 Z/Oagwjm(s,x,xs)d[x,xa]s

i,j=1

d t
+ Z/O Y tia(s, X, X,) dX, for all 0 <t <T, P-as.
=1

Recalling that 4; and g, together with their horizontal derivatives, coincide on con-
tinuous paths, identifying bounded variation and local martingale parts in the above
formulae, we obtain that the following equalities hold (up to a P-null set), for every
i,j=1,...,d and any t € [0,T],

Oy an(t, X, Xy) = Y a(t, X, Xy), oY i (t, X, Xy) = 0Y, da(t, X, X;). (B.1)

Ty ZTilyj

Now, fix t € [0, 7] and consider a semimartingale X whose law has full support on the set
of trajectories stopped at time ¢, namely {x € C([0,T];RY): x(s) = x(t), for every s €
[t,T]}. An example of such an X is given by X, := n+ Wiay, s € [t,T], where W =
(Ws)se[o,T] is a d-dimensional Brownian motion, while n: © — R? is a d-dimensional
random variable with full support, independent of W. Then, for such a semimartingale
X, we deduce from (B.1) the following equalities at time ¢:

8;/’&1(15,:3,:2@)) = 8;:/’&2@,:1},.’1}@)), 8¥wﬁ1(tvmvm(t)) = 8;/33112@,.’1},.’1}@)),
for every & € C([0,T]; R%). Since the above equalities hold for every ¢ € [0, 7], the claim
follows. O

Appendix C: Smooth variational principle on A

C.1. Lemma 3.1

Proof of Lemma 3.1. We split the proof into several steps.

STEP 1. Proof of item 1). We first notice that iltoxo) g o non-anticipative and continuous
map on A x RY, namely #10®) € C(A x RY). Now, let (t,z,y) € A x R, h € R\{0},
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and i = 1,...,d (recall that eyq,...,e, denotes the standard orthonormal basis of Rd),
then we have

(to mo)(t x,y + he;) — A(to mo)(t z,y)
h

= [ ot nt) = ol A to) = (3 = (0 + 1]

((z — hei) = ((2)
3 d

VA

=9 - /R l2(- A 8) = @o(- Ato) = (y = (1) + )|, 9. (2) dz

where 0,,((z) denotes the partial derivative of  in the e;-direction at the point z, which is

given by —z; ((z). This proves that & (to’mo) admits continuous first-order vertical deriva-

~(to,x0)

tives. In a similar way we can prove that Ko also admits continuous second-order

vertical derivatives.

STEP I1. Proof of item 2). We begin noting that & (o) 4 Lipschitz in y uniformly with
respect to (¢, x):

R (t@,y) = 0= (1,2,

|z(- At) —zo(- Ato) = (y — 2(t) + 2)1,7y || C(2) dz

= [ el A = wol 1 t0) = (v = 20) + | () ) < Iy =y,

where we have used the fact that f]Rd ((z)dz = 1. It is then easy to see that, for every
i1=1,...,d, 8V (t0.®0) i5 hounded by the constant 1. Proceeding along the same lines as

for & A(to mo) , we deduce that 9) Ao (fo.@0) 4 Lipschitz in y uniformly with respect to (¢, ),

with Lipschitz constant less than or equal to [, |0.,¢(2)|dz = [ga|zi]((z)dz = \/?

This allows to prove that, for every i,7 =1,....d, 8V AS,QO’“:”) is bounded by \/g

STEP III. Proof of item 3). We begin noting that (usmg the fact that ¢ is a radial
function)

m(()ff’mo)(t, )+ mgio’mo)(to, xg) = / Hw( At) —xo(- Ato) — 2l 7 HOO ¢(z) dz
[0,4+00) xRd—1
+/ Hw(/\t) —xo(- Ato) —zl[t_,T]HooC(z) dz
(—00,0] xR~
- / (- A t) — wo(- A to) — alpm| . C(2) da
[0,-00) xRd—1

+ (- A 8) = @0o(- Ato) + 2| C(2) (1)
[0,400) xRa—1
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Now, we observe that, for every z € R%, we have

|2(- At) = 2o (- Ato) — 21 7y|

— max {Hm(~ At =zo(- AL AT, max [e(t) = @o(s Ato) - z|} (C.2)

and similarly for ||x(-At) —xo(- Ato) + 21} 77|/ Moreover, by the elementary inequality
|x — z| + [x + z| > 2|x|, valid for every x,z € R%, we have

max |@(t) — xo(s Ato) —z| + max |z(t) — @o(s Ato) + 2

t<s<tVto t<s<tVitg
> — _ _
= tgglgaii(/to{’w(t) o (s A\ to) z‘ + "”(t) wO(S/\fo)-i-z‘}

> — .
> 2t§rsn§)\(/t0 |(t) — xo(s Ato)]

Then, using the elementary fact that if a + b > 2¢ it holds that max{¢, a} + max{¢, b} >
2max{/¢, c}, valid for all a,b, ¢, ¢ € R, we find

mas {10 = 2ol A1), ma, [0 w0l A ) o]}

+ max {Hm(~ ) = ol AtAL)||.. max [w(t) — @o(s Ato) + z|}

> . —xo(- _ _

> Zmax{Hm( A1) = @o(- AL AT s, max [a(t) - @o(s A to)\}

By (C.2) it follows that the last quantity coincides with 2 ||@(-At)—xo(-Ato)||so- Therefore,
by (C.1) we obtain (also recalling that C; := n&”’mo)(to, o))

oo’

ko) (t @) 4O > 2/ |2 (-At)—ao(-Ato)||  ¢(2) dz = ||@(-At)—zo(-Ato) ]|
[0,400) xRd—1

which proves item 3). The explicit expression of the constant C¢, reported in (3.2), will
be derived in Step VI-4.

