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In a reverberant cavity, when a noise field is sufficiently diffuse, the correlation of the signal

measured by two sensors provides an estimation of the Green’s function (GF) between them. Here, the

convergence of this passive estimation in the case of elastic waves on thin plates is studied. A statistical

approach is proposed, which relates the similarity between the cross correlation and the GF to the

structural properties of the plate and the number of uncorrelated sources. The analysis is sustained by

experimental results obtained on an aluminum plate. This study allows us to evaluate the efficiency

of passive structural health monitoring of plate-like structures based on noise correlation. Finally, a

most interesting finding shows an absolute upper bound of the signal-to-noise ratio for GF quality

reconstruction: 4Ns=5, independently of the plate properties. VC 2019 Acoustical Society of America.

https://doi.org/10.1121/1.5134066

[MCR] Pages: 3505–3511

I. INTRODUCTION

Embedded structural health monitoring (SHM) systems

offer the prospect of detecting defects at an early stage before

serious damage occurs in the structure such as cracks or cor-

rosion in metallic materials or delaminations in composite

structures. Pitch-catch is one of the most commonly used

techniques based on ultrasonic detection of damage. It con-

sists of analyzing the wave propagation between a source and

a sensor. This classical technique generally aims at minimiz-

ing the number of sensors to limit the embedded mass as well

as the sensors’ intrusiveness within the structure and power

consumption. In some situations, active methods are not prac-

tical or feasible due to environmental restrictions, for exam-

ple. An alternative way could then consist in using passive

techniques taking benefit of the ambient noise to estimate the

Green’s function (GF). Indeed, since the striking demonstra-

tion that the time derivative of the fully diffuse field cross cor-

relation between two points coincides with the difference

between the “causal” and “anticausal” impulse responses

(GF), argued theoretically and then demonstrated ultrasoni-

cally by Lobkis and Weaver,1 the approach has been success-

fully used for a variety of applications, including

ultrasonics,1,2 ocean acoustics,3 and most notably seismol-

ogy.4–6 In SHM, however, only a few studies have been

devoted to the passive reconstruction of GFs. For example,

the possibility of detecting and localizing defects using ambi-

ent noise (friction noise, acoustic noise, etc.) more or less uni-

formly generated on surface plates has been demonstrated

numerically and experimentally in recent works.7–9

Theoretically, if the GF of a finite medium is to be recon-

structed using this principle, the field should result from

uniformly distributed uncorrelated noise sources. However, in

practice, most wave fields only partially fulfill this condition.

Hence, it is necessary to know how well cross correlations

converge toward the exact GF and the origin of the mismatch

in such cases. In complex media (reverberation, multi-

scattering, etc.), only statistical quantities can be inferred and

a mismatch appears as a fluctuation of the cross correlation.

In a closed reverberant medium, Weaver and Lobkis10 studied

the mean and variance for the diffuse field correlation func-

tions to predict the fidelity of the passively obtained correla-

tion function to an actively measured waveform. The authors

extend their studies later for open systems.11 More recently,

Yoritomo and Weaver12 focused on the remaining differences

between GF and cross correlation due to spurious arrivals

from scatterers and/or point sources in unbounded scattering

media. Hejazi et al.13 studied the convergence of the cross

correlation between parts of the coda, i.e., the parts of the

transient response generated by pulsed-like sources. Their

obtained results are analyzed through vibrational modes of

the plate. The authors show, particularly, that for a large den-

sity of sources, an accurate estimation of the GF can be

obtained even with a very short part of the coda. Here, we

propose to focus our attention on the case of a set of uncorre-

lated noise sources. This paper is structured as follows. In

Sec. I, the proposed statistical model based on the relative

noise level (RNL) is introduced. In Sec. II, a quantitative esti-

mation of the RNL is derived. In Sec. III, we show that the

derived theoretical expressions are in accord with experi-

ments. Finally, a conclusion is given in Sec. IV.

