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CRANDALL-LIONS VISCOSITY SOLUTIONS FOR PATH-DEPENDENT PDES:
THE CASE oF HEAT EQUATION

ANDREA COSSO AND FRANCESCO RUSSO

ABSTRACT. We address our interest to the development of a theory of viscosity solutions & la
Crandall-Lions for path-dependent partial differential equations (PDEs), namely PDEs in the
space of continuous paths C([0,7]; R?). Path-dependent PDEs can play a central role in the
study of certain classes of optimal control problems, as for instance optimal control problems
with delay. Typically, they do not admit a smooth solution satisfying the corresponding HJB
equation in a classical sense, it is therefore natural to search for a weaker notion of solution.
While other notions of generalized solution have been proposed in the literature, the extension
of the Crandall-Lions framework to the path-dependent setting is still an open problem. The
question of uniqueness of the solutions, which is the more delicate issue, will be based on
early ideas from the theory of viscosity solutions and a suitable variant of Ekeland’s variational
principle. This latter is based on the construction of a smooth gauge-type function, where
smooth is meant in the horizontal/vertical (rather than Fréchet) sense. In order to make the
presentation more readable, we address the path-dependent heat equation, which in particular
simplifies the smoothing of its natural “candidate” solution. Finally, concerning the existence
part, we provide a new proof of the functional It6 formula under general assumptions, extending
earlier results in the literature.

1. INTRODUCTION

Path-dependent heat equation refers to the following second-order partial differential equation
in the space of continuous paths:

—of(t @) — ~tr[ol vt )] = O, (t.3) € [0,T) x C([0, T]; RY),
(1.1) 2

v(T,xz) = &(x), x € C([0,T];RY).

Here C([0,T]; R?) denotes the Banach space of continuous paths x: [0,7] — R? equipped with
the supremum norm ||z |oc := supsjo 7] [2(t)[, with |- | denoting the Euclidean norm on R%. The
terminal condition &: C([0,T];RY) — R is assumed to be continuous and bounded. We refer to
equation (1.1) as path-dependent heat equation. Similarly as for the usual heat equation, it ad-
mits the following Feynman-Kac representation formula in terms of the d-dimensional Brownian
motion W = (W) co,77-

(1.2) o(t,z) = E[¢(W'™)],  VY(tz)€[0,T] x C([0,T];R?),
where
whe x(s), s <t,
x(t) + Wy — Wy, s> t.

In the case of the classical heat equation £ only depends on the terminal value WtTm
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The peculiarity of equation (1.1) is the presence of the so-called functional or pathwise deriva-
tives 9w, Oy,v, where 0ffv is known as horizontal derivative, while Y, v is the matrix of
second-order vertical derivatives. Those derivatives appeared in [54, 55] (under the name of
coinvariant derivatives) as building block of the so-called i-smooth analysis, and independently
in [1], where they were denoted Clio derivatives; later, they were rediscovered by [30] (from
which we borrow terminology and definitions), who adopted a slightly different definition based
on the space of cadlag paths and in addition developed a related stochastic calculus, known as
functional It calculus, including in particular the so-called functional It6 formula. Differently
from the classical Fréchet derivative on C([0,T];R?), the distinguished features of the pathwise
derivatives are their finite-dimensional nature and the property of being non-anticipative, which
follow from the interpretation of ¢ in (t) as time variable. This means that v(¢, ) only depends
on the values of the path @ up to time ¢; moreover, the horizontal and vertical derivatives at time
t are computed keeping the past values frozen, while only the present value of the path (that
is «(t)) can vary. The related functional It6 calculus was rigorously investigated in [11, 12, 13].
In [14, 17] we also gave a contribution in this direction, exploring the relation between pathwise
derivatives and Banach space stochastic calculus, built on an appropriate notion of Fréchet type
derivative and firstly conceived in [25], see also [26, 27, 28, 24].

Partial differential equations in the space of continuous paths (also known as functional or
Clio or path-dependent partial differential equations) are mostly motivated by optimal control
problems of deterministic and stochastic systems with delay (or path-dependence) in the state
variable. Such control systems arise in many fields, as for instance optimal advertising theory
[47, 48], chemical engineering [45], financial management [38, 72|, economic growth theory [2],
mean field game theory [5], biomedicine [46, 81], systemic risk [9]. The underlying deterministic
or stochastic controlled differential equations with delay may be studied in two ways: first using
a direct approach (see for instance [50, 84, 54, 51, 56]), second by lifting them into a suitable
infinite-dimensional framework, leading to evolution equations in Hilbert (as in [10, 23, 41]) or
Banach spaces (as in [69, 70, 25]). The latter methodology turned out to be preferable to address
general optimal control problems with delay (see for instance [90, 49, 47, 39, 40, 44, 37]), although
such an infinite-dimensional reformulation may require some additional artificial assumptions
to be imposed on the original control problem. On the other hand, the direct approach was
adopted for special problems where the Hamilton-Jacobi-Bellman equation reduces to a finite-
dimensional differential equation, as in [35, 57]. This approach can now regain relevance thanks
to a well-grounded theory of path-dependent partial differential equations. To this regard, the
path-dependent heat equation represents the primary test for such a theory, it indeed requires
the main building blocks of the methodology, without overloading the proofs with additional
technicalities.

Path-dependent partial differential equations represent a quite recent area of research. Typ-
ically, they do not admit a smooth solution satisfying the equation in a classical sense, mainly
because of the awkward nature of the underlying space C([0, T]; R?). This happens also for the
path-dependent heat equation, which in particular does not have the smoothing effect charac-
terizing the classical heat equation, except in some specific cases (as shown in [25, 29]) with &
belonging to the class of so-called cylinder or tame functions (therefore depending specifically on
a finite number of integrals with respect to the path) or £ being smoothly Fréchet differentiable.
It is indeed quite easy, relying on the probabilistic representation formula (1.2), to see that
the function v is not smooth (in the horizontal/vertical sense mentioned above) for terminal
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conditions of the form

{(x) = sup x(1), {(x) = z(to),
0<t<T
for some fixed to € (0,7"). For a detailed analysis of the first case above we refer to Section 3.2
in [16] (see also Remark 3.8 in [17]). It is however worth mentioning that some positive results
on smooth solutions were obtained in [17, 76]. We also refer to Chapter 9 of [25] and [29], where
smooth solutions were investigated using a Fréchet type derivative formulation.

It is therefore natural to search for a weaker notion of solution, as the notion of viscosity solu-
tion, commonly used in the standard finite-dimensional case. The theory of viscosity solutions,
firstly introduced in [20, 21] for first-order equations in finite dimension and later extended to the
second-order case in [59, 60, 61], provides a well-suited framework guaranteeing the desired exis-
tence, uniqueness, and stability properties (for a comprehensive account see [19]). The extension
of such a theory to equations in infinite dimension was initiated by [22, 62, 63, 64, 85, 88]. One
of the structural assumption is that the state space has to be a Hilbert space or, slightly more
general, certain Banach space with smooth norm, not including for instance the Banach space
C([0,T); R?) (notice however that in this paper we do not directly generalize those results to
C([0,T); R?), as we adopt horizontal /vertical, rather than Fréchet, derivatives on C([0, T]; R?)).

First-order path-dependent partial differential equations were deeply investigated in [68] using
a viscosity type notion of solution, which differs from the Crandall-Lions definition as the max-
imum/minimum condition is formulated on the subset of absolutely continuous paths. Such a
modification does not affect existence in the first-order case, however it is particularly convenient
for uniqueness, which is indeed established under general conditions. Other notions of general-
ized solution designed for first-order equations were adopted in [1] as well as in [65, 66, 67|, where
the minimax framework introduced in [86, 87] was implemented. We also mention [4], where
such a minimax approach was extended to first-order path-dependent Hamilton-Jacobi-Bellman
equations in infinite dimension.

Concerning the second-order case, a first attempt to extend the Crandall-Lions framework to
the path-dependent case was carried out in [74], even though a technical condition on the semi-
jets was imposed, namely condition (16) in [74], which narrows down the applicability of such
a result. In the literature, this was perceived as an almost insurmountable obstacle, so that the
Crandall-Lions definition was not further investigated, while other notions of generalized solution
were devised, see [32, 75, 89, 18, 58, 3, 8]. We mention in particular the framework designed in
[32] and further investigated in [33, 34, 78, 79, 80, 15|, where the notion of sub/supersolution
adopted differs from the Crandall-Lions definition as the tangency condition is not pointwise but
in the sense of expectation with respect to an appropriate class of probability measures. On the
other hand, in [18] we introduced the so-called strong-viscosity solution, which is quite similar
to the notion of good solution for partial differential equations in finite dimension, that in turn
is known to be equivalent to the definition of LP-viscosity solution, see for instance [52]. We
also mention [3], where the authors deal with semilinear path-dependent equations and propose
the notion of decoupled mild solution, formulated in terms of generalized transition semigroups;
such a notion also adapts to path-dependent equations with integro-differential terms.

In the present paper we adopt the natural generalization of the well-known definition of
viscosity solution a la Crandall-Lions given in terms of test functions and, under this notion, we
establish existence and uniqueness for the path-dependent heat equation (1.1). The uniqueness
property is derived, as usual, from the comparison theorem. The proof of this latter, which is
the most delicate issue, is known to be quite involved even in the classical finite-dimensional case
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(see for instance [19]), and in its latest form is based on Ishii’s lemma. Here we follow instead
an earlier approach (see for instance Theorem II.1 in [61] or Theorem IV.1 in [62]), which in
principle can be applied to any path-dependent equation admitting a “candidate” solution v,
for which a probabilistic representation formula holds. This is the case for equation (1.1), where
the candidate solution is given by formula (1.2), but it is also the case for Kolmogorov type
equations or, more generally, for Hamilton-Jacobi-Bellman equations. This latter is the class of
equations studied in [61] and [62], whose methodology in a nutshell can be described as follows.
Let u (resp. w) be a viscosity subsolution (resp. supersolution) of the same path-dependent
equation. The desired inequality u© < w follows if we compare both v and w to the “candidate”
solution v, that is if we prove the two inequalities © < v and v < w. Let us consider for
instance the first inequality v < v. In the non-path-dependent and finite-dimensional case (as
in [61]), this is proved proceeding as follows: firstly, performing a smoothing of v through its
probabilistic representation formula; secondly, taking a local maximum of v — v, (here it is
used the local compactness of the finite-dimensional underlying space), with v,, being a smooth
approximation of v; finally, the inequality v < w, is proved proceeding as in the so-called
partial comparison theorem (comparison between a viscosity subsolution/supersolution and a
smooth supersolution/subsolution), namely exploiting the viscosity subsolution property of u
with v, playing the role of test function. In [62], where such a methodology was extended to the
infinite-dimensional case, the existence of a maximum of u — v,, is achieved relying on Ekeland’s
variational principle, namely exploiting the completeness of the space instead of the missing
local compactness.

In this paper we generalize the methodology sketched above to the path-dependent case.
There are however at least two crucial mathematical issues required by such a proof, still not at
disposal in the path-dependent framework.

Firstly, given a candidate solution v, it is not a priori obvious how to perform a smooth
approximation of v itself starting from its probabilistic representation formula. Here we exploit
the results proved in [17] (Theorem 3.5) and [18] (Theorem 3.12), which are reported and adapted
to the present framework in Appendix C (Lemma C.1 and Lemma C.2, respectively). Notice
that such results apply to the case of the path-dependent heat equation (1.1), where there
is only the terminal condition £ in the probabilistic representation formula (1.2) for v. More
general results are at disposal in [17] and [18], which cover the case of semilinear path-dependent
partial differential equations, characterized by the presence of four coefficients b, o, F', £ (see, in
particular, Theorem 3.16 in [18] for more details). However, when those other coefficients appear
in the path-dependent partial differential equation, we need more information on the sequence
{vn}n approximating v. For instance, we also have to estimate the derivatives of v, in order
to proceed as in [61] or [62]. Since such results are still not at disposal in the path-dependent
setting, in order to make the paper more readable and not excessively lengthy, here we address
the case of the path-dependent heat equation.

Secondly, concerning the existence of a maximum of u — v,, we rely on a generalized version
of Ekeland’s variational principle for which we need a smooth gauge-type function with bounded
derivatives, as explained below. Our equation is in fact formulated on the non-locally compact
space [0,7] x C([0,T];R%) endowed with the pseudometric

doo ((t, ), (', 2")) = [t =t + [|&(- A t) —2'(- At)] oo

Recall that Ekeland’s variational principle, in its original form, applied to ([0, T]xC([0, T];RY), dso)
states that a perturbation v — v, — ddso ((+, ), (¢, Z)) of u— v, has a strict global maximum, with
the perturbation being expressed in terms of the distance do, (the point (¢, Z) is fixed). As the
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map (t,x) — doo((t,x),(t,Z)) is not smooth, it cannot be a test function. In order to have
a smooth map instead of ds,, an extended version of Ekeland’s variational principle is needed.
It is known (see for instance [7]) that a generalization of the so-called Borwein-Preiss smooth
variant of Ekeland’s variational principle works when d, is replaced by a so-called gauge-type
function (see Definition 3.1). For the proof of the comparison theorem, we have to construct a
gauge-type function which is also smooth and with bounded derivatives, recalling that smooth
in the present context means in the horizontal/vertical (rather than in the Fréchet) sense. In
Section 3 such a gauge-type function is built through a smoothing of d., itself (more precisely, of
the part concerning the supremum norm). This latter smoothing is performed by convolution,
firstly in the vertical direction, that is in the direction of the map 1j; 7 (Lemma 3.1), then in the
horizontal direction (Lemmata 3.2 and 3.3), the ordering of smoothings being crucial. Notice in
particular that the supremum norm is already smooth in the horizontal direction; however, after
the vertical smoothing, we lose in general the horizontal regularity because of the presence of
the term 1, 7); for this reason we have also to perform the horizontal smoothing. The resulting
smooth gauge-type function with bounded derivatives corresponds to the function p., defined
in (3.20).