STEP IV. Proof of the second inequality in (3.3). The second inequality in (3.3) follows
easily from an application of the triangular inequality, namely noting that ||z(- A t) —
xo(- Ato) — 211l < [J@(- At) — @o(- Ato)l|oo + |2.

STEP V. Proof of the first inequality in (3.3) for the case |[x(- At) —xo(- Ato)||eo > 2C¢.
When ||(- At) —xo(- Ato)]leo > 2C¢, we have, by item 3),

REe®) (@) > |lz(- At) = @o(- Ato)lloo — Ce

||$('/\t)—wo(-/\t0)||oo<1 C¢ )

(A8 = ol Ato)lo

Y%

2 A0 = ol A o)
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> 5 (Il At) = ao(- Ato) &3 Alle(- At) = ao(- Ato)lo),

N =

which proves the first inequality in (3.3) with ag := 3, for the case || (-At) —@o(-Ato) [0 >
20
STEP VL. Proof of the first inequality in (3.3) for the case |x(- At) —xo(- Ato)||oo < 2C¢.

STEP VI-1. Our aim is to prove that for every fixed d there exists some constant ag > 0
such that

/ max {a, |y—z|}<(z)dz—/ |z| ((z) dz (C.3)
R R

> agmin{a®*,a} + aqminfly**L, Iy}, ¥(a,y) € 0,20 x RY.
As a matter of fact, suppose for a moment that (C.3) holds true. Then, applying (C.3)

with a = ||&(- At) —xo(- At Ato)||eo and ys := x(t) — @o(s A to), for every s € [t,tV to],
and taking the maximum over s € [t, ¢V to], we find (using (C.2))

t<s<tVto

:/]R max {max{a,b’s—z|}}§(z)dz—/Rd|z|C(z)dz

a t<s<tVtg

> { [ wa oty sl) c@asf - [ alcta)an
_ t<15n<a£>\</t0{/Rdmax{a, |y5—z|}C(z)dz—/Rd |z|g(z)dz}

2 tﬁrsnﬁ%f)\(/to {ad min{adJrl, a} + ag min{|ys|d+1, |y5|}}

(to.@o) (¢ ) = : s — dz — d
Kol ™0 (t, ) /Rdmax{a max |y z|}§(z) Z /Rd |z| {(z) dz

_ crodl . d+1
= agmin{a®, a} + ay tgrsng)éto { min{|ys|*"", |ys|}}

_ i [ dtl - d+1
agmin{a®, a} + g min {  nax lys|“T, ,nax |ys|}.

Hence, by the elementary inequality
min{a®*?, a} + min{b*™, b} > min { max{a®*?, 5"}, max{a,b}}, Va,b>0,
we conclude that

(to,z0) : d+1 d+1
K t,x) > Qg IMIin ¢ maxa max y max 4 a max y
o0 ( ’ ) - ,t<s<tVtg | S| ’ 7if<s<i§\/i§o | S|

= ag min {[lz(- At) —ao(- Ato)|55 [la(- At) — o Ato)l|oo )

where the last equality follows from (C.2) with z = 0. This yields the first inequality in
(3.3). It remains to prove (C.3).
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STEP VI-2. Proof of (C.3). For every positive integer d and a > 0, let G,: R? — R be
given by

Guly) = /]Rd max {a, |y—z|}§(z)dz—/Rd |z| {(z) dz, Vy € R% (C.4)

Moreover, let Fjy: [0,4+00) — R be defined as (differently to the notation used for G,
we emphasize the dependence of F,; on the dimension d; we do this because of statement
(C.7) below which changes with d)

Fi(a) = G4(0) = /Rdmax{a, |z|}§(z)dz—/Rd |z| {(2) dz, Va € [0,+00). (C.5)

Notice that G, and Fj; are convex functions on their domains.
Let us fix some notations. We denote by 0yGo(y) and dyyGo(y) (resp. Fjj(a), F}/(a),

. F é") (a)) the gradient and Hessian (resp. first-order derivative, second-order deriva-
tive, ..., n-th order derivative) of G, at y (resp. Fy at a). When a = 0, Fj(a), Fj(a),
., F 5")(a) are right-derivatives. We also denote by I the d x d identity matrix. Finally,
given A and B in §(d), the inequality B < A means that the symmetric matrix A — B
is positive semi-definite.
Our aim is to prove the following: for every d, there exist constants Bq > 0 and Lg > 0
such that

Va € [0,2C], Gu € C*(RY), 0yGo(0) =0, dyyGa(0) > Bal and (C.6)
DyyGa(y) — OyyGa(0) > —Lgly|I, VyeR?

and
Fy € CHY([0,400)), F4(0) = --- = F\Y(0) =0, F\*™(0) > B4 and (C.7)
F{%Y @) = Fi"0) > —Lga,  VYa>o0.