II. STATISTICAL DESCRIPTION OF THE GF
RECONSTRUCTION AND RESIDUAL TERMS

A thin reverberating plate with two point receivers Ri

and Rj at its surface and subject to a finite set number of

noise sources (Ns) is considered. At each receiver, the

recorded wave field can be written as the sum of GF con-

volved with the source functions qkðtÞ,a)Electronic mail: lynda.chehami@uphf.fr
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siðtÞ ¼
XNs

k¼1

Gðri; rk; tÞ � qkðtÞ: (1)

� denotes the time convolution. We define the normalized

cross correlation

CijðtÞ ¼
1

Ns
sið�tÞ � sjðtÞ: (2)

Under the assumption of uncorrelated noise sources (see

Appendix A), the cross correlation can be expressed as

CijðtÞ ¼
DT

Ns

XNs

k¼1

Cij;kðtÞ; (3)

with Cij;kðtÞ ¼ Gðri; rk;�tÞ � Gðrj; rk; tÞ � RðtÞ.
The function R(t) is the inverse Fourier transform of the

power spectral density, and DT is the duration of noise

recording. In the following and without loss of generality,

DT is set to 1. It has been shown in recent works7 (through

modal decomposition of the GF over the eigenvibrational

modes of the plate) that the cross correlation of the flexural

waves can be expressed as

CijðtÞ ¼ DijðtÞ þ nijðtÞ; (4)

where

DijðtÞ ¼
sa

2Sqh
Gðri; rj; tÞ � Gðri; rj;�tÞ
� �

� � � � �
ðt

�1
RðsÞ ds; (5)

with h the plate thickness, q the density of the plate material,

S the plate area, and sa the attenuation time related to the

exponential decay of the reverberated signals. Function DijðtÞ.
represents a deterministic term containing the causal and anti-

causal parts of the GF between the two receiver locations.

Term nijðtÞ is the residual noise reconstruction of the GF, also

called the spurious term. It is shown in previous works7 that

nijðtÞ goes toward zero when Ns is sufficiently large. The spuri-

ous term can be quantified by the ratio of energy between the

residue of correlation nijðtÞ and the deterministic part DijðtÞ,
denoted by RNL. Since we are interested here in an average

behavior, we define the expected value of this energy ratio as

RNLðNsÞ ¼

ð1
�1

Var CijðtÞ
� �

dtð1
�1

D2
ijðtÞ dt

; (6)

where Var is defined as

Var CijðtÞ
� �

¼ hC2
ijðtÞi � hCijðtÞi2: (7)

Notation “h:i” denotes the statistical averaging over the

noise sources positions. Because the statistical distribution

of the source position is assumed to be uniform, h:i reduces

to a continuous average over the plate surface. We note that

hCijðtÞi ¼ DijðtÞ because hniji¼ 0 [see Eq. (5) in Ref. 7 for

more details]. This result is intuitive because hCijðtÞi can be

interpreted as if the correlation is estimated from a uniform

and dense distribution of noises sources. In such a case, the

cross correlation converges perfectly toward the GF. In this

case, and by introducing Eq. (3) into Eq. (7),

Var CijðtÞ
� �

¼ 1

N2
s

XNs

k¼1

Cij;kðtÞ
 !2* +

� D2
ijðtÞ: (8)

Separating into double sum above the terms with k¼ l
and the cross terms, and introducing Eq. (8) into Eq. (6), the

RNL can be written as

RNLðNsÞ ¼

ð1
�1

XNs

k¼1

hC2
ij;kðtÞi dt

N2
s

ð1
�1

D2
ijðtÞ dt

� 1

þ

ð1
�1

XNs;Ns

k¼1;l 6¼k

hCij;kðtÞ Cij;lðtÞi dt

N2
s

ð1
�1

D2
ijðtÞ dt

: (9)

Here, we consider that the sources are randomly distrib-

uted over the plate surface and sufficiently distant (>k=2),

such as Cij;kðtÞ and Cij;lðtÞ can be considered as independent

for k 6¼ l. Consequently, hCij;kðtÞ Cij;lðtÞi ¼ hCij;kðtÞi hCij;lðtÞi
¼ D2

ijðtÞ. Equation (9) becomes

RNLðNsÞ ¼

ð1
�1

NshC2
ij;kðtÞi dt

N2
s

ð1
�1

D2
ijðtÞ dt

� 1

þ

ð1
�1

Ns ðNs � 1ÞD2
ijðtÞdt

N2
s

ð1
�1

D2
ijðtÞ dt

: (10)