Regarding existence, we prove that the candidate solution v in (1.2) solves in the viscosity
sense equation (1.1). We proceed essentially as in the classical non-path-dependent case, relying
as usual on Ito’s formula, which in the present context corresponds to the functional Itd for-
mula. Such a formula was firstly stated in [30] and then rigorously proved in [11, 12], see also
[13, 42, 17, 58, 71]. In the present paper we provide a new rigorous proof of the functional It6
formula under general assumptions (Theorem 2.2). In particular, we do not require any bound-
edness assumption on the functional u: [0,7T] x C([0,T];R?) — R, thus improving (when the
semimartingale process is continuous) the results stated in [11, 12]. The functional It6 formula
is proved following a similar approach as in [83], where the classical non-path-dependent case
was studied.

Finally, in the present paper we define pathwise derivatives in an alternative and self-contained
manner, as we are only interested in the case of continuous paths. Such an approach, developed
in detail in Section 2, is somehow minimalist compared to what is usually done in the literature,
where definitions require the space of cadlag paths. More precisely, in order to define the so-
called vertical derivatives for a map w: [0,T] x C([0,T]; R?) — R we consider a lifting of u, that
is a map @ defined on the enlarged space [0,T] x C([0,T]; R%) x R?. The third argument y in
u(t,x,y) refers to the possible jump of x at the present time t. Indeed, @ is a lifting of w if it
holds that

u(t,x) = a(t,z,z(t)), Y (t,x) € [0,T] x C([0,T]; RY).

Therefore, when y = x(t) then there is no jump at time ¢, otherwise there is a jump of size
y — x(t). For this reason, we refer to the product space C([0, T]; R?) x R? as the space of paths
with at most one jump at the present time (concerning such a space see also [41]). As already
mentioned, in the literature the product space C([0,T];R%) x R? is replaced by the space of
cadlag paths D([0, T]; RY).

The paper is organized as follows. Section 2 (together with Appendices A and B) is devoted to
pathwise derivatives and functional It6 calculus. In particular, the proof of functional It6 formula
is reported in Appendix A. In Section 3 we construct the smooth gauge-type function with
bounded derivatives, which corresponds to the function p, in (3.20). In Section 4 we provide
the (path-dependent) Crandall-Lions definition of viscosity solution for a general path-dependent
partial differential equation. We then study in detail the path-dependent heat equation. In
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particular, we prove existence showing that the so-called candidate solution v solves in the
viscosity sense the path-dependent heat equation (Theorem 4.1). We conclude Section 4 proving
the comparison theorem (Theorem 4.2), for which we need a smooth approximation of the
candidate solution v (Appendix C) as well as a suitable generalization of Ekeland’s variational
principle on ([0, 7] x C([0,T]; R?), dw) (Appendix D).

2. PATHWISE DERIVATIVES AND FUNCTIONAL ITO CALCULUS

In the present section we define the pathwise derivatives and state the fundamental tool
of functional It6 calculus, namely the functional It6 formula. We refer to [30, 12, 42, 13] for
more details. However, as already mentioned in the Introduction, we define vertical derivatives
without relying on the space of cadlag paths (as it is generally done in the literature); on the
contrary, we employ the product space C([0,T]; R?) x R¢, which can be thought as the space of
paths with at most one jump at the present time (Section 2.2).

2.1. Maps on continuous paths. Given 7' > 0 and d € N*, we denote by C([0, T]; R?) the set
of continuous functions x: [0, 7] — R?. We denote by x(t) the value of = at t € [0,7]. We also
denote by 0 the function x: [0, 7] — R? identically equal to zero. We consider on C([0,T]; R%)
the supremum norm || - ||oo, namely |||l = sup;cjo 1) [2(t)], where | - | denotes the Euclidean

norm on R¢ (we use the same symbol | - | to denote the Euclidean norm on R¥, for any k € N).
We set A :=[0,T] x C([0,T];R?) and define duoo: A x A — [0,00) as
doo ((t,2), (t',2")) = [t =t +]J&(- A t) = 2'(- At)]oc
Notice that dy, is a pseudometric on A, that is dy, is not a true metric because one may have
doo((t, ), (t',2")) = 0 even if (t,x) # (', x’). We recall that one can construct a true metric
space (A", d%), called the metric space induced by the pseudometric space (A, dy,), by means of
the equivalence relation which follows from the vanishing of the pseudometric. We also observe

that (A, dy) is a complete pseudometric space. Finally, we denote by B(A) the Borel o-algebra
on A induced by du.

Definition 2.1. A map (or functional) u: A — R is said to be non-anticipative (on A) if it
satisfies

u(t,x) = u(t,z(-At)),
for all (t,x) € A.

Remark 2.1. Whenever u: A — R is Borel measurable, namely u is measurable with respect to
B(A), then u is non-anticipative on A.

Definition 2.2. We denote by C(A) the set of non-anticipative maps u: A — R which are
continuous on A with respect to duo.

2.2. Lifted maps and their pathwise derivatives. In the sequel we consider the product
space A x R?, endowed with the product topology induced by du, on A and |-| on R%. We denote
by B(A x R%) the corresponding Borel o-algebra. On the subset [0,7) x C([0,T]; R%) x R? of
A x R? we consider the corresponding subspace topology.

Definition 2.3. A map (or functional) @: A x R¢ — R is said to be non-anticipative (on
A x R%) if it satisfies

{L(t7m7Y) = ’Il(t7m(. At)?Y)?
for all (t,z,y) € A x R4
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Remark 2.2. Whenever 4: A xR% — R is Borel measurable, namely 4 is measurable with respect
to B(A x R%), then 4 is non-anticipative on A x R

Definition 2.4. We denote by C(A x R?) the set of non-anticipative maps 4: A x R — R
which are continuous on A x R?.

Definition 2.5 (Pathwise derivatives). Let @: A x R? — R.

(i) Given (t,z) € [0,T) x C([0,T];R?), the horizontal derivative of i at (t,x) (if the
corresponding limit exists) is defined as

) LAt em(-At),x(t) — alt, x, x(t))
offa(t,x) = 51_1)1%1+ 5 .

When the above limit exists for every (¢,z) € [0,T) x C([0,T]; R?), then 01 is a real-
valued map with domain [0,7) x C([0,T]; R%).

(i) Given (t,z,y) € AxR?, the vertical derivatives of first and second-order of 4 at (t,z,y)
(if the corresponding limits exist) are defined as

ﬂ(t T,y + hez) B &(t7 Z, Y)

oY a(t,x, = i ,
20t 2,y) = lim N

oL, it x.y) = o (0L u)(t.z.y)
where ey, ..., ey is the standard orthonormal basis of R.

When the above limits exist for every (t,z,y) € A x R?, then 8;/2., 89‘6/”%, are real-valued
maps with domain A x R,

Finally, we denote 8y, @ = (0¥, @, ..., 0y @) and ), = (ag‘ﬂ/ixjﬂ),-7j:1,,,,,d.

Remark 2.3. We recall that our aim is to define pathwise derivatives for a map u: A — R. In
order to do it, as it will be stated in Section 2.3 (Definitions 2.9 and 2.10), we will firstly consider
a lift of u, that is a map 4: A x R? — R satisfying

u(t,z) = u(t,z,x(t)), V(t,x) € A.

Then, we will define the pathwise derivatives of u at (¢,x) as the pathwise derivatives of @
(according to Definition 2.5) at (t,x,y) with y = x(t). The lifting @ is only used to define
vertical derivatives (for which we need to consider discontinuous paths or, more precisely, paths
with at most a jump at the present time ¢, the jump size being given by y — x(¢)). On the
other hand, in the definition of horizontal derivative only continuous paths are involved, so that
the horizontal derivative could be directly defined for u (indeed, when 4 is a lifting of wu, the
horizontal derivative of @ coincides with that of u). We also notice that we will not need to
consider the horizontal derivative of @ at a point (¢, x,y) with y # x(t).

Definition 2.6. We denote by C19(A x R?) the set of & € C(A x R?) such that /74 exists
everywhere on [0,T) x C([0,T];R?) and is continuous.

Definition 2.7. We denote by C%?(A x R%) the set of & € C(A x R?) such that 0¥ a, dY_ i
exist everywhere on A x R? and are continuous.

Definition 2.8. We denote by C12(A x RY) the set C?(A x R?) N C%?(A x RY).

We can finally state the functional It6 formula for lifted maps, whose proof is reported in
Appendix A.
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Theorem 2.1. Let it € CY2(AxR?). Then, for every d-dimensional continuous semimartingale
X = (Xi)iepo,r) on some filtered probability space (0, F, (Fi)ieo ), P), with X = (X*,..., X?),
the following functional Ité formula holds:

a(t, X, X;) = a(0,X,Xo) / O (s, X)ds + = Z / a(s, X, X,) d[ X, X7],
i,j=1
d t '
+ Z/ OXﬁ(s,X, Xs)dX:, forall 0 <t <T, P-a.s.
Proof. See Appendix A. O

2.3. Pathwise derivatives for maps on continuous paths.

Definition 2.9. Let 4: A x R - R and u: A — R. We say that @ is a lifting of u if
u(t,x) = a(t,z,x(t)),

for all (t,x) € A.

The following consistency property is crucial as it implies that, given a map v admitting two
liftings 11 and g, their pathwise derivatives coincide on continuous paths (see also Remark 2.4).

Lemma 2.1. If 41,19 € 01’2(A x RY) are non-anticipative maps satisfying

u(t,x, x(t)) = us(t, z,z(t)), V(t,x) € A,

then
ol iy (t,x) = Ofay(t,x), Y (t,xz) € [0,T) x C([0,T]; RY),
OV (t,x,x(t)) = OYis(t,x, x(t),  V(tx) €A,
oVt (t,x,x(t)) = Ovgpia(t,x, z(t), V(t,x)c A.
Proof. See Appendix B. O

Thanks to Lemma 2.1 we can now give the following definition (see also Remark 2.4).

Definition 2.10. Let u: A — R. We say that u € CY2(A) if it admits a lifting @: A x R? — R
satisfying & € CH?(A x R?). Moreover, we define

ofu(t,x) = olu(t, ), V(t,x) € [0,T) x C([0,T];RY),
Wu(t,x) = oYu(t,z,x(t)), V(t,x)eA,
oY u(t,x) = 9V u(t,x, x(t)), V(t,z)eA

Remark 2.4. Notice that, by Lemma 2.1, if u € C1’2(A) then the definition of the pathwise
derivatives of u is independent of the lifting @ € C1?(A x R?) of u.

Theorem 2.2. Let u € CY2(A). Then, for every d-dimensional continuous semimartingale
X = (Xi)ieor) on some filtered probability space (0, F, (Fi)ieor):P), with X = (X', ..., X?),
the following functional Ité formula holds:

/ Y us, X) dIX7, X),

—I—Z/ 8V u(s, X) dX’ forall 0 <t < T, P-a.s.

21) ut,X) = u(0,X) /aH (5, X) ds—l—
zg 1
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Proof. Since u € CY%(A), by Definition 2.10 there exists a lifting @: A x R? — R satisfying
@ € CY2(A x R?). By Theorem 2.1, the below It6 formula holds:

at, X, X;) = a(0,X, Xq) / o (s, X) ds—i— / e, 08, X, X5) d[XT, X7
i,j=1

t
+ Z/ oY (s, X, Xs) dX, forall 0 <t¢<T, P-as.

Now, the claim follows identifying the pathwise derivatives of @& with those of u. O

3. SMOOTH GAUGE-TYPE FUNCTION WITH BOUNDED DERIVATIVES

The proof of the comparison Theorem (Theorem 4.2) is based on Corollary D.1, which fol-
lows from an extended Borwein-Preiss smooth variant of Ekeland’s variational principle ([31]),
corresponding to Theorem 2.5.2 in [7] (see Appendix D for more details). An essential tool of
such a result is the notion of gauge-type function, reported below for the specific set A.

Definition 3.1. We say that ¥: A x A — [0,400) is a gauge-type function provided that:

a) ¥ is continuous on A x A;

b) ¥((t,x), (t,x)) =0, for every (t,x) € A;

c) for every € > 0 there exists n > 0 such that, for all (¢,a’),(t",2”) € A, the inequality
U((t' 2", (", x")) < nimplies d ((t', 2'), (1", 2")) < €.