Suppose for a moment that (C.6) and (C.7) hold. Then, by (C.6) we show below that
there exist some constants 04,4 € (0, 1] such that

Galy) 2 Gal0)+ 7 alyP Vivl <00, Yae 0,20, (C)
Fula) > Fd(O)—i-mﬁdad“, Va € 0,84. (C.9)

As a matter of fact, for every fixed y € R, set ¢, ()\) := G4(Ny), for every A € R. Since
¢a € C?(R), the Taylor expression given by

1
eull) = @al0)+£(0) + 320)+ [ (1=2) (210 — L)
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which written in terms of G, becomes (denoting by (-,-) the scalar product in R%)
1
Ga(y) = Ga(0) +(9yGa(0),y) + 5{0yyGa(0)y,y)

+ / (1= A) (Dyy GalAy) — Byy Gu(0))y,y) dA
0

1 1
> Gul0) + (04Gal0).) + 58y = Lalyl® [ A(1-2) i
0
L 2 1 3
= Ga(0)+§ﬁd|}’| —ng|Y| :
Hence
Galy) = Ga(0) + iﬁd vl Vl]y| < 64, where 64 := 1A (g%)
d

This proves (C.8). Similarly, we consider the following Taylor expression for Fy:

d+1 k a
F (a) _ Fd( )(0) ak 4 i (F(d+1)(b) _ F(d+1)(0)) (CL _ b)d db
A kz ! af, Ve d '
=0

By (C.7) we obtain

chdﬂ)(o) av1 L[ vy (d+1) d
Fd(a) = Fd(O)—FWQ + a ; (Fd (b)—Fd (O)) (a—b) db
Ba 41 La [ d
> R0+ e - | bam )t
Ba a1 Li 440
= F, — .
O+ Tr o " @r?
Hence
1 = < d+2
Fy(a) > F4(0) + 31 —ﬁl-dl)! aldty), Va € 0,0q], where §g := 1A (Tlﬁ',_z)
This proves (C.9). Now, we notice that from (C.8) we obtain
G 1 d+1 — 3 Ba
o(y) > G.(0) + 1 Baly|“, V|y| < d4, where §g:=1A 37,

Moreover, since G, is a convex function, it follows that

. 1 1
Galy) = min (Ga(0) + 7 Baly™™!, Ga(0) + 1 Ba6 Iy

. 1 1
> min (Ga(0) + 7 B84 Iy|™. Ga(0) + 1 Ba 0 Iy)
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1
= Ga(0) + 7 Ba 05 (ly™" Alyl), vy eR? (C.10)

Proceeding along the same lines, we deduce by (C.9) that

Fy(a) > Fy(0)+ %ﬂd 04 (a™*' Aa),  Va>o0. (C.11)
So, in particular, since G,(0) = Fy(a) and Fy(0) = 0, we obtain, from (C.10) and (C.11),
Galy) 2 7 6aBi @™ Na)+ 7 Badd (VT AVI),  V(ay) € 0,20 B,
which proves (C.3) with ay := iﬁd(gg A 89) for the case a < 2C.. It remains to prove
(C.6) and (C.7).

STEP VI-3. Proof of (C.7). From the definition (C.5) of Fy we see that Fy is continuous.
Moreover, by direct calculation we find

tn L0t 1) = Fale) / ((z)dz, Va>0,
h—0+t h |z|<a

. Fd(a—h) —Fd(a) - /
hli)r101+ — = e ((z) dz, Ya > 0.

Hence, the first derivative of Fy exists everywhere and is given by Fj(a) = fIZ\ <. C(2) dz,

Va > 0. Notice that F;(0) = 0. We also see that F) is continuous on [0, +00). Now, for
every r > 0 let Sy_1(r) denote the surface area of the boundary of the ball {z € R?: |z| <
r}, which is given by Sg_1(r) = g?d—%rd_l, where T'(+) is the Gamma function. Then,
recalling that ¢ is a radial function and using d-dimensional spherical coordinates (see
for instance Appendix C.3 in [36]), we get

@ 1 1,2
Fi(a) = /0 2n)? e 2" Sy_1(r)dr, Ya > 0.

So, in particular, the second derivative of Fy exists everywhere and is given by

21-%
d

I (3)

We deduce that Fy; € C°([0,+00)). We also observe that every derivative of Fy is
)

Fi(a) = ! e~ 37 Sa—1(a) =

~ al-1le—z0 , Ya>0.
(2m)2

bounded, so in particular F édH is Lipschitz. As a consequence, there exists Ly > 0 such
that

F\{*Y(a) = F{""0) > —Lga, Va>0.