Using the Parseval’s theorem, the RNL expression given

in Eq. (10) simplifies into

RNLðNsÞ ¼
1

Ns
ðA� 1Þ; (11)

with

A ¼

ð
Dx
hj~C ij;kðxÞj2i dxð

Dx
j ~DijðxÞj2 dx

; (12)

where Dx is the frequency band, and the tilde symbol above

a function refers to the Fourier transform of this last.

Taking the Fourier transform of Eq. (5) yields

~DijðxÞ ¼ 2 j= ~Gðri; rj;xÞ
~RðxÞ sa

2 j xq hS ; (13)
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where ~RðxÞ stands for the noise spectral density. The func-

tion = ~Gðri; rj;xÞ is the imaginary part of the GF that can be

expressed in terms of eigen-modes

= ~Gðri; rj;xÞ ¼
x

q h sa

X
n

/nðriÞ/nðrjÞ ~f ðx;xnÞ;

with ~f ðx;xnÞ ¼ ½ðx2 � x2
nÞ

2 þ ðx=saÞ2��1
, and /nðrÞ is the

eigen-mode at angular frequency xn.

Here, we are interested in quantifying term A in average,

independently of the positions of a particular receivers pair.

To that end, we introduce :f g, the averaging value over all

the receiver positions.

fj ~DijðxÞj2g ¼
j ~RðxÞj2

q4 h4 S2

X
n

f/2
nðriÞgf/2

nðrjÞg
�

� ~f
2 ðx;xnÞ þ � � � þ

X
n;n 6¼n0

/nðriÞ/n0 ðriÞ
� �

� /nðrjÞ/n0 ðrjÞ
� �

� � � ~f ðx;xnÞ ~f ðx;xn0 Þ
�
:

(14)

By the orthogonality of modes, we have f/nðriÞ/n0 ðriÞg
¼ dn;n0=S, where dn;n0 is Kronecker’s symbol.

Equation (14) becomes

fj ~DijðxÞj2g ¼
j ~RðxÞj2

q4h4S4

X
n

~f
2ðx;xnÞ: (15)

The discrete sum
P

n
~f

2ðx;xnÞ is derived in Appendix B.

It depends on the modal density that is constant for a plate

with respect to x0 and equal to14

g0 ¼
S
4p

ffiffiffiffiffiffi
q h

D

r
; (16)

where the plate flexural stiffness D is given by E h3=12

ð1� �2Þ.14

Finally, Eq. (15) is given by

fj ~DijðxÞj2g ’ b g0 p s3
a; (17)

with b ¼ j ~RðxÞj2=4 x4 ðq hSÞ4.

Similarly, we can deduce hfj~C ij;kðxÞj2gi. The derivation

is given in Appendix C. An expression of RNL for a chaotic

shape plate is also derived. This corresponds to the state in

which the multiple reflected waves will reach after a given

time (mixing time), any point in the medium without any

privileged direction with random phases and amplitudes. In

this particular case, it is shown that the eigen-modes of the

plate obey the Gaussian statistic, which allows us to write

h/4i ¼ 3 h/2i. Its expression is given in Appendix C. From

Eqs. (17) and (C14), and replacing by the expression of

modal density given in Eq. (16), we deduce the final expres-

sion of the parameter A for a rectangular and chaotic plate,

respectively.

A ¼ aþ p
g0

sa
; (18)

with a ¼ 9=4 for the rectangular plate, and a¼ 3 for the cha-

otic plate.

Consequently, the parameter A depends only on the

structural parameters of the plate. Inserting Eq. (18) into Eq.

(11), the final analytic expression of the RNL is

RNLðNsÞ ¼
1

Ns
a� 1þ p

g0

sa

� 	
: (19)

As a consequence, for accurate retrieval of a GF, the

reconstruction error must diminish when increasing the num-

ber of sources Ns, the damping time sa, and small plate area.