In the proof of the comparison theorem we need such a gauge-type function to be also smooth
as a map of its first pair, namely (¢, x) — W((¢,x), (to, o)), and with bounded derivatives. The
most important example of gauge-type function is the pseudometric d, itself, which unfortu-
nately is not smooth enough.

The present section is devoted to the construction of a smooth gauge-type function with
bounded derivatives, which corresponds to the function ps in (3.20). In order to do it, we
perform a smoothing of the pseudometric do, itself (more precisely of the part concerning the
supremum norm), first in the vertical direction, and then in the horizontal direction.

Lemma 3.1. Let ¢: RY = R be the probability density function of the standard normal multi-
variate distribution:

((z) = ! y e_%|z|2, Vz € RY
(2m)2
For every fized (to,zo) € A, define the map & ;lo®0) A RE [0,4+00) as
/%S)O,mo)(t,a:,y) = / Hm(./\t)—mo(-/\to)—(y x(t) + z) 1[tT]H dz—/Rd|z|((z)dz,

for all (t,z,y) € A x RE. Moreover, let glo@o) . A [0, 4+00) be given by
WO(1,2) = KW, (1)

:/ Hm('/\t)—iEO('/\tO)—Zl[t,T}HOOQ(Z)dZ—/ |z| ((z) dz,
R4 Rd

for every (t,x) € A. Then, the following properties hold.
1) &lo®0) ¢ CO2(A x RY).
2) For everyi,j=1,...,d, Oy & 8020 s bounded by the constant 1 and 8;,/ #0020 e bounded

by the constant \/;
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3) K (t, ) > |lz(- At) — ao(- Ato)]les — Ce, for every (t,2) € A, with
(¢4 1
(3.1) Ce = k0% (ty, mo) / 21¢(2) \fib?) > 0,
2

where T'(+) is the Gamma function.
4) For every fixed d, there exists some constant ag > 0 such that

(3.2) aa(lle(-At) —xo(- Ato) |8 Afl(- At)=ao(- Ato)|oc)
< K@t ) < Jlz(- At) = 2o(- Ato)]loo,
for all (t,x) € A.

Proof. We split the proof into several steps.

STEP 1. Proof of item 1). We first notice that &&?’“’0) is a non-anticipative and continuous map
on A x R%, namely 250%™ € C(A xR%). Now, let (t,2,y) € AxR% h e R\{0}, andi=1,...,d
(recall that ey, ..., e, denotes the standard orthonormal basis of R?), then we have

m(to’mo)(t x,y + he;) — m&?’“’“(t, x,y)
h

= %(/Rd |z (- At) —2o(- Ato) — (y — (t) + he; + 2) 17| ¢(2) dz

N /Rd |z(- A t) —xo(- Ato) — (y — 2(t) + 2) 119 C(2) dZ>
— %</Rd H$( A t) - aco(. A t(]) — (y — m(t) + Z)l[tyT]Hoo ((Z o hel) dz

_/ Hm(./\t)—azo(./\to)—(y x(t) + z) 1[tT]H dz>
Rd

= [ lat-nt) = nt0) — (v = 2lt) + 2)1gm 2P g

=9 _/ J2(- At) = @o(- Ato) — (v — 2(t) + 2)1j.1 ||, 0:((2) dz
Rd

where 0,,((z) denotes the partial derivative of { in the e;-direction at the point z, which is given

~ (to,z0)

by —z; ((z). This proves that foo admits continuous first-order vertical derivatives. In a

~ (to,xo)

similar way we can prove that Aso also admits continuous second-order vertical derivatives.

STEP I1. Proof of item 2). We begin noting that n(to’wo) is Lipschitz in y uniformly with respect
to (¢, x):

|/%<()g),wo)(t T,y) — (to,wo)(t z,y)| = '/ Hm (-Nt) —xo(- Ntg) — (y—m(t)—I—z)l[t,T]Hw((z)dz

) Hw( At) —zo(- ANto) — (¥ —=(t) + z)l[t,T] HOO ((z)dz
S ‘y - y/’7
where we have used the fact that fRd z) dz = 1. It is then easy to see that, for every i = 1,...,d,

avm(tom is bounded by the constant 1. Proceeding along the same lines as for /{(to,ivo) we

deduce that 8V i (lo:@o) 4 Lipschitz in y uniformly with respect to (¢, ), with Lipschitz constant
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less than or equal to [pq0.,((2)|dz = [pal|zi|((2)dz = \/g This allows to prove that, for

every 1,5 =1,...,d, amvﬂj/%é?’“) is bounded by /2.

STEP II1. Proof of item 3). We begin noting that (using the fact that ¢ is a radial function)

K80 (1, ) + KL (1, )

= / H-’B('/\t)—330(‘/\?50)—Zl[t,T}HOOC(Z)dZ
[0,4-00)xRd—1
+f (- A1) — (- A to) — 2z C(2) da
(—00,0] xRd—1

= / Hw('/\t)—:co(-/\to)—zl[th}HOOC(z)dz
[0,+00) xRd—1
(3.3)

—I—/ Hw(-/\t)—mo(-/\to)—l—zl[t’T]HmC(Z) dz
[0,+00) xRd—1

= /[0+ . (Haz( At) —xo(- Atg) — Zl[mT}Hoo + H:c( At) —xo(- Nto) + 21[t7T]Hoo) ((z) dz.
,+00)xRd—
Now, we observe that, for every z € R%, we have
Hw( At) —xo(- Ntg) — 21[th]Hoo

(3.4) = max{Hm(. At) —xo(- At A tO)Hoo’th?g%to |:c(t) —xo(s Atg) — z|}

and similarly for [[z(- A t) — @o(- A to) + 2zl [lcc. Moreover, by the elementary inequality
|x — z| + |x + z| > 2|x|, valid for every x,z € R, we have

Jnax |@(t) — wo(s Ato) — z| + Jnax |@(t) — zo(s Ato) + 2

> _ _ _ > - .
>, max {|az(t) xo(s A to) — z| + |®(t) — @o(s A to) + z|} > 2t§1§1§:§t0 | (t) — @o(s Ato)]
Then, using the elementary fact that if a +b > 2c¢ it holds that max{/,a} + max{¢,b} >
2max{¢, c}, valid for all a,b,c, ¢ € R, we find

masc{ (- A1) = @o(- At Ato)]|,., max |a(t) (s A to) ~ ]

- max{Hac(- At) —ao(- At At |@(t) — zo(s Ato) + z‘}

max
t<s<tVtg

> 2max {Hm( At) —axo(- At /\tO)HOO,tSISnS%)vctO ‘w(t) —xp(s A t0)|} = 2ch( At) —xo(- A to)Hoo,

where the last equality follows from (3.4). Therefore, by (3.3) we obtain (also recalling that
Cc = k™ (tg, 20))

ko) (@) + C¢ > 2/

[0,+00) x RA—1 |z(- A t) = xo(- Ato)||  C(2) dz = ||&(- At) — a0(- Ato)]| .,

which proves item 3). The explicit expression of the constant C¢, reported in (3.1), will be
derived in Step VI-4.

STEP IV. Proof of the second inequality in (3.2). The second inequality in (3.2) follows easily
from an application of the triangular inequality, namely noting that [[xz(- A t) — xo(- A to) —
21 7)lloc < ll2(- At) = @o(- Ato)l|oo + |2].
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STEP V. Proof of the first inequality in (3.2) for the case ||x(- Nt) —xo(- Ato)|loo > 2C¢.
When ||&(- At) —xo(- Ato)||ec > 2C¢, we have, by item 3),

RO (t @) = |lz(- At) = @o(- Ato) oo — C

= [z(-At) —.’Bo(-/\to)Hoo<1 C >

lz(- A ) = zo(- Ato)lo

> 2 lla( A1) — @o(- Ato)le
> L (ol n6) = ol M) A ol 4 8) = ol Ato) ).

which proves the first inequality in (3.2) with o := 3, for the case [|@(-At) —@o(-Ato)[|oe > 2C.
STEP V1. Proof of the first inequality in (3.2) for the case ||[x(- At) — xo(- A to)|eo < 2C.

STEP VI-1. Our aim is to prove that for every fixed d there exists some constant oy > 0 such
that

(3.5) /Rd max {a,|y — 2|} ((z) dz — /Rd |z| {(z) dz
> agmin{a™,a} +agmin{ly|" [y}, V(ay) € [0,2C] xR

As a matter of fact, suppose for a moment that (3.5) holds true. Then, applying (3.5) with
a:=|lx(- Nt) —xo(- Nt Atg)||eo and ys := x(t) — xo(s A tg), for every s € [t,t V t], and taking
the maximum over s € [t,tV tp], we find (using (3.4))

emiie) = [ mex{on e ive—al} o) da— | [el<(o) i

t<s<tVtg

= /R max { max{a, |ys —z[}} C(Z)dZ—/Rd z| ((z) dz

a t<s<tVitg

> e { [ s {aly.—al}c@as) - [ lalcas
— s [ s faly.—al} c@ds— [ 1lota)ds)

t<s<tVitg

> g oddl : d+1 }
> max {agmina®™!,a} + agmin{ly." Iy}

_ s pod+l . d+1
= agmin{a® ", a} + ay thsngt}éto { min{|y,|“"", |ys|}}

N . d+1 . d+1
= agmin{a®", a} + agmin { Jnax lys| ) A \ysl}.
Hence, by the elementary inequality
min{a®"', a} + min{p** b} > min { max{a?T!, b4}, max{a, b}}, Ya,b>0,

we conclude that

(to,x0) . { { d+1 d+1} { }}
K t,x) > a4 min4 max-<a max max < a, max
o0 (tz) > T 1< s<tVio | ’ 1< s<tVitg [¥s|

= ag min {[lz(- A t) — @o(- Ato) | L le(- At) — @o(- Ato)lloo }

where the last equality follows from (3.4) with z = 0. This yields the first inequality in (3.2). It
remains to prove (3.5).
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STEP VI-2. Proof of (3.5). For every positive integer d and a > 0, let Gy : R? — R be given by

(3.6) Guly) = /]Rd max {a, |y — 2|} ((z) dz — /]Rd |z| ((z) dz, Vy e R%

Moreover, let Fy: [0,400) — R be defined as (differently to the notation used for G,, we
emphasize the dependence of Fj; on the dimension d; we do this because of statement (3.9)
below which changes with d)

(3.7) Fi(a) == G4.(0) = /]Rd max {a, |z|} {(z) dz — /]Rd |z| {(2z) dz, Va e [0,+00).

Notice that (G, and Fy are convex functions on their domains.
Let us fix some notations. We denote by 0yGo(y) and OyyGo(y) (vesp. Fi(a), Fi(a), ...,

F an)(a)) the gradient and Hessian (resp. first-order derivative, second-order derivative, ..., n-
th order derivative) of G, at y (resp. Fy at a). When a = 0, Fj(a), F}(a), ..., Fén)(a) are

right-derivatives. We also denote by I the d x d identity matrix. Finally, given A and B in §(d),
the inequality B < A means that the symmetric matrix A — B is positive semi-definite.

Our aim is to prove the following: for every d, there exist constants B4 > 0 and Lg > 0 such
that

(3.8) Va € [0,2C], Gy € C3R?), 9yGo(0) = 0, OyyGo(0) > Byl and dyy G, satisfies
OyyGal(y) — OyyGa(0) > —Lgly| I, Vy e R?
and
(3.9)  Fye CHY[0,+00)), Fj0) =--- = F\P(0) = 0, F\"™(0) > 84 and F\"™ satisfies
F\% (@) = F{™™0) > —Lga, VYa>0.

Suppose for a moment that (3.8) and (3.9) hold. Then, by (3.8) we show below that there exist
some constants g4, 04 € (0,1] such that

1
(3.10) Gaoly) > Gq(0) + 1 Balyl?, V0y| <64, Ya€[0,2C;],
1 .
(3.11) Fila) 2 Fal0) + 5o B atl Vae (0,8,

As a matter of fact, for every fixed y € RY, set pq()\) := Go(My), for every A € R. Since
@0 € C?(R), the Taylor expression given by

1
eol1) = 2ul0) +¢a0)+ 5210)+ [ (10 (£ =~ o) an

which written in terms of G, becomes (denoting by (-,-) the scalar product in R%)

Caly) = Gal0) + (9yCu(0).3) + 5 {04y Cal0)y. )

1
n /0 (1= X) ((OyyGa(Ay) — OyyGa(0))y,y) dA

v

1
Gul0) + (0yGo(0).3) + 5ty — Lalyl® [ A(1 =2

1 1
= G4(0) + §ﬁd\}”2 - ngb’\?"
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Hence

1 3
Galy) = Gal0) + 1 AalyP ¥iv| < 6, where b= 18 (574).
d
This proves (3.10). Similarly, we consider the following Taylor expression for Fy:

d k a
ala) = E a4t | (Fa ) a :
k=0

By (3.9) we obtain
d+1
ch (0) a1, 1

a J J
Falo) = FalO) + SGmgyr et g | (E00) — ETR0) -0yt
Ba ar1 La [° J
— Bd d+1 Ld d+2
= RO+ T ar @
Hence
1 g < 2

Fy(a) = Fy(0) + 27d f-dl)! G Va € [0,04], where dq := 1A <—d; i—j).