Finally, let us prove by induction on d that F}(0) = --- = Féd)(O) =0 and Fédﬂ)(O) > 0.
For d = 1 we have, by direct calculation, F;(0) = F{(0) = 0 and F{'(0) = 1/v27 > 0. Let
us now suppose that the claim holds true for Fy, for some d > 1, and let us prove it for
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Fyy1. By the explicit expressions of Fyy1 and F;, we see that Fy1(0) = F,,(0) = 0.
Moreover L

Fiyi(a) = Cayra®e %,
where Cyy1 = 227 (@D/2/T((d + 1)/2) > 0. So, in particular, F/,,(0) = 0. Now, we
observe that

C
Féﬁlrl(a) = dOdJrl ad_l e_%‘f — OdJrl ad+1 e_%a2 - %:1 (d - a?) Fé/(a)v

where Cy := 242 /T(d/2) > 0. Therefore

Hal@) = S (- ) FY'(0) - 20 F (@),

Moreover, by the general Leibniz rule, we have

n

Féf{") (a) = Cé;rl Z (Z) (d — a?)("=F) Fl§2+k) (a), for every n > 2,
k=0

where (d — a?)("~*) denotes the (n — k)-th derivative of the map a — d — a?. Since
(d — a®)"=F) is identically equal to zero whenever n — k > 3, it follows that

34n Cat1 n 24n—2
@ = () @ E )

(1)@= E @ () - ) W)

n—1

- Og“ (=n(n-1)F>" () - 2na F* V() + (d - a®) FT (a)).
d

In conclusion, we have

FrL0) = S8 pr (),

Ca
Fin0) = S ary o)
d
n C n— n
Fﬁ:{ )(O) = g:l (—n(n—1) FCEH 2) (0) + deJr )(O)), for every n > 2.

From the formulae above it is straightforward to see that the claim holds. This concludes
the proof of (C.7).

STEP VI-4. Proof of (C.6). From the definition (C.4) of G, we see that G, € C°°(R?).
Moreover, we have, for every i,j =1,...,d,

0y, Guy) = _/Rd max {a, [y — z|} 0.,((z) dz = /Rd max {a, |y — z|} 2z ((2) dz,
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Oy, Gay) = /]Rd max {a, ly — z|} 02,2,C(z) dz = /Rd max {a, ly — z|} (zl zj — (515) ((z) dz,

where ;5 is the Kronecker delta. Since ¢ is a radial function, we have ((z) = ((—z), for
every z € R?, therefore 9,,G,(0) = 0.

We now prove that for every fixed d there exists Ly > 0 such that, for every a > 0,
we have

OyyGaly) — yyGa(0) > —Laly|ll,  VyeRY,
which can be equivalently written as

d
Z (ayiija(y) - 8yiija(O))wiwj Z _Ld|Y||W|27 vaw € Rdv (012)

ij=1

where y; (resp. w;) denotes the i-th component of y (resp. w). We begin noting that,
for every 4,5 = 1,...,d, we have (we use the elementary inequality |max{a,b+ ¢} —
max{a, c}| < ||, valid for every a,c > 0 and b € R, with b = |y — 2| — |z| and ¢ = |z]|)

00, Goly) = 0y, Gu(O)] < [ |max{ly = al} = max{a laf}] [0, ()| d
= /Rd | max{a, |y — z| — |z| + |z|} — max{a, |z|}| |0:,,{(2)| dz

Lg
S
R4

with Z¢ = [0, 0.,.,((2)| dz. Then, for every w € R%, we obtain

d

> (Byey, Galy) — Byuy, Ga(0)) wiw;

ij=1

which proves (C.12).
Finally, we prove that for every fixed d there exists 54 > 0 such that, for every
a < [0, QCZ],

d
Lq
< 7|Y| Z lwillw;] < Laly||wl|?,

ij=1

OyyGa(0) > Bl (C.13)
As a matter of fact, for every w € R?, we have

(OyyGa(0 Z Oyiy,; Ga(0) wi wj = Z w; wJ/ max {a, |z|} (2; z; — &;;) ((z) dz

3,7=1 3,7=1

d
:Zw?/ max {a, |z|} (27 dz—Zwle/ max {a, |z|} 21 22 ((z) dz
i—1 R4

7]

Now, notice that [, max{a, |z|} z1 22 ((z) dz = 0, for every a > 0. Hence

(Oyy Ga(0)yW, w) = |wl|? /]Rd max {a, |z|} (27 — 1) ((z) dz
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d
= |w|2§ 2/}1@ max{a, |z|} (212 — 1) ¢(z) dz

= |w|2§ /Rd max {a, |z|} (|z|* — d) ((z) dz.

Let H: [0,400) — R be defined as
H(a) = / max {a, |z|} (|z|* — d) ((z) dz, Va € [0,400).
Rd

Notice that (C.13) follows if we prove the following (actually, it would be enough to
require that H(a) > 0 for every a > 0 and H decreasing; (C.14) is a sufficient condition
for this):

H(0) >0, ali)r_ix_looH(a) =0, H is a decreasing function. (C.14)

As a matter of fact, if (C.14) holds, then

inf H = H(2C;) > 0,
aeiidog @ = HEC)
from which (C.13) follows with 84 = LH(2C,).