One interesting result is that optimal reconstruction quality

would be achieved for negligible attenuation (sa � g0). In

that case, RNL ’ ða� 1Þ=Ns, which implies the existence of

a lower bound of the RNL, equals 5=4 Ns and 2=Ns for the

rectangular and the chaotic plate, respectively.

III. EXPERIMENTAL VALIDATION AND DISCUSSION

Experiments are conducted in a thin rectangular alumi-

num plate of 0.5� 0.6 m2 and 3 mm thick, with six piezoelec-

tric transducers attached to one side of the plate (see Fig. 1).

Instead of a short pulse, a linear chirp (0.8 V amplitude,

1.5 s of duration) in the frequency band of 100 Hz to 40 kHz

is sent via these transducers in order to improve the signal-to-

noise ratio. On the other side of the plate, velocity induced by

FIG. 1. (Color online) Experimental

setup described in Sec. III. Six piezo-

electric transducers are glued on one

plate surface at positions (19.4,25.6)

cm, (29.7,21.3) cm, (35,27.8) cm,

(32.5,34.7) cm, (27,42.4) cm,

(20.7,37.6) cm (the origin is taken at

the left bottom corner of the plate).

Velocity scans are performed on a grid

of roughly 304 regularly spaced loca-

tions on the other side of the plate.
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the vibration (flexural waves) is scanned with a laser vibrom-

eter mounted on a two axis stepping motor bench. Velocity

scans are performed on a grid of roughly 304 regularly spaced

locations (with a uniform distance of 3 cm between 2 points

along the x and y plate directions). The signals are digitized over

24 bits at a sample rate of 96 kS/s (MOTU 24 I/O, Cambridge,

MA). Each recorded signal is cross correlated with the emitted

chirp to extract the impulse response. Consequently, the emis-

sion impulsion q(t) is the autocorrelation of the chirp. The enve-

lope of the reverberated signals shows exponential decay. The

averaged envelope of the reverberated signals while removing

the direct paths of propagation (to keep only the reverberant

part) is plotted in Fig. 2 in logarithmic scale.

By fitting an exponential function according to e�t=2sa to

the averaged envelope of the reverberated signals, an attenua-

tion time sa¼ 6 ms is found, which is approximately the

modal density of the plate (5 ms). Now, thanks to the reci-

procity of acoustic waves, the measured signals can be con-

sidered as resulting in a virtual source emitting at the scanned

point locations, and virtually recorded at transducer locations.

This allows to study the RNL as a function of a wide variety

of source distributions. The virtual sources created by reci-

procity are sufficiently distant (approximately one wave-

length at 20 kHz). For each source position, an experiment is

performed. From Ns experiment runs, we obtain the Ns � NR

transient normal responses (here Ns refers to the 304 virtual

sources, and NR refers to the 6 receivers) sikðtÞ (i and k stand

for index of receiver and source, respectively). From this set

of signals, we directly estimate the cross correlations for each

receiver pair (Ri,Rj), sikðtÞ � sjkð�tÞ, then we sum over sour-

ces according to Eq. (20),

CijðtÞ ¼
1

Ns

XNs

k¼1

sikðtÞ � sjkð�tÞ: (20)

Since sikðtÞ ¼ Gðri; rk; tÞ � qkðtÞ, this expression is

equivalent to Eq. (3) assuming that the noise autocorrelation

is equal to qðtÞ � qð�tÞ. In this way, we simulate a situation

similar to that of uncorrelated noise sources. The experimen-

tal RNL is plotted and compared to the theory, i.e., Eq. (19)

in Fig. 3 as a function of the number of “noise” sources. The

error bars are estimated from the fluctuations of the RNL

with respect to the receiver positions (6 arbitrary combina-

tions are considered among the 15 total number of cases

choosing 2 receivers from 6 receivers).

The small error bars show the weak influence of the

receiver positions on the relative noise ratio, and favorably

compared to the theory [Eq. (19)].

We can distinguish three regimes with respect to Ns.