This proves (3.11). Now, we notice that from (3.10) we obtain

1
Guly) > G4.(0) + 1 Baly|*, V|y| < 84, where 64:=1A <g%>
d

Moreover, since GG, is a convex function, it follows that
Caly) = min (Ga(0) + 7 ulyI™™,Ga(0) + 7 adly)
> min (Ga(0) + 7 604 yI**", Ga(0) + 7 554 Iy])

(312) = Ga(0) + 7 ad (i7" Alyl), vy R’
Proceeding along the same lines, we deduce by (3.11) that
(3.13) Fy(a) > Fy(0) + iﬂd o4 (a™ Aa),  Va>0.
So, in particular, since G,(0) = Fy(a) and Fy(0) = 0, we obtain, from (3.12) and (3.13),

Galy) = iﬂd 04 (a™ na) + i/@d i (Iy1** Alyl),  ¥(a,y) €0,20] x RY,

which proves (3.5) with a4 := %ﬁd(gfll A 64) for the case a < 2C;. It remains to prove (3.8) and
(3.9).

STEP VI-3. Proof of (3.9). From the definition (3.7) of Fy we see that Fj; is continuous.
Moreover, by direct calculation we find

lim Lala+7) = Fala) z/ ((z)dz, VYa>0,
h—0+ h |z|<a
lim Fela= 1) — Fala) :/ ((z)dz, Va>D0.
h—07F —h |z|<a

Hence, the first derivative of F; exists everywhere and is given by

Fi(a) = /< ((z) dz, Va > 0.
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Notice that F;(0) = 0. We also see that F, is continuous on [0, +00). Now, for every r > 0 let
S4_1(r) denote the surface area of the boundary of the ball {z € R?: |z| < 7}, which is given
by Sg_1(r) = Igzrd—d//;)rd_l, where I'(+) is the Gamma function. Then, recalling that ¢ is a radial
function and using d-dimensional spherical coordinates (see for instance Appendix C.3 in [36]),

we get

Fj(a) = / ! - e 2" Saq—1(r)dr, Va>0.
0 (2m)2

So, in particular, the second derivative of Fj exists everywhere and is given by

1, 21-%
Fc/l/(a) — (2 )d e 32 QSd—l(a) = W d—1
)2 3

We deduce that Fy € C*°([0,4+00)). We also observe that every derivative of F; is bounded, so
)

—1,2

1
a“ " Te 2%, Ya>0.

in particular F édﬂ is Lipschitz. As a consequence, there exists Ly > 0 such that

F{% @) = FD0) > ~Lga,  Va>0.

Finally, let us prove by induction on d that F}(0) = --- = Féd) (0) =0 and Fédﬂ)(O) > 0. For
d = 1 we have, by direct calculation, F1(0) = FJ(0) = 0 and F}(0) = 1/v/27 > 0. Let us now
suppose that the claim holds true for Fy, for some d > 1, and let us prove it for Fy, 1. By the
explicit expressions of Fjy1y and F,, we see that Fy,1(0) = F;; (0) = 0. Moreover

I d —ta?
Fiyi(a) = Cgpra®e 2%,

where Cqpq = 217HD/2/T((d +1)/2) > 0. So, in particular, FY,,(0) = 0. Now, we observe
that

C
Fiii(a) = dCapqa™! e 2% — Cay1a™! em2 = % (d - a®) Fy(a),

where Cy := 2'=%2/T'(d/2) > 0. Therefore

Fita@ = 2 ((d- ) FY'(0) - 20 F (@)
Moreover, by the general Leibniz rule, we have

Féi’:’l—n) (a) = Cé—; Z (Z) (d— az)("_k) Ff—'—k)(a), for every n > 2,
k=0

where (d —a?)("~*) denotes the (n — k)-th derivative of the map a ~— d — a?. Since (d —a?)™~*)
is identically equal to zero whenever n — k > 3, it follows that

n C n n—
@ = (1) @@ B )

e (Yo

n—1

_ Cg“ (—n(n—1)F*" @) —2na F?™ V(@) + (d - a®) F*T(a)).
d

In conclusion, we have

Fia(0) = SELaEf (o),

: C
Fia(0) = =5 dF{(0),
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Féi’:n)(O) = Cé—:l( —n(n-—1) F£2+n_2)(0) + dFCE2+") (0)), for every n > 2.

From the formulae above it is straightforward to see that the claim holds. This concludes the
proof of (3.9).

STEP VI-4. Proof of (3.8). From the definition (3.6) of G, we see that G, € C>°(R%). Moreover,
we have, for every ¢,j =1,...,d,

0, Guly) = = [ max {aly —al} 0.0l da = [ max {aly —al} = C(a) da
Oyiy; Ga(y) = /]Rd max {a,|y — 2|} 9,.,((z) dz = /]Rd max {a, [y — 2|} (2 2j — 0;5) ¢(z) dz,

where ¢;; is the Kronecker delta. Since ( is a radial function, we have ((z) = ((—z), for every
z € RY, therefore 9,,G,(0) = 0.
We now prove that for every fixed d there exists Ly > 0 such that, for every a > 0, we have

ByyGaly) — OyyGa(0) > —Lgly|ll, VyeR?

which can be equivalently written as
d
(3.14) > (04, Galy) = By, Ga(0))wiw; > —Lylyllw|*,  Vy,weR%
ij=1
where y; (resp. w;) denotes the i-th component of y (resp. w). We begin noting that, for every
i,7=1,...,d, we have (we use the elementary inequality | max{a,b+c} —max{a, c}| < |b], valid
for every a,c > 0 and b € R, with b = |y — z| — |z| and ¢ = |z|)

‘8yiija(y) — ayiija(Oﬂ / ‘max{a ly — z|} — max{a, |z|}| |8212J§ |dz

IN

= /]Rd | max{a, |y — z| — |z| + |z} — max{a, |z|}| |8le]§ )| dz

Lq
[ lio-sc@lda = iyl
Rd

with % = [gal0z,2;¢(z)| dz. Then, for every w € R9, we obtain

IN

d d

Lg
> (O Galy) = Oy, Ga(0)wirwg| < —F Iyl D fwillws| < Lalylwl?,
i,j=1 t,j=1

which proves (3.14).
Finally, we prove that for every fixed d there exists §4 > 0 such that, for every a € [0,2C¢],

(3.15) ByyGa(0) > Byl
As a matter of fact, for every w € R%, we have

(OyyGa(O Z Oyiy; Ga(0) wi wj = Z w; w]/ max {a, |z|} (zi z; — 0i5) ((2) dz

1,7=1 3,j=1

d
= Zw?/ max {a, |z|} ( z)dz — Zwl wj / max {a, |z|} 21 22 ((2) dz,
=1 /R

i#£]
where the latter equality comes from

/ max {a, |z|} (1 - 22)((z)dz = / max {a, |z|} (1 — 21) () dz, i=1,...,d,
R4 Rd
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/]Rd max {a, |z|} 2 z; ((z) dz = /]Rd max {a, |z|} 21 22 ((z) dz, i,j=1,...,d, i #j.
Now, notice that
/]Rd max {a, |z|} 21 22((z) dz = 0, for every a > 0.
Hence

(OyyGa(0)wW, W) = \w\2/ max {a, ]z\}(z%—l) ((z)dz
Rd
d
= w21 max {a,|z|} (27 — z) dz
= w22 [ e} (2 - 1) Cla)

d
= \w‘2$ ;/Rd max {a, ]z\} (212 — 1) ((z)dz

1
= \w\2—/ max {a, |z|} (|z|* — d) ((z) dz.

d Rd

Let H: [0,+00) — R be defined as
H(a) = / max {a, |z|} (|z* — d) {(2) dz, Va € [0,+00).
R4

Notice that (3.15) follows if we prove the following (actually, it would be enough to require that
H(a) > 0 for every a > 0 and H decreasing; (3.16) is a sufficient condition for this):
(3.16) H(0) >0, ll)l_il_l H(a) =0, H is a decreasing function.
As a matter of fact, if (3.16) holds, then

inf H = H(2C;) > 0,
) (2C¢)
from which (3.15) follows with g = LH(2C;).
It remains to prove (3.16). Denoting by p,2(g) , the moment of order p > 0 of a x2-distribution
with d degrees of freedom, and recalling that I'(-) is the Gamma function, we have
3 P(5+3) 1 T(E+3)
H(O) = sz(d),% — dﬂx2(d)’% = 22 W —d22 W

d . 1\p(d 4 1 d_ 1
s (5+9)0(5+3) 1 I(5+3)
2 —d?2 = 0.
2 r(3) 2 r(g) ey =

Incidentally, we notice that C¢ = Fx2(d), L which proves formula (3.1). Concerning the function
H, we also have that (we perform the change of variables z = aw under the integral sign)

lim H(a) = lim a® max {1, |w|} (¢* |w|* — d) ((aw)dw = 0,

a—-+oo a—-+oo Rd

where the limit follows from an application of the Lebesgue dominated convergence theorem.
Now, proceeding as in Step VI-3 for the function F', we deduce that H € C*°([0,+oc0)) and

a?—d

(2m)%

H'(a) = /< (1z|* — d) ((z) dz, H"(a) = e 29" S, (a), Va € [0,400),
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where S;_1(a) denotes the surface area of the boundary of the ball {z € R?: |z| < a}. Notice
that
H'(0) = 0, lim H'(a) = / (lz]* = d) C(z) dz = py2@qq —d = 0.
R4

a——+00

Then, we deduce from the sign of H” that H'(a) < 0, for every a > 0. This implies that H is a
strictly decreasing function and concludes the proof. O

Notice that the map
((t,2), (to,@0)) +— |t —to]* + K™ (¢, @)

is already a gauge-type function. However, as a map of the first pair, it is not smooth in the
horizontal direction because of the second term /{(to’mo)(t,ac). We now address the problem
of smoothing the map m(to’wo) with respect to the horizontal derivative. To this regard, the

following lemma plays an important role.

Lemma 3.2. Let n: [0,+00) — R be a function satisfying the following properties.
n € CH[0, +0));
1 18 non-negative;
0+°O n(s)ds = 1;
n(0) = 0.
Let i € CY%(A x RY). The map ©: A x R* — R given by

+oo
o(t,x,y) = / a((t+s) AT, z(- At),y) n(s)ds, V(t,z,y) € A x RY,
0
belongs to C12(A x RY).

Proof. We begin noting that ¢ is a non-anticipative and continuous map on A x R? namely
b€ C(A x R?). Now, let (t,z) € [0,T) x C([0,T];R?) and § > 0, with § < T — ¢, then we have

o(t+ 6, x(- At),x(t)) — 0(t, &, x(t))

)
+00 teo
:%</0 W((t+0+s) AT @(-At), @ /0 ¢+ ) AT A )w(t))n(s)ds>
+oo e
N /+Ooﬁ((t-|— s) /\T,w(' /\t),a:(t)) w ds
0 0
5
- a((t+s) AT, (- At),z(t)) n(s — &) ds.
Notice that
/Wa((t +5) AT, z(- At), z(t)) wds
0
+ +eo
0 _ /0 a((t+s) AT 2(- At),2(t)) 1 (s) ds,

where 7/ (s) denotes the first-order derivative of 7 at s, and

5—0+
—

é
% i a((t+s) AT, (- At),x(t)) n(s —6)ds a(t,x(- At),z(t)) n(0) = 0,
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where we have used that 7(0) = 0. This proves that the horizontal derivative of 0 exists
everywhere on [0,7) x C([0,T];R?) and is continuous.

Let us now consider the vertical derivatives of #. Given (t,x,y) € A x R% h € R\{0}, and
i=1,...,d, we have

®(t7w7y+hel) —’f)(t,w,y)
h
B /+°° a((t+s) AT, x(- At),y + he;) —a((t+s) AT, z(- At),y)
N h
0

n(s) ds.

Notice that the map fé’w’y: [0,+00) X R — R, defined as
a((t+s) AT (- At),y + he;) —a((t+s) AT, (- At),y)

i (s,h) = h ’
a;/i&((t_‘_s)/\Tvm('/\t)’}I)v h =0,

is continuous. Then, by the Lebesgue dominated convergence theorem, we obtain

+oo ﬂ((t +s)AT,xz(-A\t),y + hei) — &((t +8)ANT, (- A t),y)
/0 . n(s)ds

“+oo
A / O a((t +5) AT, (- At),y) n(s) ds.
0

This proves that © admits continuous first-order vertical derivatives. In a similar way we can
prove that v also admits continuous second-order vertical derivatives. We conclude that v €
CV2(A x R%). O

We now apply Lemma 3.2 to the map /%S?’”“‘))/(l + /%é?’”“‘))) introduced in Lemma 3.1. We
apply it to such a map in order to have bounded derivatives (see item 2) of Lemma 3.3). To
make things clear, we fix the function 1 appearing in Lemma 3.2, taking n to be the probability
density function of the chi-squared distribution with three degrees of freedom. Clearly, the claim
of Lemma 3.2 holds true if we replace such an n by any other function 7 satisfying the properties
stated in Lemma 3.2.

Lemma 3.3. Let n: [0,4+00) — R be given by
(3.17) n(s) == /— e_%s, Vs> 0.