It remains to prove (C.14). Denoting by fty2(4), the moment of order p > 0 of a x?2-
distribution with d degrees of freedom, and recalling that T'(-) is the Gamma function,
we have
r(443) T4+
H(O) = /’L2(d)7§_du 2(d)7l — 2 %_d25%

e e r'(s) ()

e

e 'LLX2(d))% > O

Incidentally, we notice that Cr = Fx2(d), 3+ which proves formula (3.2). Concerning the
function H, we also have that (we perform the change of variables z = aw under the
integral sign)

lim H(a) = lim a® max {1,|w|} (a® |[w|* — d) ((aw)dw = 0,
Rd

a——+o0o a——+oo

where the limit follows from an application of the Lebesgue dominated convergence the-
orem.
Now, proceeding as in Step VI-3 for the function F', we deduce that H € C*°([0, +0))
and, for every a > 0,
! 2 " a2 —d
H'(a) = (2] = d)((z)dz,  H"(a) = 7
|2/ <a (2m)2
where S;_1(a) denotes the surface area of the boundary of the ball {z € R?: |z| < a}.
Notice that

H'(0) = 0, lim H'(a) = /]Rd (|z]* = d) ((z)dz = pye@@—d = 0.

a——+o0o

e~ 39 Sq—1(a),

Then, we deduce from the sign of H” that H'(a) < 0, for every a > 0. This implies that
H is a strictly decreasing function and concludes the proof. O
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C.2. Lemma 3.2

Proof of Lemma 3.2. We begin noting that ¢ is a non-anticipative and continuous
map on A x R? namely ¢ € C(A xR%). Now, let (t,z) € [0,T) x C([0, T];R%) and § > 0,
with § < T —t, then we have

O(t+ 6, 2(- ANt), x(t)) — 0(t, x, x(t))

1)
— /Jrooa((t-i— s)AT, (- /\t),w(t)) w ds
0

5
/0 a((t+s) AT, x(- At),x(t)) n(s —6)ds.

| =

Notice that

/m i((t+s) AT 2(- At), (L)) w s
0

+ teo
550 _/ a((t+5) AT, 2(- At),2(t)) 1 (s) ds,
0

where 7/(s) denotes the first-order derivative of 7 at s, and

1 [ .
3 / a((t+s) AT, x(- At),x(t)) n(s — 0)ds 20 a(t, (- At),z(t)) n(0) = 0,

0
where we have used that 7(0) = 0. This proves that the horizontal derivative of ¥ exists
everywhere on [0,T) x C([0,7T];R?) and is continuous.

Let us now consider the vertical derivatives of ©. Given (t,z,y) € A x R?, h € R\{0},
andi=1,...,d, we have

{)(ta T,y + h'el) B {)(ta -’B,y)

h
B /+°° a((t+s) AT, (- At),y + he;) —a((t+s) AT, x(-At),y)
0

. n(s) ds.

Notice that the map f}i’w’y: [0,400) x R — R, defined as

a((t+s) AT, (- At),y +he;) —a((t+s) AT, z(- At),y)
1 (5, h) h
oV a((t+s)AT,z(-At),y), h =0,

is continuous. Then, by the Lebesgue dominated convergence theorem, we obtain

n(s)ds

/+°° a((t+s) AT, z(- At),y + he;) —a((t+s) AT, z(- At),y)
0 h
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+oo
et / Oy a((t+s) AT, z(- At),y) n(s)ds.
0

This proves that ¢ admits continuous first-order vertical derivatives. In a similar way we
can prove that v also admits continuous second-order vertical derivatives. We conclude
that o € CH?(A x RY). O

C.3. Lemma 3.3

Proof of Lemma 3.3. We begin noting that the function 7 given by (3.4) satisfies all
the properties required in the statement of Lemma 3.2. Then, item 1) follows directly
from Lemma 3.2 and the fact that, by item 1) of Lemma 3.1, the map

Ii(to mo)(t x,y)

(t,z,y)
1+ /0™)(t )

belongs to C*2(A x R?).
Let us now prove item 2). By the proof of Lemma 3.2, we have
P Yy P

RO (¢4 5) AT, (- At)y)
S
C A (e A 005

—+oo
aﬁ*&o,mo)(fjwjy) — _/
0

which proves the claim concerning the horizontal derivative. Concerning the first-order
vertical derivatives, for every ¢ = 1,...,d, we have

;/;l‘%oo( . 0)(( +S)/\T’ (/\ ), ) 2 ( )d
9 1 ns S.
A(t(),w())((t_i_s)/\ l,w(/\t)vb))

+oo
8;/;)2&20@0)(157;3,},) :/
o

Recalling from item 2) in Lemma 3.1 that |(9VI€ Lo m°)| is bounded by the constant 1, it

is easy to see that |8Vx(t° mo)(t xz,y)| < f n(s) ds, from which the claim follows. On
the other hand, regarding the second-order Vertlcal derivatives, for every i,7 =1,...,d,

oo 9V, BT ((t+5) AT, 2(- At),y
(1+ &éﬁ?’”"“’((ﬁ s)AT,@(- A t),y)

_2/+°° 8Xk$°’m°)((t+s)AT x(-At),y) Oy K t”’mo)((t—l-s)/\T,cc(J\t),y)
0 (1+ 2L (¢ + 5) AT, (- A1), y))

3X%X§500 mo)(t, x,y) = / ;2 n(s) ds
0

n(s) ds,

from which it is easy to see that the claim follows. Finally, item 3) is a direct consequence
of the two inequalities in (3.3). O
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Appendix D: Cylindrical approximation

In the present Appendix we state two results already proved in [17, 18], namely Theorem
3.5 in [17] and Theorem 3.12 in [18], which correspond respectively to Lemma D.1 and
Lemma D.2 below. Notice however that in [17, 18] the pathwise derivatives are defined
in an alternative manner. For this reason, in order to help the reader, we prefer to report
the proof of these two results in the present setting.