First, for small values of point sources Ns < 5 the spurious

term nijðtÞ is dominant (RNL > 1), which means that the GF

is drowned in the residual noise. Second, for 5 � Ns < 100,

the RNL holds with the theoretical prediction. Finally, for

high number of sources Ns > 100, the relative noise ratio

deviates from the theoretical estimate. Actually, the mis-

match for a higher number of sources comes from the experi-

mental estimation of DijðtÞ. Indeed, DijðtÞ is assumed to be

exactly equal to the sum of the correlation when all the avail-

able point virtual sources Ms (here Ms¼ 304) are taken into

account. This assumption is only partially true. One can

show that with such a definition of the asymptotic value of

the cross correlation, the theoretical expression of this new

definition of RNL, RNL0, is actually given by

RNL0ðNsÞ ¼
1

Ns
� 1

Ms

� 	
a� 1þ p

g0

sa

� 	
: (21)

Note that, by definition, when Ns reaches Ms, the RNL is

equal to 0. This new expression RNL0 follows very well to

experimental data. Based on this study, it appears that the

behavior of the convergence of noise correlation toward the

GF behaves quite differently in the case of three-dimensional

elastic solids.10 In such a case, the number of sources

required to get the same quality of reconstruction scales with

the square of the central frequency of noise. Here, we have

seen that the RNL is independent of the frequency.

FIG. 2. Estimation of the attenuation time for an aluminum plate of

50� 60 cm2 and 3 mm thick. By fitting an exponential function (dashed

line) according to e�t=2sa to the averaged envelope of the reverberated sig-

nals (solid line), an attenuation time s¼ 1/85 ’ 12 ms (sa ¼ s=2 ¼ 6 ms), is

estimated.

FIG. 3. (Color online) Averaged RNL (log scale) over six receiver pairs as a

function of the number of sources Ns derived from experimental data (error

bars curve) using Eq. (6), and modeled (dashed line) based on Eq. (19) com-

pared to Eq. (21) (solid line). An error bar is computed for each six couples

of receivers.
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IV. CONCLUSION

Here, we have considered a quasi-diffuse uniform flex-

ural wave field due to a random distribution of uncorrelated

point sources in a thin plate. Given any receiver pair, the

transient response can be reconstructed experimentally by

cross correlation of diffused fields. We have also derived

expressions for the relative noise ratio as functions of the

number of point sources [Eq. (19)]. Laboratory experiments

are conducted and favorably compared to the theoretical esti-

mates. Through statistical modal analysis, we find that the

estimation of the GF will be better when (i) the number of

sources is larger, (ii) the plate absorption is smaller, and (iii)

the plate is larger. Equation (19) summarizes these results

for rectangular and chaotic plates. Finally, a most interesting

finding shows an absolute upper bound of the signal-to-noise

ratio (the inverse of RNL) that is 4 Ns=5, independently of

the plate properties.
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APPENDIX A: COMPARAISON OF THE CORRELATION
OF THE FIELD GENERATED BY DECORRELATED
NOISE SOURCES AND PULSED SOURCES

1. Noise correlation

Inserting Eq. (A4) in Eq. (2), the correlation of the field

generated by Ns sources of noise is expressed as

CijðtÞ¼
1

Ns

XNs;Ns

k¼1;l¼1

Gðri;rk;tÞ�Gðri;rl;�tÞ�qkðtÞ�qlð�tÞ:

(A1)

Assuming that the cross correlation is computed over a suffi-

ciently large time window of duration DT, the cross correla-

tion of the signal emitted by two decorrelated noise sources

at positions rk and rl obeys to

qkðtÞ � qlð�tÞ 	 dk;lDTRðtÞ; (A2)

where R(t) is the inverse Fourier transform of the power

spectral density of the noise source, and dk;l is the Kronecker

symbol.