For every fized (tg, o) € A, let f%éi?’”“‘)) be the map defined in Lemma 3.1 and define the map
o) A % RE = [0, +00) as

oo o) (1 4 ) AT, (- At
A(t()vmo)(t’m,y) — / Koo (( +S) ,$( )7Y) S) dS, \V/(t,m,y) e A X Rd.
0

XS ~ U
1+ 380 (¢ 4 5) AT, (- At),y)

Moreover, let thc?’mo): A — [0, +00) be given by

(3.18) XLl x) = XLt @, x(t),  V(tz)E A

Then, the following properties hold.
1) go=) ¢ CL2(A x RY).
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2) The horizontal derivative of X(to’mo) is bounded by the constant \/ 2= (= 0+°O ' (s)| ds);

20) gre bounded by the constant 1; the second-order

the first-order vertical derivatives of ;zg?
vertical derivatives of Yoo (to:20) e bounded by the constant \/g + 2.

3) For every (t,x) € A,

(- At) —@o(- Ato) |4 Al (- At) — @o(- Ato)loc
1+ HZIZ( /\t) — LEQ(' A to)”oo
< xBoro) (g ) < |lx(- At) —zo(- Ato)|lso AL,

(3.19) g

with the same constant ag as in (3.2).

Proof. We begin noting that the function n given by (3.17) satisfies all the properties required
in the statement of Lemma 3.2. Then, item 1) follows directly from Lemma 3.2 and the fact
that, by item 1) of Lemma 3.1, the map

R (1, 2, y)
L+ k™ (¢ 2,y)

(tx,y) —
belongs to C%?(A x RY).
Let us now prove item 2). By the proof of Lemma 3.2, we have

+oo RO (44 ) AT, (- At
atHf(g;O,mo)(t’m,y) _ _/ Koo - (g +S) ,ac( )’y) )
0 1+ A0 ((t-l—S)/\T,CIJ('/\t),y)

+00
'(s)ds < / I (s)] ds.
0

Concerning the first-order vertical derivatives, for every ¢ = 1,...,d, we have

WAL ((t+5) AT, z(- At).y)
. (to,wo)((t +s) AT, z(- At),y))

“+oo
oY R0 (1, y) = /0 : _n(s) ds.

Recalling from item 2) in Lemma 3.1 that |9} Asc (to,2o) | is bounded by the constant 1, it is easy

to see that |9} ¥ to’mo)(t, z,y)| < fo n(s) ds, from which the claim follows. On the other hand,
regarding the second-order vertical derivatives, for every i,5 = 1,...,d,

oo V A(t()vw()) '
O XL (1, 2, y) = /+ & T ((t+5) AT At>,y>2
] ’ (1+A(O’wO)((HS)ATw('At),y))
2/+Oo 89‘6/1-’%&?’%)((754-3)/\1# (- At),y) Oy (to’mo)((tJrs)/\T,ac(-At),Y)

i (1+7 (to’mo)((fJFS)AT,-’Jc(-At),y))3

n(s)ds

n(s) ds,

from which it is easy to see that the claim follows. Finally, item 3) is a direct consequence of
the two inequalities in (3.2). O

In conclusion, by Lemma 3.3 it follows that the map poo: A X A — [0, +00) given by
(3.20) poo((t, ), (to, z0)) = [t —tol> + xL®)(t,z),  V(t,z), (to,x0) € A,

with yoo as in (3.18), is the claimed gauge-type function, smooth as a map of the first pair,
namely (¢, ) — poo((t, ), (to, o)), and with bounded derivatives.
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4. CRANDALL-LIONS (PATH-DEPENDENT) VISCOSITY SOLUTIONS

In the present section we consider the following second-order path-dependent partial differ-
ential equation:
(4.1)

—ofu(t,x) + F(t,z,u(t,x), 05 u(t,x), Oyyu(t,x)) =0, (t,z)€[0,T) x C([0,T];RY),
uw(T, ) = ¢{(x), x € C([0, T); RY).

with F: [0,T] x C([0,T];R%) x R? x S(d) — R and ¢: C([0, T]; RY) — R, where S(d) is the set
of symmetric d X d matrices.

Definition 4.1. We denote by Cll)fl(A) the set of ¢ € CH?(A) such that ¢, 0, oY, OV .o
satisfy a polynomial growth condition.

Definition 4.2. We say that an upper semicontinuous map u: A — R is a (path-dependent)
viscosity subsolution of equation (4.1) if the following holds.
o u(T,x) < &(x), for all € C([0, T]; RY);

e for any (t,z) € [0,T) x C([0,T];R?) and ¢ € C’Il)’ozl(A), satisfying

(u - ‘P)(t’ w) = Sup (u - (P)(t/7 w,)7
(t"x")eA

we have
—0f p(t, @) + F(t,m,ult, ), 0 ot @), Ogpp(t, @) < 0.
We say that a lower semicontinuous map u: A — R is a (path-dependent) viscosity super-
solution of equation (4.1) if:

o u(T,x) > &(x), for all z € C([0, T]; RY);

e for any (t,z) € [0,T) x C([0,T]; R?) and ¢ € Crl)fl(A), satisfying:

(u - (10)(757 m) = inf (u - @)(t/, m/)y
(t"x")eA

we have
0 (t,z) + F(t,z,u(t,x), 0% p(t, ), 0vpp(t,z)) > 0.

We say that a continuous map u: A — R is a (path-dependent) viscosity solution of
equation (4.1) if u is both a (path-dependent) viscosity subsolution and a (path-dependent)
viscosity supersolution of (4.1).

4.1. Path-dependent heat equation. In the present section we focus on the path-dependent
heat equation, namely when F(t,x,r,p, M) = —%tr[M]:

—OHu(t, z) — 1tr [OY u(t,x)] = 0, (t,z) € [0,T) x C([0, T]; R?),
(4.2) 2
w(T,z) = &(x), x € C([0,T);RY).

In the sequel we denote

1
(4.3) Lu(t,z) = ofu(t,x)+ §tr[8¥mu(t,m)].
We impose the following assumption on the terminal condition &.

(A) The function &: C([0,T]; R?) — R is continuous and bounded.



22 ANDREA COSSO AND FRANCESCO RUSSO

Remark 4.1. The boundedness of £ will be used in the proof of Theorem 4.2 (comparison). On
the other hand, the proof that the function v in (4.4) is continuous and is a viscosity solution
of equation (4.2) (see the proof of Theorem 4.1) holds under weaker growth condition on & (for
instance, £ having polynomial growth).

4.1.1. Ezistence. The “candidate solution” to equation (4.2) is
(4.4) o(t,z) = E[E(WH™)],  forall (t,z) € A,

where W = (W) (0,1 is a d-dimensional Brownian motion on some probability space (€2, F, P),
and the stochastic process W"® = (W4%) (o 1) is given by

(4 5) Wt,w — :IZ(S), S S tv
° x(t) + W, — Wy, s> t.

Theorem 4.1. Under Assumption (A), the function v in (4.4) is continuous and bounded.
Moreover, v is a (path-dependent) viscosity solution of equation (4.2).

Proof. STEP 1. Continuity of v. Given (t,x),(t',x’) € A, with ¢t </, we have from (4.5):

x(s) — x'(s), s<t,
Wie - W = L a(t) —2/(s) + W, — W, t<s<t,
z(t) —x'({t)+ Wy — Wy, s>t
Hence
sup |W§’w—W§’wl < lz(-At) =2 (- At + sup [Ws — Wy
5€[0,7] se[t ']

< ol A = 26 A+ 3 sup W W]
i—1 SEtY]
where W = (W',..., W%) and the second inequality follows from the fact the Euclidean norm
on R? is estimated by the 1-norm. By the reflection principle, SUDPse[r,¢] |W?—W{| has the same
law as |W}, — W}/|, therefore

IN

d
E| sup (Wi - WE|| < fla(-At) =2/ (- A )]l + D E[WE — W]

s€[0,T ]

= |le(-At) —2'(- At)]|so +d\/?/|t —t/].

Then, since £ is bounded and continuous, the continuity of v follows from the above estimate
together with the Lebesgue dominated convergence theorem.

STEP I1. v is a wiscosity solution of equation (4.2). For every t € [0,T], let F* = (F%)sce,r) be
the filtration given by: F! := o(W, — Wy,r € [t,s]), for all s € [t,T]. Now, fix (t,z) € A and
"€ [t, T]. We first prove that the following formula holds:

(4.6) o(t,z) = Efo(t, W"®)].
To this end, we begin noting that by (4.5) we have

(4.7) W' = (- ANt)+ Wy — W,
Therefore

(4.8) o(t,x) = E[E(x(- At)+ Wy — W)
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Now, notice that, by (4.7),
WOV - W LW - W = W
This proves the flow property WhH® = Wt whe, Then, by the freezing lemma for conditional
expectation and formula (4.8), we obtain
ot@) = BIEW'®)] = B[s(W'W'")] = E[E(W'E + W — W)
~ BE[(WS + W - W) F]] = Blo(t, W)

At

Finally, recalling that v is non-anticipative we deduce that v(t’ ,W?}@,) = o(t', Wh®), This
concludes the proof of formula (4.6).

Let us now prove that v is a viscosity solution of equation (4.2). We only prove the viscosity
subsolution property, as the supersolution property can be proved in a similar way. We proceed
along the same lines as in the proof of the subsolution property in Theorem 3.66 of [37]. Let
(t,z) € [0,T) x C([0,T};RY) and ¢ € Crl)fl(A), satisfying:

(U - (10)(757 m) = Sup (U - (p)(t/v m/)'
(t"x")eA
We suppose that (v — ¢)(t,x) = 0 (if this is not the case, we replace ¢ by ¥(-,-) = ¢(-,-) +
v(t,z) — p(t,x)). Take

(4.9) o(t,z) = v(t,x) = E[’U(t—i—&‘,Wt’w)] < E[g&(t—l—g,Wt’w)L

where the last inequality follows from the fact that sup(v — ¢) = 0, so that v < ¢ on A. Notice
that the last expectation in (4.9) is finite, as ¢ has polynomial growth. Now, by the functional
It6 formula (2.1), we have
t+e d_ ri+e ,
ot +e, Wh®) = o(t,x) + Lip(s, WhH®) ds + Z/ 8;/;4,0(3, WhHE) dWl,
¢ It
where £ was defined in (4.3). Since 8;,/1,90 has polynomial growth, the corresponding stochastic
integral is a martingale. Then, plugging the above formula into (4.9) and dividing by &, we find

1 t+e
—E[— Lo(s, WH) ds} < 0.
€ Jt
Letting € — 0T, we conclude that
which proves the viscosity subsolution property. ]

4.1.2. Comparison theorem.

Theorem 4.2. Suppose that Assumption (A) holds. Let u,w: A — R be respectively upper and
lower semicontinuous, satisfying

supu < 400, infw > —oo.

Suppose that u (resp. w) is a (path-dependent) viscosity subsolution (resp. supersolution) of
equation (4.2). Then u < w on A.

Proof. The proof consists in showing that v < v and v < w on A (with v given by (4.4)),
from which we immediately deduce the claim. In what follows, we only report the proof of the
inequality u < v, as the other inequality (that is v < w) can be deduced from the first one
replacing u, v, £ with —w, —v, —&, respectively.
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We proceed by contradiction and assume that sup(u—wv) > 0. Then, there exists (tg, 2g) € A
such that
(’LL — ’U)(t(], wo) > 0.
Notice that to < T, since u(T,-) < &(-) = v(T,-). We split the rest of the proof into five steps.

STEP I. Let {5} be the sequence given by Lemma C.2. Since £ is bounded, we have that {x
is bounded uniformly with respect to N. Now, denote

on(t,x) = E[n(WH)], for all (t,x) € A.

Then, vy is bounded uniformly with respect to N. Moreover, by Lemma C.1 it follows that, for
every N, vy € CY%(A) and is a classical (smooth) solution of equation (4.2) with terminal con-
dition £y . Finally, recalling from Lemma C.2 that {{} v converges pointwise to £ as N — +o0,
it follows from the Lebesgue dominated convergence theorem that {vy}y converges pointwise
to v as N — +oo. Then, we notice that there exists Ny € N such that

(4.10) (u—’UNO)(t(],w(]) > 0.
We also suppose that (possibly enlarging Ny)
1
(4.11) [€(@0) — &no (@o)| = 5 (u — v (to, 20)-

STEP II. For every A > 0, we set
ut,z) = Mult,z), @) =), oy (te) =My (te), (@) =M ().

for all (t,z) € A. Notice that u* is a (path-dependent) viscosity subsolution of the path-
dependent partial differential equation
( ) _atI{u)\(t? ZIZ) - %tr[a;:/u)\(ta ZIZ)] + )‘U’)\(ta ZIZ) =0, (t7w) € [OaT) X C([OaT]aRd)v
4.12

UA(T7m) = 5)\(%)7 S C([OvT]aRd)

Similarly, vf{,o is a classical (smooth) solution of equation (4.12) with & replaced by fﬁ,o. We
finally notice that by (4.10) we have

(u — vy, ) (to, ®0) > 0.