D.1. The deterministic calculus via regularization

We begin recalling some results from the deterministic calculus of regularization, as
developed in Section 3.2 of [24] and Section 2.2 of [17], for which we refer for all the
details. The only difference with respect to [24] and [17] being that here we consider
R?-valued paths (with d not necessarily equal to 1), even if, as usual, so that we rely on
the one-dimensional theory, as we work component by component.

Firstly, for every ¢ > 0 and any function f: [0,#] — R? we define the following
extensions to the entire real line:

0, s>t f(@), s>t
f(O,t] (S) = f(S), s € [Oa t]a f[O,t](S) = f(S), s € [Oa t]a
.f(O)v s <0, 0, s < 0.

Definition D.1. Let f:[0,t] — R? and g: [0,t] — R be cadlag functions. When the

limit i
/[0 i g(s)d™ f(s) := lim | 904 (s) Fro.(s+€) = froq(s)

ds

e—0t €

exists and it is finite, we denote it by f[O.t] gd~ f and call it forward integral of g with
respect to f.

We recall from [17], Proposition 2.11, the following integration by parts formula, which
will be used several times in this Appendix.

Proposition D.1. Let f: [0,t] — R? and g: [0,t] — R be cadlag functions, with g
being of bounded variation. The following integration by parts formula holds:

/[Ot]g(S)d‘f(S) — g FW) ~ [ fls)dg(s),

(0,¢]

where f(O,t] f(s)dg(s) is a Lebesque-Stieltjes integral on (0,t].
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D.2. Cylinder terminal condition &

Lemma D.1. Suppose that £ is a cylinder (or tame) function, in the sense that it
admits the representation

s<w>—g( bolt) -z (1), ... ¢n<t>dm<t>>, z € O(0, T RY),
[0,T] ]

[0,T

for some non-negative integer n, where we have the following.

e g: R 5 R s of class C2(RY™ V) and, together with its first and second-order
partial derivatives, satisfies a polynomial growth condition;
® Ug,...,0,: [0,T] = R are continuous.

Then, the function v defined by (4.4) is in C**(A) and is a classical (smooth) solution
of equation (4.2).

Proof. Let (t,x) € A and consider W"® = (W4®) co 7] given by (4.5). From the
definition of v in (4.4), we have

o(t,x) = E[g< Yo(s) d*W?“‘,..., U (8) dW’;m)]
[0,T]

[0,7]

where the second equality follows from the fact that the forward integral coincides with
the Tt6 integral when the integrator is the Brownian motion (or, more generally, a con-
tinuous semimartingale), see for instance Proposition 6, Section 3.3, in [83].

In order to prove that v € C**(A), we consider the following lifting 7: A x R — R
of v:

ot z,y) = E[g(wo<t><y—w<t>>+ (s da(s) + [ T%(s)dws,...)],

[0,¢]

for all (t,x,y) € A x R% Notice that

Bt 2,y) = V(t,wo<t><y—m<t>>+ dols) d™a(s). )

0,¢]

where V: [0,T] x RU"+1D) 5 R is given by

V(t,z) = E[g<zo+/tT1/)o(s)dW5, ...,zn—l—/tTwn(s)dWS)],
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for all t € [0,7] and z € R¥ "D with z = (z¢,...,2,) and zo,...,z, € R% Let
o: [0, T] — RU+1xd he given by

Yo(t) I

Pr(6) I
ot) = (:) (D.1)

(D) T

where T denotes the d x d identity matrix. It is well-known (see, for instance, Theo-
rem 5.6.1 in [43]) that V € CH2([0,T] x R¥™+1) and satisfies (here 8,V (t,z) denotes
the standard time derivative, while BZZV(t, z) is the standard Hessian matrix of spatial
derivatives)

. 1 R .
(?tV(t,z)—i- 5tr[a(t)a (t)02zV (t,2)] = 0, (t,z) € [0,T) x RHn+1) 02)

V(T,z) = g(z), z € Ri(n+1),

Let us find the expression of the pathwise derivatives of ¥ in terms of V. Concerning the
horizontal derivative at (t,x) € A, t < T, we have

Ot + 0, 2(- ANt), z(t) — 0(t, x, x(t))

ol @) = sli%l+ 4
R O .
= 52%1+5{V<t+6’w0(t+5)(w(t)_w((t+5)At))+/[0,t+5] Po(s)d :c(sAt),...)