Combining the two last relations, the noise correlation is

given by

CijðtÞ ¼
DT

Ns

XNs

k¼1

Gðri; rk; tÞ �Gðri; rk;�tÞ � RðtÞ: (A3)

2. Pulse correlation

Now let us assume that a pulse e(t) is emitted at position

rk. The transient response recorded at position ri can be writ-

ten in terms of a GF as

s0i;kðtÞ ¼ Gðri; rk; tÞ � eðtÞ: (A4)

Based on the transient responses between all sources and

receivers, one can compute the following correlation:

C0ijðtÞ ¼
1

Ns

XNs

k¼1

s0i;kðtÞ � s0j;kð�tÞ: (A5)

This last correlation can be expressed as

C0ijðtÞ¼
1

Ns

XNs

k¼1

Gðri;rk; tÞ�Gðrj;rk;�tÞ�eðtÞ�eð�tÞ:

(A6)

3. Comparison

Assuming the spectral power density of the noise to be

proportional to the power spectrum of the pulse, the noise

cross correlation CijðtÞ is proportional to the pulse cross cor-

relation. As a consequence, the correlation of uncorrelated

noise sources can be approximated by the sum of correla-

tions of pulse sources given by Eq. (A5).

APPENDIX B: EVALUATION OF DISCRETE SUM

Knowing the modal density of the plate gðxÞ, a reason-

able approximation of a discrete sum over a function g that

depends on the eigenmodes is

X
n

gðxnÞ ’
ð1

0

gðxÞgðx0Þ dx0: (B1)

Because the plate density does not depend on the frequency,

the previous expression can be simplified into

X
n

gðxnÞ ’ g0

ð1
0

gðx0Þ dx0: (B2)

1. Evaluation of +n
~f

2ðx;xnÞ

Applying this result to the case gðx0Þ ¼ ~f
2ðx;x0Þ, it

comesX
n

~f
2ðx;xnÞ

’g0

ð1
0

1

ððx�x0Þðxþx0ÞÞ2þ x
sa

� 	2
" #2

dx0: (B3)

We can show that ~f ðx;x0Þ is negligible only outside a nar-

row interval around x. So, it becomes

X
n

~f
2ðx;xnÞ ’ g0

ð1
0

1

x4 4ðx0 � xÞ2 þ 1

sa

� 	2
" #2

dx0:

(B4)
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Employing Eq. (B2) with gðx0Þ ¼ ~f ðx;x0Þ, and by taking

u ¼ x0 � x and z ¼ 1=2sa it becomes

X
n

~f ðx;xnÞ ’
g0

4x2

ð1
�1

1

ðu2 þ z2Þ du: (B5)

So, Eq. (B4) becomes

X
n

~f
2ðx;xnÞ ’

g0

16x4

ð1
�1

1

ðu2 þ z2Þ2
du: (B6)

Because
Ð1
�1 1=ðu2 þ z2Þ2 du ’ p=2 z3, it becomes

X
n

~f
2ðx;xnÞ ’

g0ps3
a

4x4
: (B7)

The approximation above is checked numerically by com-

puting the plate’s vibration modes considering aluminum

material properties used in experiments (see Fig. 4). As can

be observed, the approximated and theoretical curves are in

a good agreement at low frequencies up to 40 kHz, which is

the working frequency band considered for the experiments.

2. Evaluation of +n
~f ðx;xnÞ

Employing Eq. (B2) with gðx0Þ ¼ ~f ðx;x0Þ and the

same approximations used to go from Eq. (B3) to Eq. (B6),

it becomes

X
n

~f ðx;xnÞ ’
g0

4x2

ð1
�1

1

ðu2 þ z2Þ du; (B8)

with z ¼ 1=2sa.

Because
Ð1
�1 1=ðu2 þ z2Þ du ¼ p=z, it becomesX

n

~f ðx;xnÞ ’
p
2

g0sa

x2
: (B9)

APPENDIX C: EVALUATION OF hfj ~Cij ;k ðxÞj2gi

We have

~C ij;kðxÞ ¼ ~G

ðri; rk;xÞ ~Gðrj; rk;xÞ ~RðxÞ: (C1)