So, in particular,

(4.13) sup(u® — fu])‘vo) —e = (u— vj%)(to,wo) < sup(ut — vj%),
where
€ = Sup('LL)\ - U?{fo) - (u)\ - U])\Vo)(t07 mO)'

STeP III. Notice that u* — UJ)Q,O is upper semicontinuous and bounded from above. Then, by
(4.13) and Corollary D.1 with G = u* — vj\vo, we deduce that for every § > 0 there exists a
sequence {(tn,x,)}n>1 C A converging to some (t,Z) € A (possibly depending on &, 4, A, Ny)
such that:
1) poo((tn, zn), (t,&)) < 575, for every n > 0, where po, is the smooth gauge-type function
with bounded derivatives defined by (3.20).
i) (vt - 711){/0)@07-’30) < (ut - (U])Q,O + 0¢:)) (¢, &), where

+o00
(pg(t,a}) = Z%poo((tvw)a(tma:n)) V(t,il?) e A.

n=0
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iii) It holds that

(4.14) (u* = (vn, +0p2)) (@) = (tSl;I;A (ut = (vn, + 0e)) (t, ).

We also recall from Corollary D.1 that . satisfies the following properties.
1) ¢. € CY%(A) and is bounded.

2) |0f pe(t, )| <2 <2T—|— w/%), for every (t,x) € [0,T) x C([0, T];RY).
3) For every i,7 =1,...,d, 8;/2.905 is bounded by the constant 2 and ag‘ﬂ/ﬂjgog is bounded by the

constant 2 <\/g + 2).

. 1,2
In particular, p. € C7(A).

STEP IV. We prove below that ¢ < T'. As a matter of fact, by item ii) of STEP III we have
(4.15) (u* — (v, + 00e)) (£, 8) > (vt — vy, )(to, o).
On the other hand, if ¢ = T' we obtain
(416)  (u* = (v, +092)) (1, &) = M (E(E) — Eng(B)) — 6pe(T,E) < M (E(E) — & (),
where the latter inequality comes from the fact that ¢. > 0. Hence, by (4.15) and (4.16) we get
A (u— oy, )(to, o) < T (E(E) — Eny (2)).

Letting € — 0, it follows from item i) above with n = 0 and (3.19) that d((¢, &), (to, xo)) — 0.
Therefore, letting € — 0 in the previous inequality, we obtain

A (u— vy ) (to, z0) < e (E(@0) — Eng (@0))-
By (4.11), we end up with

1
e)\to < _e)\T‘

Letting A — 0, we find a contradiction.

STEP V. Here again A > 0 is fixed. By (4.14) and the definition of viscosity subsolution of (4.12)
applied to u* at the point (Z,&) with test function ’U])‘VO + dp., we obtain

—L(w}, + 00:)(F, ) + AuMEE) < 0.

Recalling that UJ)% is a classical (smooth) solution of equation (4.12) with &* replaced by fﬁ,o,
we find

A (U)\ - U])Qf())(a j) < 6£Q0€(Za i’)
By item ii) in STEP III (namely (4.15)), subtracting from both sides the quantity \dy- (¢, Z),
we obtain

A — o) (to,0) < A (i — (0 +602))(1,8) < 8 Le(B,E) — A6 el )
Recalling that ¢, > 0, we see that
At = vy )(to, o) < A (ut = (v, +690)) (£,E) < 6 Lpe(L,E).

From items 2) and 3) above, it follows that Lo (t,Z) is bounded by a constant (not depending
on &, §, \). Therefore, letting § — 07, taking into account the notations of STEP II, we have

)‘e)\to (U - UNO)(t(]v wO) =A (uA - U]ifo)(t())mO) < 07

which gives a contradiction to (4.10). O



26 ANDREA COSSO AND FRANCESCO RUSSO

APPENDIX A.
Functional Ité’s formula for lifted maps

We start with a technical result.

Lemma A.1. Let 4 € Cl’O(A X ]Rd). Then, for every (t,x) € [0,T) X C([O,T];Rd) x RY,
e € (0, T —t), the map ¢: [0,(T —t)/e) — R, defined as

¢(a) == a(t+ ae,z(- Nt), z(t)), Vae|0,(T —1t)/e),
is in C1([0, (T —t)/e)) and

¢'(a) = edlu(t+ae,z(- At)),  Yael0,(T —t)/e).
Proof. Let a € [0, (T —t)/e). We have, for any ¢ € (0, (T —t)/e — a),

¢la+0)—¢la) _ alt+(a+d)e,z(-At) x(t)) —alt + ae,x(- A1), z(t))
o o

—s Ou(t + ae,z(- A 1)).
— ofla(t +az,a(- A1)

This shows that ¢ is right-differentiable on [0, (T — t)/e) and that such a right-derivative is
continuous on [0, (7' —t)/e). Then, it follows for instance from Corollary 1.2, Chapter 2, in [73]
that ¢ € C1([0, (T —t)/¢)). O

We now introduce a special class of lifted maps, for which the proof of the functional It6
formula will be easier.

Definition A.1. A strictly non-anticipative map (on A x R%) is a non-anticipative map
@: A x R? — R for which there exists dy > 0 such that, for all (¢,x) € A,

W((t+6) AT, @, x(t)) = a((t+0) AT, (- At),x(t))
or, equivalently,
&(t, x,z((t—0)V 0)) = ﬂ(t, x(-AN((t—=0)V0)),z((t—09)V 0)),
for all 6 € [0, dp].

Remark A.1. We give an example of delayed map. Let 4: [0,7] x C([0,T];R%) x R? — R be a
non-anticipative map. Take y > 0 and define the map s, : [0,7] x C([0,T];R%) x R? — R as

(Al) ﬂgo(t,m,y) = ﬂ(t,w(/\((t—&o)\/())),y), V(t,m,y) €A X Rd‘
Then, 15, is a delayed map with delay Jp, in the sense of Definition A.1.

Lemma A.2. Let & € CY?(A x R?) and &y > 0. Let also i, be given by (A.1). Then,
iis, € CV2(A x RY). Moreover

ol as, (t,x) = offa(t,z(- A((t— ) V0))), Y (t,x) €[0,T) x C([0, T];RY),
oY a5, (t,x,y) = aa‘c/ﬂ(t,ac(- A((t—=60) V0)),y), V(t,x,y) € A x RY,
oY s, (t,x,y) = Z?szl(t, z(- A ((t—080) V0)),y), V(t,xz,y) € A xRY

Proof. The claim follows easily from the definitions of horizontal and vertical derivatives, see
Definition 2.5. U

The functional It6 formula is proved extending to the path-dependent setting the approach
of stochastic calculus via regularization. It is therefore useful to recall the following standard
definitions of stochastic calculus via regularization (for more details we refer for instance to [83]).
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Definition A.2. Let X = (Xi)go,r) and Y = (Y3),cp0,7] be real-valued processes on some
probability space (2, F,P), with X continuous. For every ¢ > 0, we denote

t X - X

o= / Y, SN TS g e [0, 7).
0 e

If I¢ converges in the ucp sense as ¢ — 07, we denote its limit by fo Y, d~ X, and call it the

forward integral.

Definition A.3. Let X = (X;)c[o,7) be a d-dimensional continuous process on some probability
space (Q, F,P), with X = (X!,..., X%). For every 4,5 = 1,...,d and any ¢ > 0, we denote

[y - )
0 e

(A.2) (X%, X7¢ ds, Ytelo,T].

We say that X has all its mutual brackets if, for every i,5 = 1,...,d, [X?, X/]¢ converges in
the ucp sense as ¢ — 0. When i = j we denote [X?, X*]° simply by [X?]*.

We denote its limit by [X?, X7]. When i = j we denote [X?, X?] simply by [X?].

The following technical result concerning the stability of It6 integral will be useful.

Lemma A.3. Let X = (X¢)e(o,7) be a real continuous semimartingale on some filtered proba-
bility space (Q, F, (Ft)iepo,r); P). Moreover, for every e > 0, let Y = (Y ),cj0,1) be a family of
real progressively measurable processes such that

YE

ucp Y,
e—0t
where Y = (Yi),e(0,1) s @ real progressively measurable process satisfying sup, |Yy| < oo, P-a.s..

Then

1 t ucp
A3 — | Y (X - X)d YdXS,
(A.3) E/o s ( (s+&)AT ) S €_>—0> ;

where the latter is Ito integral.

Proof. We begin noting that (A.3) holds if and only if

t
(A.4) /Yf (stont — Xs)ds =5 /stXS.
0

e—0t

As a matter of fact, it holds that

1 t 1 t
~ / Y:sa (X(8+E)/\T - XS) ds — — / Y:ga (X(S-l’-a)/\t — Xs) ds
€ Jo € Jo

1 t
(A5) = — /t\ }/::: (X(S—l—E)/\T - X(S+€)/\t> dS
—€

ucp
0.

€ e—0t

The validity of (A.5) follows easily reasoning on subsequences in terms of P-a.s. pointwise
convergence and using the fact that sup, |Y;| < oo, P-a.s..
It remains to prove (A.4). To this effect, we first remark that, for every ¢ € [0, 77,

1 t 1 t r
(A6) _/ Y:f (X(s+€)/\t - XS) dS = — / </ YS€ d8> er,
€ Jo €Jo (r—e)*

where (r—e)* = (r—e) V0 denotes the positive part of (r—¢). The validity of (A.6) follows from
the fact that, by stopping techniques, we can reduce to the case when the bounded variation
component of X, denoted A¥, is bounded, the local martingale component, denoted M~ is
bounded and also its bracket [M X |7 is bounded. In addition, we can suppose Y¢ to be bounded.
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Then, (A.6) follows by the stochastic Fubini theorem, see for instance Theorem 64, Chapter IV,
of [77]. It remains to show that

t 1 r
(A7) / (- / YE ds> ax, 2 Y dX,.
0 \€ J@r—e)t e—=0t Jo
In order to prove (A.7), recall that X = AX+M*X where A% is the bounded variation component
and M¥ is the local martingale component. We prove the validity of (A.7) separately for AX
and MX. Firstly, the ucp convergence (A.7) with AX in place of X is a direct consequence of

the Lebesgue dominated convergence theorem. Finally, (A.7) with M~ in place of X follows by
Proposition 2.26, Chapter 3, of [53] and the fact that

t 1 r 2
/(—/ |Y;—Ys\ds> aMX =5 0.
0 € J(r—e)t e—0t

We can now prove the functional It6 formula for strictly non-anticipative maps.

Proposition A.1l. Let & € CY2(A x R?). Suppose also that @ is a strictly non-anticipative
map. Then, for every d-dimensional continuous semimartingale X = (Xt)te[o,T] on some filtered
probability space (0, F, (Ft)ejo,r), P), with X = (X1, ..., X%, the following functional Ité
formula holds:

(A.8) a(t,X,X;) = 4(0,X,Xo) / o a(s, X) ds—i— / (s, X, X,) d[ X', X,

i,j=1
d + ‘
+ Z/ 8;:_@(8,X, X;)dX:, forall 0 <t <T, P-a.s.

where the terms in the last summation are Ito integrals.

Proof. Let 69 > 0 be the constant appearing in Definition A.1 of 4. Given s € [0,7], for any
e € [0,00] we have

(s +e) NT, X, X(s1eyar) — (s, X, Xs) = i(s,e) + Iz(s,€),
where
Li(s,e) = a((s+e) AT, X, X(spoynr) —U((s +) AT, X, X5),
Iy(s,e) = u((s+e)ANT, X, X,) —u(s, X, X).
Notice that, by telescoping, we have
/' a((s +e) AT, X, X(speynr) — (s, X, Xs) up .
0

ds B (-, X, X.) —a(0, X, Xo).

3 e—07F
It remains to investigate the convergence of Jo I (s,€) ds and 1 Jo I2(s,€) ds as e — 0.
Convergence of % fo I,(s,e)ds as e — 0. We have
Ii(s,e) = Iu(s,e) + La(s,e) + N3(s,€) + T14(s, €),

where
d . .
111(575) = Z@Xlﬂ((s + 6) NT, X, XS)(XZS-‘,-E)/\T - X;)7
i=1
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d
1 % % ]
112(575) = 5 Z 83‘2/% (8 X X )(X(s—',-a) -X )(X(SJ,_E) T_Xg)v
ij=1
1 d
113(575) = 5 Z (aV ((S+€) AT,XaXs)
ij=1
1. !
114(8,6) = 5 Z / (8;/;%11((3 + E) A\ T, X, XS + a(X(s+€)/\T - Xs))
ij=170
— Oy, 0((s +8) AT, X, X)) (X ypr — XD (X y0q — X2) da.

We begin noting that, by usual arguments (see for instance Proposition 1.2 of [82]), it holds that

1 ucp i j
6/0 ha(s,€)ds —3 2 Z/ a(s, X, X)) d[X*, X],.