=7 (twnOE0 -20)+ [ o, )}

[0,¢]

1(~ N
= lim —{V(t + 94, Po(s)d™x(s),. .. ) - V(t,/ Po(s)d™x(s),.. ) }
50+ 0 [0,4] [0,]
o0 (1 [ waao....)
0,t]
Concerning the first-order vertical derivatives at (t,2,y) € A xR?, foreveryi =1,...,d,
we have
VoA 1 ﬁ(tvway"i_hel) _ﬁ(tvway)
0,,0(t,x,y) = }llll)% -
11( -
= lim —{V(t, Yo (t)(y + he; — x(t)) + Po(s)d™x(s), .. )
h—0 h [0,¢]

=7t vy -2y + [ wl)det). )]

[0,

]
- <oi(t),6zf/(t, wo(t)(y—w(t)”/m vo(m)d"=(s), >>
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where (-, -) denotes the scalar product in R+ g4(t) is the i-th column of the matrix
o(t) in (D.1), and 9,V is the standard gradient of spatial derivatives of V.
Concerning the second-order vertical derivatives, it holds that

oY i(t,x,y) = UT(t)asz<t, Yo(t)(y —x(t)) + Yo(s)d™x(s), .. .)o(t).

[0,¢]

Since V € CH2([0, T] x R4 1)) we deduce that & € CV?(A x RY), so that v € C*?(A).
Finally, since V is a classical (smooth) solution of equation (D.2), using the relations
between the pathwise derivatives of © (and hence of v) and the derivatives of V, we
deduce that v is a classical (smooth) solution of equation (4.2). O

D.3. Cylindrical approximation

Lemma D.2. Suppose that £: C([0,T];R?) — R is continuous and satisfies the poly-
nomial growth condition

(@) < M+ ||%),  forallx e C([0,T];RY),

for some positive constants M and p. Then, there exists a sequence {&,}n, with &, being
a map from C([0,T];RY) into R, such that the following holds.

I) {&w}n converges pointwise to & as n — +00.
IT) If & is bounded then &, is bounded uniformly with respect to n.
IIT) For every n, &, is given by

5n<w>—gn< do(t)d (), ... wnu)dw(w),
[0,T]

(0,77
where
i) for every n, gn: RAD) S R is of class C™(R¥ ™) with partial derivatives
of every order satisfying a polynomial growth condition; moreover, g, Ssatisfies
lgn(z)] < M'(1+ |Z|p/), for all z € RAHD,
for some positive constants M' and p’, not depending on n;
ii) the functions ¥g: [0,T] = R, £ > 0, satisfy:
a) vy is of class C°([0,T1]);
b) ¢ is uniformly bounded with respect to £;

c) the first derivative of vy is bounded in L*([0,T)]), uniformly with respect to
L.

Proof. Step I. Let {es}s>0 be the following orthonormal basis of L?([0,T]; R):

eolt) = % ear 1 (1) = \/gsin <2eﬁ%), eacl(t) = \/gcos <2eﬁ%>,
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for all £ > 1 and t € [0, 7). Consider the linear operator A: C([0, T]; R?) — C([0, T]; R%)
given by

t
(Ax)(t) = :B(T)T, for all t € [0,T], = € C([0, T];R?).
Observe that (z — Az)(0) = (x — Az)(T') = 0. Now, for every n > 0, define

n

Sp(x—Ax) = Z (x — Azx)yey,

o~

0
solx — Azx)+ -+ s,(x — Az " n+1-¢

(:B — A:B)[ €y,
=0

where (& — Azx), is given by

T T 1 T
/0 (z(t) — (Az)(t))ec(t)dt = /0 2(t)er(t)dt — @(T)ET) +2(T) /0 So(t)dt,

with & being a primitive of e,. In particular, we take

t VT T1 t T1 t
go(t) = ﬁ_77 ggg_l(t) = _\/;K_Tr COS (2€7TT), 52@(t) = \/;K_Tr S111 (2€7TT),

for all £ > 1 and ¢ € [0,T]. Then

T
@-Aa) = [ altet—e(DET) = - [ &t a),
0 (0,77
for all £ > 0. By Fejér’s theorem (see for instance Theorem I11.3.4 in [91]), we have
lon(x — Ax) — (£ — Az)||oe = 0 and lon(x — Ax)||o < || — Az oo,
for all & € C(][0, ] 4). Consider the linear operator T,,: C([0,T]; R?) — C([0,T]; R%)
given by (e_1(t) := %, for all t € [0,T])
Thwx = Az +op(z — Azx) — (on(x — Ax))(0)
“n4+1—4
= @(T)e 1+ Y (@ — Aw)g (er — ec(0)),

for all n > 0, where for the latter equality we used the fact that eg is constant. Then, for
any x € C([0,T];RY), | T,x — |s — 0, as n tends to infinity. Furthermore, there exists
a positive constant C, independent of n, such that

IThxllo < Cll@|osos for all z € C([0, T]; R?), n > 0. (D.3)
Then, we define &, () := &(T,,x). Notice that

bn(x) = ( Je-1+ Z P @ A e 6@(0))>

n+1
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= §<$(T)€—1 - z”: nblot ( o E(t) CF?E@‘)) (ee — ee(o)))

— n+1

in (:L-(T), SW)dz), ..., Enlt) d‘:n(t))