Taking the averaging value over all the receiver posi-

tions (denoted by f:g), and assuming statistical indepen-

dence of ~Gri;rk
ðxÞ and ~Grj;rk

ðxÞ yields

fj~C ij;kðxÞj2g ¼ fj ~Gðr; rk;xÞj2g2 j ~RðxÞj2; (C2)

with

~Gðr; rk;xÞ ¼
1

q h

X
n

/nðrkÞ/nðrÞ
ðx2 � x2

nÞ � j
x
sa

: (C3)

Inserting Eq. (C3) into Eq. (C2) and separating into dou-

ble sum the terms n ¼ n0 and the crossed terms, yields

fj~C ij;kðxÞj2g ¼
j ~RðxÞj2

q hð Þ4
X

n

/2
n rkð Þf/2

n rð Þg�f x;xnð Þ
"

þ
X

n

X
n 6¼n0

/n rkð Þ/n0 rkð Þ /n rð Þ/n0 rð Þ
� �

� ~gðx;xnÞ~g
ðx;xn0 Þ�2; (C4)

with

~gðx;xnÞ ¼ x2 � x2
n


 �
� j

x
sa

� ��1

: (C5)

By the orthogonality of modes, we have /nðrÞ/n0 ðrÞ
� �

¼ dn;n0=S, where dn;n0 is Kronecker’s symbol, it becomes

j~C ij;kðxÞj2
n o

¼ j
~RðxÞj2

q4 h4 S2

X
m

/2
m rkð Þ�f x;xnð Þ

� �2
: (C6)

By separating into double sum the terms n ¼ n0 and the

crossed terms, and averaging over the source positions h�i, it

becomes

j~C ij;kðxÞj2
n oD E

¼ j
~RðxÞj2

q4 h4 S2
ðI1 þ I2Þ; (C7)

with

I1 ¼
X

n

h/4
nðrkÞi ~f

2ðx;xnÞ ;

I2 ¼
X

n

X
n 6¼n0

h/2
nðrkÞ/2

n0 ðrkÞi ~f ðx;xnÞ ~f ðx;xn0 Þ: (C8)

Using the classical result derived from the statistical

energy analysis of modes of coefficient a defined as15 and

also the fact that in the case of chaotic eigenstates, the spatial

averaging can be approximated by the ensemble averaging,16

it becomes

a ¼ h/
4
nðrkÞi

h/2
nðrkÞi2

¼
3

2

� 	d

rectangular plateð Þ;

3 chaotic plateð Þ;

8><
>: (C9)

with d the medium dimension (here, d¼ 2 for the case of the

plate).

FIG. 4. Numerical computing of
P

n
~f

2ðx;xnÞ (dashed line) compared to

the theoretical approximation given by Eq. (B7) (solid line) in frequency

band [0 100] kHz in logarithmic scale.
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We recall that h/2
ni ¼ 1=S, we deduce then h/4

nðrkÞi
’ 3ð1=S2Þ for the chaotic plate. Using Eq. (B7), the final

expression of I1 is

I1 ¼ a
1

S2

� 	 X
n

~f
2ðx;xnÞ ¼ a

1

S2

� 	
g0 ps3

a

4 x4
: (C10)

Considering the statistical independence of h/2
nðrkÞ

/2
n0 ðrkÞi and modes orthogonality property for both cases,

rectangular plate and chaotic plate, we have h/2
nðrkÞ/2

n0 ðrkÞi
¼ 1=S2; 8n 6¼ n0,

I2 ¼
1

S2

X
n

~f ðx;xnÞ
X
n 6¼n0

~f ðx;xn0 Þ (C11)

	 1

S2

X
n

~f ðx;xnÞ
� 	2

: (C12)

From the derivation of the right-hand term in Appendix B, it

becomes

I2 ¼
1

S2

p
2

g0sa

x2

� 	2

: (C13)

From Eqs. (C10) and (C13), we deduce the final expres-

sion of the term hfj~C ij;kðxÞj2gi,

hfj~C ij;kðxÞj2gi ¼ b a g0 p s3
a þ p2 g2

0 s2
a

� �
; (C14)

with b ¼ j ~RðxÞj2=4 x4 ðq hSÞ4, and a ¼ 9
4

(respectively,

a¼ 3) for the rectangular (respectively, chaotic) plate.
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