On the other hand, we have

t d
JRICEIIEDS sup [0, (0 +6) AT X, X) 0 (e, X, )| 2 (X + (X)),
te
with [X?]5 and [X7]5 given by (A.2). Since X° is a semimartingale, then [X']5. converges in
probability to [X']r as e — 01, see for instance Section 3.3 in [83]. In particular [X] exists
and it is the usual bracket. Now, for every fixed w, since X (w) is continuous and the map
(t,e) — 8;/#],11(@ +e) AT, X (w), X¢(w)) on [0,T] x [0, do] is continuous and therefore uniformly
continuous, there exists a modulus of continuity p13: [0, +00) — [0, 4+00) (not depending on ¢, ¢,

possibly depending on w), which can be taken to be non-decreasing and independent of 4, j, such
that

ij=1

d
< o) 3 (I X w) + X, X)),

t
/ Li3(s,e,w) ds
0 2

Since X has all its mutual brackets, it follows that

1/]13(8 €)d8 u—) 0.
0

€ e—0t

1,7=1

Similarly, we have

‘/11486

For every fixed w, since X (w) is continuous and the map (¢, a, &) — 8;/ixjﬁ((t+€)/\T, X (w), Xi(w)+
(X (t4eynr(w) — Xy(w))) on [0, T x [0, 1] x [0, do] is continuous and therefore uniformly contin-
uous, there exists a modulus of continuity pi4: [0,+00) — [0,+00) (not depending on ¢,a,e¢,
possibly depending on w), which can be taken to be non-decreasing and independent of 4, j, such
that

t
/ L4(s,e,w)ds
0

Z/ sup | T (t+€)/\T X Xt—|—a(X(t+€)/\T—Xt))
0

252 Jo telo)
1 o o
— Y, (¢ + ) AT, X, X0)| da - 5 (X, X7 + (X7, X)),

1 . .
< iZ / 3up p1a @l Xosanr @) = X)) da- (X @) + X))

i,7=1
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Recalling that p14 is non-decreasing, we find

<3 3 pa( sup (Xerapnr) = X)) (X7 (0) + X))

ij=1 te[0,T

t
/ L4(s,e,w)ds
0

Since X has all its mutual brackets, it follows that

1 uc
/ La(s,e)ds =5 0.
€Jo

e—0t

Finally, it remains to investigate the ucp convergence of the term % Jo T11(s,€) ds.

Convergence of % fo Iy(s,e)ds as € — 0T. Since € < §p and 4 is a delayed map with delay do,
we obtain
Iy(s,e) = a((s+e) AT, X(-Ns), Xs) —a(s, X, Xy).
For every fixed w, let ¢: [0,1] — R be given by
dla) = w((s+ae) AT, X (- N\ s)(w), Xs(w)).
By Lemma A.1 we deduce that ¢ € C''([0,1]). Then

1
¢m=¢@+4wwm

1
L(s,2) = 5/0 OH (s + ag) AT, X (- A ) da.

/Oth(s,e)ds = 5/;(/Olaflﬂ((“‘ag)ATaX('/\8))da>ds.

For every fixed w, since X (w) is continuous and the map (a, &) +— 0 a((s +ag) AT, X(- A s)(w))
on [0,1] x [0, dp] is continuous and therefore locally bounded, we conclude that

1 R,
1 )d off X)d
a/o 1(s,€)ds S0+ / s,

We can finally prove the functional It6 formula, namely Theorem 2.1.

So, in particular,

Hence

Proof (of Theorem 2.1). Let § > 0 and define 4s: [0,7] x C([0, T];R%) x RY — R as
as(t,w,y) = a(t,z(-A(t—-0)T),y), V(tz,y)eAxR%

By Remark A.1 we know that s is a delayed map with delay J, in the sense of Definition A.1.
Moreover, by Lemma A.2 we have that @5 € C1?(A x RY) and the following equalities hold:

8ﬁﬁg(t,$) = 8tHﬁ(t7w( N (t - 6)+))7 V(t,w) € [OaT) X C([()?T]de)a
a;/aé(tym’}’) = 8Xﬂ(tvm('/\(t_5)+)7Y)a V(t,m,y) €A XRda
8¥ma6(t7m7Y) = 8¥m&(t7m( A (t - 5)+)7y)7 \V/(t, may) €A x Rd'

By the above equalities and Proposition A.1, we obtain

as(t, X, X;) = zlg(O,X,Xo)—I—/Ot8f{a(s,X(-/\(t—5)+))ds

3 00 [ Okl XA (=0 X dIX X,
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d t
+Z/ Y (s, X(- A (t — 6))), Xo)dX!,  forall 0<t<T, Pas.
0

Our aim is to obtain the functional It6 formula (A.8) letting 6 — 0T in the above equality, for
every fixed ¢t € [0,7], and investigating the convergence of each term. We begin noting that
1s(0, X,0) = 4(0, X,0). Moreover, for any fixed w and ¢ € [0, 77,

as(t, X (w), X¢(w)) o a(t, X (w), X¢(w)).

Now, for any fixed w and s, we have

(A.9) Offa(s, X(- A (s = 8)")(w)) o ofla(s, X (w)),
(A.10) 0y (s, X(- A (s — 0)7)(w), Xs(w)) o By (s, X (w), Xs(w)),
(A.11) 8¥wﬂ(8,X(- A (s —0)T)(w), Xs(w)) 5_>—0> aa‘c/w&(s,X(w),Xs(w)).

Notice that, for any fixed w, the families (parametrized by ¢) of continuous maps on [0, 7] given
by s+ O (s, X(-A(s—8)1)(w)), s = Y (s, X(-A(s—0)T)(w)), Xs(w)), s = 0¥ ti(s, X (-A(s—
5)")(w), Xs(w)) are uniformly bounded and equicontinuous. Then, by the Arzela-Ascoli theorem
we deduce that convergences (A.9)-(A.10)-(A.11) hold uniformly with respect to s € [0,7]. This
implies that, for any fixed w and ¢ € [0, 77,

/aﬁa(s,X(-A(s—a)) Vs —» /at (5, X () ds,

6—0t

—Z / Vs, X (A (s — 8)F)(w), X, (@) dIXT, X7, (w)

1,j=1

6—>0+ 2 Z/ wia; U U (W), Xs(w)) d[Xian]s(OJ).

It remains to study the convergence of the stochastic integral. Recall that X = M + V', where
M is a local martingale and V' is bounded variation process, so that the stochastic integral can
be written as the sum of two integrals with respect to M and V, respectively. The integral with
respect to V can be treated along the same lines as the integral with respect to [X*, X7]. It
remains to deal with the stochastic integral with respect to M. By Proposition 2.26, Chapter
3, in [53] we know that the claim follows if, for every i =1,...,d,

(A.12) /T|a;a(s,X(-A(s—5)+),Xs)—aga(s,X,XS)Fd[Xi]s )
0

6—0t

where the convergence is understood in the probability sense. Using again convergence (A.10),
uniform with respect to s € [0,7], we deduce that (A.12) holds in the P-a.s. sense. This
concludes the proof. O

APPENDIX B.
Consistency

Proof (of Lemma 2.1). The claim concerning the horizontal derivatives follows directly from
their definition (Definition 2.5-(i)).

It remains to prove the claim concerning the vertical derivatives. To this end, let X =
(Xt)te[o,T} be a d-dimensional continuous semimartingale on some filtered probability space
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(QF, (Ft)ico,r): P), with X = (X1, ..., X%). Since 4,1y € CY?*(A x R?), by Theorem 2.1 the
following functional It6 formulae hold:

t 1 ¢ t o
w1 (t, X, Xy) = ﬁl(O,X,Xo)—i—/ af{ﬁl(s,X)ds—i—i E /8ijﬁ1(s,X,Xs)d[leXJ]s
0 > 0
i,j=1

d
+ Z/ Y (s, X, X,) dXL, forall 0 <t <T, P-as.
i=1 0
and

t 1 ¢ t L
a(t, X, Xy) = ﬁg(O,X,Xo)—i-/ E?tHﬁg(s,X)ds—i—i E /8ijﬁ2(s,X,Xs)d[leXJ]s
0 = Jo
i,j=1

d t
+ Z/O Y (s, X, X,) dX1, forall 0 <t <T, P-as.
i=1

Recalling that 17 and s, together with their horizontal derivatives, coincide on continuous paths,
identifying bounded variation and local martingale parts in the above formulae, we obtain that
the following equalities hold (up to a P-null set), for every i, =1,...,d and any t € [0,T],

(B.1) Oy i1 (t, X, Xy) = Oy as(t, X, Xy), Oy 01 (t, X, X;) = 0, da(t, X, Xy).

Now, fix t € [0,7] and consider a semimartingale X whose law has full support on the set of
trajectories stopped at time ¢, namely {x € C([0,T];R%): x(s) = x(t), for every s € [t,T]}.
An example of such an X is given by X 1= n+ Wyu, s € [t,T], where W = (W) o7 is
a d-dimensional Brownian motion, while n: Q — R? is a d-dimensional random variable with
full support, independent of W. Then, for such a semimartingale X, we deduce from (B.1) the
following equalities at time t:

8Xa1(tvm’m(t)) = a;/ﬂg(t,m,m(t)), 8Xwa1(t’mvm(t)) = 8Xwa2(tvmvm(t))v

for every € C([0,T];R?). Since the above equalities hold for every t € [0,7], the claim
follows. O

APPENDIX C.
Cylindrical approzimation

In the present Appendix we state two results already proved in [17, 18], namely Theorem 3.5
in [17] and Theorem 3.12 in [18], which correspond respectively to Lemma C.1 and Lemma C.2
below. Notice however that in [17, 18] the pathwise derivatives are defined in an alternative
manner. For this reason, in order to help the reader, we prefer to report the proof of these two
results in the present setting.

C.1. The deterministic calculus via regularization. We begin recalling some results from
the deterministic calculus of regularization, as developed in Section 3.2 of [24] and Section 2.2 of
[17], for which we refer for all the details. The only difference with respect to [24] and [17] being
that here we consider R?%valued paths (with d not necessarily equal to 1), even if, as usual, so
that we rely on the one-dimensional theory, as we work component by component.
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Firstly, for every ¢t > 0 and any function f: [0,¢] — R? we define the following extensions to
the entire real line:

0, s >t ), s>t
f(O,t](S) = .f(s)a s € [07t]7 f[O,t](S) = f(3)7 s € [Oat]a
f(0), s<0, 0, s < 0.
Definition C.1. Let f: [0,¢] — R? and g: [0,#] — R be cadlag functions. When the limit
+oo s+¢)— s
[ aa s = tim [ g T0a D Toald,
[0,¢] e—=0t J _oo B

exists and it is finite, we denote it by f[o 99 d~ f and call it forward integral of g with respect
to f.

We recall from [17], Proposition 2.11, the following integration by parts formula, which will
be used several times in this Appendix.

Proposition C.1. Let f: [0,f] — R? and g: [0,t] — R be cadlag functions, with g being of
bounded variation. The following integration by parts formula holds:
| ss1a£6) = g £~ [ £s)dalo).
[0,t] (0,¢]

where fOt] s)dg(s) is a Lebesque-Stieltjes integral on (0,t].
C.2. Cylinder terminal condition &.

Lemma C.1. Suppose that & is a cylinder (or tame) function, in the sense that it admits the
representation

fz) = g< dolt)d~z(t), ...
(0,7

for some non-negative integer n, where we have the following.
e g: RUD 5 R s of class Cz(Rd("H)) and, together with its first and second-order
partial derivatives, satisfies a polynomial growth condition;
e Yg,...,Un: [0,T] = R are continuous.
Then, the function v defined by (4.4) is in CY*(A) and is a classical (smooth) solution of
equation (4.2).

(1) d—m(t)>, x € C([0,T];R?),

[0,7]

Proof. Let (t,z) € A and consider WH® = (W4®) o 1] given by (4.5). From the definition of
vin (4.4), we have

ot ) E[g( M%() TWE ] ) W?mﬂ

(s [ sioar...).

where the second equality follows from the fact that the forward integral coincides with the Ito
integral when the integrator is the Brownian motion (or, more generally, a continuous semi-
martingale), see for instance Proposition 6, Section 3.3, in [83].

In order to prove that v € C1?(A), we consider the following lifting : A x R — R of v:

ot,z,y) = E[Q(%(t)(y—fﬂ(t))Jr Yo(s / Yo(s >],

[0,¢]
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for all (t,z,y) € A x R%. Notice that

@(t,w,y>=V<t,wo<t><y—w<t>>+ Yols) d™(s) . .., ult) (y—(£))+ %(s)d—w(s)),

[0,¢] [0,t]

where V: [0, 7] x RU"+1) 5 R is given by

T T
V(t,z) = E[g(zo—i—/ o(s)dWg, ..., zn—i—/ zbn(s)dWS)],
t t
for all t € [0,7] and z € R¥ ") with z = (zo,...,2,) and z,...,z, € R% Let o: [0,T] —
RAU+1)xd he given by

Yo(t) 1
Y1(t) I

(C.1) o(t) =
Pn(t) 1

where I denotes the d x d identity matrix. It is well-known (see, for instance, Theorem 5.6.1
in [43]) that V e C12(]0,T] x R¥"+1)) and satisfies (here 9,V (t,z) denotes the standard time
derivative, while 0,,V (¢, z) is the standard Hessian matrix of spatial derivatives)

N 1 N
©2) OV (t,2) + Str [0(t)o7 (t)04,V (t,2)] = 0, (t,z) € [0,T) x RU D)
.2
V(T.2) = g(a), z € Rén+D),
Let us find the expression of the pathwise derivatives of © in terms of V. Concerning the
horizontal derivative at (¢,x) € A, t < T, we have

) ot (-At),x(t) — 0t x, (1))
Ol o(t,x) = 61_1)1%1+ 5

A

= lim 1{V(tJré,q,z)o(tJrcS)(ac(t)—ac((t+5)mt))+/

§—0t 0 [0,+]

Yo(s) d‘m(s/\t),...)