[0,7] [0,77

gn</[o,:r] Ld~x(t), o Ei(t)yd x(t), ..., o En(t) d_w(t)),

where the last inequality follows from the identity «(T") = f[o 1 d~x(t), while g, is a

map from R*™*1 into R given by

N " n41-/¢
gn(z) = §(zoe_1 - ; YR 7y (eq — eg(O))), (D.4)
for all z € R4+ with z = (zo,...,2,) and z,...,z, € R%. From now on we denote
Yo(t) = 1, Ye(t) = Eu(t), 0> 1. (D.5)

Step II. We begin introducing the double sequence { gy k }n>0k>1, With gn x: Ré(n+1) _y

R given by
gnk(2) = / gn(z = W) Co k(W) dw
Rd(n+1)

where ¢, x(z) = k1", (kz), for all z € RYHD | with

n = CnHeXP< o 2g>1{2z|<2 3% for all z = (Zo,...,Zn) ERd(nJrl).

The constant ¢, > 0 is such that fRd(n+1) (n(z)dz = 1. We also introduce the double
sequence {&, k tn>0.4>1, With &, x: C([0,T];RY) — R given by

En k() = gn,k( Po(t)d™x(t),. .., Ui (1) d‘w(t)), T e C([O,T];Rd),

[0,77 [0,7]

with ¥, ..., %, asin (D.5). Our aim is to apply Lemma D.1 in [18]. To this end, we need
to prove the following items:

a) &p,k is continuous;
b) for every & € C([0,T];RY), |£n k(x) — En(x)| — 0 as k — +oo;
¢) {&n.ktn>0k>1 18 equicontinuous on compact sets.

Suppose for a moment that items a)-b)-c) hold true. Then, by Lemma D.1 in [18] we
deduce the existence of a subsequence {{, i, }» converging pointwise to £. Hence, we set
&n = &n.k,, and gn 1= gn .k, It is then easy to see that {&,}, is the claimed sequence. It
remains to prove a)-b)-c). As items a) and b) can be easily proved, we only report the
proof of item c).
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Step III. Let us prove item c). We begin noting that g, , can be rewritten as follows:

gnil2) = /E (2 — W) (W) dw,

n

where
E, = {z = (20y...,2n) € R+ . |ze| <276 €= O,...,n}.

Then, the claim follows if we prove that for any compact set K C C([0,T];R?) there
exists a continuity modulus pg such that, for every n,

§n< o(t)d™x(t) + zo, . . ., U (t)d”x(t) + zn) (D.6)
[0,7] [0,77
o[ wOaa@rme . [ s0ca04n)| < el
[0,77] [0,77

for all z,2’ € K and z = (zo,...,2,) € E,,. Let us prove (D.6). Given a compact set
K c O([0,T]; R%), we denote

K = 3xzcC(0,T;RY: & = T,% + zpe —iwz(e —e4(0))

= ; ) . — 4in 0€-1 n+1 JAN4 4 )

{=1

forsomea‘cEK,zeEn,nZO}.

Recalling (D.4), we see that if IC is relatively compact then (D.6) follows from the uniform
continuity of & on compact sets (which in turn follows from the continuity of &). In
order to prove that IC is relatively compact, we observe that I C I + Ko := {x €
O([O,T];Rd)l T = X1+ T2, 1 € ]Cl, To € ]CQ}, where

Kyo= {m c O([()’T];Rd); x =1T,&, for some x € K, n > 0},

n+1-/

ICo = {:c € C([0,T;RY): & = zoe,l—z o

z¢(ee — e(0)), for some n, z € En}
=1

If we prove that Ky and Ky are relatively compact, it follows that IC is also relatively
compact.

o ICy is relatively compact. Let {xy}), be a sequence in KCq. Let us prove that, up to
a subsequence, {x, }, converges. For each h, there exists Z;, € K and n;, > 0 such
that @, = T,,&,. Suppose that, up to a subsequence, n; goes to infinity (the
proof is simpler when ny, is bounded). Since {&;,}, C K, there exists & € K such
that {Z;, } converges, up to a subsequence, to . Then

[h = &llco = Tn,Zn — Zlloo < [|Tn,Zn — Tny, ®llco + [T, & — & oo

By (D.3) and || Ty, & — &|lcc — 0, the claim follows.
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o ICo is relatively compact. Let {xy}n be a sequence in ICa. In order to prove that,
up to a subsequence, {xy,} is convergent, we begin noting that

nh

np+1-—14
Ty = ZopC—1 — Z —— 7z n(e0 — e0(0)),
— np + 1

for some nj, > 0 and z;, = (2o,4,---,2n,,n) € E,,. Suppose that, up to a sub-
sequence, ny goes to infinity, otherwise the proof is simpler. Notice that, each
sequence {z;}, converges, up to a subsequence, to some zy, with |z, < 27°. By
Cantor’s diagonal argument, there exists a subsequence of {x}), which we still
denote {@p,}h, such that every {z,,}n converges to z,. We construct this subse-
quence in such a way that, for every h, |zo.n — 2zo| + -+ + |Zn,,h — 2Zn, | < 1/h. It
follows that ||zs — x|« — 0, where & = zpe_1 — Y=, z¢(er — €¢(0)).
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