_ v(ﬂwo(t)(w(t) —2M)+ | do(s)d72(s), .. >}

[0,¢]

Jim, %{V(t w0 [ (s dato). ) - V<t, /M Yols) d-z(s), ... )}

oV <t, o Yo(s)d™x(s), . .. )

Concerning the first-order vertical derivatives at (¢,x,y) € A x R?, for every i = 1,...,d, we
have

b (t he;) — ot
Vit z,y) = lim JbTY Hhe) —it2,y)

i h—0 h
= lim 1{V<t, bolt)(y + hes — x(t) + [ vols) da(s). )
h—0 h [0,t]

7 (t w6 e+ [ e da). ... )}

[0,¢]

[0,¢]



VISCOSITY SOLUTIONS FOR PATH-DEPENDENT PDES 35

where (-,-) denotes the scalar product in R4™ 1) 5;(¢) is the i-th column of the matrix o(t) in
(C.1), and 8,V is the standard gradient of spatial derivatives of V.
Concerning the second-order vertical derivatives, it holds that

Ope0(t,2,y) = UT(t)asz<t, o)y —z(t)) + [ dols)d™x(s), --->0(t)-
[0,¢]

Since Ve C12([0,T] x RU" D) we deduce that & € CH?(A x RY), so that v € CH?(A).
Finally, since V is a classical (smooth) solution of equation (C.2), using the relations between
the pathwise derivatives of & (and hence of v) and the derivatives of V, we deduce that v is a
classical (smooth) solution of equation (4.2). O

C.3. Cylindrical approximation.

Lemma C.2. Suppose that &: C([0,T];R?) — R is continuous and satisfies the polynomial
growth condition

(@) < M+ |=|2),  for allw € C([0,T];RY),
for some positive constants M and p. Then, there exists a sequence {&, }, with &,: C([0, T]; R?) —
R, such that the following holds.

I) {&w}n converges pointwise to § as n — +oo.
IT) If ¢ is bounded then &, is bounded uniformly with respect to n.
IIT) For every n, &, is given by

sn<w>:gn< dolt) d- (). .. wn<t>d-w<t>),
(0,7

(0,7]
where
i) for everyn, gy: RUD 5 R is of class COO(Rd("+1)), with partial derivatives of every
order satisfying a polynomial growth condition; moreover, g, satisfies
gn(z)] < M'(1+|2[P),  for all z € RU™HD),
for some positive constants M' and p’, not depending on n;
ii) the functions ¥p: [0,T] = R, £ >0, satisfy:
a) Yy is of class C*°([0,T]);
b) 1y is uniformly bounded with respect to {;
c) the first derivative of 1, is bounded in L'([0,T)), uniformly with respect to (.

Proof. Step 1. Let {es}s>0 be the following orthonormal basis of L2([0,T

iR
eolt) = % ex 1 (1) = \/gsin <2ew%>, exlt \/g (% )

for all £ > 1 and ¢ € [0,T]. Consider the linear operator A: C([0, T];R%) — C([0,T]; R?) given
by

(Ax)(t) = :c(T)%, for all t € [0,T], « € C([0,T]; RY).
Observe that (x — Ax)(0) = (x — Az)(T) = 0. Now, for every n > 0, define

n

Sp(x — Ax) = Z(az — Ax)g ey,

~
I

0
ol - Aa) = DEZAD)F ot o AD) gt

— A
n+1 n+1 (z z)eer,

£=0
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where

T T T
@=aa) = [ (@O~ @)t = [ aletiit— (M) + a0 [ e

with & being a primitive of ey. In particular, we take

t VT T 1 t T 1 t
Eo(t) = N Exp1(t) = —\/i% cos <2€7TT>, Ex(t) = \/j%sm <2€7TT>,

for all ¢ > 1 and ¢ € [0,T]. Then

T
(x—Az), = /0 x(t)ey(t)dt —x(T)E(T) = — Eo(t)d™x(t),

(0,77
for all £ > 0. By Fejér’s theorem (see for instance Theorem I11.3.4 in [91]), we have

lon(x — Az) — (x — Az)||~ 300 and lon(®x — Az)||x < ||z — Az|co,

for all x € C([0,T];R%). Consider the linear operator T,,: C([0,T]; R%) — C([0,T]; R?) given by
(e—1(t) := %, for all ¢ € [0,T])

The = Az +op(x— Az) — (op(z — Ax))(0) = x(T)e—1 + Z nn—i-il—é(w — Az (ef — e0(0))

n+1—€
= x(T)e- 1+Z o1 @A) (e —e(0)),

for all n > 0, where the latter equality follows from the fact that eo is constant. Then, for any
x € C([0,T];RY), ||[Thz — || — 0, as n tends to infinity. Furthermore, there exists a positive
constant C, independent of n, such that

(C.3) |Thxlloo < Cllloo,  forall & € C([0,T];RY), n > 0.
Then, we define

En(x) = &(The), for all z € C([0, T];R?), n > 0.
Notice that

€n(@) = < Je— 1+Zn+1_ w—Aw)z(ez—ez(U))>

= c(amen =T ([aadem) - o)

(=1

= On <:c(T), Ei(t)yd x(t), ..., En(t) d‘az(t))

[0,7] (0,7

= §n</[0’T]1d_a:(t), o Ei(t)d x(t), ..., o En(t) d‘ac(t)),

where the last inequality follows from the identity x(7T") = f[o 7] 1d~x(t), while g, : R¥+t1) 5 R
is given by

- " n41-14
(C.4) gn(z) = {(zoe_l — ZZ:; T i zy (e — eg(O))>,
for all z € RY"+)  with z = (zg,...,2,) and zg, ..., z, € R% From now on we denote

(C.5) Yo(t) = 1, Ye(t) = &), =1
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Step II. We begin introducing the double sequence {gy, 1 }n>0k>1, With g i R +1) 5 R given
by

i@ = [z W) Guuww

where ¢, 1(z) = k7" TV¢, (k2), for all z € R with

n = Cp HeXp < o 2€> 1{‘z£|<2 o for all z = (Z(), R ,Zn) S Rd(n+1).

The constant ¢,, > 0 is such that fRd(nH) (n(z)dz = 1. We also introduce the double sequence
{&nktn>04>1, With &, 11 C([0,T];RY) — R given by

gn,k<m>=gn7k< /[OTNZ’OW_””“)"”’ wn<t>d-m<t>>, z € O([0, T): R,

[0,T]

with g, ...,%, as in (C.5). Our aim is to apply Lemma D.1 in [18]. To this end, we need to
prove the following items:

a) &,k is continuous;
b) for every = € C([0,T];R?), € () — En(x)] — 0 as k — 4o0;
c) {&nktn>0k>1 is equicontinuous on compact sets.
Suppose for a moment that items a)-b)-c) hold true. Then, by Lemma D.1 in [18] we deduce
the existence of a subsequence {&, i, }» converging pointwise to {. Hence, we set
€n = én,km In ‘= Gnkn-

It is then easy to see that {&,}, is the claimed sequence. It remains to prove a)-b)-c). As items
a) and b) can be easily proved, we only report the proof of item c).

Step III. Let us prove item c). We begin noting that g, , can be rewritten as follows:

Ink(z) = / Gn(z — W) G k(W) dw
where
E, = {z = (20,...,2n) € R4+ . |zg| <27¢ 0= O,...,n}.

Then, the claim follows if we prove that for any compact set K C C([0,T]; R?) there exists a
continuity modulus pg such that, for every n,

(C6) gn( PRICTE DR

U (t)d”x(t) + zn>

[0,7]

— §n< o Yo(t)d~x'(t) + zo, - - -, Yp(t)d™x'(t) + zn> ‘ < pr(|z — '),

[0,7]
for all x,' € K and z = (zg,...,2,) € E,. Let us prove (C.6). Given a compact set
K c C([0,T];RY), we denote

K = {meC’([O,T];Rd):m = Tni+z0e_1—z%

(=1

z¢(eg — €4(0)),

forsomea_cGK,zeEn,nZO}.

Recalling (C.4), we see that if IC is relatively compact then (C.6) follows from the uniform
continuity of £ on compact sets (which in turn follows from the continuity of £). In order to
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prove that /C is relatively compact, we observe that I C K1 + Ko := {x € C([0,T];RY): & =
1+ T2, T € IC1, T2 € ICo}, where

Ki={ze C([0,T;RY): z = T,&, for some Z € K, n > 0},

Ky = {ac e C([0,T;RY): & = zge_; —Z

n

n+1-—1/

o] z¢(ep — €¢(0)), for some z € E,,, n > 0}.

(=1

If we prove that IC; and Ko are relatively compact, it follows that IC is also relatively compact.

e ICy is relatively compact. Let {xy}, be a sequence in ICqj. Let us prove that, up to a

subsequence, {xp}, converges. For each h, there exists Zy € K and n; > 0 such that
xp, = T,,Tn. Suppose that, up to a subsequence, ny goes to infinity (the proof is
simpler when nj, is bounded). Since {&};, C K, there exists & € K such that {Z},
converges, up to a subsequence, to . Then

”wh - i’”oo = ”Tnhi’h - juoo < HTijh - T"thOO + HTmLi’ - 3_3Hoo

By (C.3) and ||T},,& — &||oc — 0, the claim follows.
ICo is relatively compact. Let {xp}, be a sequence in K. In order to prove that, up to
a subsequence, {xy}y is convergent, we begin noting that

2

np+1—1¢
Tp = Zope_1 — —— 7y (e — e (0
h 0he—1 = ) P en(ee — e(0)),
/=1
for some ny > 0 and z, = (2o, .-, 2n,,n) € En,. Suppose that, up to a subsequence,

np, goes to infinity, otherwise the proof is simpler. Notice that, each sequence {zyj}y,
converges, up to a subsequence, to some zy, with |z,| < 27¢. By Cantor’s diagonal
argument, there exists a subsequence of {x,};, which we still denote {x}}, such that
every {zsp}n, converges to zy. We construct this subsequence in such a way that, for
every h, |zop — 20| + - + |Zn,.h — 2Zn,| < 1/h. It follows that ||z, — x||oc — 0, where
x =z0e_1 — y_ oy ze(er — €0(0)).

O

APPENDIX D.
Ezxtended Borwein-Preiss variational principle on A

The proof of the comparison Theorem (Theorem 4.2) is based on Corollary D.1 below, which
in turn relies on a generalization of the so-called Borwein-Preiss smooth variant ([6]) of Eke-
land’s variational principle ([31]), corresponding to Theorem 2.5.2 in [7]. We now state such a
generalization in Lemma D.1 for the case of real-valued (rather than R U {+o0c}-valued as in [7])
maps on A.

Lemma D.1. Let G: A — R be an upper semicontinuous map, bounded from above. Suppose

that U: A x A — [0,400) is a gauge-type function (according to Definition 3.1) and {5, }n>0 is
a sequence of strictly positive real numbers. For every e > 0, let (to,xg) € A such that

supG —e < G(to,xo).

Then, there exists a sequence {(tn,Tn)}n>1 C A which converges to some (t,&) € A satisfying
the following.

1) U((t,2), (tn, ) < 27;?50, for every n > 0.

i) G(to, o) < G, ) — X025 6, U((E, &), (tn, Tn))-
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iii) For every (t,x) # (t,&),

+0o0 +oo

G(tvm) - Zénqj((tvm)v(tmmn)) < G(fvi) - Zén\l’((_vi)7(tnymn))-
n=0 n=0

Proof. Lemma D.1 follows trivially from Theorem 2.5.2 in [7], the only difference being that

this latter result is stated on complete metric spaces, while here A is a complete pseudometric

space. ]

We now apply Lemma D.1 to the smooth gauge-type function p., with bounded derivatives
defined by (3.20), taking dp := ¢ > 0 and d,, := /2", for every n > 1.

Corollary D.1. Let § > 0 and G: A — R be an upper semicontinuous map, bounded from
above. For everye > 0, let (to,xg) € A satisfy

supG —e < G(to,x).
Then, there exists a sequence {(tn,Tn)}n>1 C A which converges to some (t,&) € A such that:
1) poo((t,2), (tn, Tn)) < 555, for every n > 0.
ii) G(to,xo) < G(t,Z) — dp:(t,x), where the map p.: A — [0,400) is defined as

+o00
pe(t,x) = Z%pm((t,m),(tn,mn)), V(t,x) € A.

n=0
iii) For every (t,x) # (t,&),
G(t,x) —dp-(t,x) < G(t,&)—0p(t,T).
Finally, the map @ satisfies the following properties.
1) . € CY2(A) and is bounded.
2) |0 p.(t.2)| <2 (2T +/2), for every () € [0,T) x C([0, T RY).

me

3) For every i,j = 1,...,d, 8;,/2_905 is bounded by the constant 2 and 8;/1_%905 18 bounded by the

constant 2 <\/g + 2).

Proof. Ttems i)-ii)-iii) follow directly from Lemma D.1, while items 1)-2)-3) follow easily from
items 1)-2)-3) of Lemma 3.3. O
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